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Abstract

This paper introduces a novel concept of soft semi-continuous function known as
a soft S,-continuous function, as well as some of its properties. The
interrelationships of this newly defined soft function with other types of soft
continuous functions are investigated. We prove some important characterizations
and derive some of the properties of these soft functions under the soft composition
of soft functions.
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1.Introduction

Molodtsov [1] primarily introduced the concept of soft sets as an entirely new approach to
dealing with imperfect information and has since been effectively implemented in many areas,
including smoothness functions and other related theories. Formulation of soft operators was
first attempted and presented by Maji et al. [2], describing null and absolute soft sets as
complements of a soft set, a soft union and a soft intersection between two soft sets.

The main concepts of soft topologies were investigated by Shabir and Naz [3] for further
formulations including soft closure operators, soft subspaces, and soft separation axioms, and
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followed by Hussain and Ahmad's [4] investigations of soft boundary operators and soft
interior.

Athar Kharal and B. Ahmad [5] explained what soft mapping is in the context of soft
classes and looked into a number of properties of soft set images and inverse images.
Zorlutuna et al., [6] define soft points and soft continuous functions and [7] presented some
new characterizations of soft continuity. Chen [8] introduced and investigated soft semi-open
sets and their properties. Mahanta and Das [9] also introduced and defined soft semi-open sets
and soft semi-continuous functions. The concept of soft semi-open sets and soft pre-closed
sets was used by Mahmood et al., [10] to introduce and define new types of semi-open sets
denoted as soft S,,-open sets.

However, this work introduces a new type of soft functions called soft S,-continuous
functions, which are strictly placed between the soft classes of $S.-continuous functions and

soft semi-continuous functions. Some of its basic properties and relationships with some other
types of soft functions are given.

Throughout the present paper (X,% 2) and (Y,5,P) or simply X and Y indicate soft
topological spaces on which assume no separation axioms unless mentioned.

2.Preliminaries

Assume X is a universe set, B(X) is the power of X, and P is a set of parameters. A pair
(A,P) ={(e,A(e)):e € P, A(e) € B(X)} is known as a soft set over X [1], where A:P —
P(X) is a function. The family of all soft sets over the universal set X with the set of
parameters P is indicated by SS(X,P) = SS(X). In particular, (X, P) is indicated by X. A
soft point [6] (A,7P) is a soft set defined as A(e) = {x} and A(é) =@,V é € P\{e}, we
indicated by e; such that e; = (e, {x}), where x € X and e € P. &, € (B,P) if for the
element e € P, {x} € B(e). The family of all soft points over X is indicated by SP(X). For
(A,P) E §S(X), the soft set X \(4,P) (or (4,P)° = (4%, P)) is the soft complement of
(A,P), where A¢: P — B(X) is a function defined as A°(e) =X —A(e),Ve € P [2]. The
soft set (4, P) is known as a null soft set, indicated by @, if A(e) = @,V p € P and is known
as an absolute soft set, indicated by X, if A(e) = X,V p € P. For (4,P,),(B,P,) ESS(X)
and P;,P, <P, we say that (4,P;) is a soft subset of (B,P,), indicated by
(4,P) E(B,P), if P,cP, and A(e) S B(e),Ve€e P, [2]. The soft union of
(Ag,P) ESS(X),VVI € X is a soft set (4,P) € SS(X), where A(e) =Uyex Ay(e),V e € P.
Figuratively, we scribe (4,P) =U,ex (Ag,P), and the soft intersection of
(Ag,P) ESS(X),VVI € X is a soft set (4,P) € SS(X), where A(e) =Nyex Ag(e),V e € P.
Figuratively, we scribe (4, P) =Nyex (A9, P) [6].

Definition 2.1. [3] Let # € §S(X). Then ¥ is known as soft topology on X, if
(i) 0,X €%,

(i) 1f (4,P),(B,P) € % then (4, P) A (B, P) € %,

(|||) If (A,g,g‘)) € T,VI eEXN, then UﬁEN (Aﬁ,ip) € T.

The triple (X, , P) (simply, X) is known as a soft topological space over X. The members
of 7 are referred to as soft open sets. The soft complements of every soft open or members of
7¢ are known as soft closed sets [4]. A soft set (4, P) that is both soft open and soft closed is
referred to as a soft clopen set.
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Definition 2.2. [3] Let (X, £, P) be a soft topological space and Z € X. Then ¥, = {(4,,P) =
Z 0 (A,P); (A,P) € } is known as the soft relative topology on Z, where A,(e) = Z 0 A(e),
forall e € P. (Z, %3 P) is a soft subspace of (X, %, P). 5 is a soft topology on Z.

Definition 2.3. Let (4, P) be a soft subset of (X, £, P). Then,
(i) The soft closure of (4,P) is 5cl(A,P) =0 {(C,P): (C,P) € ¢, (4,P) € (C,P)} [3].
(ii) The soft interior of (4, P) is sint(4,P) =U {(0,P): (0,P) € %, (0,P) € (4,P)} [4].

Definition 2.4. A soft subset (4, P) of (X, %, P) is known as a soft semi-open [9] (resp., soft
pre-open [11], soft a-open [12], soft b-open [13], soft S-open [14] and soft regular open [11])
set, if (4,P) € 3cl(3int(4,P)) (resp., (4,P) € sint(3cl(4,P)),
(4,P) C sint(Scl(Sint(4, P))), (4,P) € 5cl(Sint(A,P)) U Sint(5cl(4, P)),
(A,P) € scl(5int(5cl(4,P))), and (4, P) = sint(5cl(4,P))).

The family of all soft semi-open (resp., soft pre-open, soft a-open, soft b-open, soft -
open, and soft regular open) sets in X is indicated by SSO(X) (resp., SPO(X), Sa0(X),
Sho(X), SFO(X) and SRO(X)).

Definition 2.5. A soft subset (4, P) of (X, %, P) is known as a soft Sp-open [10] (resp., soft &-
open [15], SS.-open [16], soft P.-open [17], soft B.-open [18] and soft b.-open [19]) set, if
(A,P) ESSO(X) (resp., £, §s0(X), SPo(X), SpO(X), and ShO(X)) and for each
ey € (A,P), there is a soft pre-closed (resp., soft semi-closed, soft closed, soft closed, soft
closed and soft closed) subset (B, P) of X such that & € (B,P) € (4, P). The family of all
soft S,-open (resp., soft &-open, SS.-open, soft P.-open, soft B.-open and soft b.-open)
subsets of X is indicated by $S,0(X) (resp., $¢0(X), $S.0(X), SP.0(X), $B.0(X) and
Sh.0(X)).

Definition 2.6. The soft complement of a soft S,,-open (resp., soft preopen, and soft regular
open) set is known as soft S,,-closed (resp., soft pre-closed [11], regular closed [20]). The
family of all soft S,,-closed (resp., soft pre-closed, and regular closed) sets in X is indicated by
§5,C(X) (resp., SPC(X), and SRC(X)).

Definition 2.7. A soft topological space (X, £, P) is known as:

(i) Soft extremally disconnected [21], if $cl(4,P) € T,V (4,P) € 1.

(i)  Soft locally indiscrete [22], if every soft open set in X is soft closed.

(iii)  Soft submaximal [11], if each soft dense subset of X is soft open set.

(iv) Soft Ty-space [23], if &, &, € SP(X) such that & # &, there are soft open sets (4, P)
and (4,, P) such that &; € (4;,P), &, & (4;,P) and &, € (A,,P), & & (4, P).

