Majeed & Aidha Iraqi Journal of Science, 2015, Vol 56, No.3B, pp: 2297-2307

Iraqi
Journal of

Science
ISSN: 0067-2904
GIF: 0.851

Elastic Electron Scattering Form Factors and Charge Densities for Some
Nuclei in 2s-1d Shell Using the Effect of Occupation Numbers

Wasan Z. Majeed* , Arkan R. Ridha
Department of Physics, College of Science, University of Baghdad,Baghdad ,Iraq

Abstract

Elastic electron scattering form factors, charge density distributions and charge,
neutron and matter root mean square (rms) radii for Mg, %Si and **S nuclei are
studied using the effect of occupation numbers. Single-particle radial wave functions
of harmonic-oscillators (HO) potential are used. In general, the results of elastic
charge form factors showed good agreement with experimental data. The occupation
numbers are taken to reproduce the quantities mentioned above. The inclusion of
occupation numbers enhances the form factors to become closer to the data. For the
calculated charge density distributions, the results show good agreement with
experimental data except the fail to produce the hump in the central region for ®Si
nucleus. Finally, the calculated charge rms radii for the nuclei under study show
good agreement with experimental data.

PACS number(s): 21.60.Cs, 21.60.De, 25.30.Bf, 27.10.+h, 27.20.+n

Keywords: stable nuclei, shell model, charge density distribution, elastic charge
form factor, rms charge, neutron, and matter radii.
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Introduction

The scattering of electrons from nuclei gives the most precise information about nuclear size and
charge distribution, and it provides important information about the electromagnetic currents inside
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the nuclei. Electron scattering can provide a good test since it is sensitive to the spatial dependence of
the charge and current densities [1].

The charge density distribution is one of the many most important quantities in the nuclear structure
which has been well studied experimentally over a wide range of nuclei. This interest in charge
density is related to the basic bulk nuclear characteristics such as the shape and size of nuclei, their
binding energies, and other quantities which are connected with charge density distribution [2,3].

Many attempts made to explain the experimental data of electron scattering and to understand the
nature of nuclear force and the structure of the nuclei. Several experimental and theoretical groups
have devoted their works for studying the electron scattering from sd-shell nuclei [4-8].

In this work, the charge density distributions, elastic form factors and root mean square radii are
studied for **Mg, ?Si and **S nuclei using shell occupation numbers different from those predicted by
simple shell model. This model have been determined which lead to a good description of the charge
density and elastic form factor data. The single- particle radial wave functions of harmonic-oscillators
(HO) potential are used to reproduce the corresponding experimental data.

Theoretical formulations
The transition charge density one-body operator of rank J for point nucleons (with isospin

t, =1/2) or neutrons (t, = —1/2) can be written as [9]:
2 5(!‘ — rk)

ﬁ\] :Ze(tz)r—zYJ,MJ(Qrk )' (1)
k=1
where
et.) = @

In the above Eq. (1), Y, (€2, ) and &(F —1,) are spherical harmonic and Dirac delta functions

respectively. The multipolarity J of the transition is restricted by the following angular momentum
and parity selection rules:
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and

mw =(=1)7 (for Coulomb transitions).

The reduced matrix element of the transition charge density operator of Eq. (1), can be written as [9]:

A 1 37 .
(3102 O3 = sy Xk ()R, DR )

where a and b stand for the single-particle states and are specified by:
|p>=‘nplp>‘ jpmp>, (the state p represents either a or b)

The states |Ji> and ‘J f> are initial and final total angular momentum of the nuclei under study. In

Eq. (2), R, (r) is the radial part of the HO wave function, <ja||YJ ||jb> is the reduced matrix

:’{)fl"J is the proton (t, =1/2) or neutron (t, = -1/2) one

body density matrix element given by the second gquantization as [9]:
i ~ J
313 <‘]f [aat,tZ ®ab.tz] H‘]|>
X fodis _

= . 3
V231 o

The relation between these triply reduced X;,fb:ii,’iT and the proton or neutron X i;:i"J of Eq. (2) is
given by [10]:

element of the spherical harmonic and X
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where the triply reduced X :Y[J:fz"’iT elements are given in the second quantization as:
+ o~ JoaT
r;.0.J <Ff ‘ [aa ®aﬂ] |Fi>
Xa,/i’,AT = )

V23 +1V2AT +1
Here, Greek symbols are utilized to indicate quantum numbers in coordinate space and isospace (i.e.,

I=JT and I'; =J;T;). The X;fﬁrATJ elements contain all the information about transitions of
given multipolarities which are embedded in the model wave functions.

