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Abstract 

     This paper proposed several approaches for estimating the optical turbulence of 

the Earth’s atmosphere and their effect on solar images’ resolution using ground-

based telescopes based on von Kárman, Kolmogorov, and modified von Kárman 

PSDs models. The results showed a strong correlation coefficient for the modified von 

Kármán model of atmospheric representation. As can be seen in the case where solar 

adaptive optics have been properly designed, they typically decrease aberration 

considerably and provide greatly improved imagery. 

 

Keywords: Solar Image, Solar adaptive optics, Kolmogorov, von Kármán, Modified 

von Kármán.  

 

 الصور الشمسية باستخدام أنواع مختلفة من نماذج الاضطراب الجوي تقدير أداء 
 

 هدى شاكر علي 
، بغداد،  العراق جامعة بغداد ، كلية العلوم، قسم الفلك والفضاء  

 
 الخلاصه 

في هذا البحث، تم اقتراح عدة طرق لتقدير الاضطراب البصري للغلاف الجوي للأرض وتأثيرها على دقة        
الكثافة الطيفية لقدرة فان كارمان وكولموكروف  الصور الشمسية باستخدام التلسكوبات الأرضية بناءً على نماذج 

لتمثيل الغلاف  فان كارمان المطور    النتائج وجود معامل ارتباط قوي لنموذج    اظهرت  . وفان كارمان المطور
والذي  يمكن رؤيته في الحالة التي تم فيها تصميم البصريات التكيفية الشمسية بشكل صحيح، وإنها     .الجوي 
 .بشكل كبير وتوفر صورًا محسنة بشكل كبير الزيغ تقلل 

 

1. Introduction  

     Solar observatory scientists have been working on the development of a new generation of 

adaptive optics for solar observations, which will help to provide a deeper understanding of the 

dynamics of the solar atmosphere and of the origin of solar storms in what is broadly called 

“space weather”. In view of future implementations of the large telescopes, which have been 

aimed at research on a highly small scale, which show energetically highly significant magneto-

hydrodynamic structure at every layer in the solar atmosphere, the pursuit of solar adaptive 

optics has been considered urgent [1][2]. 
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     The Earth's atmosphere distorts all observations of stars, planets, and the Sun made with 

ground-based telescopes, reducing the level of resolution achievable in remote object imaging 

and limiting the amount of information obtainable using standard optical techniques. Air 

turbulence, especially close to the ground, causes stars to twinkle at night and planets and the 

sun images to blur when observed at high magnification through a telescope. One of the most 

important advances in ground astronomy, which appeared near the end of the last century, has 

been the development of methods to correct the presence of the atmosphere – adaptive optics 

(AO) – that are utilized to push the image resolution toward its theoretical limit [3][4].  

 

2. Turbulence of the atmosphere 

     It is widely known that the atmosphere of the Earth represents a typical random 

inhomogeneous medium containing two medium types: one of them represents discrete turbid 

atmospheric medium that consists of particles, and the second one represents “continuous” 

turbulent atmospheric medium that consists of molecules that are thermally moving. The first 

medium results in the attenuation of energy of the optical waves, which is the effect of 

attenuation. The other type of medium leads to effects of the atmospheric turbulence, like 

fluctuations of angle-of-arrival, scintillation of intensity, beam spread, beam wander, spot 

distortions, etc. [5].  

 

     Due to the fact that those optical phenomena are dependent upon the differential instead of 

the absolute optical path length values, spatial statistics are utilized for describing structure 

functions’ random variations [6][7]. Structure function, mean square difference in refraction 

index, 𝑛(𝑟), between a pair of different locations in the space, 𝑟1and 𝑟2, is expressed in the form 

of [8]:  

𝐷𝑛(𝒓) =  〈|𝑛(𝑟1) − 𝑛(𝑟2))|2〉                       ……….(1) 

Where r is 𝑟1 − 𝑟2. 

