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Abstract

We offered and suggested some classes Nﬂ‘f_a_y(q}, 7, @) and ngg‘a‘y(r, a, y, @) of
bi-univalent functions in the unit disk v, to apply the effects to the classes through
convolution of the operators R‘E,f(z) and Is’l,a,uf (z). Which satisfies the condition

quasi-subordination. We got estimates the first two Taylor-Maclaurin coefficients

|la,| and |a;]| by convolution of the operators R5f(z) and I, ,f (2) .
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1. Introduction
In an open unit disk v = {z: |z| < 1} let V" be the class of normalized analytic function

f defined with Taylor series

f2)=z+ Z;izaka' (1)
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In addition to, I which are univalent and normalized by the conditions in and suppose 9
denote the class of all functions in V" . According to the Koebe One-Quarter Theorem [1] such
that the inverse 1 of every f € 9 satisfies:

FFAf@) =2 (z€ v).

and
F@) =0, (181 <n(in z7)
where
f71(6) =g(8)
=0 —a,0%+ (2a5 — a3)0% — (5a3 — 5aa3 + a,)6*
o (2)

Let Q the class of all bi-univalent function f € NV inv.
Some similar studies have been published but with different operators they are as follows
see [2-9].

2. Preliminary
For functions f, g € V' depending on the equation (1). Now the function g(z)

g(z)=z+ Zk=2bk2k (z € v).

The convolution of the function f and K is defined as:
FrP@=2+)  agb*.
k=2

In [10] the Rusyeyweyh type g-analogue operator R5 is defined by
R5 . Z [k + 5 —1]4! b gk

where § > 0. Also, as g —» 17, we have
lim RO B y © [k+6—1],! "
Jm Rg"f(z) =z + lim Zk 2 [81q! Tk — 11 <762 )
lim RSf(2) = RSf(2).
q-1"

Komatu [11] introduced and investigated a family of integral operator ]j: Q - Q. That is
obtained as fallows

[ A
]{}f(z)=2+z [u-l—Tul] agby z€v,k>1,1=0.
k=1 -

The Hurwitz — Lerch Zeta function [11]
@ k
Z
?(z,s,a) = Eo[t+a)5 a€C—2zy,s €Cwhen0<|z| <1.

Interims of convolutioin. Where G 4, is given by
Gsaz) = [1+a]*(@(z,5,a) —a™%),z € v.
The linear operator I, 4, f (z): 3, = . is defined

1+a i 4 k
Is,a,uf(z) = Gs,a(z) *]uf(z) =z+ Zk 1 m] [u+k—1] akbk Z".
The convolution of the operator R*f(z) and Isfa,uf (z) are defined by

002 f(2) = RSf(2) * I ,uf (2).
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5,1 [k+6-1]q! [1+a]®[ _m ]’1 k
Ds,a,pf(z) Z+Zk 2 [k 1_] [t+a [u+k—1 apz”-.

5,4
Osanf(2) = 2+ Y=, 9k’5akzk.

wnere [k+6—1 1+ap®
Hk"szl[(S]q [k — [t+a] [u+k—1”

Now we can say there exists analytic functions ¢ and F, with | ¢(z)| < 1,F(0) = 0 and
| F(z)| < 1, then function f is a quasi-subordinate to g in v, such that f(z) = ¢(2)g(F(2)),
o)

f(2) <492), (z € v).
We denote this a quasi-subordination by [12], as follows:

We will notes if ¢p(z) =1, then f(z) = g( F(2)), hence f(z) < g(z) in [7] and [8].
Furthermore, if F(z) = z, then f(z) = ¢(2)g(2), and in case, f is majorized by g, written
f(z) < g(z) inwv. By the method of subordination we defined and studied classes 9*(¢) and
G*(¢) of starlike functions by:

9* () = {f € N:Z;(S) <p(2),z€ v},
and
G () = {f EN:1+ Z;,(S) < $(2),7 € v}.
where
¢ (2) =ky+ kiz+ kyz? + -+, (z €V).
Consider

©(z) =1+ 8,2+ 5,z% + 5323+, sE€v,
and univalent analytic function with a positive real part in v, symmetric with respect to the real
axis, and starlike with respect to ¢ (zero) = 1 and ¢'(zero) > zero. By 9*o(¢) and G*o(¢),
we introduce and study here certain subclasses of the class Q [13].

