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Abstract

In this paper, we investigate prime near — rings with two sided a-n-derivations
satisfying certain differential identities. Consequently, some well-known results
have been generalized. Moreover, an example proving the necessity of the primness
hypothesis is given.
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Introduction

A right near — ring (resp. left near ring) is a set N together with two binary operations (+) and (.)
such that (i) (N,+) is a group (not necessarily abelian). (ii) (N,.) is a semi group. (iii) For all a,b,c e N ;
we have (a + b).c = a.c + b.c (resp. a.(b + ¢) = a.b + b.c . Trough this paper , N will be a zero
symmetric left near — ring (i.e., a left near-ring N satisfying the property 0.x = 0 for all x€ N). we will
denote the product of any two elements x and y in N ,i.e.; X.y by xy . The symbol Z will denote the
multiplicative centre of N, thatisZ ={x € N | xy = yx forall y € N} . For any X, y € N the symbol [x,
y] = xy - yx stands for multiplicative commutator of x and y, while the symbol xoy will denote xy + yx .
N is called a prime near-ring if XNy = {0} implies either x =0 or y = 0. A nonempty subset U of N is
called semigroup left ideal (resp. semigroup right ideal ) if NU € U (resp. UN € U) and if U is both a
semigroup left ideal and a semigroup right ideal, it will be called a semigroup ideal. For terminologies
concerning near-rings ,we refer to Pilz [1].

An additive mapping 6 :N — N is said to be a derivation if §(xy) = 6§ (X)y + x &(y), (or
equivalently §(xy) = x§(y) + §(X)y for all X,y e N, as noted in proposition 1 of [2]). The concept of
derivation has been generalized in several ways by various authors. Two sided a-derivation has been
introduced already in near-rings by N. Argac [3]. An additive mapping d :N —N is called two sided
a-derivation if there exist a function « :N —N such that d(xy) = d(X)y + a(x)d(y) and d(xy) =
d(x) a(y) + xd(y) forall x,y eN.

Also the notion of permuting n-derivations in near-rings has been introduced already by M. Ashraf,
M.A. Siddeeque [4, 5].A map d:N X N X...x N —N is said to be permuting if the equation

n—times
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d (x4, X2, wor s Xn) =0 (X (1) 1 X7(2)5 -0 X(ny) holds for all x4, x5, ...,x, € N and for every permutation
m € S, where S, is the permutation group on {1,2, ..., n}.

Let n be a fixed positive integer. An additive (i.e.; additive in each argument) mapping
d:N X N X...x N —N is said to be n-derivation if the relations

n—times
d(xy 21, %2, o, X)=A (X1, Xg, v, X )Xq "+ 21 d(xq', Xg, ooy Xp)

d(xy , x2x5", v, x0)=A(Xq , X2, v, X)X 25 d(Xq , X2, o, X))

d(xq , X2, ey XnXn') = d(Xq , X2, e, X)X +x d(X1 , X2, oo, X")

Hold for all xq, x;', x5, x5, ..., X, x," € N. If in addition d is a permuting map then d is called a
permuting n-derivation of N.

In the present paper, inspired by these concepts, we define a two sided a -n-derivation of near-ring
N, which gives a generalization of n-derivation of near-ring.
Let n be a fixed positive integer. An additive (i.e.; additive in each argument) mapping
d:N X N X...x N —N is said to be two sided « -n-derivation if the relations

n—times
d(xy x1', %2, o, X)=Ad (X1 , Xg, oo, X ) X1 '+ (g )A(x1 ', Xg, oo, X)) =
d(xg , X, e, X)) (. )+ 1 d(xy, X, ey X))

d(xy , x2x5", oo, x)=d (X, X2, o, X)X F (X2 )X , X325 o, X)) =
!
d(xy , Xg, o, Xp)o(xy ) +x5 d(xy , X5, o, Xp)

d(xq , X2, ey XXy )=A (X1, X2, v, X)X (0 )A (X1 , X0, o, X)) =
d(xq , X, e, )0 ), d(Xq , X, o, X))
hold for all x1,x;', x5, x5, ..., X, x," € N. If in addition d is a permuting map then d is called a
permuting two sided a-n-derivation of N .
For a = Iy, atwo sided a-n-derivation is of course the usual n-derivation.

