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Abstract

The main objective of this topic is to define new types of filters in § —algebra,
such as & —filter and complete & —filter. Some theorems that establish the link
between these filters were also presented and validated. Any § —filter in § —algebra
is shown it is a complete § —filter. Furthermore, regular § —algebra is demonstrated
as a new class of 6§ —algebra. Additionally, this study introduces two new concepts
such as complete § —ideal and & —normal. Also, any & —normal in regular
& —algebra is demonstrated that it is a & —subalgebra. In addition, the connections
between the complete § —ideal and the & —subalgebra is investigated. However,
some instances are provided to clarify and bolster our results and findings.

Keywords: & —algebra, complete & —  filters, & —ideals, regular
& —algebra, & —subalgebra.
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1. Introduction:

In the framework of bounded implicative BCK-algebra, E. Y. Deeba produced quotient
algebra by applying a filter in 1980 [1]. The BCK-algebra class is a legitimate subclass of the
BCl-algebra class, as is well known. In BCK-algebra, Meng [2] created the idea of a BCK-
filter in 1996. The idea of d-algebra, a helpful extension of BCK-algebra, was put forth in
1999 by J. Naggers and H. S. Kim [3].
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The ideal theory is a key principle in d-algebra. The idea of d-ideals is therefore introduced
by Naggers, Jun, and Kim [4]. In 2017 [5], Mahmood and Abud Alradha introduced the idea
of generation permutation topological p —algebra and characterizations of p —algebra using
symmetric group permutation. The idea of 6 —algebra is then introduced [6]. These classes of
of p/& —algebra and others, which have been studied in great detail, are currently of interest
to many academics who also research their applications in soft, fuzzy, intuitionistic,
permutations, and other contexts [7-12].

The structures of this work, in section 2, the background of some basic notions are
recalled. Next, in section 3, the main objective of this topic is to define two novel filter types:
the & —filter and complete § —filter. We also discussed and proved a few theorems that show
the relationship between these concepts.

2. The Basic Definitions
The following definitions were applied to arrive at the information and characteristics
acquired in this section.

Definition 2.1: [6]
Let U + @ be a set with a constant 0, and a binary operation %.The system (U,%,0)is a
& —algebra if such that:
i. txt=0,VteO.
ii. 0%xt=0,
lii. txr=0andrxt=0 implythatt =r, Vt,r € U.
iv. txr=rxt=+0,Vt+reU—-{0}
V. (tx(txr))=x(rxt)=0Vt+reU—{0}

Definition 2.2 [6]
Let @ # S € U, where (U, %, 0) is §-algebra. The set S is said to be § —subalgebra of U if
txreSforanyt,r€S.

Definition 2.3 [6]

Forany @ = S < U, where (U, %,0) is § —algebra. The set S is § —ideal of U if satisfies:
(t,r eS=txr €S.
(itxreS&reS=tes.

3- 8 — filter and complete § — filter
This section examines concept & —filter, complete & —filter, and their interrelationships.

Definition (3.1) :

Let S + @ be a subset of a 6 —algebra is called a § —filter if.
i)oeE S
i) (6**x)*€S,neS = o € S,where 0* =0 %0,Vo €8S.

Example (3.2) : Assume that U = {0, £, h, ¢} and define % on U by the Table (1).
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Table 1: (U,%,0) is § —algebra

*

W\ |>|b|o

V| b|lo|o
Sis|olols
Slo|b|o|a
oI |Ib|ow

Hence (U,%,0) is § —algebra and S; = {0, A, ¢} is & —filter. But, in another side S, = {0, L}
is not & — filter, since (A* x L)* = L € S, but h & S,.

Proposition (3.3): If {]v[j,jem} is a collection of & —filter in& —algebra.Then their
intersection is a § — filter.

