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Abstract.  

     In this study, a nonlinear degenerate parabolic equation is used to describe a 

nonlinear -Laplacian equation process that arises in many areas of science and 

engineering in mechanics, quantum physics, and chemical design. This work has the 

objective of proving the existence of the local weak solution of a nonlinear p(x)-

Laplacian equation by the compactness theorem. The uniformly local characteristics 

of the solutions for the gradients by estimating the regularization problem and using 

the Moser iterative techniques. Moreover, some properties of the local solutions 

depend on uniformly bounded situations and the   𝐿𝑝(x)-norm to the gradient is 

considered. 
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 لابلاسيا   𝒑(𝒙)تتضمن عملية الانتشار من نوع  خطية المنفردةالحلول للمعادلة المكافئة غير  وجود
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 خلاصة ال
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كذلك مشتقاتها الجزئية    بالإضافة الى ما ذكرنا، دراسة خواص الحلول المحلية المقيدة بانتظام لهذه المعادلة و  
 .𝐿𝑝(x)  التي تنتمي للفضاء المعياري 
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1. Introduction 

     The asymptotic behaviour of nonlinear degenerate parabolic equations, that includes a 

𝑝(𝑥)-Laplacian operator in regular or irregular domains, has been explored by several authors 

[1-5]. The global attractor on the natural weak energy space is established by the general 

theory, namely the existence, uniqueness, and regularity, see [6-9]. In addition to the typical 

questions of the general theory, this paper investigates the existence and stability of the 

solutions to the equation associated with the 𝑝(𝑥)-Laplacian type with variable or constant 

exponents. More specifically, the investigation will focus on the existence and uniqueness of 

the weak solution and the global attractor. The consideration of the Cauchy Dirichlet problem 

(CDP) for the nonlinear parabolic Laplacian equation  is the following:  

𝑢𝑡 − div(𝜚𝛾|∇𝑢𝑚|𝑝(𝑥)−2∇𝑢𝑚) − 𝛼(𝑢𝑚) ∫ Λ(𝑠)|∇𝑢𝑚(𝑠, 𝑡)|𝑑𝑠 = 0
𝒟

, in 𝒟t = 𝒟 × (0, ∞)  (1)                          

                                             𝑢(𝑥, 0) = 𝜙(𝑥),       𝑖𝑛   𝒟,                                                          (2) 

                              𝑢(𝑥, 𝑡) = 0,     𝑜𝑛      𝜕𝒟 × (0, ∞),                                               (3)           

where 𝛼 = 𝛼(𝑢𝑚), 𝜙(𝑥) ≥ 0,   𝒟 ⊂ ℝ𝑁 is an open domain with a smooth boundary ∂ 𝒟 which 

is bounded. Equation(1) has the term∫
𝒟

Λ(𝑠)|∇𝑢𝑚(𝑠, 𝑡)|𝑑𝑠, which spatially depends on a 

nonlocal function and Λ(𝑠) is a bounded function. Also, the function  𝜚 = 𝜚(𝑥) =
𝑑𝑖𝑠𝑡(𝑥, 𝜕𝒟) represents the distance function from the boundary. Suppose that 𝑝(𝑥), 𝑚 >
1, 𝑁 ≥ 1, 𝛾 > 0, 

            
𝜙𝑚 ∈ 𝐿(𝑚𝑞(𝑥)−𝑚+1)  /𝑚(𝒟),    𝑞(𝑥) > 1,      |𝛼(𝜉)| ≤ 𝑐|𝜉|1/𝑚,   𝜉 ∈ ℝ                       (4) 

This problem has received much attention due to various applications in mechanics, quantum 

physic, chemical reaction design, and biophysics models. It has been extensively studied 

whether equation (1) is linear or nonlinear, uniformly parabolic or degenerate parabolic. We 

just give a cursory review of what follows. 

The existence of a nonnegative solution to the CDP (1)- (3), stated in the weak sense, is 

established if 𝛼(𝑢𝑚) ≡ 0, see [10, 11]. The following problem was considered in [12]  and 

[13]. 

                                           
𝑢𝑡 = 𝐹(𝑢) + 𝑑𝑖𝑣(|∇𝑢|𝑝−2∇𝑢),                                                    (5) 

where 𝐹(𝑢) = α(𝑢) − |𝑢|𝛾𝑢 and it is shown the existence of a global attractor in 𝐿2(𝒟t), 

which is a bounded set in  𝑊0
1,𝑝(𝒟t) ⋂ 𝐿𝛾+2(𝒟t). In [12], the lengthy behavior of solutions to 

the  next equations below was investigated 

                       𝑢𝑡 = 𝑑𝑖𝑣(|∇𝑢|𝑝−2∇𝑢) + α ∫ Λ(𝑠)|𝑢(𝑠, 𝑡)|𝛽𝑑𝑠 − 𝒜(𝑥) |𝑢|𝛾𝑢,
𝒟

                       (6) 

in 𝐿𝑝(𝒟t)  space. 

In this work, we will study the weak local solution to the problem by using the regularized 

method that is typically used (1) with the initial and boundary values (2),(3), respectively. 

Also, we should use the test function which is smooth and has a compact support. In this 

technique, the compactness theorem is applied. The main techniques are motivated by [10, 

12] . However, due to the local and nonlocal nonlinearity of the equation we investigated, we 

must restrict the exponents 𝑚, 𝑝 to show the purpose of showing the existence of the problem 

(1)-(3) of the initial value. At the same time, in comparison with [6], equation (1) is more 

complicated then that  in [6]  which makes it more difficult to estimate the gradient term of 

the solution and  to prove the continuity of the solution etc. Also, we did not impose any 

restrictions on the derivative α′(𝜉) of the function α(𝜉), which is clearly a promotion, 

however, it must satisfy that |α′(𝜉)| ≤ 𝑐|𝜉|𝑟−1

 
in [3, 6]. 

  

2. The aim and objectives of the study 

     The objective of the work is to study the existence of the local weak solution of the 𝑝(𝑥)-

Laplacian equation by using the theorems of comparison and compactness. The locally 

uniform characteristics of the solutions for gradients by estimating the regularization problem 
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and using the Moser iterative techniques. Moreover, some properties of the local solutions 

depend on uniformly bounded situations, The 𝐿𝑝(𝑥)-norm to the gradient is considered.  

 

3. Materials and methods 

     In this  section, we begin to give some fundamental definitions as well as characteristics of 

functional spaces containing variable exponents. for more details, see  [14-17]. In this work, 

we will extend the previous results over the following spaces. 𝐿𝑝(𝑥)(𝐷) is different from the 

classical 𝐿𝑝(𝐷) space in that the exponent p is not constant but a function. The spaces 

𝐿𝑝(𝑥)(𝐷) fit into the framework of the Musielak–Orlicz spaces, therefore they are also semi-

modular spaces. Consider  the space of all measurable real-valued functions that are 

measurable on 𝐿𝑝(𝑥)(𝐷), such that   

‖𝑢‖𝐿𝑝(𝑥)(𝒟) = (∫
𝒟

|𝑢(𝑥)|𝑝(𝑥)𝑑𝑥)
1/𝑝(𝑥)

< ∞. 

 The space (𝐿𝑝(𝑥)(𝒟), ‖𝑢‖𝑝(𝑥)) is a separable, uniformly convex Banach space. Also, the 

significant Sobolev space, which is denoted by  𝑊1,𝑝(𝑥)(𝒟) is defined as follows: 

                                        𝑊1,𝑝(𝑥)(𝒟) = {𝑢: 𝑢 & |∇𝑢| 𝑖𝑛  𝐿𝑝(𝑥)(𝒟)}                            (7) 

with the norm:  

‖∇ 𝑢‖
𝑊1,𝑝(𝑥) = ‖𝑢‖𝐿𝑝(𝑥)(𝒟) + ‖∇ 𝑢‖𝐿𝑝(𝑥)(𝒟),   ∀𝑢 ∈ 𝑊1,𝑝(𝑥)(𝒟). 

The closure of  𝐶0
∞(𝒟)   in  𝑊(1,𝑝(𝑥))(𝒟) becomes  𝑊0

1,𝑝(𝑥)(𝒟). A significant property of the 

functional spaces, together with variable exponents that were considered in [18], 

𝑊0
1,𝑝(𝑥)(𝒟) ≠ {𝑣 ∈ 𝑊1,𝑝(𝑥)(𝒟) : 𝑣|𝜕𝒟 = 0} = 𝑊

∘
1,𝑝(𝑥)(𝒟). 

The next lemma gives some basic properties of the variable exponent Sobolev space.  

 

Lemma 3.1. 

(i)   A spaces  𝐿𝑝(𝑥)(𝒟) ,  𝑊1,𝑝(𝑥)(𝒟)   and 𝑊0
1,𝑝(𝑥)(𝒟)  are Ваnасh spaces that are reflexive. 

(ii)  Having 𝑝(𝑥)-Hölder's inequality. Suppose that 𝑠1(𝑥) and 𝑠2(𝑥) be real functions with  

1/𝑠1(𝑥) + 1/𝑠2(𝑥) = 1 and 𝑞1(𝑥) > 1. Then the conjugate space of  𝐿𝑠1(𝑥)(𝒟)         

is  𝐿𝑠2(𝑥)(𝒟). For all 𝑢 ∈ 𝐿𝑠1(𝑥)(𝒟) and ∈ 𝐿𝑠2(𝑥)(𝒟) , then 

|∫ 𝑢 𝑣 𝑑𝑥
𝒟

| ≤ 2‖𝑢‖
𝐿𝑠1(𝑥)(𝒟) ‖𝑢‖

𝐿𝑠2(𝑥)(𝒟). 

