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Abstract

Suppose that G is a finite group and S is a non-empty subset of G such that
e &S and S~ € S. Suppose that Cay(G, S) is the Cayley graph whose vertices are
all elements of G and two vertices x and y are adjacent if and only if xy~! € S. In
this paper,we introduce the generalized Cayley graph denoted by Cay,,(G,S) that is
a graph with vertex set consists of all column matrices X,,, which all components are
in G and two vertices X,,, and Y,, are adjacent if and only if X,,[(¥;,)"1]* € M(S),
where Y,,”* is a column matrix that each entry is the inverse of similar entry of Y,
and M(S) is m x m matrix with all entries in S, [Y~1]* is the transpose of Y1
and m = 1. We aim to determine the structure of Cay,,(G,S) when G is the dihedral
group of order 2nand | S |= 3 forevery m > 2, n = 3.

Keywords: Cayley graph , dihedral group, generalized Cayley graph, Crtisian
product, Corona product.
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1 Introduction

Algebraic graph theory has been considered as one of the important topics in mathematics
that specialists in algebra and graph theory have been interested in the recent years. In algebraic
graph theory, every graph is associated to a group, ring, module or any other algebraic
structures. One of the oldest algebraic graph theory is Cayley graph which is associated to a
group and a subset of this group. The history of Cayley graph came back to many years ago. In
1878, Cayley graph was introduced by Arthur Cayley in [1]. He gave a geometrical
representation of group by means of a set of generators. This translates groups into geometrical
objects which can be investigated from the geometrical view. In particular, it provides a rich
source of highly symmetric graphs, known as transitive graphs, which plays an important role
in many graph theoretical problems and group theoretical problems. During the past ten years,
some authors introduced different generalizations for the Cayley graph. For example, Marusic
in [2] gave a generalization of the Cayley graph in terms of an automorphism of group G.
Afterwards, Zho in [3] introduced the Cayley graph on a semigroup. Recently, the second
author introduced a new generalization of Cayley graph by replacing all elements of group by
all mx1 matrices with entries in the group, as a vertex set. He denoted it by Caym(G,S) for every
m > 1, and it is clear that if m = 1 then we will achieve the known Cayley graph Cay(G,S).
In 2021, Neamah , Erfanian and others [4,5] established the structure of a generalized Cayley
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graph Caym(G,S), when Cay(G,S) is a cycle graph C,, forall n > 3.

In this paper, we are going to determine the structure of the Caym( D,,,S) where D,, is
the dihedral group of order 2n and S is a non empty subset of D,, such that e ¢ S, S™1 ¢
Sand 1 <|S| <3 forevery m>2, n=> 3.

We recall that for any group G and any nonempty subset S of G with e € S and St €
S, the Cayley graph Cay(G,S) is an undirected simple graph whose vertices are all elements of
G and two vertices x and y are adjacent if and only if xy™! € S. It is known that Cay(G,S) is
a connected graph whenever S is a generating set of G and that it is always regular and vertex
transitive ( see [6] for more details ). Now, we can define the generalized Cayley graph
Cay, (G, S) as follows.

Definition 1.1. [7] For every m > 1, the generalized Cayley graph, denoted by Cay,,(G,S) is
an undirected simple graph with vertex set consisting all mXx1 matrices

[X1 Xz - Xm]%,where x; EG, 1 <i<m,andtwovertices X =[X1 Xz - Xp]®and
Y=[Y1 Y2 - V¥m]' are adjacent if and only if
[X1Y1_1 X1y2"' vt Xq¥m | 1
-1 -1 . -1
X(Y =2 T2 TYm e My, (S), where
XmYl_1 XmYZ_1 XmYm_1
X171 X120 Xim
X X cee X
Minxn(S) =427 2% . | Ix3€S, 1<ij<my
Xm1i Xm2 " Xmm

In the following lemma from [2], we can find a necessary and sufficient condition for two
arbitrary vertices in Cay,,(G,S) to be adjacent.

Lemmalz2. [8]Let X=[X1 X2 = Xm|'andletY=[y1 Y2 - ¥m]® betwo vertices
in Cayn,(G,S), where x;,y; € G for 1 <1i,j <m. Then X and Y are adjacent in Cay,(G,S)

if and only if x; is adjacent to y; in Cay(G,S) for all 1 <i,j <m. The following lemma
gives a formula for the degree of any vertex in the Cay,, (G, S) in terms of some right cosets of
S.

Lemma 1.3. [8] Let X =[X1 Xz - Xm]' be a vertex in the Cay,,(G,S). Then deg(X) =
| NiZ; Sxil.

As we mentioned earlier, Cay(G,S) is connected (by assuming S as a generating set of
G), so there is no isolated vertex. Indeed, one can easily see that Cay,,(G,S) is not necessary
to be connected, even when S is a generating set and we may have some isolated vertices [6].
The following lemma states that under some conditions, we may have an isolated vertex in

Cay,(G,S).

