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                       Abstract  

      We offered and suggested  some classes 𝒩Ω,b,α,γ
μ,δ (ψ, 𝜏, φ) and CΩ,b,α,γ

μ,δ (τ, a, ψ, φ) of 

bi-univalent functions in the unit disk υ,  to apply the effects to the classes through 

convolution of the operators Rq
δ f(z) and 𝐼s,a,µ

𝜆 𝑓(𝑧).  Which satisfies the condition 

quasi-subordination. We got estimates the first two Taylor-Maclaurin coefficients 

|a2| and |a3| by convolution of the operators Rq
δ f(z) and 𝐼s,a,µ

𝜆 𝑓(𝑧) . 
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التكافؤ المعرفة باستخدام مؤثر الالتواء مخمنات المعاملات للدوال ثنائية   
 

 1ليث عبد اللطيف مجيد  , 2.ثامر خليل محمد صالح ,1اسماء خوام عبد الرحمن

 1قسم الرياضيات , كلية العلوم , جامعة ديالى , ديالى , العراق

 2قسم الطاقة المتجددة ، كلية علوم الطاقة و البيئة ، جامعة الكرخ للعلوم ، بغداد ،  العراق

 
 الخلاصه 

𝒩Ω,b,α,γعرضنا واقترحنا بعض الاصناف       
μ,δ (ψ, 𝜏, φ)    وCΩ,b,α,γ

μ,δ ( τ, a, ψ, φ)    لمخمنات الدوال
التواء الموثرات  والتي تحقق شرط شبه     υ في قرص الوحدة  التاثيرات على الاصناف من خلال  لتطبيق 

Rq التابعية  
δ f(z) و Is,a,µ

λ f(z)  معاملين ماكلورين من خلال  |a2|, |a3|تايلر  -هنا حصلنا على اول 
Rq  التواء الموثرين 

δ f(z) و Is,a,µ
λ f(z) .   

 

1. Introduction  

     In an open unit disk 𝜐 = {𝑧: |𝑧| < 1} let 𝒩 be the class of normalized analytic function 

𝑓 defined with Taylor series  

                                       𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘.
∞

𝑘=2
                                         (1) 
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In addition to, 𝒩 which are univalent and normalized by the conditions in   and suppose  ⅁ 

denote the class of all functions in 𝒩 . According to the Koebe One-Quarter Theorem [1] such 

that the inverse 𝑓−1 of every 𝑓 ∈ ⅁ satisfies: 

𝑓−1(𝑓(𝑧)) = 𝑧,     (𝑧 ∈  𝜐). 

and 

𝑓−1(𝑓(𝜃)) =   𝜃 , (|𝜃| < 𝑟0(𝑓); 𝑟0(𝑓) ≥
1

4
), 

where 

𝑓−1(𝜃) = 𝑔(𝜃)
= 𝜃 − 𝑎2𝜃2 + (2𝑎2

2 − 𝑎3)𝜃3 − (5𝑎2
3 − 5𝑎2𝑎3 + 𝑎4)𝜃4

+ ⋯  .                                                                                                                             (2) 

 

     Let Ω the class of all bi-univalent function 𝑓 ∈ 𝒩 in 𝜐. 

Some similar studies have been published  but with different operators they are as follows         

see [2-9]. 

 

2. Preliminary 

    For functions 𝑓, 𝑔 ∈ 𝒩 depending on the equation (1). Now the function 𝑔(𝑧) 

𝑔(𝑧) = 𝑧 + ∑ 𝑏𝑘𝑧𝑘
∞

𝑘=2
    (𝑧 ∈ 𝜐). 

The convolution of the function 𝑓 and 𝐾 is defined as: 

(𝑓 ∗ 𝑔)(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑏𝑘𝑧𝑘
∞

𝑘=2
. 

In [10] the Rusyeyweyh type q-analogue operator 𝑅𝑞
𝛿  is defined by  

𝑅𝑞
𝛿𝑓(𝑧) = 𝑧 + ∑

[𝑘 + 𝛿 − 1]𝑞!

[𝛿]𝑞!  [𝑘 − 1]𝑞!
𝑎𝑘𝑏𝑘𝑧𝑘,

∞

𝑘=2
 

where 𝛿 ≥ 0. Also, as 𝑞 → 1−, we have  

lim
𝑞→1−

𝑅𝑞
𝛿,𝑞𝑓(𝑧) = 𝑧 + lim

𝑞→1−
(∑

[𝑘 + 𝛿 − 1]𝑞!

[𝛿]𝑞! [𝑘 − 1]𝑞!
𝑎𝑘𝑏𝑘𝑧𝑘

∞

𝑘=2
). 

lim
𝑞→1−

𝑅𝑞
𝛿𝑓(𝑧) = 𝑅𝑆𝑓(𝑧). 

 

     Komatu [11] introduced and investigated a family of integral operator 𝐽µ
𝜆: Ω → Ω. That is 

obtained as fallows  

𝐽µ
𝜆𝑓(𝑧) = 𝑧 + ∑ [

µ

µ + 𝑘 − 1
]

𝜆

𝑎𝑘𝑏𝑘 ,𝑧 ∈ 𝜐, 𝑘 > 1, 𝜆 ≥ 0.
∞

𝑘=1
 

The Hurwitz – Lerch Zeta function  [11] 

∅(𝑧, 𝑠, 𝑎) = ∑
𝑧𝑘

[𝑡 + 𝑎)𝑠

∞

𝑘=0

    𝑎 ∈ 𝐶 − 𝑧0, 𝑠 ∈ 𝐶 𝑤ℎ𝑒𝑛 0 < |𝑧| < 1. 