(iii) ∫
𝒟

|𝑢|𝑝(𝑥)𝑑𝑥 = 1    if  ‖𝑢‖𝐿𝑝(𝑥)(𝒟) = 1 . 

If  ‖𝑢‖𝐿𝑝(𝑥)(𝒟) < 1,  then ‖𝑢‖
𝐿𝑝(𝑥)(𝒟)

𝑝+

≤ ∫
Ω

|𝑢|𝑝(𝑥)𝑑𝑥 ≤ ‖𝑢‖
𝐿𝑝(𝑥)(𝒟)

𝑝−

. 

If ‖𝑢‖𝐿𝑝(𝑥)(𝒟) > 1,  then ‖𝑢‖
𝐿𝑝(𝑥)(𝒟)

𝑝−(𝑥)
≤ ∫

Ω
|𝑢|𝑝(𝑥)𝑑𝑥 ≤ ‖𝑢‖

𝐿𝑝(𝑥)(𝒟)

𝑝+(𝑥)
. 

         When  𝑝2(𝑥) ≥ 𝑝1(𝑥)  then 𝐿𝑝1(𝑥)(𝒟) ⊃ 𝐿𝑝2(𝑥)(𝒟). 

         When 𝑝2(𝑥) ≥ 𝑝1(𝑥)  then   𝑊1,𝑝2(𝑥)(𝒟) ↪ 𝑊1,𝑝1(𝑥)(𝒟). 
(iv)  Then there is a constant 𝐶 such that if  𝑝(𝑥) ∈ 𝐶(𝒟) 

‖𝑢‖𝐿𝑝(𝑥)(𝒟) ≤ 𝐶‖∇𝑢‖
𝐿𝑝(𝑥)(𝒟),  ∀𝑢 ∈ 𝑊0

1,𝑝(𝑥)(𝒟). 

It is called  𝑝(𝑥)-Poincarés inequality. 

Thus the norms ‖∇𝑢‖𝐿𝑝(𝑥)(𝒟) and ‖𝑢‖
𝑊1,𝑝(𝑥)(𝒟) of the exponent Sobolev space of 

𝑊0
1,𝑝(𝑥)(𝒟) are equivalent. (see[19]). However, if the exponent 𝑝(𝑥) is required to satisfy a 

logarithmic Hölder continuity condition 
|𝑝(𝑥) − 𝑝(𝑠)| ≤ 𝜔(|𝑥 − 𝑠|) 

∀𝑥, 𝑠 ∈ 𝑄𝑇 , |𝑥 − 𝑠| < 1/2  with  𝑙𝑖𝑚
𝑠→0+

𝜔(𝜉)𝑙𝑛(1/𝜉) = 𝐶 < ∞, 

then 
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                                                    𝑊0
1,𝑝(𝑥)(𝒟) = 𝑊1,𝑝(𝑥)(𝒟) .                                                (8) 

Now we consider the following significant definitions from [19]. 

 

Definition 3.2. A positive function u  satisfies the conditions (1)-(3); it is referred to be a 

weak solution. 

                                                       
𝑢 ∈ 𝐿loc 

∞ ((0, ∞); 𝐿∞(𝒟)),                                                (9) 

                     
𝑢𝑚 ∈ 𝐿loc 

∞ ((0, ∞); 𝑊0
1,𝑝(𝑥)(𝒟)),   𝑢𝑡 ∈ 𝐿loc 

2 ((0, ∞); 𝐿2(𝒟))                         (10) 

∬ [𝑢𝑓𝑡 − 𝜚𝛾(𝑥)|∇𝑢𝑚|𝑝(𝑥)−2∇𝑢𝑚 ⋅ ∇𝑓]𝑑𝑥𝑑𝑡
𝒟𝑡

 + 

        ∬ [𝛼(𝑢𝑚)∫
𝒟

𝛬(𝑠)|∇𝑢𝑚(𝑠, 𝑡)|𝑑𝑠] 𝑓 𝑑𝑥𝑑𝑡 = 0, ∀𝑓 ∈ 𝐶0
1(𝒟𝑡)

𝒟𝑡
.                                     (11) 

To find the solution to the problem. (1)-(3) by taking into consideration the regularized 

equation
   

    𝑢𝑡 − 𝑑𝑖𝑣((𝜚𝛾(𝑥)|∇𝑢𝑚|2 + 1/𝑘)(𝑝(𝑥)−2)/2∇𝑢𝑚) − 𝛼(𝑢𝑚) ∫ 𝛬(𝑠)|∇𝑢𝑚(𝑠, 𝑡)|𝑑𝑠 = 0
𝒟

 , (12) 
 

with (2) as the initial and homogeneous boundary values (3). 

 

Definition 3.3. If 𝑢𝑘   is a solution to the initial boundary problem of (12)-(2)-

(3), lim𝑘→∞𝑢𝑘 = 𝑢 in 𝒟t, (1)-(3) has a weak solution  𝑢, then 𝑢 is described to be a local 

weak solution. 

This study requires some important auxiliary results [17] [20, 21]. They are as follows. 

Lemma 3.4. If  𝑛 > 𝑙 ≥ 1, 𝑞(𝑥) ≥ 2, 2𝑛𝑙/(𝑛 − 𝑙) ≥ 𝑞(𝑥) ≥ 𝑟 ≥ 1, 𝑢2 𝑖𝑛  𝑊1,𝑙(𝒟), then 

                                ‖𝑢‖
𝐿𝑞(𝑥) ≤ 𝐶1/2‖𝑢‖𝑟

1−𝜃‖𝑢2‖1,𝑙
𝜃                                                   (13) 

   Where  𝜃 = 2(𝑟−1 − 𝑞(𝑥)−1)/(𝑛−1 − 𝑙−1 + 2𝑟−1). 

This lemma is a generalization of the Gagliardo-Nirenberg inequality. 

 

Lemma 3.5. Let 𝑠 = 𝑠(𝑡) be a positive function on (0, 𝑇]. If it has the form 

                               𝐵𝑡−𝑘𝑠 + 𝐶𝑡−𝛿 ≥ 𝑠′ + 𝐴𝑡𝜆𝜃−1𝑠1+𝜃,     0 < 𝑡 ≤ 𝑇,                                 (14) 

with𝐴, 𝜃 > 0, 𝜆𝜃 ≥ 1, 𝐵, 𝐶 ≥ 0, 𝑘 ≤ 1, and then 

                   
𝑠 ≤ 𝐴−

1

𝜃(2𝜆 + 2𝐵𝑇1−𝑘)
1

𝑡𝑡−𝜆 + 2𝐶(𝜆 + 𝐵𝑇1−𝑘)−1𝑡1−𝛿 ,   𝑇 ≥ 𝑡 > 0.   
            

(15) 

 

Lemma 3.6. Suppose that  𝐴1 ≥ 1, 𝑟, 𝑅, 𝑀 > 0, 𝜆1 > 0. For  𝑁 = 2,3, ⋯ , let 

    𝐴𝑁 = 𝑅𝐴𝑁−1 − 𝑀, 𝜃𝑁 = 𝑛𝑅(1 − 𝐴𝑁−1𝐴𝑁
−1)(𝑁(𝑅 − 1) + 𝑟)−1,

  𝐵𝑁 = (𝐴𝑁 + 𝑀)𝜃𝑁
−1 − 𝐴𝑁 , 𝜆𝑁 = (1 + 𝜆𝑛−1(𝐵𝑁 − 𝑀))𝐵𝑁

−1.     
 

Then 

                                                      𝑙𝑖𝑚
𝑁→∞

𝜆𝑁 =
𝐴1𝜆1𝑟+𝑛

𝑎1+𝑀𝑛
                                                           (16)                                                         

This lemma was also proved in [12] . 

 

     Assume in the study that  p(x) > 1 + 1/m, so equation (1) is a double degeneracy 

equation. Using the technique of the Moser iteration and the regularized problem (12)-(2)-(3), 

we obtain the local boundary properties of the solution uk as well as the local boundary 

properties of the Lp(x)-norm for the gradient  ∇uk. Estimating and proving the main results of 

our study are given in the following section. 
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4. The Main Results 

Theorem 4.1.  

It is assumed that Λ is a suitable smooth bounded function and that α is satisfied (4). 

If  𝑝(𝑥) > 1 + 1/𝑚, 𝜙(𝑥) ≥ 0, 

                             𝜙𝑚(𝑥) ∈ 𝐿𝑞(𝑥)−1+1/𝑚(𝒟),   2 − 1/𝑚 < 𝑞(𝑥) < 3,                                 (17) 

                           1 < 𝑝(𝑥),  1 < 𝑚𝑎𝑥{𝑝(𝑥) − 1 − 1/𝑚/𝑚, (𝑞(𝑥) − 1 + 1/𝑚},                (18) 

                                                𝜖 = 𝑚𝑎𝑥{𝐷1 + 𝐷2,  𝐷3} < 1,                                                (19) 

where 

𝐷1 = 𝑚𝑛/(𝑛𝑚(𝑝(𝑥) − 1) − 𝑛 + 𝑚𝑞(𝑥)) ,
𝐷2 = (𝑚(𝑝(𝑥) − 1) + 𝑚 − 2)/(𝑚(𝑝(𝑥) − 1) − 1)     

and 

𝐷3 = (𝑛(1 + 𝑚))/(𝑚𝑛(𝑝(𝑥) − 1) − 𝑛 + 𝑚𝑞(𝑥)) 

then the problems (1)-(3) have a solution with a weak local weak 𝑢, which satisfies 

                           𝑢𝑚 ∈ 𝐿𝑙𝑜𝑐
∞ (0, ∞; 𝐿𝑞(𝑥)−1+1/𝑚(𝒟)) ⋂ 𝐿𝑙𝑜𝑐

∞ (0, ∞; 𝑊0
1,𝑝(𝑥)

(𝒟))                (20) 

and 

                                        ‖𝑢𝑚‖𝐿∞ ≤ 𝑐(1 + 𝑡−𝜆)(1 + 𝑡)−1/(𝑞(𝑥)−1+1/𝑚), 𝑡 > 0,                 (21) 

where    𝜆 = 𝑛(𝑝(𝑥)𝑞(𝑥) + (𝑝(𝑥) − 1 − 1/𝑚)𝑛)−1.  Moreover, if  𝑝(𝑥) > 2, then  

                                          ‖𝛻𝑢𝑚‖
𝐿𝑝(𝑥) ≤ 𝑐(1 + 𝑡−𝛿1)(1 + 𝑡)−𝜎,   𝑡 > 0                             (22) 

 where 

𝛿1 = 𝑚𝑎𝑥{1 + (𝑚 − 1)/(𝑚(𝑝(𝑥) − 1) − 1),  𝛿 − 1} , 𝛿 = 𝑚𝑎𝑥 {(𝑚 + 1)/𝑚, 2} 

and 

𝜎 = (𝑝(𝑥)[3𝑚 − 1] + 𝑚)/([𝑚(𝑝(𝑥) − 1) − 1](𝑝(𝑥) − 1)). 