For the ground state density distribution, one has J,=J,, J=0 and a=Db (ie,
n,=n,, |, =1, and j, = j,). Therefore, the reduced matrix element of the spherical harmonic
presented in Eq. (2) will give the following result [11]:

H H — (_1)\2]at1 2ja+1_\/2ja+1
<Ja||YO||Ja>_( 1) \/ 47[ - 472_ (6)

Substituting Eq. (6) into Eq. (2), one finds that:
P (1) = 25, +1X 2R, (b)) @
4ﬂ\/m o
Where
P (1) =(3;]; (D)3,
In Eq. (7), b, values are the HO size parameters of protons (t, =1/2)) and neutrons

(t, =-1/2)).
It is worth mentioning that the final formula in Eqg. (7) is normalized to the atomic number (Z)
(point proton density) and neutron number (N) (point neutron density) as follows:

4ﬂjpp0rn (r)r’dr =ZorN.
0

For pure configuration, X:%"° can be written as:

a,at,
XJ.,Ji,o_w’ZJi”n @®
a,at, m at, ?

Wheren, , , represents the number of neutrons (t, =1/2) or protons (t, = —1/2) in the subshells.
Finally, Eq. (7) can be simplified with the aid of result in Eq. (8) to the form:

1 2
A ) =520 Ry (1D,) ©

The charge density distribution pg, (r) is obtained by folding the proton density Oy, into the
distribution of the point protons of Eqg. (9) as follows [12]:

P (F) = [ Py (F) oy (T =TT (10

Where O takes the Gaussian form as [12]:
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P (1) :(r;

)3
ma,

Wherea,,, = 0.65 fm. Such value of a, produces the experimental charge rms radius of proton,

1 3 1/2
(r)z = (Ej a, ~0.8fm.
The charge rms radii of can be directly deduced from their density distributions as follows [12]:
L A
5 2
(g =5 | pa(0yridr )
0

In plane wave Born approximation (PWBA) the elastic charge form factors are Fourier transform
to their corresponding ground charge density distribution [12]:

4| T .
F (0) =q—7zrupp(r)sm(qr)fdf} fre () fen (@) (13)

Where f,.(q) and f_,(q) are free nucleon form factor and center of mass correction, respectively,
given by [12]:

-0.43¢?
4

()= e[ (14)

and
5]
fo(@)=e " (15)

Where A in Eq. (15) represents the mass number of the nucleus under study.
It is worth mentioning that F (q) in Eq. (13) is normalized to unity in the limitq — 0.

Results and discussion:

In this work, the charge density distributions, charge rms radii and elastic charge form factors are
calculated in shell model using single-particle radial wave functions of harmonic-oscillators (HO)
potential. The present calculations take two methods: the first uses occupation numbers as predicted
by simple shell model; such calculations are denoted by SSM. The second method uses occupation
numbers different from those predicted by SSM and controlled to reproduce the calculated charge
density distributions, charge rms radii and elastic charge form factors to fit experimental data, such
method is denoted by MSM (modified shell model).

For Mg nucleus, the HO size parameter is taken to be b =1.62 fm to reproduce best match

with experimental charge density distribution and form factor. The occupation numbers in SSM and
MSM are tabulated in Table -1 and -2, respectively.

Table 1- The calculated X %" for Mg for neutrons and protons calculated in SSM method.

aat,

State 1 State 2| Number of protons (n, ;) and neutrons (n, , ) Xoar”
sy, 1S4, 2.0 1.414214
1pae 1pse 4.0 2.0
1p1e 1p1p 2.0 1.414214
1dsp 1dsp 4.0 1.632993
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Table 2- The calculated X 72" for Mg for neutrons and protons calculated in MSM method.

a,at,

State 1 State 2 Number of protons (n, ) and neutrons (n, ) X e
1S4 1S4 0.85 0.601041
1psp 1psp 3.1 1.55000
1pyp 1pyp 1.5 1.060660
1ds, 1ds, 1.3 0.530723
1dsp 1dsp 0.0 0.0
251 2S1p 0.4 0.282843
1f7 1f4 4.85 1.714734
1fs, 1fs;, 0.0 0.0

The calculated charge density distributions in SSM and MSM are displayed in Figure-1 by dashed
and solid curves, respectively. It’s clear from Fig. (1), that the result of the solid curve (MSM) is better
than the calculation of dashed curve (SSM). This support the idea of the existence of strong mixing

configuration between 1s and 1f shells according to X ”*% suggested in Table 2.

a,at,

In Figure -2, the calculated elastic charge form factors are displayed by dashed and solid curves
calculated in SSM and MSM, respectively. The result of solid is better than the result of SSM.
Although the match with experimental data at high g values is bad due to slight deviation in the
calculated charge density distribution at central region (r < 2.5 fm) from experimental data, the result
in general has good agreement with experiment.