Lemma 1.4. [8] Suppose that X=[X1 Xz -+ Xm]' is a vertex in Cayn,(G,S). If
d(x;,x;) # 2 in Cay(G,S) for some 1 <i=j<m and the Cay(G,S) is triangle free. Then
X is an isolated vertex in the Cayy, (G, S) (note that d(x;, x;) stands for the distance between
x; and x;, which is the length of the shortes path between x; and x; and triangle free means
that the graph must have no cycle of lengh 3).
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As we mentioned at the beginning of this paper, the structure of the Cay,,(G,S) whenever
the Cay(G,S) is a complete graph K,, is investigated by Naeemah et. al. in [5], for all n > 3
and m > 2. Moreover, , the structure of the Cay,,(G,S) when Cay(G,S) is a cycle graph
C,by [8]. By using these structures we are going to to find the structure of Caym( D,,,S) with
| S| =1,2,3. First, let us state the structure of Cay(Dazn, S) for the case |S| =1,2,3. One
can see that if |S| = 1 then Cay(G,S) is the union of n disjoin edges. In other words, Cay(D2n,
S)=nK,. Similarly, for the case |S| = 2 the structure of Cay(D2n, S) is the union of some cycles.
For these two cases, the structure of Cay(D2n, S) can be deduced directly from [8]. So, we focus
on the case |S| = 3. We know that if |S| = 3, then we have two cases. The first case is S =
{x, x!, y}, where x #x *andy?=e and the second case is when S = {x, y, z}, with x? = y? =
z2 = e. The following two theorems from [1] give the structure of Cay(D2zn, S) for each of the
above two cases for all n > 3.

Theorem 1.5. [9] Assume that S = {x, X!, y}SDan such that x=x ! and y? = e and o(x)=m.
Then Cay(Dzn, S) = — (K200Ch,

Theorem 1.6. [9] Let S = {X, y, Z}}SD2n, with x? = y? = 72 = e. Then Cay(D2zn, S) = Ko(1Ch,
To determine the graph structure of Cay(D2n, S) for |S| = 3, it is enough to consider on of the
above two cases. So, we deal with the first case and assume that S = {a, a %, b}SD2n, where a
and b are generatores of Dn and a" = b? = e. So, in this case by Theorem 1.5 we have Cay(D2n,
S) = K20OCh . In the next section, we determine the structure of Cay,,(G,S) when G = Dg and
|S|=3 for all values m > 2

At the end of this section is necessary to remind definitions of Cartesian product and Corona
product of two graphs G and H.

Definition 1.7. [7] The Cartesian product of G and H is a graph denoted by GOH, whose
vertex set is V(G) x V(H). Two vertices (g,h),(g’,h') are adjacent if (g =g’ and
hh' € E(H)) or (gg' € G and h = h"). Thus, V(GOH) = {(g,h) |g €V(G),h € V(H)}
E(GOH) ={(g, (9’ h")lg = g',hh" € E(H) or gg' € E(G),h = h")}.

Definition 1.8. [7] Suppose that G and H be graphs, then the Corona product of G and H
denoted by G o H is obtained by taking one copy of G and |V(G)| copies of H, and by
joining each vertex of i — th copy of H tothe i — th vertex of G, where 1 <i < |V(G)|.
Corona product is a non-commutative operation.i.e. GoH # Ho G.

Throughout this paper, we always assume that group G is finite, S is a nonempty subset of G,
e¢S, S =S and S isagenetaing set for G. Moreover, all of the notations and terminologies
about graphs are standard and can be found in [9].

2 The Structure of Cay,,(Ds, S) with |S|=3
In this section, we start with dihedral group of order 6. We investigate the graph structure
of Caym(Ds,S), whenever | S |= 3. Let us start with the case m=2. Assume that Ds=<a,b | a®=
b?=e, bab = a—'> = {e,a,a,b,ab,a’h} is dihedral group of order 6 and S = {a,a*,b}. Then, by
Theorem 1.5 we have Cay(Ds, S) = Kor1Cs (see Figure 1). In the following, we give the structure
for Cay2(Des, S).

Lemma 2.1. Let Dg=<a,b | a"= b?= e,bab = a— > be a dihedral group of order 6 and S = {a,a
1 b}. Then Cayz(Ds, S)= [3Ky 4 — 3(K;0C3)] U ((K20Cs) © K;) U K.

Proof : Suppose that I; = K, with vertex set {x;,x,} and I, = C; with vertex set
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{x3,x4,x5} . Since Cay(De,S) = K20 Cs , so, its vertex set is V(Cay(Ds,S)) =

{(x1,x3), (x1,x4), (X1, x5), (X2, x3), (x5, x4), (x2,x5)} such  that (xi,x3) =e,(x1,x4) =
a, (xq,x5) = a?, (x,,%x3) = b, (x5,x,) = ab, (x,,x5) = a*bh.  Thus, V(Cay,(G,S)) =

sl | @b €D} ={[c].[g]- Loz ] Lap] Lozl -[e] ] 2] o] o a2
LS F L Gl 151 g e R L L) G- Lo Lo
1 g 1 e B A i o e g o R bt

and so |V(Cay,(G,S))| = 62 = 36. Now, we have three independent sets
= (LI LSS = {8 [0 o] [ 2
(][] Laol [ 1)

We have four types of vertices in terms of degrees as the following :
Type (1) of vertices: The degree of these vertices is 9. Define

A ={[w; wi]* |w; €Dg andi=1,2,..,6}.