Interims of convolutioin. Where 𝐺𝑠,𝑎(𝑧) is given by  

𝐺𝑠,𝑎(𝑧) = [1 + 𝑎]𝑠(∅(𝑧, 𝑠, 𝑎) − 𝑎−𝑠), 𝑧 ∈ 𝜐. 

The linear operator 𝐼𝑠,𝑎,µ𝑓(𝑧): ∑ → ∑  is defined  

𝐼𝑠,𝑎,µ𝑓(𝑧) = 𝐺𝑠,𝑎(𝑧) ∗ 𝐽µ
𝜆𝑓(𝑧) = 𝑧 + ∑ [

1+𝑎

𝑡+𝑎
]

𝑠

[
µ

µ+𝑘−1
]

𝜆

𝑎𝑘𝑏𝑘  𝑧
𝑘∞

𝑘=1 . 

The convolution of the operator 𝑅𝑠𝑓(𝑧)  and 𝐼s,a,µ
𝜆 𝑓(𝑧) are defined by  

⅁𝐬,𝐚,µ
𝛿,𝜆 𝑓(𝑧) = 𝑅𝑆𝑓(𝑧) ∗ 𝐼s,a,µ

𝜆 𝑓(𝑧). 
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⅁𝐬,𝐚,µ
𝛿,𝜆 𝑓(𝑧) = 𝑧 + ∑

[𝑘+𝛿−1]𝑞!

[𝛿]𝑞! [𝑘−1]𝑞!
[

1+𝑎

𝑡+𝑎
]

𝑠

[
µ

µ+𝑘−1
]

𝜆

𝑎𝑘𝑧𝑘∞
𝑘=2 . 

⅁𝐬,𝐚,µ
𝛿,𝜆 𝑓(𝑧) = 𝑧 + ∑ 𝜃𝑘,𝛿𝑎𝑘𝑧𝑘∞

𝑘=2 . 

Where 

𝜃𝑘,𝛿 = [
[𝑘 + 𝛿 − 1]𝑞!

[𝛿]𝑞!  [𝑘 − 1]𝑞!
[
1 + 𝑎

𝑡 + 𝑎
]

𝑠

[
µ

µ + 𝑘 − 1
]

𝜆

]. 

 

     Now we can say there exists  analytic functions 𝜙 and 𝐹, with | 𝜙(𝑧)| ≤ 1, 𝐹(0) = 0 and 
| 𝐹(𝑧)| < 1, then function 𝑓 is a quasi-subordinate to 𝑔 in 𝜐,  such that 𝑓(𝑧) = 𝜙(𝑧)𝑔(𝐹(𝑧)), 
so  

𝑓(𝑧) ≺𝑞 𝑔(𝑧),      (𝑧 ∈  𝜐). 

 

We denote this a quasi-subordination by [12], as follows: 

 

      We will notes if 𝜙(𝑧) = 1, then 𝑓(𝑧) = 𝑔( 𝐹(𝑧)), hence 𝑓( 𝑧) ≺ 𝑔(𝑧 ) in  [7] and [8]. 

Furthermore, if 𝐹(𝑧) = 𝑧, then 𝑓(𝑧) = 𝜙(𝑧)𝑔(𝑧), and in case, 𝑓 is majorized by 𝑔, written 

𝑓(𝑧)  ≪ 𝑔(𝑧) in 𝜐. By the method of subordination we defined and studied classes ⅁∗(𝜙) and 

𝐺∗(𝜙) of starlike functions by: 

⅁∗(𝜙) = {𝑓 ∈ 𝒩:
𝑧𝑓′(𝑧)

𝑓(𝑧)
≺ 𝜙(𝑧), 𝑧 ∈ 𝜐}, 

 and  

𝐺∗(𝜙) = {𝑓 ∈ 𝒩: 1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
≺ 𝜙(𝑧), 𝑧 ∈ 𝜐}, 

where  

𝜙(𝑧) = 𝑘0 + 𝑘1𝑧 + 𝑘2𝑧2 + ⋯,   (𝑧 ∈ 𝜐). 
Consider  

𝜑(𝑧) = 1 + 𝑠1𝑧 + 𝑠2𝑧2 + 𝑠3𝑧3 + ⋯ ,    𝑠 ∈ 𝜐, 
and univalent analytic function with a positive real part in 𝜐, symmetric with respect to the real 

axis, and starlike with respect to 𝜑(𝑧𝑒𝑟𝑜) = 1 and 𝜑′(𝑧𝑒𝑟𝑜) > 𝑧𝑒𝑟𝑜.  By ⅁∗
Ω(𝜙) and 𝐺∗

Ω(𝜙), 

we introduce and study here certain subclasses of the class Ω [13]. 