2. Preliminary results

Through the present paper, d is two sided a-n-derivation associated with an homomorphism « of
N. We begin with the following lemmas which are essential in developing the proof of our main
results. Proof of the first three lemmas can be seen in [6].
Lemma 2.1. Let N be a prime near-ring and U a nonzero semigroup ideal of N . If x,y € N and
xUy = {0} then either x =0ory =0 .
Lemma 2.2. Let N be a prime near-ring and U a nonzero semigroup right ideal (resp, semigroup left
ideal) and x is an element of N such that Ux = {0} (resp,xU = {0}), then x = 0.
Lemma 2.3. Let N be a prime near-ring and Z contains a nonzero semigroup left ideal or nonzero
semigroup left ideal, then N is a commutative ring.
Lemma 2.4 . Let N be a near-ring . Then d is a two sided a-n-derivation of N if and only if
d(xg x1', %2, ey Xp) = %1 d(x1, X, ooy X)) + d(Xq , Xg, oo, X)) (1)
d(xy ,%%5 e X)) = X2 d(Xq , X5, oo, ) +FA (g, X, oo, X)) (22)

d(xy , X e, XX ) =0 A(2Xq , X, ooy Xy )FA(Xg , X, o, X)) ()
Proof. By hypothesis , we get
d(xl (x1, + xll)'xZ' ','"xn)z ,
d(xq , X2, o, X)) (xq ,+ x1)+ x d((xq + xl’),,xz, vy Xp) =
d(x1 ,x2, .., xp)a(xy )+ d(xy , %, ., xp)a(xy) +
x1 A0y’ Xg, e, xn) 21 (1", x5, 00, Xp) 1)
And
dlx; (' 421", %5, 0, x)=0(x1 x1" + %1 X1, %2, 0, X)) = ,
d(xq x1', %2, v, X))+ d(xq X1, %2, o, Xp) = dgxl , X, e, Xp)a(xg ) +

x1 d(x1", %0, e, x) (X1, X0, o, xp)a(xg) + x4 d(xy', xg, o, Xp) 2
Comparing the two equations (1) and (2) , then we conclude that
d(xy , %, o, xp)a(xy) +xq0 d(xq’, Xp, o, Xy) =
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xp d(xq', Xg, e X)) +A(Xg, X, e, X)) (1)
Similarly we can prove the remaining (n—1) relations . Converse can be proved in a similar manner.
Lemma 2.5. Let N be a near-ring admitting a two sided a-n-derivation d. Then
Ay, %2, e, X)) X1+ @ )A(x1", Xg, oo, X))Y = d(Xq , Xg, ooy X ) X1 'Y+
a(x )d(xy, X2, 0, X0)Y
d(xq 5 Xg, ey X)) 22"+t (22 )Xy , %57, oo, X))y = d(xp , X0, o, X)Xy +
a(xz)d(xy , x5, o, X))y

dxq , 22, e, X)) xn (6 YA (g L Xg, v, X7 ))Y = d (g, X0, v, X )XY +
a(xn )Xy , X2, o) X0 )Y
Hold for all x, x1", x5, x5", ..., X0, X" Y € N.
Proof. forall x;,x;", x5, x5, ..., X, X" €N,
d((2y %1021 ", %2, ey ) = Aoy X1', X2, e, ) %1 "+ ey 1)y ", Xg, ey X)
= (dCeq , 22, o, x)x1" + alq )y, X0, e, xp)) 2" +
ey Ja(xy YAy ", xz, 0, Xn) - @)
Also
d(Cey (eg'x1 "), %9, vy x) =d(q L X0, e, X)X 21 "+ (g ) d(xy %1 ", %0, o, X))
=d(xy ,Xg, e, X)) %1 x " Ha (e )A(xy ', X0, o, X)X,
(X(Xl )a(xll) d(xl ”lel ---:xn) . (4)
Combining relations (3) and (4) , we get
dCxy , %9, e, X)) + a(x )d(xy’, x5, v, X)X " =
d(xy , 22, v, Xp)x1 21 "+ oy YAy, Xg, o, X )21
Putting y in place of x; "',we find that
Ay, 22, ey X)X+ a2 )d (%1, X2, o, x0))Y = d(xq , X2, o, X)) X1 'Y+
a(x)d(xy’, xg, o, x)Y
Similarly other (n—1) relations can be proved .
Using Lemma 2.4 and similar techniques as used to prove the above lemma, one can easily get the
following:
Lemma 2.6. Let N be a near-ring admitting a two sided a-n-derivation d of N . Then
(1) (g )d(x1, %2, ooy X7) + A (g, Xz, e, X)X, )Y =
a(x )0y, x2, e, X)) Y+ A(X1 , X2, v, X)) X1y
(a2 )d(xy , 3", woey X)+0(xg X2, oo, X)X )Y =
a(xy )d(xq , x5, e, )Y +HA (X1 , X2, o, X)Xy