So, |A;| =1. So the number of these sets is 6. It is Clear that, the induced subgraph to the set

2
U?=1Ai is the graph Kot0Cas. So, A; = {[g]} A, = {[Z]},A3 = {[ZZ]}'A‘* = {[Z]}AS =
{[Zg }& Ay = {[ZEZ]} We can see that A; = [xi] is adjacent to A; :[xj] such that
w;~w; in Ko0OCs where i,j= 1,2, ...,6.
Type (I1) of vertices: The degree of these vertices is 4. Now, put
A = {[al a, |*| a;,a, € Dy where in the matrix components} _ (A- U A-)
b w; ,w;, is not adjacent together vy
and |Aij| =2 where 1<i<j <6.
Wi W]

Assume A4; = [Wz] JAj = [Wk

adjacent to w; and wysuch that j <kand i # j,k . The number of these sets is 6 as

follows, A,¢ = { rvlz] ) mﬂ} Likewise, A3y, Ayg, Ass, Ajyzand Ajs.

Itis clear that, the set A; isadjacentto A,, Az, Ay, Azs, Ay, Asy

the set A, is adjacentto A,, As, Ag, A3, A1s, Ass,

the setA; isadjacentto A,, Ay, Ay, Azy, Ayy, As7,

the set A, isadjacentto A,, Az, Ag, A13,A1g, Azs,

the set A5 is adjacentto A;, Ag, Ag, A1g, A1e, Ass,

the set Ag is adjacent to A,, As, A, Ays, Ayz, Asy. So,we define
X1 ={A15,41,As} and Yy = {434, 45, Ay}
Xy ={Az6 A2, A6} and Y, = {435, 43, As}
X3 ={A16, A1, A6} and Y3 = {Az4, A3, Ay}
Moreover, X; and Y; are disjoint and each one has four vertices where i=1,2,3. Hence, the
subgraph induced by X; U Y; is a complete 2-bipartite graph K, ,. So, we have U3_;(X; UY))
in the structure of Cay,(D¢, S). We will obtain three of the complete 2-bipartite graph
Ky 4. The sets of {A;s5, A24},{A26 , A35}.{A34, A16} are independent sets. On the other hand, it
can be said that each element of these sets is adjacent to their other elements and are independent
of each other.So, they can be shown as 3K, ,.

Type (111) of vertices: The degree of these vertices is one. We code it by 4;;" and |4;;!| =
2 where 1 <i<j <6.We have 4; is adjacent to Aij1 where w; is adjacent to w; & wy

w
] or [Wﬂ,thus we have A; is adjacent to Ay when w; is
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suchthat j < kandi # j,k . We can see that A; is adjacent to Al-jland the number of these
sets is 6. The elements of these sets are A,3*, A1, A1, Ass’, Asstand Ags* .Moreover, we
can reach this conclusion that each element of this set is adjacent to each of vertices of the graph
K20Cs. It is obtained by corona product (K20Cs) to K,.

Type (I11) of vertices: The degree of these vertices is zero. Now, put

Aij* = {[al a, ]tl a, a, € {Wi,Wj} c DG} - {AU U Aijl} & |AU*
where 1 <i<j <6.

=2

We observe that the rest of the other vertices are all isolated vertices.The elements of this
setare Ay,°, Azs”, As¢” and the number of this type is 6. Therefore,
CayZ(DG,S)E [3K4'4 - 3(K2DC3)] U ((KZDCB) o Kz) U K6'

By using the same method as above for Cay2(De,S) , we can state the general structure of
Caym(Ds,S) for all m > 2.

Theorem 2.2. Let Ds =<a,bja" = b?= e,bab = a™ > be a dihedral group of order 3 and S ={a,a"
1b}. Then forallm=>2
Caym(De,S)= [3Kpm pm — 3(Ko00C3)] U ((K200C3) © Kym_pme1yq) U Kg(gm-1_gm,ym_y)

Proof : Suppose that I7 = K, with vertex set {x;,x,} and [, = C; with vertex set
{x3, x4, x5}. As we mentioned in Lemma 2.1, we have Cay(Ds,S) = K>0JC3 and
V(Cay(Ds; 5)) = {(x1, x3), (31, x4), (%1, X5), (X2, x3), (X2, X4), (X2, x5)} such that (xq,x3) =
e, (xlr X4_) =a, (leXS) = aZ} (XZJ X3) = b, (XZJ X4_) = abr (xZIxS) = aZb.
Thus, V(Caym(Ds,S)) =
{[a; ag.. anl®| ay,az ...,am € Dg}andso |V(Cayn(De,S))| = 6™
We have four types of vertices in terms of degrees here.
Type (1) of vertices: The degree of these vertices is
(3lA;1+3|4;| + |Aijk) =3 +3(2™ = 2) + 3(3™ 1 — 2™ + 1) = 3(3™"1) = 3™. Define
A={[w; w; ... w;]'|w; €Dg and i =1,2,...,6}. So, |4;| =1 and the number of these
sets is 6. It is Clear that, the induced subgraph to the set U$_, 4; is the graph K, 0 Cs. We can
see that 4;= [w; w; .. w;]® is adjacent to A; = [w; w; .. wj]t such that
w; is adjacent to w; in K; OC3 where i,j= 1,2, ...,6.
Type (11) of vertices: The degree of these vertices is (|4;;] + 2) = 2™. Now, put
[a, a; ... anlt|ay,ay, ..., am € {w; ,w;} € Dg where in the matrix} —(4,u
components w; is not adjacent to w; !