 

Definition 1: Let 𝑓  belong to 𝒩 is called in the class 𝒩∑,𝑏,𝛼,𝛾
𝜇,𝛿 (𝜓, 𝜏, 𝜑) (0 ≤ 𝜓 ≤ 1,0 ≤ 𝜏 ≤

1), if satisfied the quasi-subordination: 

𝑧 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′

+ 𝜓𝑧2 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′

+ 𝜏𝑧 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧) (⅁s,a,µ

𝛿,𝜆 𝑓(𝑧))
′

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

− 1 ≺𝑞 𝜑(𝑧) − 1,                   (3)  

𝜃 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′

+ 𝜓𝜃2 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′

+ 𝜏𝜃 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃) + (⅁s,a,µ

𝛿,𝜆 𝑔(𝜃))
′

  ⅁𝑠,𝑎,µ
𝛿,𝜆  𝑔(𝜃)

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃)

    

         −1  ≺𝑞 𝜑(𝜃) − 1,                                                   (4)   

when  𝑔 is the inverse function of 𝑓 and 𝑧, 𝜃 ∈ 𝜐.  

 

Properties  

1- For all 𝜏 = 𝑧𝑒𝑟𝑜 and ((0 ≤ 𝜓 ≤ 1) a function 𝑓 ∈ Ω defined (1) is called in the class 

𝒩Ω,𝑏,𝛼,𝛾
𝜇,𝛿 (𝜓, 𝑜, 𝜑) if satisfied the condition quasi-subordination : 
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𝑧 (⅁𝐬,𝐚,µ
𝛿,𝜆 𝑓(𝑧))

′

+ 𝜓𝑧2 (⅁𝐬,𝐚,µ
𝛿,𝜆 𝑓(𝑧))

′′

+ (⅁𝐬,𝐚,µ
𝛿,𝜆 𝑓(𝑧))

′

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑓(𝑧)

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑓(𝑧)

− 1 ≺𝑞 𝜑(𝑧) − 1, 

𝜃(⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′

+𝜓𝜃2(⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′

+⅁s,a,µ
𝛿,𝜆 𝑔(𝜃)′⅁s,a,µ

𝛿,𝜆 𝑔(𝜃)

⅁s,a,µ
𝛿,𝜆 𝑔(𝜃)

  − 1  ≺𝑞 𝜑(𝜃) − 1. 

2-  For all  𝛿 = 𝑧𝑒𝑟𝑜, (𝜆, 𝑠, 𝑎, µ = 0) and ((0 ≤ 𝜓 ≤ 1) a function 𝑓 ∈ Ω defined (1) is called 

in the class 𝒩Ω(𝜓, 𝑜, 𝜑) if satisfied the quasi-subordination:   

𝑧(𝑓(𝑧))
′

+ 𝜓𝑧2(𝑓(𝑧))
′′

+ 𝜏𝑧(𝑓(𝑧))
′′

𝑓(𝑧) + (𝑓(𝑧))
′
𝑓(𝑧)

𝑓(𝑧)
− 1 ≺𝑞 𝜑(𝑧) − 1,             

𝜃(𝑔(𝜃))
′

+ 𝜓𝜃2(𝑔(𝜃))
′′

+ 𝜏𝜃(𝑔(𝜃))
′′

+ (𝑔(𝜃))
′

𝑔(𝜃)
− 1 ≺𝑞 𝜑(𝑧) − 1.    

Lemma 1: [1]If 𝑝 ∈ 𝑃, then |𝑝𝑖| ≤ 2 ∀𝑖, where  𝑃 is the family of all analytic  𝑝, for which 

𝑅𝑒{𝑝(𝑧)} > 0, 𝑧 ∈ 𝜐, where  

𝑝(𝑧) = 1 + 𝑝1𝑧 + 𝑝2𝑧1 + 𝑝3𝑧3 + ⋯,   (𝑧 ∈ 𝜐). 
 

3. Main results 

Theorem 1: If   𝑓 ∈ 𝒩Ω,𝑏,𝛼,𝛾
𝜇,𝛿 (𝜓, 𝜏, 𝜑), then  

|𝑎2|

≤ min{
|𝑘0|𝑠1

(3 + 2𝜓 + 2𝜏)𝛽2,𝜇
, (

|𝑘0|𝑠1 + |𝑘0|(𝑠2 − 𝑠1)

(10 + 12𝜓 + 12𝜏)𝛽3,𝜇 − 2(1 + 2𝜓)𝛽3,𝜇
)

1
2

},                           (5) 

|𝑎3|

≤ min{
|𝑘0|𝑠1

(5 + 6𝜓 + 6𝜎)𝛽2,𝜇
+

|𝑘0
2|𝑠1

(6 + 4𝜓 + 4𝜏)𝛽2,𝜇
,

|𝑘0|𝑠1

(5 + 6𝜓 + 6𝜏)𝛽2,𝜇
   

+
|𝑘0|𝑠1 + |𝑘0|(𝑠2 − 𝑠1)

(30 + 24𝜓 + 24𝜎)𝛽3,𝜇 − 2(1 + 2𝜓)𝛽3,𝜇
}.                                                                                (6) 

Proof: Since 𝑓 ∈ 𝒩Ω,𝑏,𝛼,𝛾
𝜇,𝛿 (𝜓, 𝜏, 𝜑), then there exists analytic function, 𝐹, 𝜑  in 𝜐 and 𝜑, 𝐹: 𝜐 →