(a(xn )d(xy , X2, o, X)) (X1, X2, 0, X0 )2 )Y =
a(xy )0y , X2, o, X)) YHA(Xy L X0, e, X )XY
Hold for all x1, x,", x5, x5, ..., X, X" Y € N.
(i) (d(xy %z, o ) () 21 d (21, X, o, X0))Y =
d(xy , Xz, o, X)) () Y1 d(x1', Xz, ey X)Y
(d(xl » X2, ...,Xn)O((XZI) + X2 d(xl ,XZI, "'lxn))y =
d(xg , %, e, xp)a(x ) Y + x5, d(x1 , X35 o, X0)Y

(d(xl » X2, ""xn)a(xn,) *t Xn d(xl » X2, "'lxn’))y =
d(xy , Xz, e, X)a(x, )Y + x,d(xg X2, o, X5))Y
(”I) (xl d(x1,' X2y e 'xn) + d(xl » X2y e lxn)a(xll))y:
x1d(xy’, X, e, X))y +d(xq L Xg, o, xp) ()Y
(x2 d(xl 'xZI' ""xn)+d(x1 » X2, ...,xn)a(xz')) y =
Xy d(x1 , %5, e, X))y + d(xq , X, e X)) a(X5) Y

(xp d(xq , X, ooy X7 )FA (g, X, ey X)) (X, ))Y = ,
Xn A(xq , X, o, X7 )Y Hd (X1 , Xg, o, X ) (X )Y
Lemma 2.7. Let N be a prime near ring , d a nonzero two sided a- n-derivation of N, and U,U,,...,U,
be a nonzero semigroup ideals of N . If d(Uy,U,,...,U,) = {0}, then
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d(N,N, ..., N)={0}.

Proof. By our hypothesis, we have d(U;,Us,...,Un)x ={0}, i.e.;

d(uyg,Us,...,u)) =0 . (5)
for all uy € Uy, uz e Uy, . . ., Uy € U, . putting uyry for ug in(5) ,where rie N, we get then

0 =d(uy ry,uy,...,Uy) = Ud(ry,Uy,...,uy) + d(Ug,Uz,...,Un) @ (r1) = uyd(ry,Us,...,u,) , hence

ustd(ry,uy,...,us) = 0, where te N, i.e. ; UiNd(r,uy,...,un) = {0}. But U;# {0} and N is prime near ring ,
we conclude that

d(ry,Uz,...,Uuy) = 0 (6)
Now putting r, u, € Uy in place of u,, where r,e N, in (6) and proceeding as above we get d(ry, I, . .
., Uy) = 0. Proceeding inductively as before we conclude that d(ry, 1, ..., ry) =0forallry, rp, ..., Iy €

N, this shows that d(N, N, ..., N) ={0}.
Lemma 2.8. Let N be a prime near ring , d a nonzero two sided a- n-derivation of N, and U,U,,...,U,
be a nonzero semigroup ideals of N .
(i) If x e Nand d(Uy,U,,...,U,)x ={0}, then x = 0.
(ii) If x e Nand xd(Uy,U,,...,U,) ={0}, then x = 0.
Proof. (i) By our hypothesis, we have d(U;,Us,...,U,)x ={0}, i.e.;
d(ug,Us,...,u)x =0 (7
for all uy € Uy, Uz € Uy, . . ., Uy € Uy, Putting ryuy for ug in(7), where rie N, we get
0 = d(rug,Uz,....ux = a (r)d(ug,uy,...,up)X + d(ry,us,...,uy) UX. Using the hypothesis again we get
d(ry,Us,...,u,)usx = 0. Replacing u; by u;s where s € N in preceding relation we obtain d(r,Us,...,U,) UiSX
=0, i.e.; d(ry,uy,...,u) UsNx = {0}.Since N is a prime near-ring, either d(ry,uy,...,uy) Uy = 0 or x =0. Our
claim is that d(ry,uy,...,u,) Uy # 0, for some ry € N, u; € Uy, Uz € Uy, . . ., Uy € Uy, For otherwise if
d(ry,Uz,...,u) Uy =0 forall rye N, up € Uy, Up e Uy, . . ., Uy € Uy, then d(ry,Us,...,Un) tu; =0 wheret e N,
i.e.; d(ry,Uy,...,un) Nuy = {0}. As U;# {0}, primeness of N yields d(ry,uy,...,u,) =0 forallrye N, uye
Uy, ..., Uy e U, . Now proceeding as in the proof of lemma 2.7, we can show that d(N, N, .. ., N) ={0}
leading to a contradiction . Therefore, our claim is correct and now we conclude that x = 0.
(ii) 1t can be proved in a similar way.
3. Main results