(v)  Soft T,-space [23], if &, &, € SP(X) such that & # &, there are soft open sets (4;,P)
and (4, P) such that &; € (4, P), & € (4,,P), and (43, P) i (4, P) = B.

(vi) Soft regular space [23], if (C,P) is a soft closed set and &; € SP(X) such that
e; € (C,P), there exist soft open sets (4;,P) and (4, P) such that & € (4,,P),
(C,P) € (4,,P) and (4,,P) A (4,,P) = O.

(vii) Soft semi-regular space [24], if for each soft open set (4, P) in X and each €; € (4, P),
there exists a soft regular open set (0, P) in X such that &5 € (0,P) € (4, P).
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Definition 2.8. [5] Let $5(X), SS(Y) be the families of all soft sets over X and Y with P and
P, respectively, let u: X —» Y and p: P - P be functions. Then, a soft function £,,: SS(X) -
SS(Y) is defined as:
(i) If (4,P)ESS(X), the soft image of (4,P) under f,,, written as f,,(4,P) =
(Fpu(A), p(P)) ESS(Y), v B € P defined as:
Ful @) = {u(uae”_li’””? A PN 20,

o, otherwise
so if & € SP(X), then f,,, (&) = p(€)u) [25].
(i) If (B,®) € SS(¥), the soft inverse image of (B,?) under f,,, written as f,;!(B, %) =
(F(B),p~1(P)) € SS(X), ¥ a € P defined as:
1 (B)(@) = u?t (BEP(CK)))’ p(a) € P |
0, otherwise
so if &, € SP(V) and f,,, is soft bijective, then f:1(é,) = p~ (€)1 [25].
The soft function f,,,: SS(X) - SS(¥) is known as soft injective (resp., soft surjective, soft
bijective) if u, p are both injective (resp., surjective, bijective) functions [26].

Theorem 2.9. [5, 6, 26] Let f,,,: SS(X) - SS(¥) be a soft function, the following are true:

(i) If (41, P) € (4,,P), then (A1, P) € f,u (A5, P), V (A1, P), (A5, P) E SS(X).

(i) 1f (By,P) € (B, P), then £} (B, P) € £} (By, P), V (B, P), (By, P) ESS(Y).

(i) fou((A1,P) T (A2, P)) = fou(41,P) U fu (A2, P), ¥ (A1, P), (42, P) E SS(X).

(V) fou((A1, P) 1 (A2, P)) € fou(AL, P) D fu (A2, P), V¥ (A1, P),(4,,P) ESS(X), the
equality holds if f,,, is soft injective.

(v) @7}((31,73) U (B, P)) = @11(31;75) U ]?11(32.75), V (B, P), (B, P) ESS(Y).

Vi) foi (B1,P) N (By, P)) = fri (B, P) A i (B2, P), V (By, P), (B, P) € SS(P).
(vii) Y\ fu(4,P) € £,u(X\(4,P)), V (4,P) ESS(X), the equality holds if f,, is soft
surjective.

(i) [t (Y\(B,P)) = X\f,:1(B,P), ¥ (B, P) E SS(V).

(iX)  fou(fpit(B,P)) € (B,P), V(B,P)ESS(Y), the equality holds if f,, is soft
surjective.

(X) (4,P) € [l (fu(4,P)), ¥V (4,P)ESS(X), the equality holds if f£,, is soft
injective.

Definition 2.10. Let (X, % P) and (Y, %) be two soft topological spaces, a soft function
ﬁ,u: (X,%,P) > (Y,5,P) is known as soft continuous [6] (resp., soft semi-continuous [9], soft
pre-continuous [27], soft a-continuous [27], soft B-continuous [28], and soft b-continuous
[13]), if fp;l(B,:f’) €T (resp., $S0(X), SPo(X), Sa0(X), SBO(X), and ShO(X)),
v (B,P) €é.

Definition 2.11. A soft function £,,: (X, %, P) - (¥, &, %) is known as:

(i) Soft perfectly continuous [29] if £, (B, P) is a soft clopen setin X, v (B, P) € 6.
(i)  Soft RC-continuous [29] if £,;,} (B, P) € SRC(X), V (B,P) € 6.

(i)  Soft regular continuous [30] if £, (B,®) € SRO(X), ¥ (B,?) € 6.

(iv) SS.-continuous [16] if £,;;(B,P) € $S.0(X),V (B,P) € 6.

(v) Soft B.-continuous [18] if /' (B, P) € SB.0(X), ¥ (B,P) E 6.
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(vi) Soft &-continuous [15] if /' (B, P) € S¢0(X), ¥ (B,P) € 6.
(vii) $p.-continuous [17] if £,;(B,P) € SR.O(X), V (B,P) € 5.
(viii) ~ Soft irresolute [9] /. (B, P) € SSO(X), V(B,P) € SSO(Y).
(ix) Soft open [31]if /,,(4,P) €6,V (4,P) ET.

Definition 2.12. A soft function fpu: (X,%,P) - (Y,5,P) is known as soft almost continuous
[32] (resp. soft almost semi-continuous [24], soft almost pre-continuous [33], soft almost a-
continuous [34], and 6SS,-continuous [16]), if f;;}(B,P) €T (resp., SSO(X), SPO(X),
Sa0(X), and $5.0(X)), ¥ (B,P) € SRO(Y).

Definition 2.13. [7] Let f,,: (X,% P) — (¥,6,P) be a soft function and Z € X. Then, the
restriction of f,, to (Z, %z P) is the soft function f,,[; from (Z,,,P) to (¥,5,#) which
defined by the functions u|;: Z - ¥, p: P > P.

Proposition 2.14. [7] Let f,,: (X,£,P) -
Foul2) ' B, P) = f (BPYNZ,V (B, P)

(Y,5,P) be a soft function and Z E X. Then,
cy.

Proposition 2.15. [8] A soft set (4,7P) in (X,
soft open set (0, P) such that (0, P) € (4, P)

7,P) is a soft semi-open set iff there exists a
c 5cl(0,P).

Proposition 2.16. [7] Let f,,,: (X, % P) - (¥, &, P) be a soft function. Then:

(i)  fpu is soft open iff £ (Scl(B, P)) € 5cl(f} (B, P)),V (B,P)E Y.

(i) fyu is soft open iff Sint(f1 (B, P)) € [l (Sint(B,$)), vV (B,P) EY.

Proposition 2.17. Let (Z, £, P) be a soft subspace of (X, £, P).
(i) If ZE€ SPO(X) and (4,P) € SSO(X), thenZ 1\ (4, P) € SS0(2) [35].
(ii) If Z € SPO(X) and (4, P) € SRC(X), then Z A (4, P) € SRC(Z) [36].

Lemma 2.18. Let (Z,%7P) be a soft subspace of (X,%P) and (4,P) EZ. Then,
sint(4,P) = sintz(4,P), if Z € # [37].

Proposition 2.19. [10] Let (4, P),(B,P) € X. Then:

(i) (4,P)ESSs,0X) iff (4P)=U(By,P), where (4,P)ESSOX) and
(By,P) ESPC(X), VI EX.

(i) (4P)ESS,0(X) iff ve;€(AP), there is (B,P)ESS,0(X) such that
e, E(B,P)E(A4,P).

(iii) (4,P) T (B,P) € SS,0(X), if (4,P),(B,P) € $5,0(X).

(iv) (A,P)ESS,C(X) iff (A,P)=0(By,P), where (4,P)€ESSC(X) and (By,P)E
SPO(X), V9 €EX.

Remark 2.20. (i) Every soft S,,-open set is soft semi-open [10].
(ii) Every soft S,,-closed set is soft semi-closed.

