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Abstract

In this paper we have studied a generalization of a class of ( w-valent ) functions
with two fixed points involving hypergeometric function with generalization

integral operator . We obtain some results like, coefficient estimates and some
theorems of this class.
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1. Introduction:
Let RZ denoted by the class of w- valent functions defined by the following:

f(v)=mv" + Z V" R(abicy), V<1
gq=w-1

=mv"- > gV, weN (1)
g=w+1
where , F,(a,b;c;V) is defined by Gaussian hypergeometric function defined by
e @, 0),

F,(a,b;c;v) =
2t gq=0 (C)q ql

., V<1
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where (a), =% c>b>0and c>a+b if w=p see[1]such that I" is gamma function
(a,q-w+1)(b,q-w+1)
and m>0, t_,., = Cq-wid ( 1:* q>w+1 )
- (@-w+D)!
and
g. = I'a+q)(b+o)I(c) g w+l .
* T(@T(b)(c+g)r(q+1)

Definition 1: A function f (V) is given by (1) be in the class RZ)"" (u, @, 3,0.X, p,) if and only if
it the condition:

| ugv® (HR ( (v)))" — mw(w —T)(w— 2)v"] |
IMI@L— M)+ Av(w—1)(HR" (f (v)))' —VvZ(HR" (f (v)))"]
where $,m>0,A>0,0<u<10<¢p<1l0<y <pp>00<M¢<1,and

<(p-w), ®3)

HR"(f (v))is generalization integral operator defined as following :

1_ Olr+n(1+w)+1] 0 . 7(1—7!1)%
w r+n((\A/+1)+’I£l) J e ° f(rVTﬁ)dt, (4)
g C(r+n(w+1)+2)y

where r,é >0,0< £ <1,7>0,60 >0.

if w=1, we have integral operator is introduced by H. J.Abdul Hussein and R.H.Buti[2].
So from (4) we get

HRY(F (V) =MV — " G,AQ,& 7,1 1,V ©

gq=w+1
W (1_ﬂ)aq[n++w—2]égr7(n—w)1—~(r +77(n _1) + 2) 3
r'(r+n(w-1)+2)
We note that, if A(Q,&.77.r ,0) =A@ E0Lm0) . [HR(FW)[” =109 (2) and
w=(w-1),(w—2) =1, we have a class studied by [3].

HR™(f (v)) = .

E .

where A(Q,&,7,1, 1,6) =

For a given real v,(0<v, <1) .Let RZ"(i=0,1) be a subclass of RZ satisfies the following
conditions

V" f(v,)>1,and %le f'(v,) <1 respectively

Let RZM (U,@, % 0K, 0,p,V,) = RZ " (U, 0, 0K, ) "RZ" (i =0)).

,m

Some another classes are by W.G.Atshan and S.R.Kulkarni [4,5], S.R.Kulkarni and Mrs. S.Joshi[6]
, consisting of p-valent meromorphic and univalent meromorphic functions. So the hypergeometric
function studied by another researcher R.Ezhilarasi, et.al.[7] and Rabha et.al.[8,9]
2. Coefficient Estimation
In the next theorem, we obtain a coefficient estimation for the function to be in the class

RZ™(u,p, 30K, o,v).
Theorem 1: A function f (z)defined by (1) be in the class RZ.)"™ (u, @, 3, 0.k, ,w) if and only if
> alup@-1@-2)+i(e-y)W+q-2)Eg, <mI(p-y)L-gM), (6)

g=w+1

where $,m>0,A>0,0<u<10<p<1l0<y <p,p>00<Mg<1.
Proof: Let the inequality (6) holds true and |v| <1, we get
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luglz® (HRY (f (v)))" — mw(w —1)(w—2)v" ] -
~ (@ - p)mIA- M) + Rlv(w-D(HR" (f (v)))’ -3 (HR" (f (v)))’]

o0

: —q_iwuqoq(q—l)(q—z)lzgqv“ ~(p-yIMIL- M) - 3 ah(w a- 2B
< qg}ﬂum(q ~1)(a-2)Eg M ~[(p-y)mIl-m)]+

+Z QR — )W+ q ~ 2)Eg, '

qziwq[‘“"(q ~1)(G-2)+ Mg - p) W+ q-2)[Fg, - Mg —p)d— M) <0..

Hence by maximum modulus, f (z) belongs to the class RZ)""™ (u, @, $,0.K, p,v) .
Conversely, let f (v) e RZ)"™ (u, @, $,0.K, ,), then

| ug[v(HRY (f (v)))" — mw(w—1)(w— 2)v" | |
IMIL— M)+ Av(w—1)(HR™ (f (v)))’ =V (HR"(f (v)))"]
That is

- i ugg(q-1)(q-2)Eg,v°

<(p-v).

e <(p-vy).
mI@L—<M)— > gi(w+q—2)Eg,v*
q=w+1
We have [Re(v)|<|v| forany v,so
. ugq(q-1)(q-2)Eg,v"
Re gt — <(p-w).
mY(1-¢M) - > gqi(w+q—-2)E)g, V"

g=w+1

We choosing values of z on the real axis and letting v —> 1" , we get

S upa(q-1@-2)Eg, + > ak(p—p)W+q-2)Eg,

gq=w+1 q=w+1
<(p-y)MIL-LM).
Then
> dlup(@-1)(q-2)+ (e -y)W+q-2)Eg, <mHp-y)L-M).
g=w+1