𝜐, with |𝜑(𝑧)| ≤ 1, such that 𝜑(𝑜) = 𝐹(𝑜) = 𝑜 and |𝐹(𝑧)| ≤ 1, satisfied: 

𝑧 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′

+ 𝜓𝑧2 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′

+ 𝜏𝑧 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧) + (⅁s,a,µ

𝛿,𝜆 𝑓(𝑧)) (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

− 1 = 𝜙(𝑧)(𝜑(𝐹(𝑧)) − 1),                                                                                                     (7)  

 
𝜃 (⅁s,a,µ

𝛿,𝜆 𝑔(𝜃))
′

+ 𝜓𝜃2 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′

+ 𝜏𝜃 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃) + (⅁s,a,µ

𝛿,𝜆 𝑔(𝜃))
′

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃)

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃)

 

− 1 = 𝜙(𝜃)(𝜑(𝑉(𝜃)) − 1),                                                                                                              (8)  

so 𝑔 is the inverse  of 𝑓 and z ∈  𝜐. 

𝑥(𝑧) =
1 + 𝐹(𝑧)

1 − 𝐹(𝑧)
= 1 + 𝑥1𝑧 + 𝑥2𝑧2 + 𝑥3𝑧3 + ⋯,                                                                 (9)  

𝑦(𝜃) =
1 + 𝑉(𝜃)

1 − 𝑉(𝜃)
= 1 + 𝑦1𝜃 + 𝑦2𝜃2 + 𝑦3𝜃3 + ⋯,                                                             (10) 

or  

𝐹(𝑧) =
𝑥(𝑧) − 1

𝑥(𝑧) + 1
=

1

2
[𝑥1𝑧 + (𝑥2 −

𝑥1
2

2
) 𝑧2 + ⋯,                                                               (11)   
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𝑉(𝜃) =
𝑦(𝑧) − 1

𝑦(𝑧) + 1
=

1

2
[𝑦1𝜃 + (𝑦2 −

𝑦1
2

2
) 𝜃2 + ⋯.                                                          (12)   

i.e., the analytic function 𝑥(𝑧) and 𝑦(𝜃) are in 𝜐 with 𝑥(0) = 𝑦(0) = 1, since 𝐹, 𝑉: 𝜐 → 𝜐,  𝑥(𝑧) 

and 𝑦(𝜃) have a positive real  in 𝜐, and |𝑥𝑖| ≤ 2 and |𝑦𝑖| ≤ 2, (i =  1,2) 

𝑧 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′

+ 𝜓𝑧2 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′

+ 𝜏𝑧 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧) + (⅁s,a,µ

𝛿,𝜆 𝑓(𝑧))
′

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

− 1

= 𝜙(𝑧) (𝜑 (
𝑥(𝑧) − 1

𝑥(𝑧) + 1
) − 1),                                                                                (13) 

𝜃 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′

+ 𝜓𝜃2 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′

+ 𝜏𝜃 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑓(𝜃) + (⅁s,a,µ

𝛿,𝜆 𝑔(𝜃))
′

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃)

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃)

 

− 1  = 𝜙(𝜃) (𝜑 (
𝑦(𝜃) − 1

𝑦(𝜃) + 1
) − 1),                                                                                               (14)  

we can write (13) and (14) of the form (15) and (16) 

𝑘0𝑠1𝑥1𝑧 +
1

2
𝑧2𝑘1𝑠1𝑥1 +

1

2
𝑧2𝑘0𝑠1 (𝑥2 −

𝑥1
2

2
) +

1

4
𝑘0𝑠2𝑥1

2𝑧2 + ⋯,                            (15) 

1

2
𝑘0𝑠1𝑦1𝜃 +

1

2
𝜃2𝑘1𝑠1𝑦1 +

1

2
𝜃2𝑘0𝑠1 (𝑦2 −

𝑦1
2

2
) + 𝜃2

1

4
𝑘0𝑠2𝑦1

2  + ⋯                        (16) 

since 

(
𝑧 (⅁s,a,µ

𝛿,𝜆 𝑓(𝑧))
′

+ 𝜓𝑧2 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′

⅁𝑠,𝑎,µ
𝛿,𝜆

⬚
𝑓(𝑧)

) + 𝜏𝑧 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′

+ (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′

 

= 1 + (3 + 2𝜓 + 2ж)𝑎2𝛽2,𝜇𝑧 + (5 + 6𝜓 + 6𝜏)𝑎3𝛽3,𝜇𝑧2 − (1 + 2𝜓)𝑎2
2𝛽2,𝜇𝑧2 +    (17) 

(
𝜃 (⅁s,a,µ

𝛿,𝜆 𝑔(𝜃))
′

+ 𝜓𝑧2 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′

⅁s,a,µ
𝛿,𝜆 𝑔(𝜃)

) + 𝜏𝜃 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′

+ (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′

 

= 1 + (−(3 + 2𝜓 + 2𝜏))𝑎2𝛽2,𝜇𝜃 + (5 + 6𝜓 + 6𝜏)𝑎3𝛽3,𝜇𝜃2 − (1 + 2𝜓)𝑎2
2𝛽2,𝜇𝜃2

+ ⋯.                                                                                                                            (18)  
With compensation (15) and (17) in equation (13) and in the same way (16) and (18) in (14), 

 we get 

                (5 + 6𝜓 + 6𝜏)𝑎3𝛽3,𝜇 − (1 + 2𝜓)𝑎2
2𝛽2,𝜇 =

1

2
𝑘1𝑠1𝑥1,                      (19) 