In the year 1987 H. E. Bell ([7],Theorem 2) proved that if a 2-torsion free zero symmetric prime
near-ring N admits a nonzero derivation d for which d(N) € Z, then N is a commutative ring. Further,
this result was generalized by K. H. Park ([8],Theorem 3.1) in the year 2010 for permuting tri-
derivation, who showed that if 3!-torsion free zero symmetric prime near-ring N admits a nonzero
permuting tri-derivation d for which d(N,N,N) € Z, then N is a commutative ring. M. Ashraf, M.A.
Siddeeque in the year 2013 showed that 2-torsion free and 3!-torsion free restrictions in the above
results used by Bell and Park are superfluous. In fact, Ashraf ([4], theorem 3.2 ) have obtained that if
d is a nonzero permuting n-derivation of prime near-ring N such that d(N,N,...,N) € Z, then N is a
commutative ring. In the year 2014 Ashraf ([5],Theorem 3.3) proved that if N is a prime near-ring and
d is a nonzero n-derivation of N such that d(U;, U,, . . ., Uy) € Z, where Uy, U,, . . .,U, are nonzero
semigroup right ideals of N, then N is a commutative ring. L. Oukhtite , A. Raji ([9] theorem 1) in
2015 proved that if N is a prime near-ring and | is a nonzero semigroup ideal of N and d is a nonzero
two sided a-derivation such that d(l) <€ Z(N), then N is a commutative ring Motivated by these results
we have proved the following theorem in the setting of two sided a- n-derivation associated with an
homomorphism a :
Theorem 3.1. Let N be a prime near ring , d a nonzero two sided a- n-derivation of N , and
Uy, U,,...,U, be a nonzero semigroup ideals of N . If d(Uy,U,,...,U,) € Z, then N is a commutative ring.
Proof . We are given that d(uy,U,,...,u,) € Z for all uzeUy ,u € Uy,...,uneU, . (8)
Hence td(u; ui',Uy,...,Uy) = d(uy Ui, Up,...,uy) t for all ug, us' €Up,u 2¢ Uy,...,uneU, , t € N . By lemma
2.6 (iii) we get
tuyd(us',Us,...,un) + td(uz ,Up,...,Un)a (Ug') = ugd(uy',Uz,...,Un) t + d(Ug ,Uy,...,Up) o (Ug) t.
Using (8) again ,we obtain
d(u{',ua,...,un) t us+ d(uy ,Us,...,u)t a (ug) =

d(ut',Ua,...,un) Ust +d(uy ,Ua,...,Un) o (Ut . 9)

Replacing t by o (u") in (9) ,we get
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d(us',Us,...,up) a (Ug) U = d(uy',Us,...,Up) U o (u)  for all up, uy' €Uy ,u ¢ U,,...,uy €U, hence
d(uy',U,...,up)NJax (uy') , us] = 0, primeness of N yields either d(u;',U,...,u;) = 0 or [a (uy) , ug] =0 .If
d(us',Up,..,u) = 0 then by Ilemma 2.7 we conclude that d(N,N,...N) = {0},
leading to a contradiction as d is a nonzero d two sided - n-derivation of N. Therefore there exist x;e
Uy, X€ Uy,.... X, €U, all being nonzero such that d(x;,X,,--+,Xn) # 0 such that a (x1)u = ua (x;) for all ue
U;. Replacing u by ut where te N, we get Uj[ a (X;) , t] ={0}, for all t ¢ N. By lemma 2.2 we get a
(x1) € Z . Taking x; instead of u;', x;instead of u,,..., X, instead of u, in (9) ,we obtain d(X1,Xa,...,Xn) t Us
= d(Xg,X2,...,Xn) Ugt for all u; €Uy, te N, i.e.;

