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Abstract

In this note we consider a generalization of the notion of extending modules
namely supplement extending modules. And study the relation between extending
and supplement extending modules. And some properties of supplement extending.
And we proved the direct summand of supplement extending module is supplement
extending, and the converse is true when the module is distributive. Also we study
when the direct sum of supplement extending modules is supplement extending.
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Introduction

Throughout this paper R will be a commutative ring with identity and all modules will be unitary
left R—-modules. A proper submodule N of an R-module M is called an essential in M if for every
nonzero submodule K of M then NNK=0 . Equivalently, N is essential in M if and only if every
nonzero element of M has a nonzero multiple in N [1]. A submodule N of M is called small in M
denoted by N«M whenever for some submodule L of M, N+L=M implies L=M [2].A submodule N
of M s called closed in M if it has no proper essential extension in M [1]. A module M is called an
extending if every submodule of M is essential in a direct summand. Equivalently, M is extending if
and only if every closed submodule in M is a direct summand [3].

A submodule N of M is called supplement submodue in M if there exists a submodule K of M
such that N+K=M and N is minimal with this property . Equivalently, if N+K=M and NNK«N . It
is clear that every direct summand is supplement submodule [2].

In this paper, we replace the condition of extending modules which is every submodule is essential
in a direct summand by the condition that every submodule is essential in a supplement submodule
Equivalently, every closed submodule in M is supplement submodule and we call the module that
satisfy this condition by supplement extending module.

This paper is structured in three sections, in the first section we introduce some general properties of
supplement submodule that we need in section two and three.
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In section two we give the definition of supplement extending module and show that any direct
summand of it is supplement extending.

In section three we give a sufficient condition under with M@N is supplement extending where M
and N are supplement extending.
1. Some basic properties of closed and supplement submodules.

In this section we collect some well-known facts of closed submodule and we show other
properties of supplement submodule.
Proposition 1.1 [1]: Let M be an R-module and A be a submodule of M. If B is a complement of A,
then A@B is essential in M.
Recall that the definition of relative complement such that let A be a submodule of an R-module C. A
relative complement for A in C is any submodule B of C which is maximal with respect to the
property AnB =0 see [1].
Proposition 1.2 [1]: If M= A®B is an R-module,then A is closed in M .
Proposition 1.3 [1]: Let A be a submodule of an R-module M. Then the following statements are
equivalent:
1. Alis aclosed submodule in M.
2. If A € B, and B is essential in M, then % is essential in%.
3. Ais arelative complement for some submodule B of M.
Propositionl1.4: Let A, B and C be submodules of an R-module M with BEA, then:
1. There exists a closed submodule H in M such that C is essential in H [1].
2. If Bisclosed in A, and A is closed in M, then B is closed in M [1].
Lemmal[4] 1.5: Let M be an R-module.If K is a supplement submodule in M, then K is a supplement
submodule in every USM which KEU.

Propositionl1.6: Let M be an R—-module. If A is supplement submodule in M then%is supplement

submodule in%, where N is submodule of A.
Proof: Since A is supplement submodule in M then there exists a submodule K of M such that A+K
=M and ANK<«A. Now, we have o show ( n—)<< -
ANK+N A N N N N N

[modular law]. Let —— +— =% where LSA and NC L. such that T =5 Hence
ANK+N+L=A, but An K<<A then N+L=A but NSL then L=A and hence% =— Then ( n —)<< -
Lemmal.7 [4]: Let M be an R-module and V be a supplement submodule in MThen every
Lemmal.8 [5]: If A and B are supplements of K and L in R-modules M and N respectively, then
A®B is supplement of KGL in M@N.