+
1

2
𝑘0𝑠1 (𝑥2 −

𝑥1
2

2
) +

1

4
𝑘0𝑠2𝑥1

2,                                                         (20) 

and  

                               − (3 + 2𝜓 + 2𝜎)𝑎2𝛽2,𝜇 =
1

2
𝑘0𝑠1𝑦1,                           (21) 

   (5 + 6𝜓 + 6𝜎)(2𝑎2
2 − 𝑎3)𝛽3,𝜇 − (1 + 2𝜓)𝑎2

2𝛽2,𝜇 

 =
1

2
𝑘1𝑠1𝑦1 +

1

2
𝑘0𝑠1 (𝑦2 −

𝑦1
2

2
) +

1

4
𝑘0𝑠2𝑦1

2.                     (22)   

From (19) and (21), we find that 

                    𝑎2 =
𝑘0𝑠1𝑥1

(6 + 4𝜓 + 4𝜎)𝛽2,𝜇
= −

𝑘0𝑠1𝑦1

(6 + 4𝜓 + 4𝜎)𝛽2,𝜇
                    (23) 

                                                                 𝑥1 = −𝑦1                                                  (24) 
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and   

      (24 + 16𝜓 + 16𝜏)2𝛽2,𝜇
2 𝑎2

2 = 𝜓2𝑘0
2𝑠1

2(𝑥1
2 + 𝑦1

2).                              (25) 

Applying (20) and (22), by using (24) and (25), we have   

(40 + 48𝜓 + 48𝜏)𝑎2
2𝛽3,𝜇 − (8 + 16𝜓)𝑎2

2𝛽3,𝜇 = 2𝑘0𝑠1(𝑥2 + 𝑦2) + 𝑘0(𝑥1
2 + 𝑦1

2)(𝑠2 − 𝑠1),  

which implies that 

𝑎2
2 =

2𝑘0𝑠1(𝑥2 + 𝑦2) + 𝑘0(𝑥1
2 + 𝑦1

2)(𝑠2 − 𝑠1)       

(40 + 48𝜓 + 48𝜏)𝛽3,𝜇 − (8 + 16𝜓)𝛽3,𝜇
 .                                    (27) 

By Lemma (1) in (27), we get (3). 

We find the bound on the coefficient |𝑎3|, by subtracting (20) and (22), we get  

(40 + 48𝜓 + 48𝜏)𝑎3𝛽3,𝜇 − 8(5 + 6𝜓 + 6𝜏)𝑎2
2𝛽3,𝜇 = 2𝑘1𝑠1𝑥1 + 𝑘0𝑠1(𝑥2 − 𝑦2).          (28) 

Now, substituting (22) from (20) and computation using (24) and (25), we obtain  

𝑎3 =
2𝑘1𝑠1𝑥1

(40 + 48𝜓 + 48𝜎)𝛽3,𝜇
+

𝑘0𝑠1(𝑥2 − 𝑦2)

(40 + 48𝜓 + 48𝜏)𝛽3,𝜇
+ 𝑎2

2 ,                                           (29) 

|𝑎3| ≤
|𝑘0

2|𝑠2

(3 + 2𝜓 + 2ж)2𝛽2,𝜇
2 +

𝑘0𝑠1

(5 + 6𝜓 + 6𝜏)𝛽3,𝜇
 .                                  (30) 

 

By application of  Lemma1 in a monologue  (30), we get (6).■ 

Count  𝜏 = 0, in Theorem 1, we get  corollary(1). 

 

Corollary 1: Let 𝑓 belong to the class 𝒩Ω,𝑏,𝛼,𝛾
𝜇,𝛿 (𝜓, 0, 𝜑), and 𝑓 be given by (1), then 

|𝑎2| ≤ min{
|𝑘0|𝑠1

(3 + 2𝜓)𝛽2,𝜇
, √

|𝑘0|𝑠1 + |𝑘0|(𝑠2 − 𝑠1)

(10 + 12𝜓)𝛽3,𝜇 − (2 + 4𝜓)𝛽3,𝜇
},      

|𝑎3| ≤ min{
|𝑘0|𝑠1

(5 + 6𝜓)𝛽2,𝜇
+

|𝑘0
2|𝑠1

(6 + 4𝜓)𝛽2,𝜇
,

|𝑘0|𝑠1

(5 + 6𝜓)𝛽2,𝜇

+
|𝑘0|𝑠1 + |𝑘0|(𝑠2 − 𝑠1)

(10 + 12𝜓)𝛽3,𝜇 − (2 + 4𝜓)𝛽3,𝜇
}. 