d(X1,Xa,...,.Xn) [t, U] =0, accordingly d(X1,Xz,...,Xn)N [t, u] =0 for all u; €Uy, t € N . Primeness of N
and d(Xq,Xp,-+,%y) #= 0 yield that U; € Z, by lemma 2.3 we conclude that N is a commutative ring .
Corollary 3.1 ([5] Theorem 3.3). Let N be a prime near ring, d a nonzero n-derivation of N, and U;,
U,, ..., U, be a nonzero semigroup ideals of N. If d(U;,U,,...,U,) € Z, then N is a commutative ring .
Corollary 3.2.([9], Theorem 1). Let N be a prime near ring, d is a nonzero two sided a-n- derivation
of N, and U be a nonzero semigroup ideal of N . If d(U) S Z, then N is a commutative ring .

As an application of theorem 3.1, we get the following theorems.

Theorem 3.2. Let N be a prime near-ring admitting a nonzero two sided a- n-derivation . Let Uy, U, .

. .,Up be nonzero semigroup ideals of N. If d([uy, u'1], Uy, . .., uy) =0, forall uy, u'y €Uy, Uz U,,...,U,
€Uy, then N is a commutative ring.

Proof . Since d(Juy U'4], Uz, ..., uy) =0, forall u; u’y eUs,ux U,,...,uneU,. Replacing u’y by usu’y in
preceding relation and using it again we get d(uy, Uy, . . ., Uy) [uy U'4] =0 ,i.e;

d(Ul, Up, ..., un)ulu'1=d(u1, Up, ..., Un)u'l Uy (10)
Replacing u'; by u'sir, where re N, in relation (10) and using it again we get d(uy, Uy, . . ., Uy) u's [ug,
rl=0, i.e.; d(ug, Uy, . .., Uy U; [ug, r] = {0}, By using lemma 2.1, we conclude that for each u;eU;
either uy € Z or d(uy,U,,...,u,) =0. (11)

Let x;€ U; N Z, by lemma 2.4 and defining property of d, we have for all ye N,

d(Xyy, Uz, . . ., Up) = Xg d(Y, Uy, .. .y Up) +d(Xyg, U, ..oy Ug) a(y) = d(YXyg, Ug, ..., Up) =

d(y, Uz, . . ., Up) Xo+ a(y) d(Xy, Uz, . . ., Uy) , this implies d(Xy, Uy, . . ., Un) a(y) = aly) d(X1, Uy, . . ., Up) .
Hence , for all uzeU; ,uxe U,,...,u €U, , y € N we get

d(ug, Uy, . . ., Up) a(y) = aly) d(ug, Uy, . . ., Uy). (12)
On the other hand , from
d(Xgt, Uz, . . ., Up) =d(Xg, Uy, ..oy Ut + a(Xy) d(t, U, .. ., Up) = d(tXg, Up, . . ., Up) = td(Xg, U, . ..y Up) +
d(t, u,, . . ., Up) a(xy) for all te N ,uze U,,...,u, €U,. It follows that for all te N ,uze U,,...,u,eU, we get
d(Xg, Uz, . .., Ut +a(Xy) d(t, Uz, .. ., Uy) =

td(Xy, Up, . . ., Up) +d(t, Uy, . . ., Up) a(Xy) (13)
In particular , taking te Uy in (13) and using (12), we get
d(Xg, Up, . .., Up) t= td(Xy, Uy, . . ., Uy) for all te Uy ,uze U,,...,up €U, .

Replacing t by ty in the preceding equation , where y € N, we get

tyd(Xy, Up, ..., Up) =d(Xg, Uy, ..o, Up) TY = td(Xyg, U, ..., Up) Yy for all te Uy ,uxe Uy,...,up €Uy, Y €N, that
is:

t [d(X1, Uz, . . ., Un), Y] =0 for all te Uy ,use Us,...,uneU; , y eN.