Definition 1: Let f belongto V is called in the class Nz’ffa,y(lp, 7,0) (0<yY<10<7<
1), if satisfied the quasi-subordination:

2(932,f @) + w22 (9%2,f @) +12(9%4f @) 924 (@) (934, @) 952, @)

sapf(z)
~1=<9() - 3)
e(swmm)+¢m(smgwn +10/(952,9(0)) 922,9(0) + (934,9(8)) 932, 9(6)
97 a9 (6)
—1 <, 0(0) -1, 4)

when g is the inverse function of f and z,0 € v.

Properties
1- For all T =zero and ((0 <y < 1) a function f € Q defined (1) is called in the class

Nﬂ‘ffa‘y (Y, o, ) if satisfied the condition quasi-subordination :
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52 ' 5,1 "’ 5,1 gy
z(950.f(@) +¥z (02,0 @) +(9%a.f (D) 9221 (@)
Df”iuf(z)
0(032,9(0)) +w6*(534,9®)) +952,98)932,0(0)
Lo @) v S ) @0 <4 9(6) - 1.
Isand(6)

2- Forall § =zero,(4,s,a,p=0)and ((0 <y < 1) afunction f € Q defined (1) is called
in the class NV, (Y, o, @) if satisfied the quasi-subordination:

2(f(@) +v22(f(@) +1z(f (@) f() + (@) f(2)

-1 <402 -1,

[0 -1 <502 -1,
8(g(®) +v2(g(®)) +16(9(8))" + (9(8))
(9(9) (g ;(H)T (9@®) +(9®) < @) - 1.

Lemma 1: [1]If p € P, then |p;| < 2 Vi, where P is the family of all analytic p, for which
Re{p(2)} > 0,z € v, where
p(2) =1+ pz+pzt +p3z3 +--, (z€W).

3. Main results
Theorem 1: If f € Nﬂ‘f,')‘?a’y(lp, 7,¢), then

la,| .
< min{ lkolsy , lkolsy + |kol(s2 — s1) E}, 5)

B+2y+ ZT),BZ# (10 + 12y + 12T)ﬁ3_u -2(1+ 21,0)[?3_#
las|

. lkolsy |k3|51 |kolsy

< min{ + )

5+ 6y +60),, (6+4Y+41)B,, (5+6y+6T)p;,

lkolsy + lkol(s2 — 51) ) 6)

(30 + 24y + 240)ﬂ3,ﬂ -2(1+ 21,[}),83_#
Proof: Since f € Nﬂ’fl',‘?a,y(zp, T, @), then there exists analytic function, F,¢ invand ¢,F:v -
v, with |@(2)| < 1, such that ¢(0) = F(0) = o and |F(2)| < 1, satisfied:

2(932,F @) + vz (9520 @) +12 (984 @) 95AF (@) + (9%, @) (922,F D))

Iranf (2)
~-1= ¢(z)(¢§F(z)) - 1), ) . (7
6(052,9(8)) + 6% (932,9(0)) +16 (934,9(0)) 922,9(0) +(952,9(8)) 932,9(6)
Dand(0)
—1=¢(e(V()-1), (8)
so g isthe inverse of fand z € v.
1+ F(2)
X(Z):l_—F(Z):1+x12+szz+X3Z3+"', (9)
1+V(0
y(6) :1——V§9§: 1+y,0 +y,0%+y3;0%+ -, (10)
or
-1 1 2
F(z)=%=E[xlz+<xz—%>zz+---, 1D
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14
6) = y(z) +1 2
i.e., the analytic function x(z) and y(6) are in v with x(0) = y(0) = 1,since F,V:v - v, x(2)
and y(6) have a positive real inv,and |x;| <2and |y;| <2, (i = 1,2)