Proposition 2.21. [10] For any soft subset (4, P) of (X, £, P), then:

(i) (A,P)ESS,0(X),if (4,P) €ESS.0(X).
(i) (A,P) ESS,0(X), if (4,P) E SRC(X).
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(i) (A P)ESS,0(X),if (4,P) is asoft clopen set.

Proposition 2.22. [10] If (X,%, P) is soft locally indiscrete (resp., soft T;-space), then
$50(X) = §5.0(X) = §S,0(X).

Corollary 2.23. [10] If (X, T, P) is soft locally indiscrete, then
(i) 7= $S,0(X).

(iii) Sa0(X) = §S,0(X).

(iv) $S,0(X) € SPO(X).

(v) $S,0(X) € SB.0(X) (resp., Sb.0(X)).

Corollary 2.24. [10] If (X, T, P) is a soft T, -space, then:
(i) ©ES8Ss,0(X).
(i) Sa0(X) € 8S,0(X).

Proposition 2.25. [10] If (X, 7, P) is a soft regular space, then 7 € S$S,0(X).

Proposition 2.26. [10] (X,%,P) is soft extremally disconnected iff $S,0(X) € SPO(X)
(resp., Sa0(X)).

Proposition 2.27. [10] If (X, , P) is a soft extremally disconnected space, then:
(i) SRO(X) € $S,0(X).

(i) S€o(X) € 8S,0(X).

Proposition 2.28. [10] If (X, £, P) is a soft submaximal space, then:

(i) $S.0(X)=355,00X).

(i) $S,0(X) € SB.0(X) (resp., Sb.0(X)).

(iii) SP.0(X) € 8S,0(X).

Proposition 2.29. [10] If (X, %, P) is a soft p-Alexandroff space, then SRC(X) = §S,0(X).
Lemma 2.30. [10] If (X, &, ) is a soft locally indiscrete space, then SSO(X) = %.

Proposition 2.31. [10] Let (X,% P) be a soft topological space and (4,P),(B,P) E X. If
(4,P) € $S,0(X) and (B, P) is a soft clopen set, then (4, ) N (B, P) € §5,0(X).

Proposition 2.32. [10] Let (Z,%; P) be a soft subspace of (X,#,P) and (4,P)E Z. If
(4,P) € SS,0(Z) and Z € SRC(X) (resp., soft clopen in X), then (4, P) € §5,0(X).

3. More Properties of Soft §,,-open and Some Other Results
Further properties of soft S,,-open sets are discussed in this section, as are some properties
of various soft sets and soft space types.

Proposition 3.1. Let (Z, 3, P) be a soft subspace of (X, #,P) and Z € £. If (C,P) € SPC(X),
then (C,P) N Z € SPC(2).
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Proof. Since Z € %, by Lemma 2.18, then §int;(A,P) = Sint(4,P), V (4,P) € Z. Hence,
we obtain Scl;Bintz((C,P) R 2)) = 5clBint((C,P)AINNZ =
Scl(§int(C,P) N sint(I)NZ € Scl@int(C,P)) N &cl@int(Z) N Z =
Scl(int(C,P))NZ. Since (C,P)ESPC(X), then 3cl(§int(C,P)) € (C,P). Thus,
Scl;Bintz((C,P) N Z)) € (C,P) A Z. Therefore, (C,P) N Z E SPC(2).

Proposition 3.2. Let a soft function ﬂ,u: (X,%,P) - (Y,5,P) be soft continuous and soft
open. If (B, ) € SPC(Y), then £,,}(B,P) € SPC(X).

Proof. Since (B, ) € SPC(Y), then 3cl(3int(B,P)) € (B,P) and [} (3cl(Sint(B,P)))
(B, P). Since f, is soft continuous, so Scl(fy;!(Sint(B,P))) € fnl (3cl(Sint(B,P)))
€ [} (B,P). By the soft openness of f,,, and Proposition 2.16(ii), Scl(Sint(f,} (B, P))) &
Scl(fpt (3int(B,P))) € £ (B, P). Thus, Scl(Sint(fl(B,P))) € fl (B, P). Therefore,
foi (B, P) is soft pre-closed in X.

Proposition 3.3 Let a soft function f,,: (X,% P) - (¥,6,%) be soft continuous and soft
open. If (B, ?) € §S0(Y), then f,;1(B,P) € SSO(X).

Proof. Since (B, ?) € §50(Y), then by Proposition 2.15, there exists a soft open set (0, P) in
Y such that (0,P) € (B,?P) € 5cl(0,P). So, [t (0,P) € ;1 (B,P) € 2 (3cl(0,P)).
Since fpu is soft continuous, ﬁo‘lll(O,:l'D) is a soft open set in X and also since fpu is a soft open
function, then by Proposition 2.16(i), f,:}(3cl(0, %)) € 3cl(f:1(0,P)). Hence, we obtain
that  f;:1(0,P) € f1(B,P) € 5cl(f;1(0,P)). Thus, by  Proposition  2.15,
fl (B, P) € SSO(X).

Proposition 3.4. Let (Z, %5, P) be a soft subspace of (X,#,P) and Z € ¥ (resp., soft clopen).
If (4, P) € $S,0(X), then (4,P) N Z € §5,0(2).

Proof. Since (4,P) € $5,0(X), then (4,P) € SSO(X) and (4,P) =Uycx (By, P) where
(By,P) ESPC(X), VI € XK. Then (4,P)NZ =Uyex (By,P)NZ =Uyey ((By,P)N D).
Since Z € £, then Z € SPO(X), by Proposition 2.17(1), (4,P) A Z € $S0(Z). Again, since Z
is a soft open soft subspace of X, so by Proposition 3.1, (By,P) NZ € SPC(Z), VI € X.
Then, by Proposition 2.19(i), (4,P) N Z € $S,0(2).

Corollary 3.5. Let (Z,%3 P) be a soft subspace of (X,,P). If Z€ SPO(X) and (4,P) €
SRC(X), then (4,P) N Z € §5,0(2).
Proof. Applying Proposition 2.17(ii) and Proposition 2.21(ii).

Definition 3.6. Let (4, P) be a soft subset of (X, ¥, P). Then,:

(i) The soft S,-closure of (4,P) is §S,cl(A,P) =A{(C,P):(C,P) ESS,C(X), (4,P)
€ (C,P)}. Clearly 5S,cl(A, P) is the smallest soft S,,-closed set contains (4, P).

(i) The soft S,-interior of (4,P) is §S,int(4,P) =U {(0,P): (0,P) E $5,0(X), (0,P)
€ (4,P)}. Clearly 5S,int(A, P) is the largest soft S,,-open set contained in (4, P).

(iii) The soft S,-boundary of (4, P) is $S,Bd(A, P) = §S,cl(A,P) N §Spcl()?§(A,P)).

Proposition 3.7. Let (4, P) be a soft subset of (X, &, P). Then,
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(i) & E35S,cl(A,P)if (4,P)A(0,P) #B,ve; € (0,P) ESS,0X).
(i) (A,P)ESS,C(X)if3S,Bd(A,P) € (4,P).

Proof. Obvious.
4.Soft Sp-continuous functions

In this section, we introduce the concept of soft S,-continuous functions by using soft S,-
open sets.

Definition 4.1. Let (X,%,P) and (V,& P) be two soft topological spaces and u:X — Y,
p:P — P are functions. A soft function f,,: (X,%,P) - (¥,5,%) is known as soft S,-
continuous at a soft point g; € SP(X), if for each soft open set (B,?) in ¥ containing
f;,u(é;), there exists a soft S,-open set (4,P) in X containing &, such that
fou(4,P) E (B,P).