Proof:

Suppose that {]v[]] e«} is a family of & —filter in 6 —algebra U. Then 0 € M;,V j €x, and so
0 € Njeoe VM. If (0% % 1)* € Njeee Mj 1 € Njeee Mj, then (¢ % n)* € Mj, h € M;,V j Ex.
Since M; is a § — filter,V j €x. Hence o € Mj, Vj €x. Then o € Nje,c M. 1

Remarks (3.4):

It is not necessary the union of & —filter and § —subalgebra give us & —filter, see example
(3.5).
Example (3.5): Assume that U = {0, £, h, g, 0, a} and define % on U by the Table (2).

Table 2: S; U S, is not § — filter

* 0 L h g 0 a
0 0 0 0 0 0 0
L L 0 h g 0 a
h h h 0 g 0 a
g g g g 0 0 a
0 0 0 0 0 0 a
a a a a a a 0

Hence (U,x,0) is & —algebra U. Also, S; ={0,L} is 6 —filter and S, ={0,a} is
& —subalgebra. However S; US, ={0,L£,a} is not § — filter, since (¢* %xa)*=a € S; U
S,butg ¢ S, US,.

Proposition (3.6):

Let (U,%,0) be a 6 —algebra and S be 6 —ideal of U. Then S is & —filter, if r=x0 =
r,Vr € U.
Proof:

Assume S is 6 —ideal of U. Then S # @ and there is an element r € S, for some r € U.
Since S is 6 —ideal thus r % r € S [by Definition (2.3)-(i)], but 0 = r % r [by Definition (2.1)-
()]. Then 0 €S . Now, let (6**xn)* €S and € S. We consider that (¢* xn)* =
((0x0)%n)%0=(0%n)%x0=(0*n) €S, butx € S. Therefore o € S [by Definition
(2.3)-(ii)]. Hence S is & — filter m
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Definition (3.7):

Let S # @ be a subset of a 6 —algebra is called a complete & —filter c (c — 6 — filter) if
)o0e S
i) (¢c*%xx*)*€eS,VvueS =>0€S

Example (3.8):
Assume that U = {0, £, h, g, 0} and define % on U by Table (3).

Table 3: S; is (c — 6 — filter) and S, is not.

% 0 L h g 0
0 0 0 0 0 0
L L 0 L L L
h h L 0 L L
g d L L 0 L
0 0 L L L 0

Hence (U,%,0) is & — algebra. Also, S; = {0,¢,0} is (c — 6 — filter). In another side, we
have S, = {0,¢} is not (c — & — filter) since (0* x0*)* =0€ S, and (0*%xg*)*=0€S,
buto ¢ S,.

Proposition (3.9):

Any § — filter in § — algebra S isa (c — 6 — filter).
Proof:

Let S be 6 — filter in § — algebra U and (¢* x1*)* € S,Vur € S. Since S is § — filter,
then o € S. Then S is (c — & — filter).m

Remark (3.10):
The generic opposite of proposition (3.9) cannot be valid, as shown by the following
example.

Example (3.11): Suppose that U = {0, £, h, g, 6, a} and define % by Table (4).

Table 4: S is (c — & — filter) but not & — filter.

*

RNV ||
al>|o|¥yb|o|o
RN x|V | >¥|o o>
R QN |o|>|o|>
RN |0V W oW
R |o|lo|lao|la|o| o
ol |*|*R|R |2

It is clear that (U,%,0) isd — algebra and S = {0,¢} is (c — & — filter) but is not & —
filter since (0*xg)*=0€S ando & S.

Definition (3.12):

Forany @ + S < U, where (U, %,0) is § —algebra. The set S is complete § — ideal of U if
satisfies:
(t,reS =txres.
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(itxreS,vreSsr+0=1teSs.

Example (3.14):
Assume that U = {0, £, 1, ¢} and define % on U by Table (5).

Table 5: S is complete § — ideal.

% 0 L h g
0 0 0 0 0
£ L 0 L L
h h L 0 L
g g L L 0

Hence (U,x,0) is § — algebraand S = {0, g} is complete § — ideal.