Theorem 4.2. let 𝑢 be a nonnegative weak solution to the problem (1)-(3). If 𝑣 satisfies, 

 

 

               

𝑣𝑡 ≥ 𝑑𝑖𝑣(𝜚𝛾(𝑥)|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚) + 𝛼(𝑣𝑚)∫
𝒟

Λ(𝑠)|∇𝑣𝑚(𝑠, 𝑡)|𝑑𝑠                       (23) 

𝑖𝑛   𝒟𝑡 = 𝒟 × (0, ∞) 

                                     𝑣(𝑥, 0) ≥ 𝜙(𝑥),        𝑥 ∈ 𝒟                                                     (24) 
                                                                                                                     

 

                                 𝑣(𝑥, 𝑡) = 0,     (𝑥, 𝑡) ∈ 𝜕𝒟 × (0, ∞)                                           (25) 

then                        

                                     𝑢(𝑥, 𝑡) ≥ 𝑣(𝑥, 𝑡),  ∀(𝑥, 𝑡) ∈ 𝒟𝑡 .                                             (26) 

 

Theorem 4.3. Let 𝑢 and 𝑣 be two weak local solutions to equation (1) with 𝛾 < 𝑝(𝑥) − 1
,
 the 

same partial homogeneous boundary value 

𝑢|Γ𝑝(𝑥)×(0,𝑇)
= 0 = 𝑣|Γ𝑝(𝑥)×(0,𝑇)

, 

with the initial data  

𝑢(𝑥, 0) = 𝑣(𝑥, 0). 

Moreover 
|∇𝑢𝑚| ≤ 𝑐𝜚−𝛾(𝑥),         |∇𝑣𝑚| ≤ 𝑐𝜚−𝛾(𝑥) 

then 

 

∫ |𝑢𝑚(𝑥, 𝑡) − 𝑣𝑚(𝑥, 𝑡)|
𝒟

𝑑𝑥 ⩽ ∫ |𝜙 − 𝑣0
𝑚|𝑑𝑥

𝒟
+ 𝑐 ∫ |𝑢𝑚 − 𝑣𝑚|𝑑Γ

Γ′𝑝(𝑥)
 

                  + 𝑙𝑖𝑚
𝑛→∞

  sup
Γ′𝑝(𝑥)

𝜏𝑁(𝑢𝑚 − 𝑣𝑚)|𝑢𝑚 − 𝑣𝑚|𝑑Γ,  ∀𝑡 ∈ [0, 𝑇).   

where 𝑁 > 0 is a natural number. The details of the definition and the properties of the test 

function 𝜏𝑁(𝑠) are given in the following section.  
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 5. Discussion of results 

     Instead of trying to deal with the regularized problem (12)-(2)-(3) directly, one can deal 

with the case  𝑚 = 1, we must consider the approximate problem. For small 𝑠 > 0   

                    𝑢𝑡 = 𝑑𝑖𝑣 ((𝜚𝛾(𝑥)|∇𝑢𝑚|2 + (1/𝑘))
(𝑝(𝑥)−2)/2

∇𝑢𝑚) + α(𝑢𝑚)∫
𝒟

Λ(𝑦) ∣ ∇𝑢𝑚(𝑠, 𝑡) ∣

𝑑𝑠        (27) 

                                              
𝑢(𝑥, 0) = 𝜙𝑘(𝑥) + 𝑠,   𝑥 ∈ 𝒟                                                   (28) 

                                               
𝑢(𝑥, 𝑡) = 𝑠,     𝑥 ∈ 𝜕𝒟, 𝑡 ≥ 0                                                   (29) 

with a condition 𝜙𝑘(𝑥) ≥ 0  that is an appropriate smooth function such that    

𝜙𝑘(𝑥) ∈ 𝐿∞(𝒟), 𝑙𝑖𝑚𝑘→∞𝜙𝑘
𝑚

𝑞(𝑥)−1+1/ 𝑚
= 𝜙𝑚

𝑞(𝑥)−1+1/ 𝑚
. 

We know that problem (27)-(29) has a nonnegative classical solution 𝑢𝑘𝑠  since the existence 

of the initial boundary value problem of the quasilinear equation in the divergent form is 

obtained using the Leray-Schauder fixed point theory. For more details See [22]. Assume that  

s → 0 . Following the same procedure in [23-25] , we can prove it. 

 
                                           𝑢𝑘𝑠    → 𝑢𝑘,  in 𝐶(𝒟𝑡),

                                         ∇𝑢𝑘𝑠
𝑚 → ∇𝑢𝑘

𝑚,  in 𝐿𝑝(𝑥)(𝒟𝑡),

                                         𝑢𝑘𝑠𝑡     → ∇𝑢𝑘𝑡,  in 𝐿2(𝒟𝑡),

𝜚𝛾(𝑥)|∇𝑢𝑘𝑠
𝑚 |𝑝(𝑥)−2∇𝑢𝑘𝑠𝑥𝑖

𝑚 →∗ 𝜚𝛾(𝑥)|∇𝑢𝑘
𝑚|𝑝(𝑥)−2∇𝑢𝑘𝑥𝑖

𝑚 , weakly star

                                                 in  𝐿𝑙𝑜𝑐
∞ (0, ∞; 𝐿𝑝(𝑥)/(𝑝(𝑥)−1)(𝒟))

 

 

and 𝑢𝑘 is the solution to equation (27) with the following initial boundary values 

                                                 
𝑢(𝑥, 0) = 𝜙𝑘(𝑥),      𝑥 ∈ 𝒟,

                                                 
(30) 

                                                 𝑢(𝑥, 𝑡) = 0, 𝑥 ∈ 𝜕𝒟,     𝑡 ≥ 0.
                                              

(31) 

Lemma 5.1. Assume that 

(𝐻1)   𝛼(𝑧) ∈ 𝐶(𝑅1), |𝛼(𝑧)| ≤ Λ0|𝑧|1/𝑚, for someΛ0 > 0. 
(𝐻2)  Λ(𝑥) ∈ 𝐿∞. 

In addition, 𝑝(𝑥) < 2 +  (1/𝑚),     2 − 1/𝑚 ≤ 𝑞(𝑥) < 3, then 𝑢𝑘
𝑚 ∈

𝐿loc 
∞ (0, ∞; 𝐿𝑞(𝑥)−1+1/𝑚(𝒟))  and 

                            ‖𝑢𝑘
𝑚‖𝑞(𝑥)−1+1/𝑚 ≤ 𝑐(1 + 𝑡)−1/𝑞(𝑥)−1+1/𝑚, 𝑡 ≥ 0                                   (32) 

Proof. Just for simplicity, we denote 𝑢𝑘 as 𝑢 in the following proof. Only provide case 

proof 𝑞(𝑥) > 2 − 1/𝑚, if  𝑞(𝑥) = 2 − 1/𝑚, the conclusion can be obtained in a minor 

version. Let 𝐴𝑛 = (𝑞(𝑥) − 2)𝑁3−𝑞 , 𝐵𝑛 = (3 − 𝑞(𝑥))𝑁(2−𝑞(𝑥)), 

𝑓𝑁(𝑧) = {
𝑧𝑞−1,          if      𝑧 ≥   1/𝑁

𝐴𝑛𝑧2 + 𝐵𝑛𝑧,  if      0 ≤ 𝑧 < 1/𝑁.
 

and suppose that 𝑁 > 𝑘, we multiply (30) with 𝑓𝑁(𝑢𝑚)  and integrate the result on 𝒟. 

Since   𝑓′(𝑧) > 0,  we have 

∫
𝒟

𝑓𝑁(𝑢𝑚)𝜚𝛾𝑑𝑖𝑣(|∇𝑢𝑚|2 + (1/𝑘))
(𝑝(𝑥)−2)/2

∇𝑢𝑚𝑑𝑥

= ∫
𝒟

∇𝜚𝛾(|∇𝑢𝑚|2 + (1/𝑘))
(𝑝(𝑥)−2)/2

|∇𝑢𝑚|2𝑓𝑁
′ (𝑢𝑚)𝑑𝑥 

            

≤ −∫
𝒟

∇𝜚𝛾|∇𝑢𝑚|𝑝(𝑥)𝑓𝑁
′ (𝑢𝑚)𝑑𝑥 = −∫

𝒟
∇𝜚𝛾 |∇(∫

0

𝑢𝑚

(𝑓𝑁
′ (𝑠))

1/𝑝(𝑥)
𝑑𝑠|

𝑝(𝑥)

) 𝑑𝑥           (33)  

Suppose that |𝛼(𝑧)| ≤ Λ0𝑧𝑟. Then 

|∫ 𝛼(𝑢𝑚)𝑓𝑁(𝑢𝑚) ∫ Λ(𝑠)|∇𝑢𝑚(𝑠, 𝑡)|𝑑𝑠𝑑𝑥
𝒟𝒟⋂{𝑢𝑚≤1/𝑁}

| 
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           ≤ 𝑐(Λ)𝑁1−𝑞(𝑥)−𝑟∫
𝒟

|∇𝑢|𝑚𝑑𝑠 ≤ 𝑐(Λ)𝑁1−𝑞(𝑥)−𝑟‖∇𝑢𝑚‖𝑞(𝑥)−1+ 1/𝑚. 