     Now, over the inertial sub range, 𝑙𝑜and 𝐿𝑜, Kolmogorov’s theory additionally establishes 

structure function according to structure constant values: 

𝐷𝑛(𝑟) =  {
𝐶𝑛

2 𝑟2/3 𝑙𝑜 < 𝑟 <  𝐿𝑜

𝐶𝑛
2 𝑙𝑜

−4/3𝑟2/3 𝑟 <  𝑙𝑜

                       … … … . (2) 

     Structure constant, 𝐶𝑛
2, quantifies optical turbulence strength. A 𝐶𝑛

2 value, which is on 10-

17m-2/3 magnitude order, has been considered as weak turbulence, and strong values of 

turbulence are on an order of 10-13m-2/3. 

 

     Atmospheric measurement results showed that the turbulence structure in the atmosphere of 

the Earth consists of Kolmogorov turbulence at lower values and non-Kolmogorov turbulence 

at greater values. Until now, there have been two models for the structure of atmospheric 

turbulence in the Earth's atmosphere: (i) A 2-layer model, which is turbulence in the atmosphere 

of the Earth consists of the Kolmogorov turbulence in the troposphere and (-5) non-

Kolmogorov turbulence (the non-Kolmogorov turbulence the refractive index spectrum is 

described by replacing the exponent (11/3) in the  Kolmogorov spectrum by a different 

exponent,α where typically 3< α <5) in the stratosphere, which has been constructed based upon 

the observations of the early Earth’s atmosphere [9]. Revised 2-layer model based upon 

consistency between function of the structure of the refractive index and power spectral density 

[10][11]; (ii) 3-layer model, which means, that turbulence in the atmosphere of the Earth 

consists of Kolmogorov turbulence in the boundary layer, (-10/3) non-Kolmogorov turbulence 

in the free atmosphere, and (-5) non-Kolmogorov turbulence in the stratosphere that all have 

the form below [12]: 

∅𝑛𝐵 (𝑘, 𝑧) = 0.033𝐶𝑛
2(𝑧) 𝑘−11/3                             ……….(3) 

∅𝑛𝐹 (𝑘, 𝑧) = 0.015𝐶𝑛𝐹
2 (𝑧)𝑘−10/3                           ……….(4) 
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∅𝑛𝑆 (𝑘, 𝑧) = 0.0024𝐶𝑛𝑆
2 (𝑧)𝑘−5                                ……….(5) 

 

Where z represents distance of propagation, varying from z = 0 to z = L. 

k is the spatial wave number for the refractive index fluctuations spectrum. 

Cn
2 represents Kolmogorov turbulent index of the parameter of the refraction structure in the 

boundary layer and it has a unit of m−2/3. 

𝐶𝑛𝐹
2  represents non-Kolmogorov turbulent index of refraction structure parameter in the free 

troposphere and it has a unit of 𝑚−1/3. 

𝐶𝑛𝑆
2  represents non-Kolmogorov turbulent index of refraction structure parameter in the 

stratosphere and it has a unit of 𝑚−2. 

 

     Noticeably, the structure of the atmosphere’s turbulence varies with different altitudes and 

atmospheric situations [13]. 

The diameter of atmospheric coherence ro represents a more widely utilized parameter, and the 

phase PSDs for Kolmogorov, von Kárman, and the modified von Kárman are [14][15]: 

 

Φ∅
𝐾(𝑘) = 049𝑟0

−5/3
 𝑘−11/3                       … … … (6) 

 

Φ∅
𝑣𝐾(𝑘) = 049𝑟0

−5/3
 (𝑘2 + 𝑘0

2)−11/3 …                   … … . (7) 

 

Φ∅
𝑚𝑣𝐾(𝑘) = 049𝑟0

−5/3
 exp (−𝑘2/𝑘𝑚

2 )(𝑘2 + 𝑘0
2)−

11
3

     … … … . (8) 

 

      Where Φ∅
K , Φ∅

vK , and Φ∅
mvK represent Kolmogorov, von Kárman, and the modified von 

Kárman refractive-index PSDs, respectively. 

km = 5.92/ l0 and  k0 = 2π/L0. 