Lemma (3.15):

Let (U,x,0) be § — algebra. Then every  — ideal is complete § — ideal.
Proof:

Let (U,x,0) be 6 — algebra and S be 6§ — ideal. Then condition (i) in Definition (3.12) is
hold [since S is 6 —ideal]. Also, if txr €S, reS>r +0, thus t € S [From Definition
(2.3)-(i1)]. So, condition (ii) in Definition (3.12) is hold. Hence S is a complete § — ideal.

Remark (3.16):
It is not necessary any complete 6 — ideal is 6 — ideal.

Example (3.17):
Assume that U = {0, £, i, ¢} and define % on U by the Table (6).

Table 6: S is complete § — ideal

*

V(> > |O

QW [(>WN|o|o
SIS (o|o|
Slo|bh|[o|
SIS | |o W

Hence S = {0, g} is complete § — ideal, but it isnot 6 — ideal, since Lx0=g € S,0€ S,
but LS.

Remark (3.18):
Let (U,%,0) be & —algebra and S be & — subalgebra, then 0 € S. Since rxr =
Oe S,forany re S [since S is § — subalgebra].

Remark (3.19):
Itis clearly any § — ideal is § —subalgebra.

Lemma (3.20):
Every complete § — ideal is § —subalgebra.
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Proof:
Let S be a complete 6 — ideal and let r, te S, then from Definition (3.12)-(i), we have r x
te S. Then S is § —subalgebra.

Remark (3.21):
It is not necessary any & — subalgebra is complete § — ideal.

Example (3.22):
Assume that U = {0, £, h, g} and define % on U by the Table (7).

Table 7: S is § —subalgebra but not complete 6 — ideal.

% 0 L h g
0 0 0 0 0
L L 0 L L
h h L 0 L
g g L L 0

Here S = {0, L} is § —subalgebra but not a complete 6 —ideal,since hxL=L€ H, h & S.

Definition (3.23):

Forany @ += S € U, where (U, %,0) is § —algebra. The set S is § — normal of U if any t %
r, pxq€S implies (t xp) % (rxq) €S. The following example explains the definition
above.

Example (3.24):
LetU ={0,L,h,g,0,a,¥} be asetwith the following table:

Table 8: S is§ — normal

% 0 L h g 0 a £
0 0 0 0 0 0 0 0
£ L 0 L L L L L
h h L 0 L L L L
g 0 L L 0 L L L
0 0 L L L 0 L L
a a L L L L 0 L
£ ? L L L L L 0

Itis clear (U,%,0) is 6 — algebra and S = {0, L} is § — normal
Definition (3.25):

Assume that (U, %,0) is a § —algebra. The system (U, %,0) is called a regular § — algebra if
tx0=t,foranyt € U.

Example (3.26):
Suppose that U = {0, £, h, g, 0, a} and define % as Table (9)
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Table 9: (U,%,0) is a regular § — algebra.

*

R ||V [ |o

R x|V [ |0 |o
QR QN ([ |o|b>
R |V |o|>|o|>
R || OV R |[OoWw
R |o|lo|lo|la|o|o
ol || |]|o|

Hence (U,x,0) is a regular § — algebra.

Lemma (3.27):

Every § — normal in regular § — algebra is § — subalgebra.
Proof:

Let (U,%,0) be aregular § — algebra and S be § — normal of U. Forany #,¢ € S € U, we
have h=hx0and g = g % 0 (since U is regular § — algebra). So, Ax0 € Sandg=%x0€ S
and hence (Axg)% (0%0)€S, but (Ahxg)%(0%0)=(hxg)%0=(hxg). Thus h*
g € S,then S is § — subalgebra.

Conclusion:

To expand on our results and opinions from this study on & —filter, complete § —filter,
complete § —ideal and & —norma in § —algebra and in regular § —algebra. In a future study,
instead of utilizing classical sets to investigate and explain fresh ideas and conclusions in
algebra, to study their expansions in fuzzy settings, fuzzy sets will be used.
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