If 𝑟 = 1/𝑚, 

 |∫ 𝛼(𝑢𝑚)𝑓𝑁(𝑢𝑚) ∫ Λ(𝑠)|∇𝑢𝑚(𝑠, 𝑡)| 𝑑𝑠𝑑𝑥
𝒟𝒟⋂{𝑢𝑚>1/𝑁}

|  

                                     ≤ 𝑐(Λ) ∫ 𝑢𝑚(𝑟+𝑞(𝑥)−1)𝑑𝑥
𝒟

∫ |∇𝑢|𝑚𝑑𝑠
𝒟

 

Using Poincare inequality for the second integral so that 

  |∫ 𝛼(𝑢𝑚)𝑓𝑁(𝑢𝑚) ∫ Λ(𝑠)|∇𝑢𝑚(𝑠, 𝑡)| 𝑑𝑠𝑑𝑥
𝒟𝒟⋂{𝑢𝑚>1/𝑁}

| ≤ 𝑐‖𝑢𝑚‖
𝑞(𝑥)−1+1/𝑚
𝑞(𝑥)−1+1/𝑚

,                                               

then 

|∫ 𝛼(𝑢𝑚)𝑓𝑁(𝑢𝑚)
𝒟

∫ Λ(𝑠)|∇𝑢𝑚(𝑠, 𝑡)| 𝑑𝑠𝑑𝑥
𝒟

| 

≤ 𝑐‖∇𝑢𝑚‖(𝑚(𝑞(𝑥)−1)+1)/𝑚 [𝑛1−𝑞(𝑥)−
1

𝑚 + ‖𝑢𝑚‖
𝑞(𝑥)−1+1/𝑚
𝑞(𝑥)−1+1/𝑚

]                              (34) 

Based on the previous  calculations ,  we get     

∫ 𝑓𝑁(𝑢𝑚)𝑢𝑡𝑑𝑥 +
𝒟

∫ ∇𝜚𝛾 |∇ ∫ (𝑓𝑁
′ (𝑠))

1/𝑝(𝑥)
𝑑𝑠

𝑢𝑚

0
|

𝑝(𝑥)

𝒟
𝑑𝑥 ≤ 𝑐‖𝑢𝑚‖

𝑞(𝑥)−1+1/𝑚
𝑞(𝑥)−1+1/𝑚

+ 𝑂 (
1

𝑁𝑞(𝑥)−1)  

(35) 

By using Holder  inequality and then we apply Poincare inequality for the second integral, we 

have 

∫ 𝑓𝑁(𝑢𝑚)𝑢𝑡𝑑𝑥 +
𝒟

𝑐 ∫ |∫ (𝑓𝑁
′ (𝑠))

1/𝑝(𝑥)
𝑑𝑠

𝑢𝑚

0
|

𝑝(𝑥)

𝑑𝑥
𝒟

≤ 𝑐‖𝑢𝑚‖
𝑞(𝑥)−1+(1/𝑚)
𝑞(𝑥)−1+(1/𝑚)+1

+ 𝑂 (
1

𝑁𝑞(𝑥)−1). 

(36)                       

Let 𝑁 → ∞ in (36). Conclude that 

   

𝑑

𝑑𝑡
∫ 𝑢𝑚(𝑞(𝑥)−1)+1𝑑𝑥

𝒟
+ 𝑐 ∫ 𝑢𝑚[𝑞(𝑥)−1+(1/𝑚)+𝑝−1−(1/𝑚)]𝑑𝑥

𝒟
≤ 𝑐‖𝑢𝑚‖

𝑞(𝑥)−1+(1/𝑚)
𝑞(𝑥)−1+(1/𝑚)+1

     
(37)

                                
 

By Jessen’s  inequality, from (37), we obtain 
𝑑

𝑑𝑡
‖𝑢𝑚‖

𝑞(𝑥)−1+(1/𝑚)
𝑞(𝑥)−1+(1/𝑚)

+ 𝑐‖𝑢𝑚‖
𝑞(𝑥)−1+1/𝑚
𝑞(𝑥)−1+1/𝑚+𝑝(𝑥)−1−(1/𝑚)

≤ 𝑐‖𝑢𝑚‖
𝑞(𝑥)−1+(1/𝑚)
𝑞(𝑥)−1+(1/𝑚)+1

 

If  2 +  (1/𝑚) < 𝑝(𝑥),   young inequality, 
𝑑

𝑑𝑡
‖𝑢𝑚‖

𝑞(𝑥)−1+(1/𝑚)
𝑞(𝑥)−1+(1/𝑚)

+ 𝑐‖𝑢𝑚‖
𝑞(𝑥)−1+(1/𝑚)
𝑞(𝑥)−1+(1/𝑚)+𝑝(𝑥)−1−(1/𝑚)

≤ 𝑐, 

then 

‖𝑢𝑚‖𝑞(𝑥)−1+1/𝑚 ≤ 𝑐(1 + 𝑡)−1/𝑝(𝑥)−1−1/𝑚  . 

The desired result is satisfied. 

Lemma 5.2. If  𝑝(𝑥) > 1 +
1

𝑚
,   and  𝑢𝑘 are the solutions to the problem (27)-(30)-(31), then 

                              
‖𝑢𝑘

𝑚‖∞ ≤ 𝑐𝑡−𝜆, 0 < 𝑡 ≤ 1,                                                                     (38) 

                                  
‖𝑢𝑘

𝑚‖∞ ≤ 𝑐(𝑡 + 1)−1/(𝑚𝑝(𝑥)−𝑚−1)/𝑚, 1 ≤ 𝑡,  
                                  

(39) 

with   𝜆 = 𝑛/((𝑚𝑝(𝑥) − 𝑚 − 1)/𝑚)𝑛 + 𝑞(𝑥)𝑝(𝑥). 

Proof. Multiply (27) by  𝑢𝑚(𝑙−1),  then integrate the result on D ,  

 
∫ 𝑢𝑚(𝑙−1)𝑢𝑡𝑑𝑥 =

𝒟
∫ 𝑑𝑖𝑣(𝜚𝛾(𝑥)(|∇𝑢𝑚| + (1/𝑘))(𝑝(𝑥)−2 )/2∇𝑢𝑚)𝑢𝑚(𝑙−1)𝑑𝑥

𝒟

+ ∫ 𝛼(𝑢𝑚)𝑢𝑚(𝑙−1)
𝒟

∫ Λ(𝑦)|𝑢𝑚(𝑠, 𝑡)|𝛽𝑑𝑠𝑑𝑥
𝒟

  

                       = −(𝑙 − 1) ∫ 𝜚𝛾(𝑥)(|∇𝑢𝑚| + (1/𝑘))(𝑝(𝑥)−2)/2|∇𝑢𝑚|2𝑢𝑚(𝑙−2)𝑑𝑥
𝒟

    

                          

 + ∫ Λ(𝑠)|∇𝑢𝑚(𝑠, 𝑡)| 𝑑𝑠
𝒟

∫ 𝛼(𝑢𝑚)𝑢𝑚(𝑙−1)𝑑𝑥
𝒟

  ≤ −(𝑙 − 1) ∫ 𝜚𝛾(𝑥)(|∇𝑢𝑚| + (1/𝑘))(𝑝(𝑥)−2)/2|∇𝑢𝑚|2𝑢𝑚(𝑙−2)𝑑𝑥
𝒟

  

   +𝑐(Λ) ∫ |∇𝑢𝑚(𝑠, 𝑡)| 𝑑𝑠
𝒟

∫ 𝑢𝑚(𝑙−1)+1𝑑𝑥
𝒟

                                    

Using Holder  inequality and then we apply Poincare inequality for the second integral, 

which leads to the conclusion 
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𝑑

𝑑𝑡
‖𝑢𝑚‖

𝑙−1+(1/𝑚)
𝑙−1+(1/𝑚)

+ 𝑐((𝑚𝑙 − 𝑚 + 1)/

𝑚)2−𝑝(𝑥)∫
𝒟

|∇𝑢𝑝(𝑥)+1−1+(1/𝑚)−1−(1/𝑚) /𝑝(𝑥)|
𝑝(𝑥)

𝑑𝑥 

                                ≤ 𝑐‖𝑢𝑚‖
𝑙−1+(1/𝑚)
𝑙−1+(1/𝑚)‖𝛻𝑢𝑚‖

𝑞(𝑥)−1+(1/𝑚)
𝑞(𝑥)−1+(1/𝑚)+1

+ 𝑐‖𝑢𝑚‖𝑙−1+(1/𝑚)
𝑙−1 , 

from  Poincare inequality again and by (26 ), we get 

𝑐‖𝑢𝑚‖
𝑙−1+(1/𝑚)
𝑙−1+(1/𝑚)‖𝛻𝑢𝑚‖

𝑞(𝑥)−1+(1/𝑚)
𝑞(𝑥)−1+(1/𝑚)+1

+ 𝑐‖𝑢𝑚‖𝑙−1+(1/𝑚)
𝑙−1 ≤ ‖𝑢𝑚‖

𝑙−1+(1/𝑚)
𝑙−1+(1/𝑚)

+

 𝑐‖𝑢𝑚‖𝑙−1+(1/𝑚)
𝑙−1  . 