  

     The values of km
  and k0 are chosen to match the small-scale (high-frequency) and large-

scale (low-frequency) behavior predicted by the dimensional analysis. The modified von 

Kárman is the simplest PSD model that includes effects of both inner l0 and outer L0 scales.  

 

3. Imaging through atmospheric turbulence 

     The diffraction theory makes it relatively simple to describe how waves move through the 

atmosphere and into the focal plane of the telescope. A well-known Fourier correlation between 

the amplitude of an electro-magnetic wave in the telescope's pupil and the amplitude in the 

focal plane is created when optical components, like mirrors or lenses, are included in a 

spherical approximation, using notation )(uA


 for complex amplitude in the focal plane and 

)(x


  for complex amplitude in the telescope’s pupil. Both amounts have been connected via 

Fourier transformation where integration has been carried out over the telescope’s pupil. The 

phase )(x


  of )(x


  includes a turbulent atmosphere and telescope aberrations. In the focus of 

the telescope, the intensity distribution 
2

)()( uAuI


=  is usually used and may be expressed as 

[16]: 

( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) )9...(..........2exp'''

''''''2exp'''

xduxixdxxx

xdxduxxixxuI








  −=

−=

 
      

     Where ( ) ( ) −


''' xdxxx


  represents auto-correlation of amplitude in the telescope’s 

people, which has been referred to as optical transfer function (OTF). OTF is a purely real 
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function that is roughly triangle-shaped when a plane wave from a point source at infinity enters 

a perfect, or aberration-free, telescope. The airy disk represents Fourier transformation of the 

diffraction-limited point spread function (PSF). The coherence function, also known as an 

ensemble average over all feasible realizations, could be used for expressing the autocorrelation 

in a situation of stochastic fluctuations of an electromagnetic wave caused by an incoherent 

source or by the atmospheric turbulence [17]: 

 

( ) ( ) ( ) )10........('' xxxx


−= 
 

     Connecting atmospheric characteristics to the function of coherence in the telescope’s pupil 

and, consequently, to its Fourier transformation, PSF, in the focal plane of the telescope, is one 

of the fundamental goals of turbulence theory. The term "seeing disk" indicates PSF's FWHM, 

which occurs when atmospheric turbulence, instead of the diameter of the telescope, limits the 

size of PSF [18]. 

 

4. Adaptive optics techniques  

     Some factors make using adaptive optics in solar astronomy desirable, which include: 

(i) Spectroscopy, in which short durations of exposure and 1D spatial coverage make it 

impossible to use any other techniques for high-resolution observations with the necessary 

sensitivity levels. (ii) Routine observing, which demands the best image at all times due to the 

observation of an extremely time-variable solar atmosphere and the necessity to achieve 

maximal coverage of the solar active areas. Routine computer-intensive image reconstructions 

are not acceptable at this time. (iii) Coronal observation, which necessitates the employment of 

laser guide star technology due to the lack of a suitably luminous surface structure. A 

combination of image selection, adaptive optics, and post-detection techniques will be quite 

helpful in various situations, as has already been mentioned for image selection methods. With 

the use of image restoration approaches, residual image deterioration effects brought on by, for 

instance, an adaptive optics system that isn't entirely successful and anisoplanicity effects, can 

be eliminated [19].  

 

5. Wave-front sensing techniques on extended objects  

     Compared to night AO, solar AO faces a number of different challenges, and solar AO 

systems are in some aspects more technically challenging than night AO. The main challenges 

are seeing the worst and changing time of day, as well as the fact that solar astronomers mostly 

observe at visible wavelengths and solar wavefront sensors, which must operate on low-

contrast, extended, and time-varying objects like solar granules [20]. For the wave-front 

sensing, non-solar adaptive optics devices use points or points that resemble points. The main 

distinction between them and solar adaptive optics is the requirement for wave-front sensing 

on an extended, structured object (as seen in Figure 1). Sunspots and their small scale, sub-

arcsecond structure, could also be utilized in solar active regions. Solar granulation is the most 

suitable structure of the solar surface that exists anywhere on the solar disk, has a typical 1.5" 

size, is visible in the broadband image, and has (wavelength-dependent) contrast that equals 5-