A;) and |4;j|=2™—2 where 1<i<j <6.They are Ass, Asq, Azg, Ass, Azq and
Aqs.
In Cay,(De,S), A; is adjacent to A;, where w; is adjacent to w; and wy, in Cay(Ds,S) such
that j < kandi +# j, k . The number of these setsis 6 .

It is clear that, the set A; isadjacentto A,, As, Ay, Ayz, Ass, Asy, Agsy

the set A, isadjacentto A,, Az, As, Aq3, Ays, Azs, Ass

the set A; is adjacent to Ay, Ay, A7, Ayy,As7,As7 , Asyy

the set A, is adjacent to Ay, Az, Ag, A13, A1, Asg, Ai3g

the set A5 is adjacent to A, Ag, Ag, A1g, A16, Aes A1es,
the set Aq is adjacent to A,, As, A;,Ays, Ayy, Asy, Ays. SO, We define
X1 ={A15, 41,45} and Yy = {Az4, 4, As}
Xy = {Az6, A3, A6} and Y, = {A35, A3, As}

Aij =
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X3 = {A16, A1, Ag} and Y3 = {434, A3, Ay}

Moreover, X; and Y; are disjoint and each one has 2™vertices where i=1,2,3. Hence, the
subgraph induced by X;UY; is a complete 2-bipartite graph K,m,m . So, we have
U, (X; UY;) in the structure of Cay,,(G,S). We will obtain 3 of the complete 2-bipartite
graph K,m ,m. The sets of {A;5, A24},{A26 , A35},{A34, A16} are independent sets. On the other
hand, it can be said that each element of these sets is adjacent to their other elements and are
independent of each other. So, they can be shown as follows 3K ,m ,m.

Type (111) of vertices: The degree of these vertices is one. We code it by 4;;'and |4;;"| =
2™ —2 and |A;j| =3(3™ 1 —2™+1) where 1<i<j <k<6. We have A4; is
adjacent to Al-jl where w; is adjacent to w; & wy such that j < kand i # j, k. We can see
that 4; is adjacent to A4;;'and the number of these sets is 6. They are A,3', A13', 455",
Ayst, Aget and Ags'. Also, We have A; is adjacent to Aj,; where w; is adjacent
to  wj,wy and wy where i#j,k,1 & j<k <l . They  are
A234’A1351A247J A138’A1681A257'

Moreover, we can reach this conclusion that each element of this set is adjacent to each of
vertices of the graph K20Cs.

It is obtained by corona product (K20Cs) to I?|Ai]_1|+ gl = Kamogmiyq.
Type (IV) of vertices: The degree of these vertices is zero. Put

*

1
Ay = {[al a .. am]t| a;,dy, .., Ay € {wil,wil}} —{Ai,i, VA, }
Ailizig* = {[al a2 b am]tl a’l) a’Z) "'lam E {Will lelwl3}} - {Alllzl3} ARES]
Aiigin = {[a1 ay .. amlt| @y, az, ..., am € (Wi, wi,, ...,wi3}} such that

We observe that the rest of the other vertices are all isolated vertices. The elements of this
setare A", Ays”, Ase™ and all triple sets (4, ;.;.7) except A;
The number of this type is

6 * 6 *
[(2) - 12] A, | + [(3) - 6] |Aiinis
= 3|4y, | + 14|As,:," | + Zo=4 |Ai1i2...iq* :

On the other hand, the number of the isolated vertices is

6™ — 6|4 — 6]4;| — 6|4 | — 6]Aiz| = 6(6™F — 4l — |4y | = |4 | = |Aijec])
=6(6M~1 —3Mm 4 2m _ 1)
Therefore, Caym(Ds,S)= [UE | Komym — 3(Ko01C3)] U ((K201C3) © Kym_pme1,q) U
136(6m_1—3m+2m—1) = [3K2m’2m - 3(KZDC3)] U ((KZDC3) ° I?3m_2m+1+1) U
K6(6m_1—3m+2m—1)
As required.

16203 123"

+ |4 y

1i2...i4

+ |4 *

1i2...i5

+ |4 *

1i2...i6

Remark 2.3  One can easily see that we may state the above formula in terms of size of sets
as the following:

Caym(Ds,S) = [3K|Aij|+2:|Aij|+2 —3(K,0C3)] U ((KZDC3) ° I?|Aij1|+|A'jk|) U

Ko(em=1-1ai1-|ay|-|ay*| -l ail)
The graphs Cay(Dg, S), Cay,(Dg,S), Cays(De,S) and Cayy,(Dg, S)are shown in following
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figures.