Corollary 2: Let 𝑓  belong to the class 𝒩Ω(𝜓, 𝜎, 𝜑), and 𝑓 be given by (1), then 

|𝑎2| ≤ min{
|𝑘0|𝑠1

(3 + 2𝜓 + 2𝜏)
, √

|𝑘0|𝑠1 + |𝑘0|(𝑠2 − 𝑠1)

(10 + 12𝜓 + 12𝜏) − 2(1 + 2𝜓)
},      

|𝑎3| ≤ min{
|𝑘0|𝑠1

(5 + 6𝜓 + 6ж)
+

|𝑘0
2|𝑠1

2(3 + 2𝜓 + 2𝜏)
,

|𝑘0|𝑠1

(5 + 6𝜓 + 6𝜏)

+
|𝑘0|𝑠1 + |𝑘0|(𝑠2 − 𝑠1)

(10 + 12𝜓 + 12𝜏) − (2 + 4𝜓)
}.  

 

Definition 2: A function 𝑓 ∈ 𝒩 is in the class 𝐶Ω,𝑏,𝛼,𝛾
𝜇,𝛿 (𝜏, 𝑎, 𝜓, 𝜑) (0 < 𝜏 ≤ 1), where 𝜓 ∈

ℂ\{0}, 0 ≤ 𝑎 ≤ 1,  if it satisfies  a quasi-subordination: 

1

𝜓
{𝜏𝑧 (

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

𝑧
)

′

+ (
𝑧 (⅁s,a,µ

𝛿,𝜆 𝑓(𝑧))
′

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑓(𝑧)

) + 𝑎𝑧2 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′′

} ≺𝑞 (𝜑(𝑧) − 1), (31) 

1

𝜓
{𝜏𝜃 (

⅁s,a,µ
𝛿,𝜆 𝑔(𝜃)

𝜃
)

′

+ (
𝜃 (⅁s,a,µ

𝛿,𝜆 𝑔(𝜃))
′

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃)

) + 𝑎𝜃2 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′′

}  ≺𝑞 (𝜑(𝜃) − 1), (32) 

such that 𝑔 is the inverse of 𝑓 and 𝑧, 𝜃 ∈ 𝜐. 
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Properties 

1-For 𝜏 = 0 and 0 ≤ 𝛿 ≤ 1, 𝜓 ∈ ℂ\{0}, 0 ≤ 𝑎 ≤ 1.  A function 𝑓 ∈ Ω is in the class 

𝐶𝑠,𝑎,µ
𝛿,𝜆 (0, 𝑎, 𝜓, 𝜑), if the following quasi-subordination conditions are satisfied and 𝑓 defined in 

(1). 

1

𝜓
{(

𝑧 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

) + 𝑎𝑧2 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′′

} ≺𝑞 (𝜑(𝑧) − 1), 

1

𝜓
{(

𝜃 (⅁s,a,µ
𝛿,𝜆 𝑔(𝑧))

′

⅁s,a,µ
𝛿,𝜆 𝑔(𝑧)

) + 𝑎𝜃2 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′′

} ≺𝑞 (𝜑(𝜃) − 1). 

2- For all  𝑎 = 0 and (0 ≤ 𝛿 ≤ 1, 𝜓 ∈ ℂ\{0}, 0 ≤ 𝜏 ≤ 1). A function 𝑓 ∈ Ω is in the class 

𝐶𝑠,𝑎,µ
𝛿,𝜆 (𝜏, 0, 𝜓, 𝜑), if quasi-subordination conditions are satisfied when 𝑓 defined in (1). 

1

𝜓
{𝜏𝑧 (

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

𝑧
)

′

+ (
𝑧 (⅁s,a,µ

𝛿,𝜆 𝑓(𝑧))
′

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑓(𝑧)

)} ≺𝑞 (𝜑(𝑧) − 1), 

1

𝜓
{𝜏𝜃 (

⅁s,a,µ
𝛿,𝜆 𝑔(𝜃)

𝜃
)

′

+ (
𝑤 (⅁s,a,µ

𝛿,𝜆 𝑔(𝜃))
′

⅁s,a,µ
𝛿,𝜆 𝑔(𝜃)

)} ≺𝑞 (𝜑(𝜃) − 1).        

3- For 𝜇 = 0, (𝑏 = 0, 𝛼 = 0, 𝛾 = 0, 𝛿 = 0) and (0 ≤ 𝜏 ≤ 1, 𝜓 ∈ ℂ\{0}, 0 ≤ 𝑎 ≤ 1), a function 

𝑓 ∈ Ω in the class 𝐶Ω(𝜏, 𝑎, 𝜓, 𝜑), if quasi-subordination conditions are satisfied when 𝑓 defined 

in (1). 

1

𝜓
{𝜏𝑧 (

𝑓(𝑧)

𝑧
)

′

+ (
𝑧(𝑓(𝑧))

′

𝑓(𝑧)
) + 𝑎𝑧2(𝑓(𝑧))

′′′
} ≺𝑞 (𝜑(𝑧) − 1), 

1

𝜓
{𝜏𝜃 (

𝑔(𝜃)

𝜃
)

′

+ (
𝜃(𝑔(𝜃))

′

𝑔(𝜃)
) + 𝑎𝜃2(𝑔(𝜃))

′′′
} ≺𝑞 (𝜑(𝜃) − 1). 

