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Abstract

Let S be an inverse semiring, and U be an ideal of S. In this paper, we introduce
the concept of U-S Jordan homomorphism of inverse semirings, and extend the
result of Herstein on Jordan homomorphisms in inverse semirings.
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1. Introduction

A nonempty set S with a binary operation * is said to be semigroup iff for all x, y, z € S we have,
x* (y * z) = (x * y) * z. The study of semiring dates back to H.S.Vandiver[1], a nonempty set S
with two binary operations + and = is said to be semiring iff (S, +) semigroup, (S, .) semigroup and,
x.(y+z)=xy+xz and(y + z).x = y.x + z.xholds forall x,y,z€S.

A semiring S is called inverse semiring, If for all x € S there exist X € S
such that x + x + x = x and x + x + x = x and this element is unique. Also S is called an additively
inverse semiring if (S, +) is an inverse semigroup, that is for each x € S there exist x € S such that
x+x+x=x andx + x + x = x, and this element is unique. We recall that an inverse semiring S is
called semiprime if whenever x S x = 0 implies x = 0 for all x € S, and S is called prime, if whenever,
xSy=0implieseitherx=0ory=0forall x,y €S.

A semiring S is said to be n-torsion free iff whenever n. x = 0 then x = 0 for all x € S, where n # 0.
If U is nonempty subset of S, U is called left ideal of Sif x +y e Sforallx,y € l,r.x e Sforall x €
U, r € Sand U# S (Similarly right ideal).

Herstein in 1950 studied Jordan derivations [2] and Jordan homomorphisms [3, 4] in prime rings.
Bresar [5- 7], Baxter and Martindale [8] generalized Herstein’s results on semiprime rings.

In this paper, we introduce the definition of U-S Jordan homomorphism in inverse semirings and
extend the result of Herstein on Jordan homomorphisms in the setting of inverse semirings.

2. Priliminaries
Definition 2.1[9]:
A non empty set S with a binary operation (x), is called semigroup iff
X*x(y*xz)=(x*y)*xz forall x,y,zeS.
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Definition 2.2[9]:

A non empty set S with two binary operations (+) and (-), such that (S,+) and (S, .) are semigroups,
where + is a commutative operation and x.(y+2z)=x.y+x.z, (y + z).x = y.x+z.x holds
forallx,y,z€ S, then, (S, +,) is called semiring .

Definition 2.3[10]:

Let S be a semiring , S is called additively inverse if (S,+) is an inverse semigroup (i.e) for each

X € S there exists a unique element x” € S such that
X=X+ Xx+x and X=x"+ X+ Xx’.
Definition 2.4[10]:
Let S be a semiring, S is called an inverse semiring, if for each xe S, there exists a unique element
X' such that:
X=X+ X"+x and X=x’+ X+ x’.
Definition 2.5[9]:
Let S be a semiring and let U be a subset of S, U is called a left ideal of Siif :
i) X,y e U then x +y €U.

ii)xeU ,reSthenr.xeU.

The right ideal is defined in the similar way, and an ideal of S is a subset which is both a left ideal and
a right ideal of S.
Examples 2.6 [11]:

1) If S is an inverse semiring, then clearly M,(S) under usual addition and multiplication is an

inverse semiring for every positive integer n, for example

M,(S) = {(? Z) :a,b,c,d €S}

(M, (S), +,.) is an inverse semiring .

2) Let S be any semiring, consider the set S[x] of polynomials under usual addition and
multiplication, for each x € S then S[x] is an inverse semiring.
Definition 2.7 [10]:

Let S be a semiring then S is called
(i) Additively commutative iff forallx,y € S,

X+y=y+Xx
(i) Multiplicatively commutative if and only if for all x ,yeS,
X.Y=VY. X

(S, +,.) is called commutative semiring iff both (i) and (ii) hold.
Proposition 2.8 [10]:

Let S be an inverse semiring, then for each x,y €S
Q) x''=x
(i) x+y) =x"+y"
(i) @) =xy =xy.
(iv) x'y' = xy.