If £, is soft S,-continuous at every soft point &, € SP(X), then it's known as a soft Sp-
continuous function.

Proposition 4.2. A soft function f,,:(X,%,P) - (¥,6,%) is soft S,-continuous iff
foid (B,P) E $S,0(X),V (B,P) € 6.

Proof. Let ﬂ,u be soft S,-continuous and since (B,P)€é&. To prove that
frl(B,P) €SS,0(X), if f1(B,P) =0, implies that f,;1(B,P) € $S,0(X). If not, let
& € [l (B,P), we have f,,(&) € (B,P). Since f,, is soft S,-continuous, there is
€ € (A,P) € 55,0(X) such that f,,,(4,P) € (B,P). Hence, & € (4,P) € f,}(B,#) and
therefore by Proposition 2.19(ii), f,,1(B,P) € $5,0(X).

Conversely, let & € SP(X) and f,,,(€;) € (B,?P) € 6. Then, & € f,}(B,?) € §5,0(X) and
(4,P) = [} (B, P) such that f,,(4,P) = fu ([l (B,P)) € (B,P). Therefore, f,, is soft
Sp-continuous.

Proposition 4.3. Let f,,,: (X,7,P) - (¥, 5, %) be a soft function. Then,:

(i) fyu is soft semi-continuous, if £, is soft S,-continuous.

(i) fpu is soft S,-continuous, if fpu is S$S.-continuous (resp., soft RC-continuous, and soft
perfectly continuous).

Proof. Since $S,0(X) € §50(X), the proof (i) will follow, and by Proposition 2.21 and
Proposition 4.2, the proof (ii) will follow.
As the next examples illustrates, the opposite of Proposition 4.3 is not always true:

Example 4.4. Let X ={x;,x,}, Y ={y,v,}, P ={e, e}, and P ={é;,6,}. Let ¥=
Bx. X, (A1, P), (A2, P), (43, P), (A4, P), (A5, P), (46, P), (A7, P)} and G = {By, ¥, (B, P)}
be soft topology on X and ¥ respectively, where @y = {(e;,®), (e, ®)} X =
{(el,X), (ez,X)}, (AlJ:P) = {(91,{x1}),(92, (Z))}a (AZ':P) = {(ell {xZ})' (92' (D)}, (A3,.7‘)) =
{(e1,X), (e2,0)}, (A4, P) = {(e1,0), (2, {x2 1)}, (45, P) = {(e1, {x1}) .(e2, {x2}}, (Ae»f) =
{(er, {x2}),  (en,{x2D} (47, P) ={(er,X), (ez, {x2 D}, VY ={(é,Y), (62, 1)}, By =
{(é1,0), (é1, 0}, and (B, P) = {(é1, {y2]), (é5, {y1D}. Thus, (X, % P) and (¥, 5, P) are soft
topological spaces over X and Y respectively. Now define f,,: (X, %, P) - (¥, 5, P), where
p:P — P is a function defined by p(e;) = {é,}, p(ey) = {é,} and u: X - Y is a function

4448



Mahmood et al. Iragi Journal of Science, 2024, Vol. 65, No. 8, pp: 4441-4459

defined by u(x;) = {y,}, u(x;) = {y,}. The soft function £, is soft semi-continuous, but is
not soft S,-continuous, since (B, ?) € &, while ﬁ;}(B,?") = (A4s, P) is a soft semi-open set
but is not soft S,-open in X.

Example 4.5. Let X = {x1, %5, %3}, Y = {y1, V2, ¥3}, P = {e;,e,}, and P = {é,, é,} with the
soft topology 7 = {By, X, (A1, P), (45, P), (43, P), (A, P), (4s,P)} and G = {@y, ¥, (B, P)}
on X and Y respectively, where @y = {(e;, ), (e2, @)}, X = {(e1,X), (e2, X)}, (4;,P) =
{(er, {x21),(e2, {x11)}, (A2, P) ={(e, {x2, x3 1), (€2, {x1, x3})}, (43, P) = {(31’{951'953 b
(€2, {x1,x2 D}, (A4LP) = {(e1, X), (ez, {x1, x31}, (As: P) ={(er, {x1,x2}), (e, {x: D}, ¥ =
{(é1,Y), (62, 1)}, By = {(é1,0), (1,0}, and (B,P) = {(é, {y1,y21), (é2,{y3})}. Thus,
(X,%,P) and (Y,4,P) are soft topological spaces over X and Y respectively. Now define
fou: (X, P) > (¥,6,P), where p:P —» P is a function defined by p(e;) = {¢;}, p(e;) =
{é,} and u: X - Y is a function defined by u(x;) = {ys}, u(xy) = {y:1}, and u(x3) = {y,}.
The soft function f,,, is a soft S,-continuous, but are not SS,-continuous, soft RC-continuous,
and  soft perfectly continuous. Since (B,?) €&, while £ }(B,P) =
{(e1, {x2,x3}), (5, {x; )} is a soft S,-open set but are not SS.-open set, soft regular closed
set, and soft clopen set in X.

Proposition 4.6. Let (X,%,P) and (Y,&,%) be two soft topological spaces. Then, a soft
function fpu: X,t,P) - (Y,6,P) is soft Sp-continuous iff fpu is soft semi-continuous, for
each soft point &; € SP(X), and for each soft open set (B, ?) in ¥ containing f,,, (€5), there is
e, € (C,P) ESPC(X) such that f,,,(C,P) € (B, P).

Proof. Suppose that f,,: (X,%,P) - (¥,8,P) is soft S,-continuous. Let &; € SP(X) and
(B,P) is any soft open set in ¥ containing fpu(E;). By assumption, there is
€ € (4,P) € 85,0(X) such that f,,,(4,P) € (B, P). Since (4, P) is a soft S,-open set and
e; € (4,P), there is (C,P) € SPC(X) such that €5 € (C,P) € (4,P). Therefore, we have
fou(C,P) € (B,P). Since f,, is soft S,-continuous, then by Proposition 4.3(i), f,, is soft
semi-continuous.

Conversely, let (B, ) € 6. Since fy, is soft semi-continuous, so f,}(B,P) € $S0(X). Let
€ € [ (B,P). Then, f,,(e5) € (B,P). By assumption, there is & € (C,P) € SPC(X) such
that f,,(C,?) € (B,?), which implies that &; € (C,P) € f,}(B,P). Therefore,
fol (B, P) € §5,0(X). Hence by Proposition 4.2, f,,, is soft S,-continuous.

Proposition 4.7. Let f,,:(X,%,P) - (¥,6,?) be soft continuous, and soft open. If
(B,?) € $5,0(Y), then f£,,}(B,P) € 55,0(X).

Proof. Since (B, ?) € §5,0(Y), then by Proposition 2.19(i), (B, ?) € SSO(Y¥) and (B, P) =
U (Dy,P), where (Dy,P)ESPC(Y) vIeR Then f}(B,P)= /710Dy, P)) =
Gf;;}(Dlg,j)). Since fpu is soft continuous and soft open, then by Proposition 3.3,
foit (B,P) €E SSO(X) and by Proposition 3.2, f;}(Dy,P) € SPC(X), VI € K. Hence by
Proposition 2.19(i), f,! (B, ®) € §5,0(X).

Corollary 4.8. Let a soft function fpu: (X,%,P) = (Y, 5, P) be soft continuous and soft open.
If (C,P) €5S,C(Y), then f,,1(C, P) E $S,C(X).
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Proof. Applying Proposition 4.7 and Definition of a soft S,,-closed set.