In Table 3, the results of the calculated rms charge, neutron, and matter radii are tabulated. The
results of the calculated charge rms radii in MSM are in excellent agreement with experimental data
on contrary to the results of the SSM.

Table 3- The calculated rms charge, neutron, and matter radii of Mg nucleus.

Technique | (r)/2 Exp. <r>t;2 fm <r>ln/2 fm <r>in/2 fm | Exp. <r>1m/2 fm
fm [13] [14]
SSM 2.762 3.08(5) 2.645 2.645 2.79(15)
MSM 3.081 2.977 2.977
0.12 .

o
o
®

pen (1) (fm)

g

6 8

4
r (fm)
Figure 1- The calculated charge density distribution of 24Mg nucleus. The dotted curve represents experimental
data [ 13 ]. The dashed and solid curves are the calculated charge density using SSM and MSM methods,
respectively.

2301



Majeed & Aidha Iraqi Journal of Science, 2015, Vol 56, No.3B, pp: 2297-2307

16
i
0.1
~
— T
N’
©
w6601
0.0001
1E-605

1E-006
8

4
q (fm)
Figure 2- Elastic charge form factor of ?*Mg nucleus. The dotted curve represents experimental data [6]. The
dashed and solid curves are the calculated charge form factors calculated using SSM and MSM methods,
respectively.

For #Si nucleus, the values of the HO size parameter is taken to be b =1.63 fm to reproduce best

match with experimental charge density distribution and form factor. The occupation numbers in SSM
and MSM are tabulated in Table -4 and 5, respectively. In Figure 3, the calculated charge density
distributions in SSM and MSM are displayed by dashed and solid curves, respectively. The result of
the solid curve has a good agreement with experimental data, but there is an overestimation in the
calculation in the central region (r < 1.5 fm). This necessitates the importance of the existence of

strong mixing configuration between 1s and 2p shells according to X’ suggested in Table -5.

a,at,

In figure -4, the results of the calculated elastic charge form factors are displayed by dashed and
solid curves calculated in SSM and MSM, respectively. The result of solid curve has a very good
agreement with experimental data for all g values.

The calculated charge, neutron, and matter rms radii are tabulated in Table -6. The results of the
calculated charge rms radii in MSM are overestimated in comparison with experimental data due to
the contribution coming from higher 1f,, subshell.

Table 4- The calculated X 72" for %Si for neutrons and protons calculated in SSM Method.

aat,

State 1 State 2| Number of protons (n, ,) and neutrons (n, ) X
sy, 1S4, 2.0 1.414214
1pse 1pse 4.0 2.0
1p1e 1p1p 2.0 1.414214
1ds), 1ds), 6.0 2.449490
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Table 5- The calculated X 770 for
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%85 for neutrons and protons calculated in MSM method.

a,at,
J;i 3,0
Statel | State 2 Number of protons (n, ) and neutrons (n, ) X
1515 151/ 0.9 0.636396
1p3/2 1p3/2 3.0 1.50000
1pyp 1pyp 1.0 0.707107
1ds), 1ds), 4.0 1.632993
1d3p, 1dsp, 0.0 0.0
2517 2515 0.5 0.353553
1f7, 1f7, 4.2 1.484924
1f5), 1f5), 0.0 0.0
2p3/2 2p3/2 0.4 0.20000
Table 6: The calculated rms charge, neutron, and matter radii of 22Si nucleus.
1/2 1/2 1/2 1/2
Technique (r), Exp. (r).~ fm [13] (r), " fm (r). " fm
fm
SSM 2.834 3.106(30) 2.72 2.72
MSM 3.114 3.011 3.011
8.12

0

0 2 4 6 8

r (fm)
Figure 3- The calculated charge density distribution of %*Si nucleus. The dotted curve represents experimental
data [13]. The dashed and solid curves are the calculated charge density using SSM and MSM methods,
respectively.
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Figure 4- Elastic charge form factor of #Si nucleus The dotted curve represents experimental data [6]. The

dashed and solid curves are the calculated charge form factors calculated using SSM and MSM methods,

respectively.