10%. There are occasionally pores: very small sunspots with sizes close to one arcsecond. In 

such specific situation, the pore could be employed as the (inverse) point-like object and non-

solar wave-front sensing techniques could be applied. Yet, in general, extended object wave-

front sensing approaches must be developed [19] [22] [23][24]. 
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6. Multi-conjugate adaptive optics (MCAO) 

     There have been a number of proposals to increase the size of the isoplanatic patch by using 

a number of adaptive mirrors placed at the confluences of different layers of the atmosphere. 

The technique requires that one first determines the full three-dimensional structures of the 

atmospheric wavefront deformation. This could, in principle, be done by "atmospheric 

tomography," which uses projections of ground-level wavefront distortions from arrays of 

laser-guiding stars, or, in the case of extended surface-structured objects such as the sun, by 

wavefront sensing on different parts of the body [25]. MCAO systems also require having 

several wave-front sensors coupled to guide stars in different directions within the field of view 

of interest in order to probe a larger portion of the turbulent volume [26]. 

     

7. An adaptive optics option for the observations of the solar corona 

     The solar adaptive optic systems are used on the solar disks, in which wave-front sensing is 

possible due to the solar surface structure. Such wave-front sensing is not feasible for solar 

corona observations. In the case of viewing this faint ring around the sun, the radiation from 

the faint solar corona (about 1 millionth the brightness of the solar disk) is obscured by a 

background of scattered light caused by aerosol and Rayleigh scattering in the atmosphere as 

well as scattering within the coronagraph. Since such stars will be moving at a 0.04arcsec/sec 

rate due to the Earth's rotation around the sun, the total amount of time for observation is only 

a few minutes for each coronal point [19]. In case the European Solar Telescope is 

implementing an adaptive secondary mirror, a pitch less than 20 mm would be required to 

accommodate all actuators within a 800 mm mirror [27]. 

 

8. Zernike circle polynomials 

     We describe a representation that is complete and orthogonal, since it is preferable to be 

utilized when aberrations get complex. Over a circular aperture, Zernike circle polynomials 

have been found orthogonal and complete. Zernike circle polynomials can be defined according 

to a number of conventions and ordering systems; in such conventions, polynomials can be 

defined as [28][29] [30]: 

 

 

Figure 1: Solar surface structure [21]. 
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……..(11) 

 

 

 

……..(12) 

 

……..(13) 

 

     With modes defined entirely, any wave-front, 𝑊(𝑟, 𝜃)) could be represented by Zernike 

series with coefficients ai which is expressed as [31]: 

𝑊(𝑟, 𝜃) = ∑ 𝑎𝑖𝑍𝑖 (𝑟, 𝜃)                                    … … … (14)

∞

𝑖=1

 

     The Zernike coefficients' squares could be added to determine the wavefront variance. This 

is a major practical advantage of describing aberrations with an orthogonal basis set [31]. 

𝜎2 = ∑ 𝑎𝑖
2

∞

𝑖=2

                                        … … … . (15) 

9. Numerical simulation based on Kolmogorov turbulence theory and results  

     The phase screen was generated based on a PSD function that was mentioned in equation 

(8) for the modified von Kármán mode for a circular aperture with a specified diameter.  

A) Our numerical simulation gave MATLAB code for the generation of the phase screens 

utilizing Fast Fourier Transform (FFT) method as follows: 

1. Generating a circular aperture (512x512 pixel) for a telescope with a specified diameter. See 

Figure (2). 

Preliminary grid setup and constants were established, such as the number of sample points, 

physical size of grid, grid spacing, frequency mesh grid, wavelength, wave number, inner scale, 

outer scale, and Fried coherent diameter. 

2. Simulated power spectral density for the modified von Kárman mode of atmospheric 

turbulence, see Figure (3). 