Figure 1: Cay(Ds,S) Figure 2: The component of  Figure 3: The component of
Cay2(Ds,S) Cays(Ds,S)

L
¥
\
\
\
x : :;':
Ty
\
\
\
\
A

S -
' J’
v &
i o e
o & &

Figure 4: The generalized Cayley graph when m> 3 and |S|=3
(Cayy,(Dg, S)) and has 6(6™~1 — 3™ + 2™ — 1) isolated vertices.

3 The Structure of Cay,,(D,,,S) with |S| = 3

In this section, we investigate the graph structure of Caym(D2n,S), whenever | S |=3, m >
2and n > 3. Let us remind that Cay(D2n,S) = K20OCn by Theorem 1.5. So, suppose that
I = K, with vertex set {x;,x,} and I, = C,, with vertex set {x3, x4, ..., x4, }. Then we
have

V(Cay(DZHI S)) = {(xlr X3), (xl; X4_), ey (xl; xn+2)' (xZ' X3), (xZ' x4-)' ey (xZ' xn+2)}

We put wy = (xq,x3), Wy = (X1, %4), ..., Wy = (X1, Xp42) and
Wnit = (X2, %3), Wy = (X2, X4), oo, Won = (X2, X2n42)- SO, |V(Cay(D2n,S))| = 2n.
Consider the subsets X and Y of V(Cay(D,y,S)) as follows:
X = {WL,W3, e s Wopn_1 }, Y = {WZ’,W4 s ey Wop }
It is clear that both sets X ,Y are independent and that each vertex in X is adjacent to each
vertex in Y and vice versa in Cay(D,y,S).
Now, we are going to state the main results. The case m=2 is stated as the follow lemma.

Lemma3.1 LetDyx={ab|a"=hb?=¢, bab=a’} be a dihedral group of order 2n and
S={a, alb} wheren> 3. Then

Cay;(D3,,S) = [nK,4 — 3(K;0C,)] U (K20C,) © K3 ) U Kopan-s)
Proof. We define V(Cay,(Dzn,S)) ={la; a,]®|ay,a; € Dyn}. So, [V(Cay,(G,9))| =
(2n)? = 4n?.

834



Neamah and Erfanian Iragi Journal of Science, 2024, Vol. 65, No. 2, pp: 828- 840

We have three types of vertices in terms of degrees. They are:
Type (1) of vertices: The degree of these vertices is |4;| + 3|Al-j| = 3(2™ — 1) =9. We define
A ={w; w] |w; €V(Cay(Dyn,S)) and i = 1,2,...,2n }. So, |4;| =1. So the number of
these se ts is 2n. It is Clear that, the induced subgraph to the set U?™, 4; is the K,0C,. We can

Wil . . W;j ; .
see that A; = [W] is adjacent to A; = [Wj] such that w;~w; in Cay(D,,,S) where i,j =
L

1,2, ..,2n.
Type (11) of vertices: The degree of these vertices is 2|4;| + |4;;| = 2™ = 4. Now, put

Ay = {[al a, |’ | a,;,a, € {Wi,.Wj} Wher.e inthe matrix }_ (Ai U Aj) and |Aij| _
components w;, w; is not adjacent together

2 such that 1<i<j <2n. We have A; is adjacent to A;, where w; is adjacent

to wjandw, in  Cay(Dp, S) such that j<kandi+jk . They are

Aicny » Anm+1) » Aren-4)y A2me1)y Azen-2) » Aaen-3) » A2¢2n-3)432n-2) » Am-1)2n)

Anm-1y - and Ayony o Anmsry - Ao, Xy ={Aimi2), A1, Ans2}  and Y, =

{Az(n+1) JAZJAn+1}

Xy = {AZ(n+3)»A2»An+3} and Y; = {A3(n+2):A3:An+2},---,

Xn-2 = {A(n—z)(Zn—l)JAn—l:AZn—l} and Y,_, = {A(n—l)(Zn—Z)rAn—l'AZn—Z}

Xn-1 = {A(n—l)(Zn)'An—l:AZn} and Y,_, = {An(Zn—l)'AnrAZn—l}

Xn = {Al(Zn)rAliAZn} and Y, = {An(n+1) 'An'An+1}-

Moreover, X; and Y; are disjoint and each one has 4 vertices where i=1,2,..,n. Hence, the
subgraph induced by X; U Y; is a complete 2-bipartite graph K, ,. So, we have UlL;(X; UY;)
in the structure of Cay,(D,,,S). We will obtain (n) of the complete 2-bipartite graph K, 4. The
sets  of {Aimizp A2} { A2z Asmezy M Am-en-1p Am-n@En-2) e
{Anm-veEny An-ven-2}  {Am-1@n) » Anen-1) } and {41¢n), Anm+1) } are independent
sets.

