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Abstract 

Let  be an  module,  be a fuzzy soft module over , and  be 

a fuzzy soft ring over , then  is called FSFS module if and only if   

 is an  module. In this paper, we introduce the concept of  

Noetherian and  Artinian modules and finally we investigate some basic 

properties of  Noetherian and  Artinian modules. 
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 الخلاصة

حلقة ضبابية  , و   على  املساً  مقاساً ضبابياً   كن, ولت مقاساً على   ليكن 
. في بحثنا  مقاساً على   كان  إذذا يسمى مقاساً  . فإن ملساء على 

بعض الخواص الأساسية لصنف المقاسات وتحققنا من  النويثيرية والآرتينية  اتهذا قدمنا مفهوم المقاس
 .النويثيرية والآرتينية 

 

1. Introduction 
Molodtsov [1] initiated the theory of soft sets as a new mathematical tool for dealing with 

uncertainties. Later other authors Maji et al. [2-4] have further studied the theory of soft sets and also 

introduced the concept of fuzzy soft set, which is a combination of fuzzy set [5] and soft set. 
Thereafter, Aktas and Cagman [6] have introduced the notion of soft groups. Aygunoglu and Aygun 

[7] have generalized the concept of Aktas and Cagman [6] and introduce fuzzy soft group. F.Feng et 

al. [8] gave soft semirings and U.Acar et al. [9] introduced initial concepts of soft rings. Ghosh et al. 
[10] gave the notion of fuzzy soft rings. The definition of fuzzy modules is given by some authors. 

[11-13] Qiu- Mei Sun et al. [14] defined soft modules and investigated their basic properties. Gunduz 

and Bayramov [15] introduced a basic version of fuzzy soft module theory. Alhusiny A. [16] gave the 

concept of  modules. In this paper the main purpose is to introduce a basic concept of  

Noetherian and  Artinian. and finally some of their basic properties. 
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2. Preliminaries: 

Definition (2.1)  Let  be an initial universe set and  be the set of parameters. Let  denotes 

the power set of . A pair  is called a soft set over , where  is a mapping given by 

. 

Definition (2.2)  Let  be an initial universe set and  be the set of parameters. Let . A pair 

 is called fuzzy soft set over , where  is a mapping given by , where denotes the 

collection of all fuzzy subsets of . 

Definition (2.3)  A binary operation  is continuous -norm if  satisfies 

the following conditions: 

(i)  is commutative and associative, 

(ii)  is continuous, 

(iii)  for all , 

(iv)   whenever , and . 

Definition (2.4)  A binary operation   is continuous -conorm if    

satisfies the following conditions: 

(i)   is commutative and associative, 

(ii)   is continuous, 

(iii)   for all , 

(iv)   whenever  and . 

Definition (2.5)  Let  be a group and  be a soft set over . Then  is said to be a soft 

group over  if and only if  is a subgroup of  for each . 

Definition (2.6)  Let  be a group and  be a fuzzy soft set over X. Then  is said to be a 

fuzzy soft group over  if and only if for each  and , 

(1)   

(2)   

Where  is the fuzzy subset of  corresponding to the parameter . 

Remark (2.7) . 

Proof: Let  such that  which means that  , since  then 

 , and so  , and thus   . 

Definition (2.8)  Let  and  be any two fuzzy subset of a ring . Then  is a fuzzy subset of 

 defined by  

, if  is expressed as  , where . 

Definition (2.9)  The intersection of two fuzzy soft sets  and  over the same 

Universe  is denoted by  and defined by a fuzzy soft set  where  

 and  such that for each , 

 

Where  and  are the fuzzy subset of  corresponding to 

the parameter . 

Definition (2.10)  The union of two fuzzy soft sets  and  over the same universe  is 

denoted by  and defined by a fuzzy soft set  where  and 

such that for each , 

 
            

           . 
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Where  and  are the fuzzy subset of  corresponding to 

the parameter . 

Definition (2.11)  If  and are two soft sets, then  AND  is denoted as 

 defined as , where    

Definition (2.12)  Let  be a ring and   be a parameter set and . Let  be a mapping 

given by . Then  is called a soft ring over  if and only if for each  is 

a subring of  i.e. 