In this section, we introduce the concept of supplement extending modules and we discuss some
of the basic properties of these modules and other related concepts.
essential in a supplement submodule in M. Aring Ris supplement extending if R is supplement
extending when considered as an R—-module .
closed submodule in M is a supplement submodule in M.
Proof: Let A be a closed submodule in M. Since M is supplement extending module , then there
Conversely, Let A be a submodule of M. So, by Prop. 1.4 there exists a closed submodule B in M
such that A is essential in B, so by assumption, B is supplement submodule in M, and hence M is
Remarks and Examples2.3:
1. Itis clear every extending module is supplement extending then Z, Q and M=Z,®Z, as Z-module
2. Every semi simple R- module is supplement extending.
3. A Z-module M=Z,®7Z, is not supplement extending since {(0,2 )} is closed submodule in M

A K+N_M K+N A K+N:An(K+N):(AnK)+N by
ANK+N+L A
K+N

supplement submodule in V is a supplement submodule in M.
2. Supplement extending modules:
Definition2.1: An  R-module M is called supplement extending , if every submodule of M is
Proposition2.2: Let M be an R-module , then M is supplement extending if and only if every
exists a supplement submodule B in M such that A is essential in B. But A is closed, then A=B.
supplement extending module .

are supplement extending.

which is not supplement submodule.
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4. 4.Not every supplement extending module is extending as the following example. Consider the
module M=Zg@ Z, as a Z-module.The closed submodule in M are A={(1,0)}, B= {(0,1)},
C={(1,1)}, D= {(2,1)} and E= {(4,1)} , and the summand submodules of M are A, B, C, E, F=
{(0,0)} and G=M. And hence A, B, C, E, F and G are supplement submodules in M.It is enough
to check that D satisfy the definition of supplement, the only submodule A of M satisfy D+A=M to
show DNA«D. DNA={(4,0)}=H. Let L be a submodule of D such that H+L=D then L=D. M is
supplement extending. But M is not extending, Since D is closed but not summand.

Proposition2.4: Let M be an R-module such that M is supplement extending. Then every closed

submodule in M is supplement extending.

Proof: Let N be closed submodule in M and let A be a closed submodule in N. then by Prop.1.4 A is

closed submodule in M, but M is supplement extending. So, A is supplement submodule in M. By

Prop. 1.5, A is supplement submodule in N. Hence N is supplement extending.

Since every direct summand is closed submodule by Prop. 1.2 then we get the following:
Corollary2.5: Every direct summand of supplement extending module is supplement extending.
Proposition2.6: Every uniform R—module is supplement extending module.

Now, we called an R—-module M is supplement simple if the only supplement submodule in M are

M and 0.

Remark2.7: Let M be supplemented simple R—-module, if M is supplement extending then M is

uniform.

Proof: Let A be a nonzero submodule of M and let K be a relative complement of K in M. So, by

Prop. 1.1, A®K is essential in M, but by Prop. 1.3, then K is closed in M, but M is supplement

extending. So, K is supplement submodule in M. Since M is supplemented simple and K=M, then

K=0. Then A is essential in M.

Proposition2.8: Let M be a supplement extending module and N be a closed submodule in M, then%
is supplement extending.

Proof: Let% be a submodule of%, where K is submodule of M. Since M is supplement extending
module. So, there exists a supplement submodule A in M such that K is essential in A. Since NEK and

N is closed in M, then by Prop. 1.3 %is essential in %but A is supplement in M. So, by Prop. 1.6. .%
is supplement in %

The following theorem gives a characterization for supplement extending modules.

Theorem2.9: For any R—-module M, the following statements are equivalent:

1. M is supplement extending.

2. Each closed submodule in M is supplement submodule in M.

3. If Ais direct summand of injective hull E(M) of M, then AnM is supplement submodule in M.
Proof: 1-2, clear from Prop. 2.2.

2—-3. Let A be a direct summand of E(M),i.e. E(M)=A®B, where B is submodule of E(M), to show
that ANM is closed in M, let AnNM is essential in H, where H is submodule of M and heH. So,
h=a+b, where a€A and beB. Suppose that h¢A thus b0, but M is essential in E(M). So, there exists
reR such that 0#rbeM. Now, rh=ra+rb and hence ra=(rh+rb)e(MNA)<H.

Thus, rb=(rh-ra)e(BnH). Since AnM is essential in H, then 0=((ANM)NB) is essential in (HNB), and
hence HNB=0. Thus rb=0 which is a contradiction.