In [5] Jordan homomorphism in inverse semirings is defined as follows:
Let S and T be inverse semirings then, an additive mapping w : S — T is called a Jordan
homomorphism if:
yixy+yx)+ vy +y @) w(x) =0 forallx,yes.
We need the following lemmas for our results.
Lemma 2.9[12]:

Let S be an inverse semiringand X,y €S, if x +y=0then x=y'

Lemma 2.10[12]:

Let S be a 2-torsion free semiprime inverse semiring if X, y €S such that xry + yrx = 0 then
xry = yrx' = 0.
Lemma 2.11[13]:

Let S be a 2- torsion free prime inverse semiring, if x,y € § are such that
xry + yrx = 0 forall reS.
Then eitherx =0 ory =0.
Throughtout this paper S and T are two inverse semirings and U be an ideal of S.
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Now we introduce the definition of U-S Jordan homomorphism as follows:
Definition 2.12:
A map y: S—>Tis called U -S Jordan homomorphism if :
i) v is additive
i) yxr+m)+wX)wn)'+wyx)=0 forall r € Sand forall x e U.

3. Results
Lemma 3.1:
Letamap y:S—T U -SJordan homomorphism, and T is 2-torsion free, foralla,c €U ,b € S,
then the following statement are true.
(i) v (@) = v (a)°
(i) w(aba) = y(@) y(b) p(a)
(iiy (abc+cha)=w(a) y(b) y(c)+ v(c) v(b) v(a)
Proof(i):
Let aeU, beS
Since w is U-S Jordan homomorphism of inverse semiring S into 2- torsion free inverse semiring.
Then
y (ab+ba) + v (a) y (b)' + v (b) v (a) =0 1)
We replace aby b in (1), we get:
y(a’ + a2)2+ v (@) v (@) + y(@) w(@) =0
V/(Zaz) +2 y(a) w(a)'=0
2y (@) +2y(@) y(a)=0
Since T is 2-torsion free, then
v (a%) + v (a) v (a) =O0.
And by Lemma ( 2.9), we get
v (@)= (v (@) v(@)) =y (@) v(@)"= y().
Then, y (a2 = y (a)? forall ac S.

Proof (ii):
Let aeU,beS
Since w is U-S Jordan homomorphism of an inverse semiring
Then,
w(ab +ba) + w(a) w(b)' + w(b) w(a)'=0 forallaeU,b € S.
Put b=ab +ba
v (a(ab +ba))+ (ab+ba)a) +y (a) w(ab+ba)' + w (ab+ba) w(a)'=0
v (a’b + aba+ aba+ba’®) + y (a) w (ab+ba)' + y (ab+ba) v (a)'=0
w (a’b + 2aba +ba?) + y (a) y (ab+ba)' + y (ab+ba) y (a)'=0 (2)

In the view of Lemma 2.9 and by Definition( 2.12)
w(ab +ba) = (y(a) w(b)' +( v (b) w(a))

=(y @ w b))+ (y D) v@))

=y(@ yb)+y(b) v
w(ab+ba)' = (y(a) w(b) + w(b) w(a))

=(y (@) w (b)) + w(b) v(@)

=y(a) y(b)+ w(b) w(a)
Then, we can replace
%/h(ab +ba) by y(a) w(b) + w(b) w(a) and y(ab + ba) by v (a) w(b) + w(b) v (a) in (2).

us,
w (a’b + ba’ + 2aba) + v (a) (v (a) v (b)'+ v (b) v (a))+
(v(@) w(b)+ () y(@) y(@)=0
w(a’b +hba’) + y(2aba) + v (a) w(a) v (b)+ v (a) w(b) w(a)
+y(a) w(b) @)+ yw(b) v w(@)=0

w(a’b +ba’) + 2y (aba)+ v (a)*y (b)'+2y (a) v (D) v (a)' + w (b)( v (a) w(a))'=0
w (a’b+ba’)+2y (aba)+ v (a)°y (b)'+2y (a) v (b) v (a)'+ v (b) (v (a)°)= 0
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Since y (a’b + ba®) + y (2)° w (b)'+y (b)( v (a)")=0
2y (aba)+2y (a) w(b) v (a)'=0
Since T is 2- torsion free, then
y (aba)+ w(a) v (b) w(a)'=0
Then by Lemma (2.9) we get,
y (aba) =(y (a) w (b) v (a))’
Since  w(@) w(b) v(@"=y (@) wb) v