Proposition 4.9. Let a soft function f,,.: (X, P) - (¥, &, P) be soft irresolute. If (X, %, P) is
soft locally indiscrete  (resp., soft T;-space) and (B,P)€ SSPO(?), then
fol (B, P) € 55,0(X).

Proof. Since (B,P) € §5,0(Y), then (B,#) € SSO(Y). Since f,, is soft irresolute, so
i (B, P) éﬁSO(}?). Sir,lce )?~ is S(th locally indiscrete (resp., soft T;-space), then by
Proposition 2.22, £, (B, P) € §5,0(X).

Proposition 4.10. Let f,,: (X, P) —» (¥, 6, P) be a soft function. If (X, %, P) is soft locally
indiscrete (resp., a soft T;-space), then the following statements are equivalent:

(i) fpu is soft S,-continuous.

(i) fpy is soft semi-continuous.

(iii) fpu is $S.-continuous function.

Proof. (i) — (ii). Applying Proposition 4.3(i).
(it) —(i) and (i) —(iii). Applying Proposition 4.2 and Proposition 2.22.
(iii) —(i). Applying Proposition 4.3(ii).

Corollary 4.11. Let f,,: (X,%,P) - (¥,6,P) be a soft function. If (X, P) is soft locally
indiscrete, then:

(1) ﬁou is soft S,,-continuous iff fpu Is soft continuous (resp., soft a-continuous).

(i) fpu is soft pre-continuous (resp., soft S.-continuous, and soft b.-continuous) if fpu is
soft S,,-continuous.

Proof. By Proposition 4.2 and Corollary 2.23, the proof will follow them.

Corollary 4.12. If ﬁ,u: (X,%,P) — (Y,5,P) is soft continuous (resp., soft a-continuous) and
(X, %, P) is a soft T,-space, then fpu is soft S,,-continuous.

Proof. By Proposition 4.2 and Corollary 2.24, the proof will follow them.

Corollary 4.13. If f,,,;: (X,%,P) - (¥, 5, P) is soft continuous and (X, %, P) is a soft regular
space, then fpu is soft S,,-continuous.

Proof. By Proposition 4.2 and Proposition 2.25, the proof will follow them.

Proposition 4.14. Let f,,:(X,%,P) > (¥,6,%) be a soft function. If (X,%,P) is soft
submaximal, then:

(i) fpu is soft S,-continuous iff f,,, is SS,-continuous.

(i) fpu is soft B.-continuous (resp., soft b.-continuous) if fpu is soft S,,-continuous.

(iii) fpy, is soft S,-continuous if £, is $p.-continuous.

Proof. By Proposition 4.2 and Proposition 2.28, the proof will follow them.
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Proposition 4.15. Let ﬁ,u:()?,f,?) - (Y,6,P) be a soft function from soft extremally
disconnected (X,%,P) to (¥,6,%). Then, f,, is soft S,-continuous if f,, is soft regular
continuous (resp., soft £-continuous).

Proof. Let (B, ?) be any soft open set in ¥. Since ﬂ,u is soft regular continuous (resp., soft &-
continuous), then £;}(B,®) € SRO(X) (resp., S€0(X)). Since X is soft extremally
disconnected, so by Proposition 2.27, ﬂ,;l (B,P) € §Sp0()?). Thus, fpu is soft S,,-continuous.

Corollary 4.16. If f,,,: (X,£,P) - (¥,5,P) is a soft S,-continuous function and (X, %, P) is
soft extremally disconnected , then ﬂ,u is soft pre-continuous (resp., soft a-continuous).

Proof. By Proposition 4.2 and Proposition 2.26, the proof will follow them.

Corollary 4.17. Let f,,: (X, £,P) - (¥,6 P) be a soft function. If (X,%,P) is soft p-
Alexandroff, then £,,,, is soft S,-continuous iff f,,, is soft RC-continuous.

Proof. By Proposition 4.2 and Proposition 2.29, the proof will follow them.

Proposition 4.18. Let f,,: (X,%,P) - (¥,5,2) be a soft function. If (X, P) and (¥, 4, P)
are soft locally indiscrete, then fpu is soft S,,-continuous iff fpu is soft irresolute.

Proof. Let (B, ?) € §S0(Y). Since ¥ is soft locally indiscrete, then by Lemma 2.30, (B, P) is
a soft open set in ¥. Since f,,, is soft S,-continuous, so f;,!(B,?) € $S,0(X). By Remark
2.20(i), fl (B, P) € §SO(X). Thus, f,, is soft irresolute.

Conversely, let (B, %) be any soft open set in ¥. Then, (B,?) € §S0(Y). Since £, is soft
irresolute, then f,,;!(B,®) € §S0(X). Since X is soft locally indiscrete, so by Proposition
2.22, ft(B,P) € §5,0(X). Thus, fp,, is soft S,-continuous.

Proposition 4.19. Let f,,: (X, P) - (¥, 8, P) be a soft function from soft locally indiscrete
(X,7,P) to soft semi-regular (¥,&,%). Then, f,, is soft S,-continuous iff f,, is SS,-
continuous (resp., soft almost continuous, soft almost semi-continuous, and soft almost a-
continuous).

Proof. Let (B,?) € SRO(Y). Then, (B,?)€ 4. Since f,, is soft S,-continuous, so
[t (B,P) € $S,0(X). Since X is soft locally indiscrete, then by Proposition 2.22 (resp.,
Corollary 2.23(i), Remark 2.20(i), and Corollary 2.23(ii)), f;!(B,®) € §5.0(X) (resp., 7,
$S0(X), and Sa0(X)). Thus, f,, is 8SS.-continuous (resp., soft almost continuous, soft
almost semi-continuous, and soft almost a-continuous).

Conversely, let (B, ) € ¢ and & € f,;!(B,P), we have f,,(e;) € (B,P). By the soft semi-
regularity of ¥, there exists a soft regular open set (0,?) in ¥ such that £,,(€;) € (0,?) €
(B,P). Since fpu is 6SS_-continuous (resp., soft almost continuous, soft almost semi-
continuous, and soft almost a-continuous), so f,;*(B, ) € $S.0(X) (resp., £, $SO(X), and
Sa0(X)), and & € £, (0,P) € f,;.} (B, P). by Proposition 2.21(i) (resp., Corollary 2.23(i),
Proposition 2.22, and Corollary 2.23(ii)), f;,;l(o,j’) € SSpO()?). Therefore, by Proposition
2.19(ii), fl (B, P) € §S,0(X). Thus, £, is soft S,,-continuous.
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Proposition 4.20. Let fpu:()?,f,?) - (¥, %) be a soft function from soft extremally
disconnected (X, %, P) to (¥, &, P). Then, fpu is soft almost pre-continuous (resp., soft almost
a-continuous) if ﬁ,u is soft S,,-continuous.

Proof. Let (B,?) € SRO(Y). Then, (B,P)E &. Since f,, is soft S,-continuous, so
fl (B, P) € §$5,0(X). By Proposition 2.26, f,;!(B,%?) € SPO(X) (resp., Sa0(X)). Thus,
ﬂ,u is soft almost pre-continuous (resp., soft almost a-continuous).

5.Characterizations
In this section, we talk about soft S,-continuous functions in terms of their properties and

ways to describe them.

Theorem 5.1. For a soft function f,,: (X,%,P) - (¥,5,%), the following sentences are
equivalent:

(i) fpu is soft S,-continuous.

(ii) ol (C,P) € 55,C(X), V(C,P) E 6°.

(i) fu(3S,cl(4,P)) € 5cl(fpu(4,P)), ¥V (4,P) EX.