 

 
. 

Definition (2.13)  Let  be a ring and   be a parameter set and . Let  be a mapping 

given by , where  denotes the collection of all fuzzy subsets of . Then  is 

called a fuzzy soft ring over  if and only if for each  the corresponding fuzzy subset  of  is 

a fuzzy subring of  i.e. ,   

 
 

. 

Definition (2.14) : Let  be an  module,  be a fuzzy soft module over , and  be 

a fuzzy soft ring over , then  is called fuzzy soft module over fuzzy soft ring if and only if   

 is an  module. 

Remark (2.15) : 1) We shall denote the category of fuzzy soft modules over fuzzy soft rings by 

FSFS modules.  

2) For convenience we denote the fuzzy soft module over fuzzy soft ring  by  , 

wherever there is no risk of confusion. 

Definition (2.16) : Let  and  be two  modules over . Then 

is called   submodule of if 

 
For all ,  is a fuzzy submodule of . 

Theorem (2.17) : Let  and  be two  modules over . If  for 

all , then is an   submodule of . 

Theorem (2.18) : Let  and  be two  modules over . Then their intersection 

 is an    module over M . 

Theorem (2.19) : Let  and  be two  modules over . Then  is an 

 module over   . 

Definition (2.20) : Let  and  be two   modules over  and  

respectively, and let   be a homomorphism of modules, and let  be a mapping of 

sets. Then we say that  is an   homomorphism of   modules, 

if the following condition is satisfied: 

 . 

We say that  is an  homomorphic to . 

Note that for  is a fuzzy homomorphism of fuzzy modules. 

To introduce the kernel and image of  homomorphism of  modules, let  . 

Define  by    . Then is an  module over . It is clear that this 

module is an  submodule of . 
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Definition (2.21) : is said to be kernel of  and denoted by . 

And, let . Then for all , there exists  such that  . Let  . 

We define the mapping  as  . Since  is an  

homomorphism,  is satisfied for all . Then the pair  is an  module 

over  and  is an  submodule of . 

Definition (2.22) :  is said to be image of  and denoted by  

Proposition (2.23): Let  be an  module over  and  be an R −module and   

be a homomorphism of R − modules. Then  is an  module over . 

Proposition (2.24) : If  is an  module,  is an  module over  and 

  is a homomorphism of  modules, then  is an  module over  .                        

Definition (2.25) :  is said to be direct sum of , and denoted by . 

The mapping : 

 

is defined as   . 

Also for embedding mapping ,  is an  homomorphism 

of  modules. 

Theorem (2.26) : If  is a family of  modules over , then 

 
, is an  module over 

 
Corallary (2.25) : If  is a  module over  and  is a submodule of ,  is 

an embedding mapping, then  is an  module over . 

Corallary (3.27) : If  is an  module over M and  is a canonical 

projection, then  is an  module over quotient module . 

If  is a family of  modules over the family of modules , then we can define 

the product and coproduct of these families by  and   respectively. 

Theorem (2.28) : The category of  modules has zero objects, sums, product, kernel and 

cokernel. 

Theorem (2.29) : Let  and  be two  modules over  and , respectively, and  

 . Then 

 is an   module over  . 

Noetherian and Artinian modules: 

Definition (2.30) [18] An R-module M is said to satisfy the ascending chain condition (a.c.c.) on 

submodules (or to be Noetherian) if for every chain      of submodules of M, there 

is an integer n such that   for all . 

An R-module M is said to satisfy the descending chain condition (d.c.c.) on submodules (or to be 

Artinian) if for every chain   of submodules of M, there is an integer n such that 

  for all .  

Definition (2.31) [18]  A ring R is said to be Noetherian if R is a Noetherian R- module. A ring R is 
said to be Artinian if R is an Artinian R-module. 

Theorem (2.32). [19]   

(i) Submodules and quotient modules of Noetherian are Noetherian. 
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(ii) Let  be an R-module and  be its submodule such that  and  are Noetherian. Then  is 

Noetherian. 

Definition (2.33): A fuzzy ring  of  is called Noetherian (Artinian) if  is a Noetherian (Artinian) 

ring. 