Therefore,
w(aba) = w(a) v (b) v (a). L
Proof (iii):
Let acU ,be S

By linearizing the relation
y (aba) + w(a) v (b) w(a)'=0
(i.e) Leta=a+c where ce U
v ((a+c) b(a+c)) + y (a+c) v (b) w(a+c) =0
w (aba + abc + cha+ cbe) + (y(a) + w (c) v (b) (w(a)'+y(c))=0 ‘
w (aba) + y(abc) + w(cba) + y (cbe) + w(a) w(b) w(a) + w(a) w(b) w(c)+
y () w(b) w(a)+y(c) w(b) w(c) =0.
By using (ii), we get,
w (abc) + y(cha) + w(a) y (b) w(c)'+w(c) w(b) v (a)=0
Therefore,
w(abc+cba) = y(a) w(b) w(c)+ y(c) w(b) w(a)=0. -
Now we put some notation
a” =y (ab) + y(a) w(b)' where aeU ,b &S
a, = w(ab)+ w(b) v (a) where aeU, beS
It's clear that by equation (1) we can get
a’+ b= 0.

Lemma 3.2:

Letamap w: S—T be U -S Jordan homomorphism such that T is 2- torsion free inverse semiring,
then a°a, =a,a’=0 forall a €U ,b €S
Proof :

Let acU beS
a"ay = (y (ab)+ v (a) v (b)) (y (ab)+ y (b) w (a))

=y (ab) v (ab) + v (ab) w(b) v (a)'+ w(a) v (b)" w(ab)+ v (a)( w (D) (b)) v(a)

=y (b ab) + y(ab) ¥ (b) v (a)+y (@) v (b)'y @)+ v (@) ¥ () ¥ (a)
by Lemma 3.1 (ii) and(iii)
y (aba) =y (a) v (b) v (a) and y (cba+ abc) + w(c) v (b) v (a)'+ v (a) w(b) y(c)'=0
v (a) v (b°) v (a) = v (ab’a)
a"a,=y (ab ab) + y(ab) y (b) w (@) +y (a) ¥ (b) ¥ (ab)'+ v (a) v (b°) v (a)