2(932,f @) 4wz (9%2,f @) +12 (984 @) 924 f (@) + (9%2,f(2)) 9%, ()

Y@ -1 ;[y19+<y2—&>92+---. (12)

Voanf (2)
-1
-1
o0 (o(2372) 1),
9( saug(e)) +1/)92( saug(g)) +r9( saug(e)) sauf(9)+( saug(e)) 9and ()
907,9(6)
B y(6)—1
-1 =¢@0) <<P <m> - 1): (14)
we can write (13) and (14) of the form (15) and (16)
k +1 2k +1 ’k A +1k 272 + 15
051X1Z ZZ 151%1 22 051 | X2 > 4 052X1Z ’ (15)
L ko51310 + ~0%kys,y, + =02k Vi) | g2 1k 16)
> 051Y1 > 151)1 > 051\ V2 — 2l 0527 + (

since
2(982,F @) +yz? (922, @)
oS (@)

=1+@B+2yY+ 2>K)a2ﬁ2,#z + G+ 6y + 6r)a3,83_uzz — (1 +2y)azp,z* + (17)
0 (922,9(0)) +yz2 (9%4,9(0))
o9 ()

=1+ (B +2¢ +21))ayfr,0 + (5+ 69 + 6T)asfs,0% — (1 + 2¢)a3p,,6>

+ cee (18)
With compensation (15) and (17) in equation (13) and in the same way (16) and (18) in (14),
we get

+ 1z (Dg’i“f(z))” + (Dg’iuf(z))’

+16 (Dg'iug(e))" + (Dgﬁug(e))'

1
(5 + 6lp + 6T)a3ﬁ3# - (1 + lej)a%ﬁzlu = Eklslxl, (19)
1 x? 1
+ k051 xz - 7 + kosle, (20)
and
1
- (3 + le + 20‘)(12,32_“ = Ekoslyl, (21)
G+6y+ 60—)(2(1% - a3).83,u -1+ 2¢)a%ﬁ2,u
1 1 y1 1
= Ek151}’1 + §k051 Y2 = +— kosz)’1- (22)
From (19) and (21), we find that
_ kos1%, _ kos1y1
a, = = — (23)
(6+4y + 40),82# (6 + 4y + 4a)ﬁ2,ﬂ
X1 == (24)
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and
(24 + 16y + 167)?B5 a5 = Pp?k§si (xf + y7). (25)
Applying (20) and (22), by using (24) and (25), we have
(40 + 48y + 48T)a%ﬁ3,y -8+ 161/))a§ﬁ3,# = 2kos1(x2 +¥2) + ko(xf + ¥7)(s2 — 51),
which implies that
a2 = 2kos1(x2 +y2) + ko (X + y7) (52 — 51)
z (40 + 48y + 487) B3, — (8 + 16Y) B,

By Lemma (1) in (27), we get (3).
We find the bound on the coefficient |as|, by subtracting (20) and (22), we get

(40 + 48y + 487)azfs, — 8(5 + 6y + 61)a3Ps,, = 2kyS1x1 + ko1 (xz — y2). (28)
Now, substituting (22) from (20) and computation using (24) and (25), we obtain

(27)

= 2k,51%; + kos1(xz — y2) t a2 (29)
> (40 + 48y +480)Bs, (40 + 48y +480)B;, '
k2|s kos
lag < o 0lsz = (30)

B+2y + 2>x<)2ﬁ22,u * (5+6y+61)p3,

By application of Lemmal in a monologue (30), we get (6).m
Count 7 = 0, in Theorem 1, we get corollary(1).