Lemma (2.34) [19]: Any commutative Artinian ring with identity is Noetherian . 

Remark (2.35) [19]: Let  be a fuzzy ring over  .If  is Artinian, then  is Noetherian. 

Theorem (2.36) [19] (i) Submodules and quotient modules of Noetherian are Noetherian.  

(ii) Let M be an R-module and N be its submodule such that M/N and N are Noetherian. Then M is 

Noetherian. 

3.  Noetherian and  Artinian 

Definition (3.1): A fuzzy soft module  is said to be fuzzy soft Noetherian if for every chain  

    of fuzzy soft submodules of M, there is an integer n such that 

  for all . 

Definition (3.2): A fuzzy soft module   is said to be fuzzy soft Artinian if for every chain 

  of fuzzy soft submodules of M, there is an integer n such that 

  for all . 

 Definition (3.3): A fuzzy soft ring  is said to be fuzzy soft  Noetherian  if   is a 

fuzzy soft Noetherian  - module.  

Definition (3.4): A fuzzy soft ring  is said to be fuzzy soft  Artinian  if   is a fuzzy soft 

Artinian  - module. 

Definition (3.5): An  module   is said to be  Noetherian if  both   and  

are  fuzzy soft  Noetherian. 

An   module   is said to be  Artinian  - module if  both   and  is 

fuzzy soft  Artinian. 

Remark(3.6): If   is a fuzzy soft Noetherian (Artinian) ring, then   is  Noetherian  

(Artinian). 

Theorem(3.7): The following are equivalent conditions for an  module : 

(i)  is an   Noetherian module. 

(ii) Every nonempty collection of fuzzy soft submodules of   has maximal elements. 

(iii) Every fuzzy soft submodule of   is f.g.. 

Proof.  Let  be a non-empty collection of fuzzy soft submodules  of . If  has no 

maximal element, then we can construct an infinite increasing sequence of fuzzy soft submodules of 

as follows: Suppose we have constructed . Then since  is not a maximal 

element in , there is a  fuzzy soft submodule  of  , say  such that 

. Therefore,  has a maximal element. 

 Let  be a fuzzy soft submodule of . To show that  is f.g., let  be the 

set of all fuzzy soft submodule of  which is f.g.; then  is non-empty as . So, by 

assumption,  has a maximal element say . We have to prove that .  

Notice that if  then  is a f.g. fuzzy soft submodule of  

which is in , so that  is not a maximal element in , which is impossible.Therefore 

. 

 Let    be an ascending chain of fuzzy soft submodules 

of . Let ; then it is easy to show that  is a  fuzzy soft submodule of 

, so that  is f.g.. Then there exist  such that 

; then for every  there is an integer  such that 

 .   
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Let ; then  and therefore  for every 

.  

Corollary(3.9): Let  be a fuzy soft Noetherian ring and  be a f.g.  module; then 

 is an  Noetherian. 

Proof. Directly from theorem  (3.7). 

Corollary(3.10): Let  be a fuzzy soft ring. Then  is a fuzzy soft Noetherian ring if and 

only if every Fuzzy soft ideal of is f.g.. 

Theorem(3.11): For an  module the following are equivalent conditions: 

(i) is an   Artinian module. 

(ii) Every nonempty collection of fuzzy soft submodules of has minimal elements. 

Proof.  Let S be a non-empty collection of fuzzy soft  submodules of . If  has no 

minimal element, then we can construct an infinite decreasing sequence of fuzzy soft submodules of 

as follows: Suppose we have constructed . Then since  is not a minimal element 

in , there is an fuzzy soft submodule of , say  such that 

. Therefore,  has a minimal element. 

 Let    be an descending chain of fuzzy soft 

submodules of . Let  be a non-empty collection which has a minimal 

element, so that there is an integer   such that  . 

Example (3.12): Let  be the set of all  matrices over , and  , 

define the function   by  for all . 

Then is a fuzzy soft ring over R, now consider  as an  module and 

, defined by   for all . Then  is a fuzzy 

soft module over , and  is an module, which means  is an  FSFS module. 

And since   is a field,   is finitely generated, then   is both    Noetherian and 

 Artinian. 