(iv)  fl@int(B,P)) € 5S,int(f,' (B,P)),V (B,P)E Y.

(V) 3S,cl(f (B, P)) € [l (3cl(B,P)),V (B,P) EY.

(vi)  3S,Bd(f}(B,P)) € f,,}(3Bd(B, %)),V (B,P) EY.

(Vi) fou(3S,Bd(A,P)) € 5Bd(f,,(4,P)), ¥V (4,P) EX.

Proof. (i) — (ii). Let (C, ) be any soft closed subset of ¥. Then, ¥ \(C,P) is soft open in Y,
so by Theorem 2.9(viii) and Proposition 4.2, f,1(¥ \(C,?)) = X\/:}(C,P) € 55,0(X).
Thus, £} (C,P) € 55,C(X).

(i) — (iii). Let (4,P) € X. Then, £,,(4,P) E Y. Since f,,(A4,P) € 5cl(f,u(A,P)) and
Scl(fpu (A, P)) is a soft closed subset of ¥. By (ii), £} (5cl(f,u(4,P))) is a soft S,-closed
set in X and (4,P) € [ (Scl(fpu (4, P))). But 5S,cl(4,P)) is the smallest soft S,-closed
set containing (4, P), so §S,cl(4,P)) € [t (5cl(fpu (A, P))). Hence, fp,(3S,cl(4,P)) E
Scl(fpu(4,P)).

(i) — (iv). Let (B,?) € ¥. Then, Y\(B,?) € ¥ and £,;,}(¥\(B,P)) € X. By (iii) and
Theorem 2.9(Viii) (iX), fpu (3S,cl(Frt (YN(B, P)))) € Scl(fpu(fr (YN(B, P)))) € Scl(¥
(B,P)) = Y\int(B, P). Therefore, 3S,cl(f:t (Y\(B,P))) € [t (Y\3int(B,P)) =
X\Fl (3int(B, P)). Since 3S,cl(f (Y\(B, P))) = 3S,cl(X\fnl (B, P)) =

X\3S,int(f1 (B, P)), s0 X\3S,int (fl (B, P)) € X\ [ (S3int (B, P)). Hence,

fol Bint (B, P)) € 5Syint (1 (B, P)).

(iv) o (v). Let (B,P)ZY. Then, Y\(B,P)ZY and f;'Gint(Y\(B,P))) &
3S,int(ft (Y\(B,P))) o fo (Y\3cl(B, P)) € 5S,int( X\f! (B, P)) o
X\ (3cl(B,P)) € X\3S,cl( fin (B, P)) © 3S,cl( fri(B,P)) € [t (3cl(B, P)).

(v) — (vi). Let (B,7) EY. Then by Definition 3.6(iii) and (v), 3S,Bd(fl(B,P)) =
3S,cl(fl (B, P)) A 5S,cl (XN [l (B, P)) € [t (3cl(B,P)) B [t (3cl(Y\(B, P))) =

foui (3cl (B,P) D 5cl(Y\ (B, P)) = [ (3BA(B, P)). Hence,
3S,Bd(f! (B, P)) € £, (3Bd(B,P)).
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(vi) — (vii). Let (4,P) EX. Then, f,,(4,P) EY, and by (vi), 3S,Bd(f! (fu(4,P)))
€ [l 3Bd(fu (A, P))). So, Theorem 2.9(x), 5S,Bd(4,P) € f! (§Bd(f,u (4, P))). Hence,
fou(3S,Bd(A, P)) € 5Bd(f,u(4,P)).

(vii) — (vi). Let (B,P)EY. Then, f'(B,A)EX and by (vii), we have
fou(3SyBd(fit (B, P))) € 3Bd(fpu (fy (B, P))). So, by  Theorem 2.9(ix),
fou(3S,Bd(f (B, P))) € 5Bd(B,P). Hence, 5S,Bd(f;,} (B, P)) € [} (3Bd(B, P)).

(vi) —(i). Let (B,?) €G. Then, ¥ \(B,?) € & and by (vi), 5S,Bd(f,} (Y \(B,?))) &
it SBA(Y \(B,?))) € [ (Y\(B,P)) such that
3S,Bd(fr (Y \(B,P))) € /(Y \(B,#)). By Proposition 3.7(ii), /(Y \(B,P)) =
X\ (B,P) € SS,C(X). Thus, f,,1(B,P) € §S,0(X). Therefore, by Proposition 4.2, f,,, is
soft S,,-continuous.

Theorem 5.2. Let f,,: (X, %, P) - (¥, 6, P) be a soft bijective function. Then, £, is soft S,-
continuous iff Sint (£, (4, P)) € f,u (3S,int(4,P)), Vv (4,P) E X.

Proof. Let (4,P)EX. Then, f,(AP)EY, Sint(fu(4P)) € fu(4,P) and so
Sint(fpu (4, P)) € 6. By soft S,-continuity of f,,, then f;;r(Sint(f,u (4, P))) € $S,0(X)
and frt (Sint(fu(A,P))) € fri (fru(A,P)). Since f,, is a soft bijective function, so
fot Gint(fpu (4, P))) € (4,P). But 3S,int(A4, P) is the largest soft S,-open set contained in
(4, P), frl Bint(fpu (A, P))) € 3S,int(4,P). Also, since f,,, is a soft bijective function, so
int(fu(4,P)) € fou(3S,int(4,P)).

Conversely, let (B, ) € &. Then, 3int(B,P) = (B,P) and f,;}(B,®) € X. By assumption,
we get Sint(foy (frid (B, P))) € fpu(3S,int(fr (B, P))). Since f,, is a soft bijective
function, ) §int(B,P) = (B,P) € fou(3Spint(f1 (B, P))). Hence,
fol (B, P) € 3S,int(f (B, P)). Thus, f'(B,P) € $S,0(X). Therefore, by Proposition
4.2, fp, is soft S,-continuous.

Proposition 5.3. Let ﬁ,u: (X,%,P) - (¥,5,P) be asoft function and SB be any soft basis of
Y. Then, £, is soft S,-continuous iff f,;!(B,®) € §5,0(X), v (B,?) € $B.

Proof. Assume that f,, is soft S,-continuous. Since (B,?) € &, V (B,?) € $B, then by
Proposition 4.2, f,;!(B,P) € $5,0(X).

Conversely, let V (B,?) € $B, f,'(B,?) € S$S,0(X) and (0,P) € &. Then, (0,P) =
Uses (By,P) where (B,,P) is a soft member of §B and A is a suitable index set. So,
:;7711(0"75) = fou' Uaea (B, P)) =Useq it (B2, P). By assumption,
fol (By, P) € §S,0(X), then £,,1(0,P) is the soft union of a family of soft S,-open sets in
X, V2 € A. Hence, f;;1(0,P) € $S,0(X). Therefore, by Proposition 4.2, f,, is soft S,-
continuous.

Theorem 5.4. For a soft surjective function f,,:(X,%,P) - (¥,5,%), the following
sentences are equivalent:

(i) fpu is soft S,-continuous.

(i) v (B,P) EY, sintscl(f}(B,P)) € [t (3cl(B,P)), fnl(Bcl(B,P)) =Ny cx (Dg,P)
where (Dy, P) € SPO(X).
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(iii) v (B,P) €Y, frlint(B,P)) € sclsintf} (B, P), frl(Sint(B,P)) =Upcy (Cy,P)
where (Cy, P) € SPC(X).
(iV) V(4,P) EX, fu(Bint3cl(4,P)) € Sclfyu(AP), fulclfpu(4,P)) =Ny cx (Dg,P)
where (Dy, P) € SPO(X).