3. The power spectral density's square root was calculated.  

4. Zeroed out the phase's zero-frequency component.  

5. Created a random Fourier coefficient draw.  

6. The phase screen was then created with the use of FFT utilizing random draws. It must be 

noted that the inverse FFT's imaginary and real components resulted in two uncorrelated phase 

screens. Discarded the imaginary part and utilized the phase screen from the real part.  
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      The phase screen was fitted to the apertures, as shown in Figures (4-5).  

B) The solar image should be convolved with the 2D spatial impulse response of the imaging 

device in order to create a diffraction image: 

a) The point spread function (PSF) for an ideal telescope and a perturbed telescope, using the 

above phase screen as atmospheric turbulence, were calculated by taking FFT of the optical  

b) system (telescope) then multiplying it by the PSF conjugate, see Figures (6-7). 

c) FFT for the extended object (solar image) was taken. 

d) FFT for PSFwith and without turbulence was calculated.  

e) Finally, the convolution process in frequency domain can be done by taking the dot product 

of the output in the previous b and c steps. 

f) The absolute inverse FFT of the convolved images represented the diffraction image in the 

image plane, see Figures (8).  

Figure 2: Telescope aperture 

Figure 3: Power spectral density for the modified von 

Kármán mode 
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C) Establish a MATLAB function to calculate Zernike aberration modes using equation (11), 

given the mode number for each aberration type in normalized polar coordinates on the unit 

circle, such as piston, tip, tilt, defocus, astigmatism, and so on, see Figure (9). 

D) After generating a random draw of atmospheric turbulent using modified von Kármán mode, 

reconstruct the topology data from the computed limited version of Zernike aberration modes 

(4, 20, 50, and 110 modes) and compare it to the original phase screen as shown as in Figure 

(10). 

  

 

 

Figure 4: Phase Screen for Modified 

Von Kármán  

Figure 5: FFT Phase Screen  

Figure 6: PSF without turbulence Figure 7: PSF with turbulence 

Figure 8:  Original and blurred images 
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Figure 9:  Zernike aberration modes; Piston, Tip, Tilt, Defocus, Astigmatism 

 

     Due to the fact that more modes have been included in the representation of the Zernike 

series, see how the mode-limited version becomes more and more similar to the original 

aberration. Examining the mode-limited aberrations' residual phase is equally fascinating. 

Consider the complement regarding mode-limited aberrations as the difference between the 

created phase and the original (third column in Figure 10). Observe the way that the structures 

in the residual phase become more refined when more modes have been represented by the 

Zernike series. 

 

E) The same procedure was done for generating the phase screens for the other turbulence 

models: Kolmogorov and von Kármán, as shown in Figure (11).  

Figure 10:  Phase reconstruction for each one from left to right 

represents original phase screen, Zernike aberration correction modes, 

and residual phase error (Difference) 
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F) To quickly assess the quality of results, the spatial statistics were conducted for describing 

the random variations of structure functions such as variance, covariance, and correlation 

coefficient, see Figures (12-14). 

 

 

Figure 12:  Variance statistical 

estimation 

 

Figure 13:  Covariance statistical 

estimation 

Figure 14:  Correlation coefficient 

estimation 

Figure 11: Phase screen for von Kármán and Kolmogorov models, 

respectively. 
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10. Conclusion  

     In this paper, several approaches for estimating the optical turbulence of the Earth’s 

atmosphere and their effect on solar imagery using different types of atmospheric turbulence 

models were proposed, based on von Kárman, Kolmogorov, and the modified von Kárman 

PSDs. Estimation performance for random variations of structure functions of these models was 

done using statistical calculations, such as variance, covariance, and correlation coefficient.  

 

     From Figure 10, which reconstructs the phase screen from the computed limited version of 

Zernike aberration modes (4, 20, 50, and 110 modes), it is noticeable how the mode-limited 

version increasingly resembles the original aberration as more modes are included in the 

Zernike series representation. 

Figures (12-14) show the enhanced correlation of the modified von Kármán model compared 

with other models.  

     The results showed that when solar adaptive optics are correctly built, the aberration is 

typically dramatically reduced and the imagery is greatly enhanced. 
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