Assume that = (𝑚𝑙 − 𝑚 + 1)/𝑚 . So  

 
𝑑

𝑑𝑡
‖𝑢𝑚‖𝐿

𝐿 + 𝑐𝐿2−𝑝(𝑥)∫
𝒟

|∇𝑢𝑚(𝑝(𝑥)+𝐿−1−(1/𝑚))/𝑝|
𝑝(𝑥)

𝑑𝑥 ≤ 𝑐‖𝑢𝑚‖𝐿
𝐿+1 + 𝑐‖𝑢𝑚‖𝐿

𝐿−(1/𝑚)
     (40)                         

Such that 𝑐 is independent of 𝑙. Take 

 𝐿1 = 𝑞(𝑥) − 1 + (1/𝑚), 𝐿𝑁 = 𝑟𝐿𝑁−1 − (𝑝(𝑥) − 1 − (1/𝑚)), 𝜃𝑛 = (𝑛(𝑟 − 1) +
𝑝(𝑥))−1𝑟𝑁(1 − 𝐿𝑁−1𝐿𝑁

−1),  

where 𝑁 = 2,3, ⋯and 

𝜇𝑁 = (𝑝(𝑥) + 𝐿𝑁 − 1 − (1/𝑚))𝜃𝑛
−1 − 𝐿𝑁 , 𝑟 > 1 + (𝑝(𝑥) − 1 − (1/𝑚))𝑞(𝑥)−1, and from 

Lemma 3.6, then 
‖𝑢𝑚‖𝐿𝑛

≤

𝑐𝑝(𝑥)/(𝐿𝑁+𝑝(𝑥)−1−(1/𝑚))‖𝑢𝑚‖𝐿𝑁−1

1−𝜃𝑁‖∇𝑢𝑚(𝐿𝑁+𝑝(𝑥)−1−(1/𝑚))/𝑝‖
𝑝(𝑥)

𝑝(𝑥)𝜃𝑁/(𝑝(𝑥)−1−(1/𝑚)+𝐿𝑛)
        (41) 

By choosing 𝐿 = 𝐿𝑁 in (40), and from (41), it becomes 

                
𝑑

𝑑𝑡
‖𝑢𝑚‖𝐿𝑁

𝐿𝑁 + 𝑐
−

𝑝(𝑥)

𝜃𝑁 𝐿𝑁
2−𝑝(𝑥)‖𝑢𝑚‖𝐿𝑁

𝐿𝑁+𝜇𝑁‖𝑢𝑚‖
𝐿𝑁−1

𝑝(𝑥)−1−
1

𝑚
−𝜇𝑁

≤ 𝑐‖𝑢𝑚‖𝐿𝑁

𝐿𝑁+1
 

                                                               + 𝑐‖𝑢𝑚‖𝐿𝑁

𝐿𝑁−(1/𝑚)
                                                   (42) 

The bounded sequences {λN} and {𝜉𝑁}  are shown in the following  

                                                        𝑢𝑚
𝐿𝑁

≤ 𝜉𝑁𝑡−𝜆𝑁 , 0 < 𝑡 ≤ 1.
                                           

(43) 

Without losing the generality, assume that ‖ 𝑢𝑚‖𝐿𝑁
≥ 1. Otherwise, picking  𝜉𝑛 ≡ 1,  

(41) is true. As a result, from (40), we have the following formula  

 
𝑑

𝑑𝑡
‖𝑢𝑚‖𝐿𝑁

𝐿𝑁 + 𝑐−𝑝(𝑥)/𝜃𝑁𝐿𝑁
2−𝑝(𝑥)‖𝑢𝑚‖𝐿𝑁

𝐿𝑁+𝜇𝑁‖𝑢𝑚‖𝐿𝑁−1

𝑝(𝑥)−1− (1/m) −𝜇𝑁 ≤ 𝑐‖𝑢𝑚‖𝐿𝑁

𝐿𝑁+1
⋅ 0 <

𝑡 ≤ 1. 
If  𝑁 = 1, by Lemma 5.1, 𝜆1 = 0, 𝜉1 = 𝑠𝑢𝑝𝑡≥0 𝑢𝑚 then it makes (43) true. If (43) is true 

for 𝑁 − 1, from (42),  

 

   

𝑑

𝑑𝑡
‖𝑢𝑚‖𝐿𝑁

𝐿𝑁 + 𝑐
−

𝑝(𝑥)

𝜃𝑁 𝐿𝑁
2−𝑝(𝑥)‖𝑢𝑚‖𝐿𝑁

𝐿𝑁+𝜇𝑁𝜉𝑁−1

𝑝(𝑥)−1−(
1

𝑚
)−𝜇𝑁

𝑡−(𝑝(𝑥)−1−(
1

𝑚
)−𝜇𝑁)𝜆𝑁−1 

                                                                     ≤ 𝑐‖𝑢𝑚‖𝐿𝑁

𝐿𝑁+1
                                                    (44)

 
 

we can pick 

𝜆𝑁 = (𝜆𝑁−1 (𝜇𝑁 − 𝑝(𝑥) + 1 + (
1

𝑚
)) + 1) 𝜇𝑁

−1, 𝜉𝑁 = 𝜉𝑁−1 (𝑐𝑝/𝜃𝑁𝐿𝑁
𝑝(𝑥)−1𝜆𝑁)

1/𝜇𝑁

,  

𝑁 = 2,3, …  

                                 
𝑑

 𝑑𝑡
‖𝑢𝑚‖𝐿𝑁

𝐿𝑁 + 𝑐‖𝑢𝑚‖𝐿𝑁

𝐿𝑁+𝜆𝑁 ≤ 𝑐𝑢𝑚
𝐿𝑁

𝐿𝑁+1
. 0 < 𝑡 ≤ 1                              (45) 

assume that  

                           1 < 𝑛  / (𝑝(𝑥) − 1 − (1/𝑚))𝑛 + 𝑞(𝑥)𝑝(𝑥),                                             (46) 

Now let   𝑁 → ∞, 
𝜆𝑛 → 𝜆 = 𝑛/ (𝑝(𝑥) − 1 − (1/𝑚))𝑛 + 𝑝(𝑥)𝑞(𝑥). 

                                    

𝑑

𝑑𝑡
‖𝑢𝑚‖𝐿𝑁

𝐿𝑁 + 𝑐‖𝑢𝑚‖𝐿𝑁

𝐿𝑁+𝜆𝑁 ≤ 0.        0 < 𝑡 ≤ 1,                                 (47) 
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equation (43) is true because of Lemma 3.5 and (38). Furthermore, it is clear that {𝜉𝑛} is 

bounded. As a result, according to Lemma 3.5,(38) is true. To prove (39), simply set 

 𝜏 = log(1 + 𝑡), 𝑡 ≥ 1,   𝑤(𝜏) = (1 + 𝑡)(𝑚(𝑝(𝑥)−1)−1)/𝑚2
𝑢𝑚(𝑡). 

By (40), we get  
𝑑

𝑑𝜏
‖𝑤(𝜏)‖𝐿

𝐿 + 𝑐𝐿2−𝑝(𝑥)‖∇𝑤(𝐿+𝑝−1−(1/m))/𝑝(𝑥)‖
𝑝(𝑥)

𝑝(𝑥)
≤ (𝐿/𝑝(𝑥) − 1 − (1/𝑚))‖𝑤(𝜏)‖𝐿

𝐿 

                                                                                          +𝑐‖𝑤(𝜏)‖𝐿
𝐿+1, 𝜏 ≥ 𝑙𝑜𝑔2 

By using the lemma 3.1 in [16], we can get (39), however, the details are omitted here. 

Lemma 5.3. If 𝑝(𝑥) > 𝑚𝑎𝑥{2,1 + (1/𝑚)},   𝑢𝑘  is the solution to problems (27)-(30)-(31) 

then 

                     
‖∇𝑢𝑘

𝑚‖𝑝(𝑥) ≤ 𝑐𝑡−(1+  (𝑚−1)/(𝑚(𝑝(𝑥)−1)−1)) + 𝑐𝑡1−𝛿 , 0 < 𝑡 ≤ 1,                      (48) 

                      ‖∇𝑢𝑘
𝑚‖𝑝(𝑥) ≤ 𝑐(1 + 𝑡)−(𝑝(𝑥)(2𝑚−1)+𝑚)/(𝑚(𝑝(𝑥)−1)−1)(𝑝(𝑥)−1), 𝑡 ≥ 1,             (49) 

and   

  ∫ ∫ 𝑢𝑘
𝑚−1(𝑢𝑘𝑡)2𝑑𝑥 𝑑𝑠

𝒟

𝑇

𝑡
≤ 𝑐𝑡

−(1+
𝑚−1

𝑚(𝑝(𝑥)−1)−1
)

+ 𝑐𝑡
−(𝜆𝜌+

𝑚−1

𝑚(𝑝(𝑥)−1)−1
)

+ 𝑐𝑡−((1+𝑚)/m)𝜆       (50) 

0 < 𝑡 < 𝑇.                                                                                                                       
Here  𝛿 = 𝑚𝑎𝑥{(𝑚 − 1)/𝑚, 2} . 

Proof: It follows the same technique as in Lemma 5.2. 