Proof. (i) —(ii). Since (B,?) € ¥, then 5cl(B, P) € 6°. Since f,,, is soft S,-continuous, by
Theorem 5.1(ii), then ﬁ,;l(sicl(B, P) € §SpC()?). Therefore by Remark 2.20 and Proposition
2.19(iv), frl (3cl(B,P)) E SSC(X) and f,,! (5cl(B,P)) =My ex (Dy,P), where (Dy,P) €
SPO(X). Thus, Sint3cl(f2(B,P)) € frl (3cl(B,P)) and f,;1(S5cl(B,P)) =Ny ex (Do, P),
where (Dy, P) € SPO(X).

(i) —(iii). Since (B,?) €Y, then Y\(B,?) €Y. So, by (ii), Sintscl(f} (Y\(B,P))) &
fot Bcl(Y\(B,P))) and £} (5cl(Y\(B,P))) =Ny ex (Dy,P), where (Dy,P) € SPO(X).
Then, X\(Qclsint(f,}(B,P)) € X\(fn!Gint(B,P))) and X\(f!(Sint(B,P))) =
Nyex (Dg,P), where (Dg,P) ESPO(X). Then, frl(5int(B,P)) € sclsint(fy,} (B, P))
and  f' Gint(B,P))  =Uyex X\(Dy,P)) =Ugex (Co,P), where  X\(Dy,P) =
(Cy,P) ESPC(X).

(iii) —(i). Let (B,P) € 6. Then, 3int(B,P) = (B,P) and thus by (iii), /! (3int(B,P)) =
fol (B, P) € 5clsint(fk (B, P)) and £, (5int(B, P)) = fl (B, P) =Uy ¢ x (Cy, P) Where
(Cy,P) € SPC(X). Thus, /7,1 (B, P) € $S,0(X). Hence, f,,, is soft S,-continuous.

(ii) —(iv). Let (4,P) EX. Then, £,,(4,P) EY, and by (ii), Sint3cl(frl (fu(4,P))) E
ot (Scl(Fpu(A,P))) and it (Scl(fpu(A,P))) =Ny ey (D, P), where (Dy,P) € SPO(X).
Therefore, $int3cl(4,P) € frt (Scl(fou(4,P))) and il Gel(fpu(4,P))) = Ay ex (Dy, P),
where (Dy, P) € SPO(X). Hence, fn, (3intscl(4,P)) € 5clfpy (A, P), ot (Sclfpu(4,P)) =
Ny ex (Dg, P), Where (Dy, P) € SPO(X).

(iv) —(ii). Let (B,?) €Y. Then, f;,}(B,?) EX and by (iV), f,,(Sint3clf;(B,P)) €
Sclfpu(fnl(B,P)) E3cl(B,P)  and  ft(Sclfpu(fd (B, P))) =Ny ey (Dg,P)  where
(Dy,?) € SPO(X). This means that S3intSclfy'(B,P)) € [l (3cl(B,P)) and
fol (3cl(B, P)) =Ny cx (Dy,P), where (Dy,P) € SPO(X).

6. Some properties of soft S,,-continuous functions
The restrictions of soft S,,-continuous functions to soft subspaces are soft S,-continuous
under some condition according to the following conclusions.

Proposition 6.1. Let f,,: (X,7,P) —» (¥,5,2) be a soft S,-continuous function. If Z € ¢
(resp., soft clopen), then f,,17: (Z, %2, P) - (¥, 6, P) is soft S,,-continuous.

Proof. Let (B,?)€é&. By soft Sp-continuity  of fpu and Proposition 4.2,
[l (B,P) ESS,0(X). Since Z €T (resp., soft clopen), so by Proposition 3.4,
(Fpul2)™*(B,P) = [ (B,PYNZ is a soft S,-open set in Z. Thus, f,ulz: (2,7, P) -
(Y,8,P) is soft S,-continuous.

Corollary 6.2. Let f,,: (X, P) -~ (¥,6,P) be a soft S,-continuous function. If
Z € SRO(X), then fp,[7: (Z,%2,P) - (¥,5,P) is soft S,-continuous.

Proof. Since soft regular open is soft open, this is a direct result of Proposition 6.1.
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Proposition 6.3. A soft function f,,: (X,%,P) - (¥,6,P) is soft S,-continuous, if v &; €
SP(X), there is &; € Z € SRC(X) (resp., soft clopen) such that f,,[z: (Z, %z, P) —» (¥,6,P) is
soft S,,-continuous.

Proof. Let &, € SP(X). and f,,,(e5) € (B,P) € 6. Since f,,[7 is soft S,-continuous, there is
€ € (4,P) € $5,0(Z) such that f,,]7(4,P) € (B,P). Also, since Z € SRC(X) (resp., soft
clopen). By Proposition 232, (4,P)€SS,0(X) and hence, f,u(4,P)=
foulz(A,P) € (B, P). Thus, f,, is soft S,-continuous.

We get the following results from Proposition 6.3:

Corollary 6.4. Let {Z4:9 € R} be a soft regular closed (resp., soft clopen) cover of X. If
foulzy: (Zo, T2, P) = (Y,6,P) is soft S,-continuous for each ¥ € X, then f,,,: (X,%,P) -
(¥, 6, %) is soft S,-continuous.

Corollary 6.5. Let X = U UV, where U and V are soft regular closed (resp., soft clopen) sets
in X, and both f,,5: (U, %5, P) » (¥,6,2) and f,ly: (V, %5, P) - (¥,6 P) are soft S,-
continuous functions, then f,,,: (X, %, P) - (¥, 6, P) is soft S,-continuous.

Proposition 6.6. Let f,,:(X,%£P) > (¥,6,?) be a soft RC-continuous function. If
Z € SPO(X), then f,]7: (Z,%2,P) — (¥, 6, P) is soft S,-continuous.

Proof. Let (B,) € . Since f,, is soft RC-continuous, then f;}(B,®) € SRC(X). Since
Z € SPO(X), so by Corollary 3.5, (f,,]2)™*(B,P) = [} (B,P) A Z is a soft S,-open set in
Z.Thus, fplz: (Z,7,P) - (¥, P) is soft S,-continuous.

Proposition 6.7. Let X = U UV, where U and V are soft regular closed (resp., soft clopen)
sets in X and both g,,: (U, %y, P) » (¥,6,P) and hy,,: (V,%,,P) > (V,6,P) are soft S,-

~ T~~~

(7,6, P) defined by f,s(€;) = {‘?pu(,ef) l_f ‘fﬁeff is soft S,-continuous,
hyw(ex) ifex€eV
Proof. Let (B, ?) be any soft open subset of ¥. Then, f,;51(B,?) = gpi(B,?) U h;; (B, P).
By soft S,-continuity of g, and h,, and Proposition 4.2, g,.+(B,®) and h,; (B, P) are soft
Sy-open sets in U and V, respectively. Since U and V are soft regular closed (resp., soft
clopen) sets in X, so by Proposition 2.32, Gpu (B, ) and ii;l} (B, P) are soft Sp-0pen sets in X.
So, by Proposition 2.19(iii), fp;}(B,j’) € §Sp0()?). Therefore, by Proposition 4.2, fps is soft
Sp-continuous.
Proposition 6.8. Let f,,, §gu: (X, %, P) = (¥, 6, P) be soft functions and ¥ is a soft T,-space.
If fpu is soft S,,-continuous and g, is soft perfectly continuous, then the soft set (C,P) =
{ex € SP(X) fpu(’e\;) = gqv(é\;)} € SSpC(X)-

Proof. Letey & (C,P). Then, fy, (€5) # 4, (€5). Since ¥ is a soft T,-space, then there is
soft open sets (B, ?) and (B,,P) in ¥ such that f,,(e;) € (By,P), Jqv(@x) € (B, P) and
(B, P) A\ (By,P) = @. Since f,, is soft S,-continuous, there is & € (4;,P) € §5,0(X)

4455



Mahmood et al. Iragi Journal of Science, 2024, Vol. 65, No. 8, pp: 4441-4459

such that f;u(Al,?) € (B, P). Since Jqv 1s soft perfectly continuous, there exists a soft
clopen set (4;,P) in X containing &; such that §,,(4,,P) € (B,,P). We put (4,P) =
(A1, P) 0 (A,,P), then by Proposition 2.31, & € (A,P) € §5,0(X) and (4,P) N (C,P) =
@. Therefore, by Proposition 3.7(i), & & §S,cL(C,P). This shows that, (C,P) € $S,C(X).