The proof is completes.
Corollary 1: If f(v) e RZ*"(u,, 3,0k, p,v).Then
. < m3(p - y) - M) |
" alupa-1@-2) + ke -y)W+q-2)E
Theorem 2:_Let f (z) e RZ"™ (U, ¢, 9,0k, 9,w) . Then f(z) e RZ (U, p, % 0K, ,p,V,) if

and only if i {q[U(p(q _1)((?9E@2)—T//7;§f—_;\;|))(w +a-2F + ng}gq <1. (8)

(7)

gq=w+1
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Proof: Since f(z) € RZ\" (U, @, 9, K, 9,,Z,), then we have z," Z 9 ',  since

g=w+1

V" f(vy) <1, s0weget m— Z O4Ve " <1, orequivalent to

q=w+1

m<i+ > gvi". 9)
gq=w+1

Put m in (6) we get
> dlup(a-1)(q-2) +i(p-y)W+q-2)Eg, <m%(p—y)L-M)

g=w+1

o0

<@+ D g9ve e -y)L-M),

q=w+1

which is equivalently to
> lalup(@ -1)(@-2) + &(p - )W+ a -2 - - v)A-MN]g, < Hp-v)A-M).

or
5 {q[w(q—1)(q—2)+71(@—t//)(W+q—2)]E+VqW}g <1
gq=w+1 '9(80_1//)(1_91\/') ’ T

Conversely, let (8) is holds true, then

cfup(a-1(@-2) + Ko -p)w+q- 2)]E} S vy o
mZ{ M3 —)L—M) 9 2,70

<m- Y gV <1,

gq=w+1 gq=w+1

g=w+1
So V" f(v,) <1,then f(v) e RZ/ (U, 9, LK, 0,¥,V,).
Corollary2: Let f(vV)eRZM (U, 0, 9,0, 0,¥,V,) . Then

g Sp-—y)d- GM)
"= [dlup(@-D@—2)+ (o -w)w+q—2)E - 9 —y)L- MW "]
Theorem 3: Let f(v) e RZ""(u,p, %0k, o,i). Then f(2)eRZ) (u,p, 40K p,p,V,) if
donlv if que(@—1)(Q—2) +Ai(p-w)(W+q - 2)]E q qw:| <1 10
and only i Z{ T —w)—e) (W)vo g, < (10)
Proof : Since f(z) e RZfrrln(u @, 3, UK, 9, ,V,) . Then we have

1 lw qw

W f(z5) =m- Z & )g Vo

q=w+1

q=w+1

Which given
m<il+ ) (%)gqvg‘W (11)

q=w+1

Put in (6), we get
> dlup(a -1)(a-2) +x(p - w)(W+q-2)Eg, < Hp-w)L-M)

q=w+1

<@+ Z & il 2y ") (p—y)A—cM).

q=w+1

Or equwalent
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0

> Q[Uco(q—l)(q—2)+7L(so—t//)(W+q—2)]15—(%)'9(50—;!/)(1—@1\/')23W}quS(@—W)(l—dVI)

O=r\-N+l_
3 |dup@-D@-2)+ Ao-p)wW+a -2 | (8 0nly oy
Hp—w)L-M) whe e

Conversely let (10) is holds true , then
$ [dur@-D@-2+Me-w+a-2F  q )Vnp
q=w+1 | ‘9(8/‘) l//)(l g'VI)
Or equivalent to

Glup(@-D@=2) + X -y)W+a-2)E | g
mZ{ m8(p—p)A—cM) PARE

<m- >’ (ﬂ)vg-qu <1,

q=w+1

So 1vl‘Wf’(vO) <1,then f(v)eRZP (A B,k,Ah 0, a,v,).
W ,

g,<1

q=w+1 q=w+1

The proof is complete .
Corollary 3: Let f(z) e RZ)". (U, 0, 9,0k p,p,V,) : Then

0 < I —y)(L—gM) ,
[q[u(p(q—1)(q—2)+x(so—u/)(w+q—2)]E—<jv)l9(so—w)(1—gM)z3-W}

3. Application Multiplier transformation and integral operator
The multiplier transformation is defined as following

I, d,y)(f(v)=mv" - i (MJ g,v',d>0, y>0 . (12)

g=w+1 W+ y
The operator 1,(d,y) was studied by W. G. Atshan and S.R.Kulkarni [10] and Tehrnchi [8]

subclass of meromorphic univalent functions and so Cho , Kwon and Srivastava [1].
Now, the integral operator G(z) is defined by the following form:

6w =Y [ hir(ydh Y >-w. (13)
z 0
Andr(v)=mv" - > jv?, weN ,sofrom (13), we have
gq=w+1
G(W)=mv" = > A(g,y,w)jv°. (14)
g=w+1

And A(Q, Y, W) =M.
y

+q
So, from (12) and (14), we defined Hadamard product or (convolution) as the following
TW) = 1,d )W) 6 =m" - (ff U A(@, Y, W)Gq jv". (15)
g=w+1

In the next theorem we show that the function T(v) is defined by (15) be in the class
RZ ™ (u,p, 9,0k, 0,v).