 

 Proof of Theorem 4.1. Using the compactness theorem  (see[15, 26]), theorem 1.1, and from 

Lemmas 5.1, 5.2, and 5.3, we consider a sequence {𝑢𝑘} such that  𝑢𝑘 → 𝑢 , a.e. in 𝒟𝑡  if  𝑘 →
∞ , so that 

 𝑙𝑖𝑚
𝑘→∞

𝛼(𝑢𝑘
𝑚)∫

𝒟
Λ(𝑠)|∇𝑢𝑘

𝑚(𝑠, 𝑡)| 𝑑𝑠 = 𝛼(𝑢𝑚)∫
𝒟

Λ(𝑠)|∇𝑢𝑘
𝑚(𝑠, 𝑡)|𝑑𝑠.  

Furthermore, the sequence {𝑢𝑘} 

                  
𝑢𝑘 → 𝑢,  𝑤𝑒𝑎𝑘 ∗  𝑖𝑛 𝐿𝑙𝑜𝑐

∞ (0, ∞; 𝐿(𝑞(𝑥)−1)𝑚+1(𝒟))                          (51) 

                       
  𝑢𝑘𝑡 → 𝑢𝑡, 𝑤𝑒𝑎𝑘𝑙𝑦 𝑖𝑛 𝐿2(0, ∞; 𝐿2(𝛺)),                                   (52) 

                  
∇𝑢𝑘

𝑚 → ∇𝑢𝑚,  𝑤𝑒𝑎𝑘𝑙𝑦 𝑖𝑛 𝐿𝑙𝑜𝑐
𝑝(𝑥)

(0, ∞; 𝐿𝑝(𝑥)(𝒟))   
                       

(53) 

                        
𝜚𝑘

𝛾|∇𝑢𝑘
𝑚|𝑝(𝑥)−2𝑢𝑘𝑥𝑖

𝑚 → 𝜉𝑖 ,   𝑎 𝑤𝑒𝑎𝑘 ∗  𝑖𝑛 𝐿𝑙𝑜𝑐
∞ (0, ∞; 𝐿𝑝(𝑥)/(𝑝(𝑥)−1)(𝒟)) 

 

where 𝜉 = {𝜉𝑖: 1 ≤ 𝑖 ≤ 𝑁} and every 𝜉i is a function in  𝐿𝑙𝑜𝑐
∞ (0, 𝑇; 𝐿𝑝(𝑥)/(𝑝(𝑥)−1)(𝒟)). 

 (51) and (52) are true. It remains to prove that    

                           𝜉 = 𝜚𝛾|∇𝑢𝑚|𝑝(𝑥)−2∇𝑢𝑚,          in 𝐿𝑙𝑜𝑐
∞ (0, ∞; 𝐿𝑝(𝑥)/(𝑝(𝑥)−1)(𝒟)).               (54) 

It is easy to know that 

     
∬ (𝑢𝜑𝑡 − 𝜉 ⋅ ∇𝜑 + 𝛼(𝑢𝑚) ∫

𝒟
𝛬(𝑠)|∇𝑢𝑚(𝑠, 𝑡)|𝑑𝑠 𝜑)𝑑𝑥𝑑𝑡 = 0, ∀𝜑 ∈ 𝐶0

∞(𝒟𝑡),
𝒟𝑡

           (55) 

Thus, Let us assume that 

∬ 𝜉 ⋅ ∇𝜑𝑑𝑥𝑑𝑡, ∀𝜑 ∈ 𝐶0
1(𝒟𝑡) = ∬ 𝜚𝛾|∇𝑢𝑚|𝑝(𝑥)−2∇𝑢𝑚 ⋅ ∇𝜑𝑑𝑥𝑑𝑡

𝒟𝑡
;

𝒟𝑡
                                 (56) 

 then (59) and (10) are true.  

First, for any 𝜓 ∈ 𝐶0
∞(𝒟𝑡), 0 ≤ 𝜓 ≤ 1, we have 

∬ 𝜓𝜚𝑘
𝛾

(|∇𝑢𝑘
𝑚|𝑝(𝑥)−2∇𝑢𝑘

𝑚 − |∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚) ⋅ ∇(𝑢𝑘
𝑚 − 𝑣𝑚)𝑑𝑥𝑑𝑡 ≥ 0,

𝒟𝑡                    
(57) 

If we multiply (27) by  𝑢𝑘
𝑚𝜓 two sides, then  

 ∬ 𝜓𝜚𝑘
𝛾(|∇𝑢𝑘

𝑚|2 + (1/𝑘))(𝑝(𝑥)−2)/2|∇𝑢𝑘
𝑚|2𝑑𝑥𝑑𝑡

𝒟𝑡
= 1/𝑚  ∬ 𝜓𝑡𝑢𝑘

𝑚+1𝑑𝑥𝑑𝑡
𝒟𝑡

  

                                  − ∬ 𝜚𝑘
γ

𝑢𝑘
𝑚(|𝛻𝑢𝑘

𝑚|2 + (1/𝑘))(𝑝(𝑥)−2)/2∇𝑢𝑘
𝑚 ⋅ ∇𝜓𝑑𝑥𝑑𝑡

𝒟𝑡
 

                               

+ ∬ [𝛼(𝑢𝑘
𝑚)∫

𝒟
𝛬(𝑦)|∇𝑢𝑘

𝑚(𝑠, 𝑡)|𝑑𝑠] 𝑢𝑘
𝑚𝜓𝑑𝑥𝑑𝑡,

𝒟𝑡
                             (58) 



Al Oweidi and Aal-Rkhais                         Iraqi Journal of Science, 2024, Vol. 65, No. 9, pp: 5081-5094 

5090 

Note that   when 1 < 𝑝(𝑥) < 2,we get  

|∇𝑢𝑘
𝑚|2 ≥ (|∇𝑢𝑘

𝑚|2 + (1/𝑘))
𝑝(𝑥)/2

− (1/𝑘)𝑝(𝑥)/2, 

(|∇𝑢𝑘
𝑚|2 + (1/𝑘))

(𝑝(𝑥)−2)/2
|∇𝑢𝑘

𝑚| ≤ (|∇𝑢𝑘
𝑚|2 + (1/𝑘))

(𝑝(𝑥)−1)/2
 

and when  𝑝(𝑥) ≥ 2, we obtain 

(|∇𝑢𝑘
𝑚|2 + (1/𝑘))((𝑝(𝑥)−2)/2|∇𝑢𝑘

𝑚|2 ≥ |∇𝑢𝑘
𝑚|𝑝(𝑥) 

(|∇𝑢𝑘
𝑚|2 + (1/𝑘))((𝑝(𝑥)−2)/2|∇𝑢𝑘

𝑚| ≤ (|∇𝑢𝑘
𝑚|𝑝(𝑥)−1 + 1) 

By (57), (58), we have 

 
1

𝑚+1
∬ 𝜓𝑡𝑢𝑘

𝑚+1𝑑𝑥𝑑𝑡
𝒟𝑡

− ∬ 𝜚𝑘
𝛾

𝑢𝑘
𝑚(|∇𝑢𝑘

𝑚|2 + (1/𝑘))((𝑝(𝑥)−2)/2∇𝑢𝑘
𝑚 ⋅ ∇𝜓𝑑𝑥𝑑𝑡

𝒟𝑡
+

(1/𝑘)((𝑝(𝑥)−2)/2𝑚𝑒𝑠𝒟 

+ ∬ [Λ(𝑢𝑘
𝑚)∫

𝒟
Λ(𝑠)|∇𝑢𝑘

𝑚(𝑠, 𝑡)|𝑑𝑦] 𝑢𝑘
𝑚𝜓𝑑𝑥𝑑𝑡

𝒟𝑡
− ∬ 𝜓𝜚𝑘

𝛾|∇𝑢𝑘
𝑚|𝑝(𝑥)−2∇𝑢𝑘

𝑚 ⋅ ∇𝑣𝑚𝑑𝑥𝑑𝑡
𝒟𝑡

  

        
− ∬ 𝜓𝜚𝛾|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚 ⋅ ∇(𝑢𝑘

𝑚 − 𝑣𝑚)𝑑𝑥𝑑𝑡 ≥ 0
𝒟𝑡

                              (59) 

 
1

𝑚+1
∬ 𝜓𝑡𝑢𝑘

𝑚+1𝑑𝑥𝑑𝑡
𝒟𝑡

− ∬ 𝜚𝑘
𝛾

𝑢𝑘
𝑚(|∇𝑢𝑘

𝑚|2 + (1/𝑘))((𝑝(𝑥)−2)/2((𝑝(𝑥)−2)/2∇𝑢𝑘
𝑚 ⋅

𝒟𝑡

∇𝜓𝑑𝑥𝑑𝑡 + (1/𝑘)((𝑝(𝑥)−2)/2 𝑚𝑒𝑠𝒟  

  + ∬ [Λ(𝑢𝑘
𝑚)∫

𝒟
Λ(𝑠)|∇𝑢𝑘

𝑚(𝑠, 𝑡)|𝑑𝑦] 𝑢𝑘
𝑚𝜓𝑑𝑥𝑑𝑡

𝒟𝑡
− ∬ 𝜓𝜚𝑘

𝛾|∇𝑢𝑘
𝑚|𝑝(𝑥)−2∇𝑢𝑘

𝑚 ⋅
𝒟𝑡

∇𝑣𝑚𝑑𝑥𝑑𝑡  

       

− ∬ 𝜓𝜚𝛾|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚 ⋅ ∇(𝑢𝑘
𝑚 − 𝑣𝑚)𝑑𝑥𝑑𝑡 

𝒟𝑡

− ∬ 𝜓(𝜚𝛾 − 𝜚𝑘
𝛾

)|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚 ⋅ ∇(𝑢𝑘
𝑚 − 𝑣𝑚)𝑑𝑥𝑑𝑡

𝒟𝑡
≥ 0

                  (60)      