Proposition 6.9. Let f,,, §,,: (X, % P) - (¥,5,P) be soft S,-continuous functions such that
$5,0(X) is a soft topology on X, and Y is a soft T,-space. Then, the soft set (C,P) =

{&z ESPX): fpu(@) = Gqv(@)} €SS, C(X).

Proof. Letg; & (C,P). Then, £,,(€5) # v (&x). Since ¥ is a soft T,-space, then there are
soft open sets (By, ) and (B,,®) in ¥ such that f,,,(e5) € (By,P), §4v(&x) € (B, P) and
(By,P) A (B, P) =@. Since fpu and g, are soft S,-continuous, there s
& € (A1,P), (A,,P) € §S,0(X) such that f,,,(A1,P) € (By,P) and g, (A, P) € (B,, P).
Then by hypothesis, the soft set (4,P) = (4;,P) N (4,,P) € §5,0(X) containing &, and
(A,P) A (C,P) = @. Therefore, by Proposition 3.7(i), & & 5S,cl(C,P). This shows that,
(C,P) € §5,C(X).

Proposition 6.10. Let f,,: (X, P) - (¥, 6y, P) be a soft S,,-continuous function and ¥ is a
soft subspace of Z. Then, f,,,: (X, %, P) - (Z, &, P) is soft S,-continuous.

Proof. Let (B,?) €& . Then, (B,?)nY €&y. Since f,, is soft S,-continuous, so by
Proposition 4.2, f;,}((B,?) nY) € §S,0(X). But, f,,(&x) € SP(Y) for each & € SP(X).
Therefore, £} (B,P) = /.1 ((B,P)n¥) ESS,0(X). Hence by Proposition 4.2,
four (X, %,P) = (Z,6,P) is soft S,-continuous.

The soft composition of two soft S,,-continuous functions is usually not a soft S,,-continuous
function as illustrated in the example:

Example 6.11. Let X = {x;,x,, x5}, P = {e} with the soft topology 7 = {@, X, (4,, P)} and
G =1{0,X, (B, P),(B,P),(B3,P)} on X, where @ ={(ey,®),(e;,®} X={(e X},
(A4, P) ={(e,{x2})},  (BL,P) ={(e,{x1})}, (B, P)={(e,{x3})}, and (B3, P)=

{ (e,{x1,x3D}. Then, (X,%,P) and (X,5,P) are soft topological spaces over X. So,
$S,0(%,1) = {B,X {(e, {x2 )}, {(e, {x2,x:1)}} and $5,0(X,6) = {B,X, {(e, {x1, %)},
{(e,{x2,x3})}}. Now define the soft function f,,: (X,%,P) - (X,,P), where p: P - P is a
function defined by p(e) = {e} and u: X — X is a function defined by u(x;) = {x,}, and
u(x,) = u(x3) = {x;}. The soft function fpu is soft S,-continuous, and define the soft

function h,,: (X,6,P) - (X,%,P), where v: X - X is a function defined by v(x;) = {x;},
and v(x,) =v(x3) ={x,}. The soft function Ep,, is soft S,-continuous. But
R0 ot (X, 5, P) > (X,7,P) is not soft S,,-continuous, since vou(x1)~:~{x2}, ?ou(xz) =
vou(xs) = {x;} and (4, P) € 7, then (hpy0fp) ™ (A, P) = {(e, {x:})} € $S,0(X, D).

Theorem 6.12. Let fp,: (X, %, P) - (Y,6,P) and g0 (V,6,P) » (W,p,P) be two soft
functions. Then, gqvofpu: (X,%,P) » (W,p,P) is soft Sp-continuous, if one of the below is
held:

M fpu is soft S,,-continuous and gy, is soft continuous.
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(i) fpu is soft continuous and soft open, g, is soft S,,-continuous.
(iii) f;“i is soft irresolute and (X, £, P) is soft IoEaIIy !ndiscrete, Jqv 1s soft S,-continuous.
(iv)  fpu and g,y are soft S,-continuous and (Y, G, P) is soft locally indiscrete.

Proof. (i) Let (C,%) € p. Since Jqv 1s a soft continuous function, then g;,}(c,jj) € 4. Since
fou is soft S,-continuous, S0 by Proposition 4.2,
(Gqv0/fou) 1€, P)=frit (G7i (C,P)) € §S,0(X). Therefore, by Proposition 4.2, §,,0f,, is
soft S,,-continuous.

(i) Let (C,P) € p. Since g, is soft S,-continuous, then by Proposition 4.2, g ;7 (C,P) €
$S,0(Y). Since f,, is soft continuous and soft open, then by Proposition 4.7,
(Gqv0fpou) "HC, P) = frl (G2 (C,P)) € $S,0(X). Therefore, by Proposition 4.2, §,,0f,y is
soft S,,-continuous.

(iii) Let (C,P) € p. Since gy, is soft S,-continuous, then by Proposition 4.2, g ; (C,P) €
$S,0(Y) and so g, (C,P) € SSO(Y). Since fyy, is soft irresolute, then (g, 0f,,) 1 (C,P) =
foi (G (C,P)) E SSO(X). Since (X,% P) is soft locally indiscrete, then by Proposition
2.22, (Gquofpu) " (C,P) = f (G54 (C,P)) E §S,0(X). Therefore, by Proposition 4.2,
Gqu0fpu is soft S,-continuous.

(iv) Let (C,P) € p. Since g, is soft S,-continuous, by Proposition 4.2, g ;(C,P) €
$S,0(Y). Since (¥, &, P) is soft locally indiscrete, then by Corollary 2.23(i), §,.+(C,P) € 6.
By soft S,-continuity of f,,, and Proposition 4.2, (§4,0/,u) *(C,P) = frl (71 (C,P)) €
S$S,0(X). Therefore, by Proposition 4.2, §,,,0fp is soft S,-continuous.

7.Conclusion.

Through the current research work, we have continued to investigate the properties of soft
semi- continuous functions in soft topological spaces. By using the soft S,,-open (resp., soft
Sp-closed) set, a new type of soft semi-continuous function is defined as a strong form, named
a soft S,,-continuous function, which is weaker than both soft S.-continuous and soft RC-
continuous functions. A number of descriptors and some of their characteristics have been
obtained. Also, its interactions with other soft continuous functions were investigated. Some
supportive examples were presented to demonstrate that these functions do not coincide.
Furthermore, some conditions were provided that renders soft S,-continuity equivalent to
some other types of soft continuity and introduce a soft restriction on soft S,-continuous

function. Researchers might be able to use the results of this work to conduct more research in
the field of soft topology and the practical applications within this field.
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