Corollary 1: Let f belong to the class ]\/‘Q’fl’;_sa_y(zp, 0,¢), and f be given by (1), then

la;| < min{ [ols, lkolsy + Ikol(s2 — s1) }
27 (3 + 21/))32,“, (10 + 121l})ﬁ3# —_ (2 + 41/})[;3,“ )
las| < min{ [Kolsy |k5|51 lkolsy
3 =

G+ 6Y)Pay 6+ 40)fay (5+ 6V)fay

+ lkols1 + kol (sz — s1) )
(10 + 12¢)ﬁ3,u - (2 + 4¢)ﬁ3,u .

Corollary 2: Let f belong to the class NV, (), g, ), and f be given by (1), then
. ko lsq lkolsy + lkol(s2 — s1)
la,| < min{ , 1,
342y +27)" | (10 + 12y + 127) — 2(1 + 2¢)
ko lsq |kg|51 lkolsq

M et o) 2B 120 120 (B 6y + 60)
lkolsy + [kol(sz — s1)

(10+ 12y +127) — (2 + 411;)}'

las| <

Definition 2: A function f € IV is in the class Cf’fj’f’a,y(r, a,P,p) (0<t<1), where ¢ €

C\{0},0 < a < 1, ifit satisfies a quasi-subordination:
! 51 !
1) <9i‘iuf(2)> NECHQ)

+az? (922,52 ¢ <4 (@) — D, (3D)

v Dg,'iuf(z)
' 52 !
1 (932,90  (6(9%.90) .
2199\ |+ +ab?(957,9(6) <, (p(8) — 1),(32
Y < 0 D(ss,'j,ug(e) ( sand ) q \@ (32)

such that g is the inverse of f and z,0 € v.
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Properties
1-For 7=0 and 0<6 <1, €C\{0},0<a<1. A function f€Q is in the class

Sau(O a, P, @), if the following quasi-subordination conditions are satisfied and f defined in
(1).

1 ( Sallf(z)) S rn

— N —5—— | + az?(9sa,.f(2) <, (p(2) — 1),

w{( Isanf (@) B @) 1=

%{(9 ( Sa“g(z)) ) + ah? (Dg'iug(g))m} <q (p(0) = 1).

9oand (2)
2-Forall a=0and (0<d§ <1, € C\{0},0 <7 <1). A function f € Q is in the class
2. (z,0,9, 9, if quasi-subordination conditions are satisfied when f defined in (1).

1 (922 f2) 9anf (2)

E{rz( la > + —(D%Luf(z)) <q (0(2) = D),
1| (9% g\ (9faug(9))’
J{TH (—‘; ) + 57 3@ <q (@(0) - 1).

3-Foru=0,(b=0,a=0,y=0, =0)and (0 <7 <1, € C\{0},0 < a < 1),afunction
f € Qintheclass Cq(t, a,, @), if quasi-subordination conditions are satisfied when f defined

in (1).
1 )\ (@) ,
E{” (fzz ) ¥ (Z(ﬂzZ)) ) +az' (/) } o @1

1(_ (9@ (6(9(®) ,
) (5 | o

Theorem 2: If f is given by (1) belongs to on the subclass C (r a, P, ), then

Alk
la,| < [kols1vst , (33)
J 2(2T + 2 + 6a)Pkosi By — Yhosi B3, — (T + 1)2B; (s, — 51)
2ykys; lszos1

las| < (47 + 4+ 24a)  2(v+1)%B3, (34

Proof: If f € ci (1,a, Y, @) and g = f~1, then, where @, F are analytic functions in v and

s,a,u

@, F:v - v, with |¢(2)| < 1, such that go(O) =F(0) =0and |f(0)| < 1, satisfied:

%{TZ( Saif(Z)) + <—( S,Z ulf((zz))_) > + az? (92':;1,;1]((2))”,}
S,a,lL

= p(2)(9(F(2) - 1), , (35)
082 g0)\ [0(934,9(6)
%{T@(—' 'ueg( )> +< ( Sa:g(z))>+a92( saug(g)) }
= p(0)(p(N(©)) - 1). (36)
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The function x(z) and y(z) define by (9) and (10), respectively proceeding similarly as in
Theorem 1, we get