Theorem 4:_Let f(v)and r(v)be in the classRZ)""(u, ¢, 3, 0.k, p,w). Then the function T (V)
defined by (15) be in the classRZ,"" (u, @, VK, ,w) if d =1, j, <1.
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Proof: We have from (15)

T(2)=1,(d, y)(f (V) *G(v) = mv" — i (%J AD, Yy, W) g4 Jov*

g=w+1

d
w - q+y y+w : g
=mv" — :
' q:zw(wa (y+q]gqqu

Now to show thatT (v) € RZ)""™ (u, @, 3, 0.k, ,w) , we must to show that

> q[u«p(q—1)(q—2)+x(so—w>(w+q—2)]1{%} o Jo S -1)L-M).

Now,

> q[uco(q—1)<q—2)+x(so—w)(w+q—2)]E[‘“yJ 0, g

g=w+1 W+y

< > dlup(a-D@-2)+ Mo -)w+q-2)Eg, <mI(p-p)a-M).

HenceT(v) e RZ"" (u,p, 3, 0.k, p,v)
The proof is complete.
In the, next theorem, we show that the integral operator F, (V) defined by the form

Fj(v):m(l—S)vp—Sp'v[ (?)du , 320, (16)
0

be in the class RZ,"" (u, @, 9,0k, p,v).
Theorem 5: Let f (v) e RZ"™ (U, @, 4, 0.k, @,). Then F, (V) e RZ"" (U, @, 9, 0K, p,y)if

0<3<Y mso.

W
Proof: By virtue of (16) it follows from (1) that
Fi(v) =mv" — Z 2(9,3,w)g, V", Where Z(q,3,w) =%W (17)
g=w+1
Now,
> alup(@-1)(a-2) + (e —w)(w+q - 2)[E(0, 3, w)Eg,
q=w+1
- JIw
= q[uq)(q—l)(q—2>+7L<so—w)(w+q—2)]Tqu
q=w+1
> IJIw
<> qlue(q-0(a-2) + (e —w)W+q-2)|—Eg,-
q=w+1 W+l
Since( SW ]Sl, then
w+1

<3 q[w(q—1)(q—2)+x(so—w)(w+q—2)]vf+wll~:gq

q=w+1

<Y qlup@-1(q-2)+i(p-p)w+q-2)Eg, <mI(p—p)d-M)

g=w+1

SoF,(v) e RZ,""(u,p, 9, 0K, p,v).
The proof is complete.

1758



Buti and Jassim Iragi Journal of Science, 2019, Vol. 60, No.8, pp: 1753-1759

References

1.

10.

Cho, N.E., Kwon, O.S. and Sarivastsva, H.M. 2004. Inclusin relationships and argument
properties for certain subclasses of multivalent functions associated with family of multiplier
transformation, J. of Math. Analy.and appl. 300(2): 505- 520.

Abdul, H., Hussein, J. and Buti, R.H. 2011. A new subclass of starlike univalent functions
with positive coefficients defined by integral operator I, Advance and appl. In math. Science,
10(3): 259-266.

Abdul Hussein, H. J. and Buti, R.H. 2012. A new class of multivalent functions with
hypergeometric function, Int. J. of Math. Sci. &Engg. Applis. 6(1): 403-409.

Atshan, W.G. and Joudah, A.S. 2011. Subclass of meromorphic univalent functions defined
by Hadamard product with multiplier transformation, Int. Math. Forum, 6(46) (2011): 2279-
2292.

Atshan, W.G. and S.R.Kulkarni, S.R. Application of fractional derivative and hypergeometric
function to multivalent functions, For East J. of math. Sci. (FIMS), 27 (2)(2007): 277-294.
Ezhilarasi, R., Sudharsan, T.V., Maisarah Haji Mohd and Subramanian, K.G. 2017.
Connections between Certain Subclasses of Analytic Univalent Functions Based on Operators,
Journal of Complex Analysis Volume, Article ID 6104210, 5 pages.

Kulkarni, S.R. and Joshi, S.S. 2002. Certain subclass of meromorphic univalent functions with
missing and two fixed points, Studia Univ., “Babes-Rolrai”, Math. XLVI1I (I): 47-59.

Rabha W. Ibrahim*, Muhammad Zaini Ahmad, and Hiba F. Al-Janaby, 2015. Upper and
lower bounds of integral operator defined by the fractional hypergeometric function, Open
Math. (2015); 13: 768-780.

Tehranchi, A. 2011. On a subclass of meromorphic multivalent functions with Salagen
operator , Int. multi. Conference of eng. And computer Sci. (1), Hong Kong.

Atshan, W.G. and Kulkarni, S.R. 2008. A generalized Rescheweyh derivatives involving
general fractional derivative operator defined on a class of multivalent functions Il, Int. J. of
Math. Analysis, 2(3) (2008): 97-1009.

1759