Thus ANM is closed in M. So, by (2) AnM is supplement in M.

3—1. Let A be a submodule of M and let B be relative complement of A in M, then by Prop. 1.1
(A®B) is essential in M. But M is essential in E(M), therefore A@®B is essential in E(M), thus
E(A)®E(B)=E(A®B)=E(M). Since E (A) is summand of E(M), then E(A)NM is supplement
submodule in M, but A is essential in E(A) and M is essential in M. So, by [1] A =ANM is essential in
E (A) nM, which is supplement in M and hence M is supplement extending.

Let M be an R-module. Recall that Z(M)={xeM: ann(x) is essential in R} is called singular
submodule of M, where ann(x)={reR : rx=0} If Z(M)=M, then M is singular module. If Z(M)=0, then
M is a nonsingular module, see[1].

Before We give out next result, We need the following lemma.
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Lemma2.10[6]: Let :M—N be an epimorphism of modules and L be a closed submodule in N.
Suppose that N is nonsingular, then H=f~1(L) is closed submodule in M.

Proposition2.11: Let M be a supplement extending module, then any nonsingular image of M is
supplement extending.

Proof: Let f: M—N is an epimorphism and let L be a closed submodule in N, then by Lemma
2,10.H=f*(L) is a closed in M, but M is supplement extending. Then there exists a submodule K of M
such that H+tK=M and (HNK)«H. Then N = f(M) = f(H+K) = f(H)+f(K) = L+ f(K) and by[
2,Lemma 3.1.10] f(HNK)=f(H)Nf(K), since kerf€H from proof of lemma 2.10 LNf(K)<«f(H)=L.
Hence N is supplement extending.

Let M be an R-module. Recall that M is called a multiplication R-module if for each submodule N
of M, there exists an ideal | of R such that N=IM. See [7].

Proposition2.12: Let M be a finitely generated faithful multiplication R —module. Then R is
supplement extending if and only if M is supplement extending.

Proof: Let N be a closed submodule in M, since M is faithful multiplication R—module. So,
N=[N:M]M where [N:M]={reR:rM<SN} be an ideal of R but N is closed submodule in M. So, by [9,
Prop. 3.31, Ch 3], [N: M] is closed ideal in R, but R is supplement extending when considered as an
R-module. So, [N: M] is supplement in R such that there exists an ideal J of R such that [N: M] +J=R
and [N: M]nJK[N:M]. Now, M=RM= ([N: M] +J) M= [N: M] M+JM=N+JM. Now, to show that
(IN: M] MNIM)< [N: M] M. Let ([N: M] MnJM) +KM= [N: M] M since M is multiplication module.
(IN: M]NJ)+K]M=[N:M]M but M is finitely generated faithful multiplication R-module. So, by
[8, Theorem 3.1], ([N:M]nJ)+K]=[N:M] then K=[N:M] and clear that KM=[N:M]M. Hence ([N: M]
MNJIM)<« [N: M] M. So, N is supplement in M. Hence M is supplement extending.

Conversely, Let I be a closed ideal in R. To show IM is closed in M. Since M is multiplication R—
module, then IM=[IM:M]M where [IM:M]={reR:rMcIM}=I. But M is finitely generated faithful
multiplication R —module. So, by [8, Theorem 3.1], I= [IM: M] but  [IM: M] is closed in R, then by
[9, Prop. 3.31, Ch 3] [IM: M] M is closed submodule in M, but M is supplement extending module.
So, [IM: M] M is supplement submodule in M such that there exists a submodule KM of M such that
[IM: M] M+KM=M and ([IM: M] MNKM)« [IM: M] M. Where K be an ideal in R and because M is
multiplication module, then [IM: M] M+KM=M. Now, ([IM: M] +K) M=M=RM but M is finitely
generated faithful multiplication module. Then by [8, theorem 3.1], [IM: M] +K =R. Now, to show
that ([IM: M]NK)« [IM:M]. Let ([IM:M]nK)+L=([IM:M], clear that (([IM:M]NK)+L)M=([IM:M]M,
then (([IM:MIMNKM)+LM =([IM:M]M , and hence LM=[IM:M]M, but M is finitely generated
faithful multiplication module then by [8, Theorem 3.1], L=[IM:M] and ([IM:M]nK)«< [IM:M] ,
and hence [IM:M] is supplement ideal in R. So, R is supplement extending.