Since 

(|∇𝑢𝑘
𝑚|2 + (1/𝑘))(𝑝(𝑥)−2)/2∇𝑢𝑘

𝑚 = |∇𝑢𝑘
𝑚|𝑝(𝑥)−2∇𝑢𝑘

𝑚 + (𝑝(𝑥) − 2)/2𝑘  ∫
0

1

(|∇𝑢𝑘
𝑚|2 +

(𝑧/𝑘))(𝑝(𝑥)−4)/2𝑑𝑧 ∇𝑢𝑘
𝑚, 

Noticing 

 
|∬ 𝜓(𝜚𝛾 − 𝜚𝑘

𝛾
)|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚 ⋅ ∇(𝑢𝑘

𝑚 − 𝑣𝑚)𝑑𝑥𝑑𝑡
𝒟𝑡

|

sup
(𝑥,𝑡)∈𝒟𝑡

|𝜓(𝜚𝛾 − 𝜚𝑘
𝛾

)|/𝜚𝛾 ∬ 𝜚𝛾|∇𝑣𝑚|𝑝(𝑥)−1|∇𝑢𝑘
𝑚 − ∇𝑣𝑚|𝑑𝑥 𝑑𝑡

𝒟𝑡

  

    ⩽ sup
(𝑥,𝑡)∈𝒟𝑡

|𝜓(𝜚𝛾 − 𝜚𝑘
𝛾

)|/𝜚𝛾 (∬ |∇𝑣𝑚|𝑝(𝑥) 𝑑𝑥 𝑑𝑡 + ∬ 𝜚𝛾𝛻𝑣𝑚|𝑝(𝑥)−1|𝛻𝑢𝑘
𝑚|𝑑𝑥 𝑑𝑡

𝒟𝑡
|

𝒟𝑡
)  (61)              

and 

 𝑙𝑖𝑚
𝑘→∞

 ∬ ∫ (|∇𝑢𝑘
𝑚|2 + (𝑧/𝑘))(𝑝(𝑥)−4)/2𝑑𝑧∇𝑢𝑘

𝑚 ⋅ ∇𝜓𝑢𝑘
𝑚𝑑𝑥𝑑𝑡 = 0,

1

0𝒟𝑡
 

By Hölder inequality, there holds 

∬ 𝜚𝛾|∇𝑣𝑚|𝑝(𝑥)−1|∇𝑢𝑘
𝑚|𝑑𝑥 d𝑡

𝒟𝑡

⩽

(∬ (𝜚𝑚|∇𝑣𝑚|𝑝(𝑥)−1)
𝑞(𝑥)

 𝑑𝑥 d𝑡
𝒟𝑡

)

1/𝑞(𝑥)

⋅ (∬ (𝜚𝑛|∇𝑢𝑘
𝑚|)𝑝(𝑥) 𝑑𝑥 d𝑡

𝒟𝑡

)

1/𝑝(𝑥) 

where 𝑚 = 𝛾(𝑝(𝑥) − 1)/𝑝(𝑥),  𝑛 = 𝛾/𝑝(𝑥),  𝑞(𝑥) = 𝑝(𝑥)/𝑝(𝑥) − 1. 

 Due to 𝜚𝛾|∇𝑢|𝑝(𝑥), 𝜚𝛾|∇𝑣|𝑝(𝑥) ∈ 𝐿1(𝒟𝑡) , then 

∬ 𝜚𝛾 |∇𝑣𝑚|𝑝(𝑥) 𝑑𝑥 𝑑𝑡 + ∬ 𝜚𝛾

𝒟𝑡

|
𝒟𝑡

∇𝑣𝑚|𝑝(𝑥)−1|∇𝑢𝑘
𝑚|𝑑𝑥 𝑑𝑡 ⩽ 𝑐. 

Let 𝑘 → 0 in (61). It converges to 0. 

Thus,  
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1/(𝑚 + 1) ∬ 𝜓𝑡𝑢𝑚+1𝑑𝑥𝑑𝑡

𝒟𝑡
− ∬ 𝑢𝑚𝜉∇𝜓𝑑𝑥𝑑𝑡

𝒟𝑡

 − ∬ 𝜓 𝜉 ⋅ ∇𝑣𝑚𝑑𝑥𝑑𝑡
𝒟𝑡

− ∬ 𝜓𝜚𝛾|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚 ⋅ ∇(𝑢𝑚 − 𝑣𝑚)𝑑𝑥𝑑𝑡
𝒟𝑡

  

                  + ∬ [𝛼(𝑢𝑚) ∫ Λ(𝑦)|∇𝑢𝑚(𝑠, 𝑡)|
𝒟

𝑑𝑠]𝑢𝑚𝜓𝑑𝑥𝑑𝑡
𝒟𝑡

≥ 0                                (62)  

Now, we pick  𝜑 = 𝜓 𝑢𝑚 in (55),  

1/(𝑚 + 1) ∬ 𝜓𝑡𝑢𝑚+1𝑑𝑥𝑑𝑡
𝒟𝑡

− ∬ 𝜉 ⋅ ∇𝜓𝑢𝑚𝑑𝑥𝑑𝑡
𝒟𝑡

 

 + ∬ [𝛼(𝑢𝑚) ∫ Λ(𝑠)|∇𝑢𝑚(𝑠, 𝑡)|
𝒟

𝑑𝑠]𝜓𝑢𝑚𝑑𝑥𝑑𝑡
𝒟𝑡

= ∬ 𝜉 𝜓 ⋅ ∇𝑢𝑚𝑑𝑥𝑑𝑡
𝒟𝑡

  

From this form and (62), we obtain         

 

∬ 𝜓(𝜉 − 𝜚𝛾|∇𝜈𝑚|𝑝(𝑥)−2∇𝜈𝑚) ⋅ ∇(𝑢𝑚 − 𝜈𝑚)𝑑𝑥𝑑𝑡 ≥ 0
𝒟𝑡

                            (63) 

                               
 

Let 𝜈𝑚 = 𝑢𝑚 − 𝜆𝜑, 𝜆 ≥ 0, 𝜑 ∈ 𝐶0
∞(𝒟𝑡).  Then 

∬ 𝜓(𝜉𝑖 − 𝜚𝛾|∇(𝑢𝑚 − 𝜆𝜑)|𝑝(𝑥)−2(𝑢𝑚 − 𝜆𝜑)𝑥𝑖
)𝑑𝑥𝑑𝑡 ≥ 0

𝒟𝑡

 

Let𝜆 → 0. We have 

∬ 𝜓(𝜉𝑖 − 𝜚𝛾|∇𝑢𝑚|𝑝(𝑥)−2𝑢𝑥𝑖

𝑚)𝑑𝑥𝑑𝑡 ≥ 0, ∀𝜑 ∈ 𝐶0
∞(𝒟𝑡)

𝒟𝑡

 

Furthermore, let's choose 𝜆 ≤ 0, to obtain 

                               ∬ 𝜓(𝜉𝑖 − 𝜚𝛾|∇𝑢𝑚|𝑝(𝑥)−2𝑢𝑥𝑡
𝑚)𝑑𝑥𝑑𝑡 ≤ 0

𝒟𝑡
, ∀𝜑 ∈ 𝐶0

∞(𝒟𝑡). 

Therefore, if pick 𝜓 satisfies 𝑠𝑢𝑝𝑝 𝜓 ⊃ 𝑠𝑢𝑝𝑝 𝜑, and on 𝑠𝑢𝑝𝑝𝜑, 𝜓 = 1, then we can get (56). 

 

Proof of Theorem 4.2. Consider the following rescaling  function        
𝑣(𝑥, 𝑡) = 𝑢𝑘𝑟(𝑥, 𝑡), 𝑟 ∈ (0,1) 

then we get  

𝑣(𝑥, 𝑡) = 𝑟𝑢𝑘(𝑥, 𝑟𝑚(𝑝(𝑥)−1)−1𝑡), 
which is the solution to the Dirichlet problem 

𝑣𝑡(𝑥, 𝑡) = 𝑑𝑖𝑣(𝜚𝛾(𝑥)|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚) + 𝑟𝑚[𝑝(𝑥)−2]𝛼(𝑟−𝑚𝑣𝑚) ∫ Λ(𝑠)|∇𝑣𝑚|  𝑑𝑠
𝒟

   (64)             

𝑣 = 𝑟𝑢𝑘 ,  (𝑥, 𝑡) ∈ 𝒟 × {0}                                                (65) 
                                        𝑣 = 0,     (𝑥, 𝑡) ∈ 𝜕𝒟 × (0, ∞)                                              (66) 

Noticing that 𝛼(𝑟−𝑚𝑣𝑚) ≥ 𝛼(𝑣𝑚), 𝑝(𝑥) − 2 < 0,   and  𝑟𝑚(𝑝(𝑥)−2) > 1 ,    0 < 𝑟 < 1 

𝑣𝑡(𝑥, 𝑡) ≥ 𝑑𝑖𝑣(𝜚𝛾|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚) + 𝛼(𝑣𝑚) ∫ Λ(𝑠) |∇𝑣𝑚| 𝑑𝑠
𝒟

.  