= y (abab+ abba) + y (ab) v (b) v (a)'+ v (b) w(ab)'=0
Then,
a’a, =0

Toshow a,a’=0
ana’= (v (ab) + v (b) (v (2))( v (ab) + v (a) v (b))
= (y (ab) v (ab) + y(ab) y(a) w(b) + w(b) (w(a)y(ab) + v (b) w(a)w(a) v (b)
=y (ab)* + w (ab) (y (ab) + w () v (b)+ v (b) v (a)" v (ab)+ v (b) v (a) v (a) w(b)
By Lemma 3.1y (a)*= v (a?)
v (ab®)+ y (ab) w (a) v (b)+y (b) v (2)'y (ab)+ w (b) (v (@) v (a)) v (b
v (ab ab)+  (ab) v (a) y (b)'+ w (b) v (a)'y (ab)+ w (b)( w ()*)'w (b)’
= y(ab ab)+ y(ab)+ y (a) w (b)'+ w (b) v (a) v (ab)+( v (b) v (a%)) v (b)
= y(ab ab)+ w (ab) y(a) w (b)' + v (b) w(a)'y (ab)+ w (b) v (a%) v (b)
By Lemma 3.1(ii)
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w (aba)=y (a) w(b) v (a)
y (cba+ abc)+ w(c) w(b) v (a)' + w(a) w(b) w(c)=0
y (ab ab + ba ab) + y (ab) v (a) y (b)' + v (b) v (a)'w (ab) =0
y (ab ab + ba ab)+ v (ab) v (a) v (b)' +y (b) v (a) v (ab)'=0
Then a, a°=0 n
Lemma 3.3:
Letamap y: S—T be U -S Jordan homomorphism such that T is 2- torsion free inverse semiring ,
then forany r,acU beS
a”y(na’=a"y([ab]r)
a y(r) a=w(ahblra
Proof :
w(r)a” = y(r) (v @)+ v (@) w(b))
=y (n) w(@b) + y(r) y(a) w(b)
By Lemma 3.1 (iii)
y (cba+ abc) + w (c)eb) v (a) '+ w(a) w(b) w(c)=0
We get,
y (rab +bar)+ v (r) w(a) y(b)'+ y(b) w(a) w(r)=0
‘ w(r) v(@) w(b) = y(rab + bar) +y (b) v (a) w(r)
0,
y(r)a® = y(r) y(ab) +y(rab + bar) + y (b) w (@) w(r)
Since r=r+r'+r, we have,
v (rab + bar)' = y ((r+r'+r) ab + bar)’
= w(rab + (r'+r) ab + bar)'
=  (rab+ ab(r+r")+bar)’
= w(rab + abr +abr'+bar)’
= y (rab + abr)"' + ¢(abr'+bar)’
Since y is U-S Jordan homomorphism , then
w(rab +bar)' = v (r) y(ab)' + y (ab) y (r )'+y (abr'+bar)’
Thus,
w(r)a= y(r) y(ab) + y(r) y(ab) + y(ab) w(r)'+ y(abr+bar)+ v (b) w (@) w(r)
=y (r)(y(ab)+ y(ab))+ w(b) w(a) w(r) + w(@b) y(r) + y([a,b]r)
Note that
w (abr +bar) = w(abr+ba'r)= w(ab+ ba)r) =y ([a,b]r)
Thus y (r)a” = y(r) (v (ab)+ y(ab))+ v (b) v (a) v (r)+ w(ab) v (r)+ y([ab]r)
= (v (ab)+ y (ab)) w (r)+ y(ab)) w(nN+ yw(b) w(a) v (r)+ w([ab]r)
y (ab)'+ v (ab)+ w(ab)’) w (r)+ w(b) v (a) y(r)+ w([a,b]r)
(v (ab)' w(r) + w(b) w(a) w(r)+ w([ab]r)
= y(@b) y(r)" +w ) w(@) w(r)+ y([ab]r)
=(y@b)+ y(b) w@") w(r)+ w(ablr) =a w(r) + w(a,b]lr)

w(r)a’=a, y(r) + y([ablr) @)

Thus,

y(rya®=a’a, y(r) +a’y([ablr) =a y([a b]r)
Now to prove that a, v (r)a, = w([a, b]r)a,, multiply the equation (3) from the left by a, , we
get
w(r)a’a,=ap y(r) a, + y([a,b]r). a

Then apyw)a+w(ablr)a=0
So, by Lemma (2.9) a, w(r)a, = w ([ a, b]r) ap. [
Lemma 3.4:

Let a map w: S—T be U -S Jordan homomorphism such that T is 2- torsion free inverse
semiring, if a,r e U, be S.Then
v ([a,b]r) = y(r) a’+ a, y (1)
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And,
v (1) [a,b]= 2"y (r) + w (r) a
Proof:
Letasr eU,beS
To prove that
w(rlabl)=a’y(r) + w () a,
Take rigtht hand
Ly +w()a=y@b) yr)+y@) wb) w)+ y(r) y@b)+ () vb) v
= y(abr+rab) + y(a) +y(B) y () + w () v () y(a)
= y(abr + rab) + w(a'br + rba’)
By Lemma 3,1(iii), we get,
= w(abr + rab +abr’ + rba’)
w(ab(r +r’) + rab + rba’)
w((r+r)ab + rab + rba’)
v((r+r’+r)ab + rba’)
w(rab +rba’)
w (r (ab + ba)))

y (rla, b])