 

Theorem 2: If 𝑓 is given by (1) belongs to on the subclass 𝐶𝑠,𝑎,µ
𝛿,𝜆 (𝜏, 𝑎, 𝜓, 𝜑), then  

|𝑎2| ≤
𝜆|𝑘0|𝑠1√𝑠1

√2(2𝜏 + 2 + 6𝑎)𝜓𝑘0𝑠1
2𝛽2,𝜇 − 𝜓𝑘0𝑠1

2𝛽2,𝜇
2 − (𝜏 + 1)2𝛽2,𝜇(𝑠2 − 𝑠1)

,                        (33) 

|𝑎3| ≤
2𝜓𝑘1𝑠1

(4𝜏 + 4 + 24𝑎)
+

𝜓2𝑘0
2𝑠1

2

2(𝜏 + 1)2𝛽2,𝜇
2 .                                                                        (34)  

 

Proof: If 𝑓 ∈ 𝐶𝑠,𝑎,µ
𝛿,𝜆 (𝜏, 𝑎, 𝜓, 𝜑) and 𝑔 = 𝑓−1, then, where 𝜑, 𝐹 are analytic functions in 𝜐 and 

𝜑, 𝐹: 𝜐 → 𝜐, with |𝜑(𝑧)| ≤ 1, such that 𝜑(0) = 𝐹(0) = 0 and |𝑓(0)| < 1, satisfied: 

1

𝜓
{𝜏𝑧 (

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

𝑧
)

′

+ (
𝑧 (⅁s,a,µ

𝛿,𝜆 𝑓(𝑧))
′

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

) + 𝑎𝑧2 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′′

}

= 𝜙(𝑧)(𝜑(𝐹(𝑧)) − 1),                                                                                       (35) 

1

𝜓
{𝜏𝜃 (

⅁s,a,µ
𝛿,𝜆 𝑔(𝜃)

𝜃
)

′

+ (
𝜃 (⅁s,a,µ

𝛿,𝜆 𝑔(𝜃))
′

⅁s,a,µ
𝛿,𝜆 𝑔(𝑧)

) + 𝑎𝜃2 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′′

}

= 𝜙(𝜃)(𝜑(𝑁(𝜃)) − 1).                                                                                    (36) 
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The function  𝑥(𝑧) and 𝑦(𝑧) define by (9) and (10), respectively proceeding similarly as in 

Theorem 1, we get  

1

𝜓
{𝜏𝑧 (

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

𝑧
)

′

+ (
𝑧 (⅁s,a,µ

𝛿,𝜆 𝑓(𝑧))
′

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

) + 𝑎𝑧2 (⅁s,a,µ
𝛿,𝜆 𝑓(𝑧))

′′′

}

= 𝜙(𝑧) (𝜑 (
𝑥(𝑧) − 1

𝑥(𝑧) + 1
) − 1),        (37) 

1

𝜓
{𝜏𝜃 (

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃)

𝜃
)

′

+ (
𝜃 (⅁𝑠,𝑎,µ

𝛿,𝜆 𝑔(𝜃))
′

⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃)

) + 𝑎𝜃2 (⅁𝑠,𝑎,µ
𝛿,𝜆 𝑔(𝜃))

′′′

}

= 𝜙(𝜃) (𝜑 (
𝑦(𝜃) − 1

𝑦(𝜃) + 1
) − 1),     (38) 

 

1

𝜓
{𝜏𝑧 (

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

𝑧
)

′

+ (
𝑧 (⅁s,a,µ

𝛿,𝜆 𝑓(𝑧))
′

⅁s,a,µ
𝛿,𝜆 𝑓(𝑧)

) + 𝑎𝑧2 (𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(𝑧))
′′′

} 

=
1

𝜓
{(𝜏 + 1)𝑎2𝛽2,𝜇𝑧   + (2𝜏 + 2 + 6𝑎)𝑎3𝛽3,𝜇𝑧2 − 𝑎2

2𝛽2,𝜇𝑧2 + ⋯ },            (39)        

1

𝜓
{𝜏𝜃 (

⅁s,a,µ
𝛿,𝜆 𝑔(𝜃)

𝜃
)

′

+ (
𝜃 (⅁s,a,µ

𝛿,𝜆 𝑔(𝜃))
′

⅁s,a,µ
𝛿,𝜆 𝑔(𝜃)

) + 𝑎𝜃2 (⅁s,a,µ
𝛿,𝜆 𝑔(𝜃))

′′′

} 

      =
1

𝜓
{−(𝜏 + 1)𝑎2𝛽2,𝜇𝜃 + (2𝜏 + 2 + 6𝑎)𝑎3𝛽3,𝜇𝜃2 − 𝑎2

2𝛽2,𝜇𝜃2 + ⋯ },           (40)      

Comparing the coefficients of (39) with (15) and (40) with (16), then we have  

                                   (
𝜏 + 1

𝜓
) 𝑎2𝛽2,𝜇 =

1

2
𝑘0𝑠1𝑥1,                                                                    (41) 

1

𝜓
{(2𝜏 + 2 + 6𝑎)𝑎3𝛽3,𝜇 − 𝑎2

2𝛽2,𝜇}      =
1

2
𝑘1𝑠1𝑥1 +

1

2
𝑘0𝑠1 (𝑥2 −

𝑥1
2

2
) +

1

4
𝑘0𝑠2𝑥1

2,    (42) 

1

𝜓
{(2𝜏 + 2 + 6𝑎)(2𝑎2

2 − 𝑎3)𝛽3,𝜇 − 𝑎2
2𝛽2,𝜇}      

=
1

2
𝑘1𝑠1𝑦1    +

1

2
𝑘0𝑠1 (𝑦2 −

𝑦1
2

2
) +

1

4
𝑘0𝑠2𝑦1

2,                                            (43) 

𝑎2 =
𝜓𝑘0𝑠1𝑥1

2(𝜏 + 1)𝛽2,𝜇
= −

𝜓𝑘0𝑠1𝑦1

2(𝜏 + 1)𝛽2,𝜇
. 