Type (111) of vertices: The degree of these vertices is one. We code it by 4;;" and |4;;'| =
2 where 1 <i<j <2n.We have 4; is adjacent to Al-jl where w; is adjacent to w; & wy
such that j < kandi +# j, k . We can see that A4; is adjacent to Aijland the number of the
elements of this sets is 2n. Moreover, we can reach this conclusion that each element of this set
is adjacent to each of vertices of the graph Ko1Cy. It is obtained by corona product (K200Chy) to
K,.

T)Z/pe (V) of vertices: The degree of these vertices is zero. Now, put

A" ={la; a;1*| a1, a; € {w;,w;} S Doy} — {4} and |A;"| =2 such that1 <i<j <

2n. So, the number of these isolated vertices is 2 <(22n) — 24).

w; w; Wy . :

Assume A;; = [Wj] or [Wi] VA = [Wk] , thus we have 4;; is not adjacent to A, where w;
and w, is not adjacent to w, such that i < jand k # i,j. We observe that this type of
vertices are isolated vertices. So, the rest of the vertices outside of Ul-,;(X; UY;) and
U?ElAijl are all isolated vertices. The number of isolated vertices is (2n)? — 2n|4;| —
2n|4;;| - 2n|A4;;'| = 2n(2n — 1 - 2|4;;]) =2n(2n - 5).Itis clear that,
the set A, is adjacentto A,, Any1, An Aztns1) A2y Ann+1)
the set A, is adjacentto Ay, As, Any2, 413, A1(n+2) Aznt2):
the set A3 is adjacent to Ay, Ay, Ants, Azar Aztnesy Aanasyse o
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the set A; is adjacent to Ai_y, Ait1, An+ir A-1)i+1) A n+i) A+ (i) o>
the set A, is adjacent to An_1, Ans1, Azn An—1)(n+1) Am-1)2n) Ame1)@n)r--
and the set A, is adjacent to Azn_1, Ans1, An Agn-1)m+1) An-1)m) Am)m+1)-
Thus ,the structure of generalized Cayley graph of K,Cs when m=2 has five faces and each
face is the complete 2-bipartite graph K, , such that these faces have some common vertices.
Therefore, Cay,(Dan,S) = [nKy 4 — 3(K20C,)] U ((K20C) © K3 ) U Konan—s).

——

- / Ay / n=\ ] nes

=1 - -

Figure 9: The graph of Cay(Dz2n,S) Figurel0: The component of the graph of
Cay2(D2n,S)

Lemma 3.2 LetDx={ab]|a"=b’=¢e, bab=a?} be adihedral group of order 2n and
S={a, alb}wheren=> 3. Then B B
Cayz(Dyn,S) = [nKgg — 3(K20C,)] U [(K200Cy) © K12] U Konp(anyz—2s]

Proof : We define V(Cay3(D,,,8)) ={[a; a, as]' |aj,a,,as € Dy}
So,|V(Cays(Dyn, S))| = (2n)® = 8n3.We have four types of vertices in terms of degrees. They
are: Type (I) of vertices: The degree of these vertices is
|A;| + 3|Aij| + |Aije| =3 +3@™ —2) +3@3™ 1 — 2™ + 1) =3m = 33 = 27.
We Define 4; = {[w; w; w;]* |w; € Dy, }. |4;] =1 wherei = 1,2, ...,2n. So the number
of these sets is 2n. It is Clear that, the induced subgraph to the set UZ™, 4; is the graph
K,0C,. We can see that 4; = [w; w; w;]tis adjacentto 4; = [w; w; wj]t such that w; is
adjacent to w; in Cay(D,,,S) where i, j= 1,2, ...,2n.
Type (1) of vertices:The degree of these vertices is 2|4;| + |Al-]-| = 2M=8. Now, put
A = { [a; a; as]*|ay,ay a3 € {w;,w;} € D,,, where in }_ (4; U 4)

Y the matrix components w;, w; isnot adjacent together e
and |4;;| =6 suchthat1<i<j <2n. In Cays(D,,S), we have A; is adjacent
to Aj where w;~ w; and w;~ wysuch that j <k and i # j, k.
The induced subgraph to the sets A;; is complete 2-bipartite graph Kgg. They are
Theyare
A1cn) » Anmen) » A1en-ay A2mr1) A3n-2) » Aaen-3) » A20n-3)432n-4) » Am-1)2n)
Anm-1y - and Aygny  Anmeny We  put Xy ={Ains2), A1, Ans2}  and Y =
{AZ(n+1) rAZJAn+1}
X, = {AZ(n+3)'A2rAn+3} and Y; = {AS(n+2)fA3:An+2} sees
Xn-2 = {A(n—z)(Zn—n:An—1»A2n—1} and Y,_, = {A(n—l)(Zn—Z)’An—l'AZn—Z}
Xn-1 = {A(n—l)(Zn)rAn—lfAZn} and Y4 = {An(Zn—l):An'AZn—l}
Xn = {A1(2n)rA1:A2n} and Yo = {An(n+1) ’An’An+1}-