1 sau (Z) ( sauf(Z)) 5 n
a{’l’Z( 2 ) + S"iuf(z) + aZZ (Ds,a,uf(Z))
x(z)—1
B S
(022 ge)Y  [0(9%2,90))
E{TH <— rLng( )> + ( ;(6)) +a92( saug(e)) }
sap
_ y(0) —
= ¢(0) <<P <}W) - 1)» (38)

, : 51 ' ”
1 {TZ (Dgiuf(z)> . z(9%2.f (D) +az? (SE2,f@) }

v g IS (2)
= %{(T + Dayfyuz + 2T+ 2+ 6a)asPs,z® — aifyz’ + -}, (39)
1 522 g(6) , (Dga ug(e)) 1
—170 | == 62 (022 (0
v {T ( 6 ) o )7 )

1
= E{—(r +1)ayB,,0 + (2T + 2 + 6a)azPz 0% — a3f, 0% + -}, (40)
Comparing the coefficients of (39) with (15) and (40) with (16), then we have

T+1 1
( W )aZ,BZ,y = Ek051x1: (41)
x2

1 , 1 1 AT
a{(ZT + 2 + 6a)a3ﬁ3'# - azﬁz'#} = Eklslxl + Ekosl Xy — 7 + ZkoSle, (42)

1
E{(ZT +2+6a)(2a5 — az)fs, — a%ﬁz,u}

1 1 y2\ 1 ,
= §k1S1J’1 + Ek051 Y2 = + Zkoszhr (43)

@ = Pkosix __ Ykos1y1
2720+ Doy 2(t+ Dpyy
From (39) and (41), we find that

X1 =~ (44)
and
8(t + 1)%B3 a5 = kst (xf + yi). (45)

Applying (40) and (43), we get
20%k§si (xz + y)

as = . (46)
8( (2 + 2+ 6a)kos2Bs, — Whos?Bay — (r + 1)y,

Applying lemma (1) in (48), we get (33)
Now, find the bound on the coefficient |as|, by subtracting (40) and (43) we get,
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(167 + 16 + 48a)azfs, — (167 + 16 + 48a)alfs,

= 2kyS1x1 + koPs1(x2 — y2). (47)

Substituting (44) from (42), further computation using (44) and (45), we get
27k s1x koAsy(xy —
a5 = 151%1 0As1(x2 — ¥2) +a? . (48)
(167 + 16 + 48a)Bs, (16T + 16 + 48a)fBs,
Applying Lemma (1) in (48), we get (34). m
Taking T = 0, in Theorem (2), we get the following corollary.
Corollary 3: Let f belong to the class C_f;fu(o, a, A, @), when f given by (1). Then
Ylkolsivsy

la,| <

J (4 + 28a)kos? By — WhoS?B3, — Bou(sz — 51)
and
¢k151 lpz |k5|512
|a3| < 2
(4 +24a) ' 2B,

Corollary 4: Let f belong to the class Cf;fu(r, 0,4, @), and f given by (1). Then
Ylkolsiv/s1
las| <

B \/(4‘[ + 4)1/)k0512,82,“ - lpkosfﬁzz,u -+ 1)2182#(52 —51)

and
21,22
las| < Ykys; n Y koi12.
(4t+4) 2(t+1) Bsu

Corollary 5: Let f belong to the class Cq (7, a, ¥, @) and f given by (1). Then

la,| < Ylkolsivsy
21 =
\/(41 + 4+ 24a)Pkos — Akosi B3, — (T + 1)%(sy — s1)
29k s, P2k§s?

< +
lasl < e s 2+ 240 T 200+ 102

4. Conclusions
In this research and through suggested some classes Nﬂpfb‘?a’y(lp,r,w) and

C{{,ﬁa’y(r, a, P, ) of bi-univalent functions in the unit disk v, we found estimates the first two

Taylor-Maclaurin coefficients |a,|and |as| by convolution of the operators RSf(z) and

Is%a,uf(z)-
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