Using an argument similar to that in [24] , we can prove this 𝑢𝑘 ≥ 𝑢𝑘𝑟 . 
As a result of 

[𝑢𝑘(𝑥, 𝑟𝑚(𝑝(𝑥)−1)−1𝑡) − 𝑢𝑘(𝑥, 𝑡)]/[(𝑟𝑚(𝑝(𝑥)−1)−1 − 1)𝑡]  ≥ 

[(𝑟 − 1)/(1 − 𝑟𝑚(𝑝(𝑥)−1)−1)𝑡] 𝑢𝑘(𝑥, 𝑟𝑚(𝑝(𝑥)−1)−1𝑡) 

as 𝑟 → 1, then 

                                      − 𝑢𝑘/(𝑚(𝑝(𝑥) − 1) − 1)𝑡 ≤ 𝑢𝑘𝑡                                        (67) 

 

Proof of Theorem 4.3. For a small positive constant 𝜆 > 0, let 

𝒟𝜆 = {𝑥 ∈ 𝒟: 𝜚(𝑥) = dist(𝑥, 𝜕𝒟) > 𝜆} 

and let 

                            𝜙(𝑥) = {

1,                                   if 𝑥 ∈ 𝒟2𝜆,

 
1

𝜆
(𝜚(𝑥) − 𝜆),                𝑥 ∈ 𝒟𝜆 ∖ 𝒟2𝜆

    0,                                  if 𝑥 ∈ 𝒟 ∖ 𝒟𝜆

                         (68) 

for any given positive integer𝑁, let 𝜏𝑁(𝑧) be an odd function, and 
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𝜏𝑁(𝑧) = {
1, 𝑧 > 1/𝑁,

𝑁2𝑧2e1−𝑁2𝑧2
, 0 ≤ 𝑧 ⩽   1/𝑁

                                          (69) 

clearly,  

lim
𝑁→0

 𝜏𝑁(𝑧) = 𝑠𝑔𝑛(𝑧), 𝑧 ∈ (−∞, +∞),                                    (70) 

and 

0 ≤ 𝜏′𝑁(𝑧) ≤ 𝑐/𝑧, 0 < 𝑧 < 1/𝑁                                            (71) 

where 𝑐 is independent of  𝑁. From a process of limit, we can take 𝜏𝑁(𝜙(𝑢𝑚 − 𝑣𝑚)) as the 

test function, so 

∫ 𝜏𝑁(𝜙(𝑢𝑚 − 𝑣𝑚))  𝜕(𝑢𝑚 − 𝑣𝑚)/𝜕𝑡     𝑑𝑥 +
𝒟

 

∫ 𝜚𝛾(𝑥)(|∇𝑢𝑚|𝑝(𝑥)−2∇𝑢𝑚 −|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚) ⋅ 𝜙∇(𝑢𝑚 − 𝑣𝑚)𝜏′𝑁𝑑𝑥
𝒟

+ ∫ 𝜚𝛾(𝑥)(|∇𝑢𝑚|𝑝(𝑥)−2∇𝑢𝑚 −|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚) ⋅ ∇𝜙(𝑢𝑚 − 𝑣𝑚)𝜏′𝑁𝑑𝑥
𝒟

+α(𝑢𝑚) ∫ Λ(𝑠)|∇𝑢𝑚(𝑠, 𝑡)|𝑑𝑠 ⋅ 𝜏𝑁(𝜙(𝑢𝑚 − 𝑣𝑚))𝑑𝑥 = 0
𝒟

  

         (72) 

Thus 

lim
𝑁→∞

lim
𝜆→0

  ∫ 𝜏𝑁(𝜙(𝑢𝑚 − 𝑣𝑚))𝜕(𝑢𝑚 − 𝑣𝑚)/𝜕𝑡      𝑑𝑥 =
𝑑

𝑑𝑡
‖𝑢𝑚 − 𝑣𝑚‖1,

𝒟
           (73) 

∫ 𝜚𝛾(𝑥)(|∇𝑢𝑚|𝑝(𝑥)−2∇𝑢𝑚 −|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚)
𝒟

⋅ ∇(𝑢𝑚 − 𝑣𝑚)𝜏′𝑁𝜙(𝑥)𝑑𝑥 ≥ 0.          (74) 

By the  L'Hospital rule, 

lim
𝜆→0

 [∫
𝒟𝜆∖𝒟2𝜆

𝜏′𝑁(𝜙(𝑢𝑚 − 𝑣𝑚))(𝑢𝑚 − 𝑣𝑚)𝑑𝑥] /𝜆 = lim
𝜆→0

 [∫
𝜆

2𝜆
∫

𝜚=𝜉
𝜏′𝑁(𝜙(𝑢𝑚 −

         𝑣𝑚))(𝑢𝑚 − 𝑣𝑚)𝑑Γ𝑑𝜁] /𝜆  

= lim
𝜆→0

  ∫ 𝜏′𝑁(𝑢𝑚 − 𝑣𝑚)(𝑢𝑚 − 𝑣𝑚)𝑑Γ
𝜚=2𝜆

= ∫ 𝜏′𝑁(2(𝑢𝑚 − 𝑣𝑚))(𝑢𝑚 − 𝑣𝑚)𝑑Γ
𝜕𝒟

= ∫ 𝜏′𝑁(𝑢𝑚 − 𝑣𝑚)(𝑢𝑚 − 𝑣𝑚)𝑑Γ
Γ′𝑝(x)

  
         (75) 

Since assuming that   

𝜚(𝑥)|∇𝑢|𝑝(𝑥) < ∞, 𝜚(𝑥)|∇𝑣|𝑝(𝑥) < ∞, we have 

lim
𝜆→0

|∫ 𝜚𝛾(𝑥)(|∇𝑢𝑚|𝑝(𝑥)−2∇𝑢𝑚 −|∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚)
𝒟

⋅ ∇𝜙(𝑢𝑚 − 𝑣𝑚)𝜏′𝑁(𝜙(𝑢𝑚 − 𝑣𝑚))𝑑𝑥| 

=  lim
𝜆→0

|∫ 𝜚𝛾(𝑥)(|∇𝑢𝑚|𝑝(𝑥)−2∇𝑢𝑚 − |∇𝑣𝑚|𝑝(𝑥)−2∇𝑣𝑚)
𝒟𝜆∖𝒟2𝜆

⋅ ∇𝜙| 𝑢𝑚        

                                           −𝑣𝑚|   𝜏′
𝑁(𝜙(𝑢𝑚 −     𝑣𝑚))𝑑𝑥|                                                (76) 

≤  𝑐lim
𝜆→0

   [∫
𝒟𝜆∖𝒟2𝜆

𝜏′𝑁(𝜙(𝑢𝑚 − 𝑣𝑚))(𝑢𝑚 − 𝑣𝑚)𝑑𝑥] /𝜆  = ∫ 𝜏′𝑁(𝑢𝑚 − 𝑣𝑚)(𝑢𝑚 −
Γ′𝑝(x)

𝑣𝑚)𝑑Γ , 
                                                                                                                              

and  

 
|∫ 𝜏𝑁(𝑣𝑚)

𝒟
[𝛼(𝑢𝑚) ∫ Λ(𝑠)|∇𝑢𝑚|𝑑𝑠

𝒟
− 𝛼(𝑣𝑚) ∫ Λ(𝑠)|∇𝑣𝑚|𝑑𝑠

𝒟
]𝑑𝑥|

≤ |∫ Λ(𝑠)|∇𝑢|𝑑𝑠
𝒟

∫ [𝛼(𝑢𝑚) − 𝛼(𝑣𝑚)]𝑑𝑥
𝒟

|+𝑐| ∫ 𝛼(𝑣𝑚)(𝑢𝑚 − 𝑣𝑚 )|𝑣𝑚(𝑡) |
𝒟

|𝑑𝑥
  

               ≤ 𝑐‖𝑢𝑚 − 𝑣𝑚‖1‖∇𝑢𝑚‖1 + 𝑐‖𝑣𝑚‖2
1. 

Now,  let  𝜆 → 0 , and   𝑁 → ∞ in (72). Then 
𝑑

𝑑𝑡
‖𝑢𝑚 − 𝑣𝑚‖1 ⩽ 𝑐 𝑙𝑖𝑚

𝑁→∞
 𝑠𝑢𝑝 ∫ 𝜏𝑁(𝑢𝑚 − 𝑣𝑚)|𝑢𝑚 − 𝑣𝑚|𝑑Γ +

Γ′𝑝

 

               𝑐 ‖𝑢𝑚 − 𝑣𝑚‖1‖∇𝑢𝑚‖1 + 𝑐‖𝑣𝑚‖1
2. 

It implies that 

∫ |𝑢𝑚(𝑥, 𝑡) − 𝑣𝑚(𝑥, 𝑡)|𝑑𝑥
𝒟

⩽ ∫ |𝑢0
𝑚 − 𝑢0

𝑚|𝑑𝑥
𝒟

+ 𝑐 𝑙𝑖𝑚
𝑁→∞

 𝑠𝑢𝑝  ∫ 𝜏𝑁(𝑢𝑚 − 𝑣𝑚)
Γ′𝑝

|𝑢𝑚 − 𝑣𝑚|𝑑Γ  

                             + 𝑐 ‖𝑢𝑚 − 𝑣𝑚‖1‖∇𝑢𝑚‖1 + 𝑐‖𝑣𝑚‖1
2,  ∀𝑡 ∈ [0, 𝑇). 
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Therefore, Theorem 4.3. is proved.  

 

6 . Conclusion 

     The nonlinear degenerate singular parabolic equations that describes the nonlinear 𝑝(𝑥)-

Laplacian equation is illustrated.  The gradient term has a significant role and influences the 

solution's qualitative behavior. The goal of this paper is to prove the positive existence and 

uniqueness of the local weak solution of a nonlinear 𝑝(𝑥)-Laplacian equation in Theorem 4.1, 

4.2.  Also, we proved the stability of the solution under some restrictions in Theorem 4.3. 

Also, by estimating the regularization issue and employing the Moser iterative approaches, 

the locally uniform properties of the solution for the gradients can be determined. 

Furthermore, uniformly bounded properties and the 𝐿𝑝(𝑥)-norm to gradient estimations are 

required for specific properties of the local solutions.  
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