So that
Ug [d(Xg, Uz, . . ., Uy) , Y] =0, by lemma 2.2 we get d(Xi, Uy, . . ., Uy) € Z. According to (11) we
conclude that d(uy, Us, . . ., Uy) € Z for all u; € Ug,u; € U,,...,u, €U, , and hence N is commutative ring

by application of theorem 3.1.

Corollary 3.3 ([5], Theorem 3.6). Let N be a prime near-ring admitting a nonzero n-derivation d of
N. Let Uy, Uy, . . .,U, be nonzero semigroup ideals of N. If d([u; u'y], Uz, ..., uy) =0, forall u; u’y
€Uy ,uze Uy,...,uneU,, then N is commutative ring.

Corollary 3.4. ([9], Corollary 2). Let N be a prime near-ring admitting a nonzero two sided a-
derivation d. Let U be nonzero semigroup ideal of N. If d([x ' y])=0, forall x .,y €U, then N is
commutative ring.

If N is 2-torsion, the following theorem shows that the conclusion of theorem 3.2 is not true if we
replace [x, y] by xoy .
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Theorem 3.3. Let N be a 2-torsion free prime near-ring and U, Uy, . . .,U, be nonzero semigroup
ideals of N, then then there exist no nonzero two sided a- n-derivation d of N such that d(u; 0 u'y, Uy, .
. Un) =0, for all U, u'1 €Uy ,Use Uy, ...,u €U, .

Proof . Assume that

d(U10 u'y, Uy, ..o, Un) =0, forall Up u'1 €Uy ,use Us,...,upeU, . (14)
Substituting u; u’y for u'y in (14) we obtain d(uy(uy o u'y), Us, .. ., Upy) =0, i.e.;

d(uy, Uy, . . ., Up) (Ureu'y) +a (U)d((uieu’y, Uy, . . ., Uy) = 0. By hypothesis we get d(uy, Uy, . . ., Uy)
(U1° u’l) =0 , Ie,

d(Ul, Up, ..., Un) uju’y = - d(Ul, Uy, ..., Un) u'1Ug (15)
Putting u';z for u';, where ze N, in (15) we get d(uy, Uy, . . ., Uy) Ugu'sZ = - d(uy, Uy, . . ., Uy) u'12U; and
using (15) again we get( -d(uy, U, . . ., Up)u's U1)Z = - d(uy, Uy, . . ., Uy) u'1zuy that is d(uy, Uy, . . ., Up)
u'1(-u)z +d(uy, Uy, . . ., Uy) u'1zu; = 0. Now replacing u; by -u; in preceding relation we have d(-uy,
U, . . ., Up)u'1usZ + d(-Ug, Uy, . . ., Uy) u'1z(-uy) = 0 ,i.e.; d(-uy, Uy, . . ., Up)u's[usz , Z ug] = 0, that is d(-us,
Uz, . . ., Up) UsJusz , Z us] = 0. For each fixed u; eU; lemma 2.1 yields either u; € Z or d(-uy, Uy, . . ., Up)
= 0. Since d(uy, Uy, . . ., Uy) = -d(-Ug, Uy, ..., Uy) , SO We get

either u; e Z or d(ug, Uy, .. ., Uy) =0 (16)

which is identical with the relation (11) in theorem 3.2. Now arguing in the same way in the theorem
3.2 we conclude that N is a commutative ring. In this case , returning to hypothesis ,we find that d(u,
u'y, Uy, ..., Up) =0, forall up u'y €Us,Uze Uy,...,upeU, . In particular 0 = d((zuy) u'y), Uy, . . ., Upy) =
d(z(uyu'y), Uz, . .., Uy) =d(zZ, Uy, . . ., Up) Ugu's + o (2)d(Ugu'y, Uy, .. ., Uy) =d(Z, U, .. ., Uy) Uz, for
all u; u'y €Ug,ue U,,...,up €U, , Z € N. we conclude that d(z, uy, . . ., Uy) Ugu's =0 , since U; # 0, then
by lemma 2.1 we get d(z, Uy, . . ., uy) = 0 for all ue U,,...,u €U, , z € N which is identical with the
relation (6). Now arguing in the same way in the lemma 2.7 we conclude d =0 ,which contradicts our
original assumption thatd #0 .