For **S nucleus, the HO size parameter is taken to be b =1.57 fm to get best match with

experimental charge density distribution and form factor. The occupation numbers are calculated in
SSM and MSM methods and tabulated in Table -7 and -8, respectively. The calculated charge density
distributions in SSM and MSM are displayed in Figure -5 also by dashed and solid curves,
respectively. The results showed good agreement with experimental data. The inclusions of the effect
of occupation numbers enhanced the results to become closer to the data.

In figure -6, the calculated elastic charge form factors are displayed by dashed and solid curves
calculated in SSM and MSM, respectively. The result of solid curve is remarkably improved more
than the result of SSM and the position of diffraction minima are well-predicted more than the result
of SSM which completely fail to generate such positions.

The results of the calculated rms charge, neutron, and matter radii are tabulated in Table -9. The
results of the calculated charge rms and matter radii in MSM are overestimated in comparison with
experimental data, on contrary to the results of the SSM which underestimated the result in
comparison with experimental data this due to the contribution coming from higher 1f;, and 2f;,
subshell.

Table 7- The calculated X 72" for ®S for neutrons and protons calculated in SSM method.

a, at
State 1 State 2 Number of protons (n, ) and neutrons (n, ) X e
1sy, 1sy, 2.0 1.414214
1psp 1psp 4.0 2.0
1pyp 1pyp 2.0 1.414214
1dsy 1dsy 6.0 2.449490
1ds, 1d3, 2.0 1.0
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Table 8- The calculated X 770 for
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%23 for neutrons and protons calculated in MSM method.

a,at,
ivi ’O
State 1 State 2 Number of protons (n, ) and neutrons (n, ) X
1S4 1S4 1.5 1.060660
1pap 1pap 3.5 1.75000
1p1p 1p1p 1.3 0.919239
1ds;, 1ds;, 14 0.571548
1d3, 1d3, 0.0 0.0
231/2 1p1/2 0.35 0.247487
1f7, 1ds), 7.4 2.616295
1fs), 1d3p, 0.0 0.0
2Pz 1py; 0.0 0.0
2p1,2 1d5/2 0.0 0.0
199/2 1d3/2 0.0 0.0
197 1pap 0.0 0.0
2ds) 1ds;, 0.0 0.0
2d3) 1d3p, 0.0 0.0
331/2 1p1/2 0.0 0.0
1h11/2 1d5/2 00 00
lhgp, 1d3p, 0.0 0.0
2f 1p1p 0.55 0.194454
2fs) 1ds;, 0.0 0.0
Table 9-The calculated rms charge, neutron, and matter radii of *2S nucleus.
1/2 1/2 1/2 1/2 Exp.
fm m
SSM 3.071 3.239(30) 2.967 2.967 -
MSM 3.403 3.310 3.310 -
@‘1 ) l ) l ) l )
\
0.08 \ -
S
E 0.06
Nk
~
-
A
— 0.04
(s3]
Q.
0.02
) J
S0 2 6 8

Figure 5- The calculated charge density distribution of *S nucleus. The dotted curve represents experimental

4
r (fm)

data [13 ]. The dashed and solid curves are the calculated charge density using SSM and MSM, respectively.

2305




Majeed & Aidha Iraqi Journal of Science, 2015, Vol 56, No.3B, pp: 2297-2307

10

0.1

6.01

Fen (a1)

0.001

6.6001

1E-005

1E-006
0

(fm)
Figure 6- Elastic charge form factor of *S nucleus. The dotted curve represents experimental data [6]. The
dashed and solid curves are the calculated charge form factors calculated using SSM and MSM methods,
respectively.

Conclusion
The effects of occupation numbers on the ground charge density distributions, elastic form factors

and root mean square (rms) radii are investigated for **Mg, %*Si and **S nuclei using single-particle
radial wave functions of harmonic-oscillators (HO) potential. It was concluded that the mixing
configuration between nuclear shells is important and needed to make the result in agreement with
experimental data. For the calculated charge density distributions, the results showed good agreement
with experimental data except the overestimation to produce the density in the central region for %Si
nucleus. In general, the calculations for elastic charge form factors showed good agreement to predict
the positions of diffraction minima.
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