Now, recall that an R-module M is called lifting module provided that, for any submodule N of

M, there exists a direct summand L of M such that LEN and % is small in % [10].

Proposition 2.13 [11]: Let M be an R-module. The following statements are equivalent:

1. M is lifting.

2. M is amply supplemented and every supplement submodule of M is a direct summand of M.

Now, by Prop.2.13 since every supplement submodule is a direct summand, we have the following
corollary.

Corollary2.14: Let M be a lifting R-module then the following are equivalent:

1. M is extending.

2. M is supplement extending.

3. The direct sum of supplement extending modules.

In this section we show that by example that a direct sum of supplement extending may not be
supplement extending module. And we give a sufficient condition under which M@N is supplement
extending where M and N are supplement extending modules.

Example3.1: Let M=Z,7Z, as Z-module, Z, is supplement extending but M is not (see 2.3).
Proposition3.2: Let M=M;® M, where M, M; and M, are R—-modules and M be a distributive
module, then M is supplement extending if and only if each M; is supplement extending (i=1,2).
Proof: If M is supplement extending then each M; is supplement extending (i=1, 2) by Prop. 2.4.
Conversely, let L be a closed submodule in M. To proof LNM; is closed in M; (i=1, 2).
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Since M is distributive module, then we have L= ((LNM;)® (LNM;)). Hence LNM; is closed in M;

and LNM, is closed in M,. But M; and M, are supplement extending modules, then there exists a

submodule K; of M; such that K;+ (LNnM;) = M; and K;n LNnM;= (K;n L)< (LNM;). Now,

M=M,;®& M, = (K1+(Lﬂ Ml))EB(K2+(Ln Mz)):(Kj_@ K2)+L. Then K @ K,+L and (K]_@ Kz) NnL

=(Kin L)®(K;Nn L)) K(LNM)B( LNMy)). (KidKz)NL)«K M@ M, =M, and hence M is

supplement extending.

Recall that a submodule N of an R—-module M is called fully invariant if for every endomorphism

f: M—-M, f(N)EN. see [12].

Proposition3.3: Let M=@;M; (for each i€l) be an R—-module, where each M; is submodule of M. If M

is supplement extending then each M; is supplement extending (i€l). The converse is true if each

closed submodule in M is fully invariant.

Proof: Suppose that M is supplement extending. Since M; is direct summand of M for each i€l, then

M; is supplement extending for each i€l by Prop. 2.4. The converse, let S be a closed

submodule in M and by [13, Prop. 3.7]. Since SNM; is summand of S, then SNM; is closed in S, but S

is closed in M therefore SNM; is closed in M by Prop. 1.4.But SNM;EM; then SNM; is closed in M;

but M; is supplement extending module for each i€l. Thus, @;(SNM;)=S is supplement submodule in

M by [5, lemma 2.2], and hence M is supplement extending module.

Proposition3.4: Let M and N be supplement extending modules such that annM+annN=R then M@®N

is Supplement extending.

Proof: Let A be a closed submodule in M@N. Since annM+annN=R, then by the same way of the

proof [12, Prop. 4.2, chl], A=C&®D where C and D are submodule of M and N respectively. Since

A=0, then either C+0 or D#0. If C+0 and D=0, then A is submodule of M, but M is supplement

extending by Prop. 2.2 A is supplement submodule in M such that there exists a submodule B of

M such that A+B=M and AnB<«A. And M is submodule of M@N then by Lemma 1.7, A is

supplement submodule in M@N and hence M@N is supplement extending as same as when A=0.

Now, let C+0 or D0, then A=C@®D, clear that C and D are closed in M and N respectively, but M

and N are supplement extending modules. So, C and D are supplements in M and N respectively, then

by Prop 1.8 A=C@®D is supplement in M@®N, and hence M@N is Supplement extending.
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