Corollary 3.5 ([5], Corollary 3.9). Let N be a prime near-ring , then N admits no n-derivation d such
that d(x; 0 x'1, Xo, . . ., Xp) = 0, forall X3, x'1 ,Xs€,....Xn€ N .

In the following two theorems, we assume that the o is an automorphism.

Theorem 3.4 Let N be a prime near-ring admitting a nonzero two sided a- n-derivation d. Let Uy, U, .

. ..Uy be nonzero semigroup ideals of N. If d([u; u'1], Uz, .. ., Up) = [uy u’y], forall uy u'y €Us,uze
Uy,...,.uneUy, then N is commutative ring.

Proof . Since d([uy, u'd], Uy, . . ., Uy) =x[u; u’y] , forall u; u’y €Us,uxe U,,...,uneU,. Replacing u'; by
uu'y in preceding relation and using it again we get d(uy, Uy, . . ., Uy) o ([uz, u1]) =0, i.e.;

d(ug, Uy, . . ., Uy o (Uy) o (u'y)=d(uy, Uz, . . ., Up) o (u'y ) a (uy) , let o (Uy) = Vy since a is surjective ,
then V1, is a semigroup ideal of N . Now let o (u';)) =v; , where vy € V1, S0 we have

d(ug, Uy, . . ., Up) & (Ug) Vi = d(ug, U, . . ., Uy) Vi o (Uy). @an

Replacing v, by vir,wherer e N, inrelation (17) and using it again we get
d(ug, Uy, ..., Upy) Vi [a (ug) , r] = 0, then we obtain d(uy, U, . . ., Uy) Vi [a (Uy) , r] ={0} , by lemma 2.1
we get for all u;eU;

either o (uy) € Z or d(uy, Uy, . . ., Uy) =0 for all uxe Uy,...,u,eU,. (18)
Let ueU; such that d(u, uy, . . ., u,) = 0 for all uxe Uy,...,uneU, , then

d(vu, Uz, ..., Uy =d(Vv, Uy ..., Uy U+a (V)d(u, uy ..., u)=d(v, Uy ..., u)u

and

d(vu, Uz, . .., Uy =d(v, Uy ..., Uy) a (u) +vd(u, uy, ..., uy) =d(v, Uy ..., U)o ()

for all veUy,use Uy,...,un €U, .

Combining both expressions of d(vu, uy, .. ., U,) , we obtain

d(v, Uz, ..., Uy) (a (U) —u) = 0 for all veUy,ue U,,...,u,eU, (19)
Replacing v by vw , where w €U, in (19) we get d(v, Uy, . . ., u) w(a (u) — u) = 0 for all v,weUy,uxe
Uy,...,UneUy, ie; d(v, Uy, . . ., Uy) Ug(a (u) —u) =0 for all veU,uze Us,...,.u €U, , by lemma 2.1 we
conclude that either d(v, Uy, . . ., uy) = 0 for all veUy,use U,,...,useU, or a (u) =u.

If d(v, up ... uy)) =0, then by lemma 2.7 we conclude d = 0, which contradicts our original
assumption thatd#0 .

Hence we conclude that o (u) = u, so we get d(a (u), Uy, . . ., Up) = 0. According to (18) we arrive at a
conclusion
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o (uy) € Zor d(a (ug), Uy, . .., uy) =0 for all ugeU; . It follows that for all v, € V;,we get either v, € Z
or d (v, Uy . .., Uy) =0 which is identical with the relation (11) in theorem 3.2. Now arguing in the
same way in the theorem 3.2 we conclude that N is a commutative ring.

Corollary 3.6 ([5], Theorem 3.7) Let N be a prime near-ring admitting a nonzero n-derivation d of N.

Let Uy, Uy, . . .,U, be nonzero semigroup ideals of N. If d([uy, u'1], Uz, . . ., Uy) = £ [ug, u’y], forall ug,
u'y €Uy, Uze Uy,...,u €Uy, then N is commutative ring.

Theorem 3.5. Let N be a 2-torsion free prime near-ring and U, Uy, . . .,U, be nonzero semigroup
ideals of N, then N admits no two sided a- n-derivation d associated with a nonzero two sided o- n-
derivation d such that d(u; o u'y, Uy, . . ., Uy) =t(usou’y ), forall u; u'y €Uy,Uze U,,...,UneU, .