Moreover, X; and Y; are disjoint and each one has 8 vertices where i=1,2,..,n. Hence, the

subgraph induced by X; U Y; is a complete 2-bipartite graph Kgg. So, we have UlL;(X; UY;)
in the structure of Cay,(Dyp, S).
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We will obtain (n) of the complete 2-bipartite graph Kgg. The sets of
Aimizy Az} A Azesy Asmezy M Am-2en-1) Am-1@En-2) |
{An-veEny Am-ven-2}  {Am-1@n) » Anen-1) } and {41¢n), Anm+1) } are independent
sets.
Type (I11) of vertices: The degree of these vertices is one. We code it by Aijl and |Aij1| =
2 where 1 <i<j <2n.We have 4; is adjacent to Al-jl where w; is adjacent to w; & wy
such that j < kandi # j, k . We can see that A4; is adjacent to Ai,-land the number of the
elements of this sets is 2n. Moreover, we can reach this conclusion that each element of this set
is adjacent to each of vertices of the graph K2CJCh. It is obtained by corona product (K2Cn)
to K,.
Type (1) of vertices: The degree of these vertices is one. We code it by 4;;" and |4;;!| =
2 where 1 <i<j < 2n.We have 4; is adjacent to Aijl where w; is adjacent to w; & wy
such that j < kandi # j,k . We can see that A; is adjacent to Aijland the number of the
elements of this sets is 2n. We define
{ [a1 a; a3]*|ay,ay a5 € {w;,w;} where in the matrix }_ (4,0 4)
components w;, w; is not adjacent together in Cay(Dyy, S) ter
& |Aij1| = 6. They are A251'A1311A2411A3511A141'A7(10)1'A6811A7911A8(10)11A691'
A = { [ar a, az]t | a,,a,,das € {wi,wj,wk} where in the matrix }_ (A- UA U
Uk 7| components wy, wj, wy isnot adjacent together in Cay(Day, S) o
Ax UA;j U A UAy). S0, |Aijx| =6 suchthat 1<i<j<k<2n.
It is easy to see that A; is adjacent to Ay, where w; is adjacent to wj,wy andw; in
Cay(D,,,S) suchthat i # j,k,l,and 1 <j <k <[l < 2n.
The number of these vertices is 10|4;;"| + 10|4;,| = 10(|A;;"| + |A4iji|) = 120
Moreover, we can reach this conclusion that each element of this set is adjacent to each of
vertices of the graph KoCy. It is obtained by corona product (K2oCp)  to K|Aij1|+|Ai]_k| = K,,.
Type (IV) of vertices: The degree of these vertices is zero. Now, put
A" = {[a1 ay azl*|ay,a;, az € {w;, w;} } —{4;; v Aijl}
A" ={lay ay asl'| ay,a;,as € {w;, wj,wi} } — Ajpe.
So,|4;;"| =6 and |A4;;"| =6 where 1<i<j <k<2n.
We observe that the rest of the other vertices are all isolated vertices.
The number of these isolated vertices is ((Zzn) - 4n)|Aij* )+ ((23n) - 2n)|Aijk*
In Cays;(D,y,,S), we have A;;" is not adjacent to A, where w; and wy is not adjacent to
wy in Cay(D,,,S)suchthat i < jand k #i,].
We can express that the rest of the vertices outside of UL, (X; UY;) U?illAijk and
UZR, A;;" are all isolated vertices. The number of isolated vertices is
(2n)3 — 2n|4;| — 2(2n)|4;;| — 2n|A;;| — 2n|A;| =
2n[(2n)? — |4;| — 3|4;| — |Aijk]] = 2n[(2n)? — 25].
It is clear that, the set A, is adjacentto A,, Any1, An Az(n+1) A2y Anm+1) A2m)n+1)
the set A, is adjacentto Ay, As, Any2, 413, A1(n+2) Azm+2) A13)(n+2)
the set A3 is adjacent to Ay, A4, Ants Azar Aznesy Aamasy A2y a3y
the set
4; is adjacent to Ai_y, Aiv1, Anvi AG-1)a+1) A-D) iy A+ iy AG-DE+ D) (i) o
the set
A, isadjacent to An_y, Ant1, Azn Am-1 1) Am-12n)y Am+nen) An-1)@m+1 ) - -

1 _
Aij =
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and the set

Ayn is adjacent to Azn_q, Ant1, An Amsnen-1y Amyen-1) Amym+1) Amy s 2n-1)
Thus , the structure of generalized Cayley graph of K,C,, when m =3 has (n) faces and each
face is Complete 2-bipartite graph Kgg such that these faces have some common vertices.

Therefore, Cays;(Dsy,S) = [nKgg — 3(K>00C,)] U [(K200C,) © Ki5] U Kanjany2-25)
By using the above lemmas, we may state the main result here which cover all cases.