Now,

y(a’+a,y() = v@) (v(ab) + w(@) w(b))+ w(ab) y () + v(b) v(a) v(r)
=y@y@b) + vy y@ybd) + ywab) y() + yb) y(a) y()

y(rab+abr) + y(r) y(a) y(b) + y(b) y(a) y(r)

w(rab + abr) + y(rab’+ bar)

w(rab + abr +rab’ + b‘ar)

v((r+r)ab + abr + bar)

v(ab(r+r’+r) +bar)

w(abr + bar)

v ((ab + ba)r)

v (ab + ba)r

= v ([a, b]r) u

Theorem 3.5 :
Letamap w:. S—>T be U -S Jordan homomorphism such that T is 2- torsion free inverse semiring,
then forall are U, bes.
a y(r)a’+a y(r) a, =0
Proof:
By Lemma 3.4 we have
y(rlab)=a" y (@) + y(@) a (4)
Replacing r by [a,b] r in equation (4)
v ([a,b] r [a,b] ) ="y ([a,b]r) + y([a,b]) ) &
By Lemma (3.1) (ii) and Lemma ( 3.4 ) we get,
y([ablr) = y(r)a’+a w ()
Then w[ab] w(r) wlabl=a"y()a’+aa () + (y(r)a°+a y(r) a
Ay +da @ +rydatap)a

wlab] w(r) ylab]l =a° y(r)a®+a, y(r)a ()

Now
vla,b] = w(ab+ ba)= w(ab+ab+ab’+ba)= w(2ab) + w(ab’+ b7a).
And since, w is U-S Joradan homomorphism ,then
y(ab'+ba) =y (@) y(b)' + y(b) (@)’
‘ y (ab) + y (ab)= v (a) w (b)+ v (b) v (a)’
0
vla,b] =a’+a,

Then the equation(5) will be
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(a+a’) y(N(a+a’) =a’ y(na’+a, w () a
aw)a,+a, p(r)a’+a w(r)a, +a y(r)a’=ay(r) a’+a, y (ra,.
Adding b, w(r) a,+ b* w(r) a® on both sides of the equation above and take the left hand
bay(Nap+ b y(Na+ ay y(r)ay+a y()a+a y(Na+a y(r)a
= (ba +ay) () & + (b*+a°) w(Na’ +a, y(r)a® +a° y(r) a
=a, y(na’+a y(na
And when take the right hand
a® y(r)a® +a, w(r) a, + by y(r) a, +b° y(r) @°
= @+ b%) y(r) @ + (ay+ ba) () a=0. u

Lemma 3.6:

Let S be an inverse semiring , and U be an ideal in S. if S is 2-torsion free semiprime ,and a, b €U,
such that axb + bxa=0 for all xeU. Then axb=bxa=0.
Proof:
Since, axb + bxa = 0 thus, axb = (bxa)' = bxa’
Thus,

axb = bxa e (D)
This satisfies for all x e U
Then, (bxa) y (bxa) = bx (ayb) xa = bx(bya’) x a = a((xby)bxa by (1)
2(bxa)y (bxa) = (bxa)y (bxa) + (bxa)y(bxa) = a(xby) bxa + (bxa)y (bxa)
= (axb + bxa)y (bxa) =0
Since S is 2- torsion free then, bxa = 0.
Since U is an ideal in S
(b xa) U (bxa) =0 (USES)
US(bxa) US(b xa)=0
(bxa)US(bxa) < (b xa)U(bxa)= 0
US bxa SUS bxa =0 and by semiprimness
US bxa=0bxa S bxa =0 then bxa =10
by the same way will get axb = 0. [
Lemma 3.7:
Let S be an inverse semiring , and U be an ideal in S. if S is 2-torsion free semiprime, and a,beU

are such that axb + bxa =0 for all x €U, then either a=0 or b=0
Proof:
by Lemma (2.10)
axb = bxa =0
Then either a =0 or b = 0. ]
Theorem 3.8:

Let a map w: S>T be U -S Jordan homomorphism such that T is 2- torsion free semiprime
inverse semiring, then either y is a homomorphism or an anti homomorphism on U.
Proof :

By Theorem (3.5) Forall a,b,r eUU
ay(ra’+a y(r)a=0
and by Lemma ( 2.11)

ay(a’+a y(r)a=0
then either a,=0 or a’=0
y(ab) +y(a) w(b)" =0

and by Lemma (2.9)

y (ab) = w (a) v (b)

w(ab) + y(b) w(a)’= 0
and by Lemma (2.9)
w (ab) = y(b) y(a).
Then, y is either homomorphism or anti-hnommorphism.. ]

Or a,=0
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