Proof . We are assuming that for all u; u’; €Uy ,Uze Uy,...,u €U, , we have

d(U10 u'y, Uy, ..y, Un) = i(Ulo u’l) (20)
Substituting u; u’; for u'; in (20) we obtain d(ui(uye u'y), Uz, . . ., Uy) = £ Us( Uro u'y ), i.e.; d(uy, Uy, . .
. Up) o (Upou'y) + ud((uy e u'y, Uy, . . ., Up) = £ Uy( U0 u'y ). By hypothesis we get d(uy, U, . . ., Un) &
(U1° u’l) =0 , Ie,

d(Ul, Up, ..., Un) (04 (u’l) (04 (Ul) =- d(Ul, Up, ..., Un) o (Ul) o (u'l) (21)

, let a (Uy) = Vy since a is surjective, then V; is a semigroup ideal of N. Now let o (u’;) = vy, where
vy € V1, SO we have

d(ug, Uy, ..., Up) Vi a (Ug) = - d(uy, U, . . ., Up) o (Ug) vy (22)
Replacing vy by vyir, wherer € N, in relation (22) and using it again we get
d(ug, Uz, . . ., Un)Vy r a(uy) = d(ug, Uy, . . ., Uy )Vy a(uy) 1, which can be written as

for all u; €Uy ,use Uy,...,u,eU, , reN

d(ug, Uy, ..., Upy) Vi [a (ug) , r] = 0, then we obtain d(uy, U, . . ., Uy) Vi [a (uy) , r] ={0} , by lemma 2.1
we get for all u; eU;

either o (uy) € Z or d(uy, Uy, . . ., Uy) =0 for all uxe Uy,...,u €U, . (23)
which is identical with the relation (18) in theorem 3.4. An argument similar to that used in the proof
of theorem 3.4 shows N is a commutative ring. By 2-torsion freeness of N , we have

d(Ulull, Ug, ..., Un) =uu'y, for all Ug, u'y €Uq,Uuse Uy,...,Un €U, . (24)
zusu'y = d((zu)u'y), Uy, .. ., Up) =d(z(usu'y), Uy, .. ., Up) =
d(z, uy, ..., Uy o (Uy) a( u'y) + zd(uyu'y, Uy, . .., Up) =
d(z, uz, . . ., Up) a (ug) a( u'y) + zusu'y,

so we get d(z, Uy, . . ., Up) a (uy) a( u'y) =0, for all uy, u'; €Uy ,Use Uy,...,uneUy, z € N. we conclude that
d(z, uy, ..., Uy viv'y =0 forall vi v’y €Vy,Ue Uy,...,Uun€U, , Z € N ,consequently by lemma 2.1 we
obtain that d = 0, which contradicts our original assumption that d#0 .

Corollary3.7. Let N be a 2-torsion free prime near-ring and Ug, U,, . . .,U, be nonzero semigroup
ideals of N, then thre is no n-derivation d such that d(uyou’y, Up, .. ., Uy) =% (Uurou’y ), forall uy us

€U, ,ue U,,...,u eV, .

Corollary3.13([9], Corollary 6) Let N be a 2-torsion free prime near-ring . N admits no a nonzero
two sided o -derivation d such that d(xoy) =xoy forall x yeN.

The following example proves that the hypothesis of primness in various theorems is not superfluous.
Let S be a 2-torsion free zero-symmetric left near-ring. Let us define :

0 0 O
N = {(x 0 y),x,y,O € S}is zero symmetric near-ring with regard to matrix addition and

- .O - O. O
matrix multiplication .

0 0 O
Uy=4{{x 0 0],x0€S
0 0 O
Defined: N x N x...x N —N such that

n—times

0 0 O 0 0 O 0 0 O 0 0 0
d{lx:s 0 yi].lx2 0 yof,cii[xn 0O vy =(xx3..x, 0 O
0 0 O 0 0 O 0 0 O 0 0 0

Now we define a:N— N by
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0 0 O 0 0 O
o <x 0 y) = <y 0 X)
0 0 O 0 0 O
It is easy to verify that N is not prime near-ring , U; is a nonzero semigroup ideal of N and d is a
nonzero two sided a- n-derivation of N satisfying
(i) d(Uy, Uy,...,U)) € Z (iv) d( [A,B],Az...,An) =[AB].
(i) d( [AB],A;,...,A) =0 (v) d(A0B,A; A)=A0B
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