Theorem(3.13): Let         be a short exact sequence 

of  modules, then    is  Noetherian if and only if    and    are 

both   Noetherian. 

Proof.  Suppose  is  Noetherian. Since  is an fuzzy soft submodule of , and 

every submodule of  is an fuzzy soft submodule of ,and since every fuzzy soft submodule of 

 is isomorphic to a  fuzzy soft submodule of , and hence every fuzzy soft submodule of  is f.g.. 

Therefore  is  Noetherian. On the other hand, if  is an  submodule of , then the fuzzy 

soft submodule   is f.g., so that  is f.g. as  is surjective. Therefore  is also  

Noetherian. 

  Let  be an ascending chain of fuzzy soft submodules of . 

Since  and  are  Noetherian, then there is an integer  such that  

 and  for every , which implies that . Let 

; then there is an element   such that , so that  

, it follows that there is an element  such that . However, 

. Therefore  as  is 1-1. And hence 

. 

Theorem(3.14): Let         be a short exact sequence of 

 modules, then    is  Artinian if and only if    and    are both  

 Artinian. 
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Proof.  Suppose  is  Artinian. Since  is an fuzzy soft submodule of , and 

every submodule of  is an fuzzy soft submodule of ,and since every fuzzy soft submodule of 

 is isomorphic to a  fuzzy soft submodule of , and hence every fuzzy soft submodule of  is f.g.. 

Therefore  is  Artinian. On the other hand, if  is an  submodule of , then the fuzzy 

soft submodule   is f.g., so that  is f.g. as  is surjective. Therefore  is also  Artinian. 

  Let  be an ascending chain of fuzzy soft submodules of . 

Since  and  are  Artinian, then there is an integer  such that  

 and  for every , which implies that . Let 

; then there is an element   such that , so that  

, it follows that there is an element  such that . However, 

. Therefore  as  is 1-1. And hence 

. 

Corollary(3.15): Let  and  be  Noetherian; then   is an   

Noetherian over . 

Proof. Since  and  are isomorphic to submodules of     and  and 

 are both    Noetherian, then by Theorem (2.29)   is  Noetherian.  

Corollary(3.16): Let  and  be  Noetherian; then  is a  

Noetherian. 

Corollary(3.17): Let  be an  Noetherian ring; then  is an  

Noetherian module. 

Proof: Using  mathematical induction on  Corollary(3.16). 

Theorem(3.18): Let  be an  submodule of  , then  is  Noetherian if and 

only if   and   are both  Noetherian. 

Proof.  Let  be an  Noetherian and let  be its  submodule. And since 

every submodule of  is a submodule of . Then   is an  Noetherian. In the other 

hand if   

  is an ascending chain of  submodules of  

, then   is an ascending chain in  which is  

Noetherian,which means that there is  such that   

. 

 Let   and   are both  Noetherian, assume that 

 is an ascending chain in , then  

 is an ascending chain in , so we get that there 

is  such that   

. And hence , which means  is an 

 Noetherian. 

Theorem (3.19): Let  be an  submodule of  , then  is  Artinian if and 

only if   and   are both  Artinian. 

Proof.  Let  be an  Artinian and let  be its  submodule, since every 

submodule of  is a submodule of . Then   is an  Artinian. In the other hand if   
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  is an ascending chain of  submodules of  

, then   is an ascending chain in  which is  

Artinian, so that there is  such that   

. 

 Let   and   are both  Artinian, assume that 

 is an ascending chain in , then 

  is an ascending chain in , so we get that there 

is  such that   

. And hence , which means  is an 

 Artinian. 

 

Conclusion: 
Fuzzy soft Artinian and Fuzzy soft Noetherian modules are far more similar than they appear on 

the surface. While  Artinian satisfies a minimum condition and  Noetherian satisfies a 

maximum condition, these conditions do coincide in several cases. And Every fuzzy soft submodule  

of  an   Noetherian module is f.g. We proved that tensor prodect and sum prodect of  

Noetherian are  Noetherian. Finely a submodule and quotient module of an  Noetherian 

(  Artinian) are both  Noetherian (  Artinian).  
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