From (39) and (41), we find that  

                                                     𝑥1 = −𝑦1                                                         (44) 

and  

                             8(𝜏 + 1)2𝛽2,𝜇
2 𝑎2

2 = 𝜆2𝑘0
2𝑠1

2(𝑥1
2 + 𝑦1

2).                             (45) 

Applying (40) and (43), we get  

𝑎2
2 =

2𝜓2𝑘0
2𝑠1

3(𝑥2 + 𝑦2)

8 ((2𝜏 + 2 + 6𝑎)𝜓𝑘0𝑠1
2𝛽3,𝜇 − 𝜓𝑘0𝑠1

2𝛽3,𝜇 − (𝜏 + 1)2𝛽2,𝜇)
 .                        (46) 

 

Applying lemma (1) in (48), we get (33) 

Now, find the bound on the coefficient |𝑎3|, by subtracting (40) and (43) we get,  
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(16𝜏 + 16 + 48𝑎)𝑎3𝛽3,𝜇 − (16𝜏 + 16 + 48𝑎)𝑎2
2𝛽3,𝜇

= 2𝜓𝑘1𝑠1𝑥1 + 𝑘0𝜓𝑠1(𝑥2 − 𝑦2).                                                                            (47) 

Substituting (44) from (42), further computation using (44) and (45), we get  

𝑎3 =
2𝜆𝑘1𝑠1𝑥1

(16𝜏 + 16 + 48𝑎)𝛽3,𝜇
+

𝑘0𝜆𝑠1(𝑥2 − 𝑦2)

(16𝜏 + 16 + 48𝑎)𝛽3,𝜇
+ 𝑎2

2   .                 (48) 

 

Applying Lemma (1) in (48), we get (34). ■ 

Taking 𝜏 = 0, in Theorem (2), we get the following corollary. 

 

Corollary 3: Let 𝑓 belong to the class 𝐶𝑠,𝑎,µ
𝛿,𝜆 (0, 𝑎, 𝜆, 𝜑), when 𝑓 given by (1). Then  

|𝑎2| ≤
𝜓|𝑘0|𝑠1√𝑠1

√(4 + 24𝑎)𝜓𝑘0𝑠1
2𝛽2,𝜇 − 𝜓𝑘0𝑠1

2𝛽2,𝜇
2 − 𝛽2,𝜇(𝑠2 − 𝑠1)

, 

and  

|𝑎3| ≤
𝜓𝑘1𝑠1

(4 + 24𝑎)
+

𝜓2|𝑘0
2|𝑠1

2

2𝛽2,𝜇
2 .                                                       

 

Corollary 4: Let 𝑓 belong to the class 𝐶𝑠,𝑎,µ
𝛿,𝜆 (𝜏, 0, 𝜆, 𝜑), and 𝑓 given by (1).  Then 

|𝑎2| ≤
𝜓|𝑘0|𝑠1√𝑠1

√(4𝜏 + 4)𝜓𝑘0𝑠1
2𝛽2,𝜇 − 𝜓𝑘0𝑠1

2𝛽2,𝜇
2 − (𝜏 + 1)2𝛽2,𝜇(𝑠2 − 𝑠1)

, 

and  

|𝑎3| ≤
𝜓𝑘1𝑠1

(4𝜏 + 4)
+

𝜓2𝑘0
2𝑠1

2

2(𝜏 + 1)2𝛽2,𝜇
2 .                                                                  

 

Corollary 5: Let 𝑓 belong to the class 𝐶Ω(𝜏, 𝑎, 𝜓, 𝜑)  and 𝑓 given by (1). Then 

|𝑎2| ≤
𝜓|𝑘0|𝑠1√𝑠1

√(4𝜏 + 4 + 24𝑎)𝜓𝑘0𝑠1
2 − 𝜆𝑘0𝑠1

2𝛽2,𝜇
2 − (𝜏 + 1)2(𝑠2 − 𝑠1)

, 

                |𝑎3| ≤
2𝜓𝑘1𝑠1

(4𝜏 + 4 + 24𝑎)
+

𝜓2𝑘0
2𝑠1

2

2(𝜏 + 1)2
 

 

4. Conclusions 

      In this research and through suggested  some classes 𝒩Ω,𝑏,𝛼,𝛾
𝜇,𝛿 (𝜓, 𝜏, 𝜑) and 

𝐶Ω,𝑏,𝛼,𝛾
𝜇,𝛿 (𝜏, 𝑎, 𝜓, 𝜑) of bi-univalent functions in the unit disk 𝜐,  we found estimates the first two 

Taylor-Maclaurin coefficients |𝑎2| and |𝑎3|  by convolution of the operators 𝑅𝑞
𝛿𝑓(𝑧) and 

𝐼s,a,µ
𝜆 𝑓(𝑧).  
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