Theorem 3.3 Let Dxn={ a,b|a"=b?=e¢, bab =a} be a dihedral group of order 2n and
S ={a, al,b} where n > 3. Then for all m> 2

€aYin(D3n, ) = [nKym pm — 3(K;0C,)] U |(Kz0C,) © Rop(am_ymen g
U K2n[(2n)m—1—3m+2]-
Proof. We define V(Cayy,(Dyn, S)) = {[a;, ay.. anl® |ay,ay, ... ,am € Dyy }
So, [V(Caym(D2n, $))| = (2n)™.We have four types of vertices in terms of degrees. They are

Type (1) of vertices: The degree of these vertices is |4;] + 3|4;;| + |4ijx| = 3™

Define 4; = {[w; w; .. w;]* |w; € D,,}. So, |A;] =1 where i =1,2,...,2n. So the
number of these sets is 2n. It is Clear that, the induced subgraph to the set U™, 4; is the graph
K,0C,. We can see that 4; = [w; w; ... w;]* is adjacent to 4; =[w; w; ... wj]t such that
w;~w; in Cay(D,y, S)where i, j= 1,2, ...,2n.

Type (1) of vertices:The degree of these vertices is 2|4;| + |Al-j| = 2™, Now, put
A - {[al az .. amlt|ay, ay, ..., an € {(w;,w;} S D, where in} (4 u4)

Y the matrix components w;, w; isnot adjacent together e
and |4;;| =2™ -2 suchthat1<i<j <2n.In Cayn(D,,,S), we have 4; is adjacent
to Ajx where w;~ w; and w;~ wysuchthat j <k and i # j, k.

The induced subgraph to the sets A;; is complete 2-bipartite graph K,m ,m. They are

They are A;zny, Anm+1)r A1zn—4y Azn+1) Azzn-2) Aazn-3)s Az2n-3) A3@2n-4)Am-1)(2n);
Apne1y - and Ayony  Anmeny We  put Xy = {Aimig), A1 Ansz)  and Yy =
{AZ(n+1) rAZ'An+1}

X, = {AZ(n+3)'A2'An+3} and Y, = {As(n+2);A3;An+z}' o

Xn-2 = {A(n—z)(Zn—l)'An—l'AZn—l} and ¥, = {A(n—l)(2n—2)'An—l'AZn—Z}

Xn-1= {A(n—l)(Zn)rAn—l'AZn} and Y1 = {An(Zn—l):An'AZU—l}

Xn = {A1(2n)rA1:A2n} and Yo = {An(n+1):An:An+1}-

Moreover, X; and Y; are disjoint and each one has 8 vertices where i=1,2,..,n. Hence, the
subgraph induced by X; UY; is a complete 2-bipartite graph Kgg. So, we have UL (X; UY;)
in the structure of Cay,(D,,,S). We will obtain (n) of the complete 2-bipartite graph
Kom om . The sets of
{Aimi2y A2men} L Azmesy  Azmeo) M An-2en-1An-1@n-2) Fouees
{An-veny An-ven-2}  TA@-1en)  Anen-1) ¥ and {41 2n), Anm+1) } are independent set.
Type (111) of vertices: The degree of these vertices is one. We code it by 4;;" and |4;;'| =
2™ —2 where 1 <i<j <2n. Wecan seethat A; is adjacent to Aijland the number of the
elements of this sets is 2n.We define
41 { [@ar az.. ap]t | a, ay, ..., Ay € {Wi,Wj} where in the matrix} B (A- U A-)

Y components w;, w; isnot adjacent together in Cay(Dyy, S) R
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So, |4;'|=2m-2.

A = { [ar a; ... am]t | a,az, ...,y € {wi,wj,wk} where in the matrix} B (A- U
ke~ components w;, wj, wy, isnot adjacent together in Cay(Day, S) '

AjUAL UA;UARVUAy). So, |Ajj| =3@™1—2M+1) suchthat 1<i<j<k<

2n.

It is easy to see that A; is adjacent to Aj, where w; is adjacent

to wj,wy and w; in Cay(D,y,,S) such that i # j,k,l, and 1 < j < k <[ < 2n. The number

of these vertices is 2n|4;;'| + 2n|4;i| = 2n(]A;;"| + |Aijk]) = 2n(3™ — 2™+ + 1),
Moreover, we can reach this conclusion that each element of this set is adjacent to each of

vertices of the graph K>JCn.It is obtained by corona product (K>Cp) to E|Aij1|+|Aijk| =

K(sm—2m+1+1)-
Type (IV) of vertices: The degree of these vertices is zero. Now, put

A" = {[a1 ay ... aylt|ay, ay, .., an € (W, w;} } —{A;; U Aijl}
Aiji" = {[a1 Ay . Ayt | @y, 0y, .., am € (Wi, Wi, Wy} } — Ajjk-
So, |4;;" | =2m—2 and |4;;"| = 3@™1—-2m+1) where 1<i<j <k<2n
We observe that the rest of the other vertices are all isolated vertices.
The number of these isolated vertices is ((Zzn) —4n)|4;7| + ((an) —2n) |4

In Cayy,(D,n,S), We have A4;;" is not adjacent to A, where w; and w is not adjacent to
wy in Cay(D,,, S)suchthat i < jand k #1i,].

We can express that the rest of the vertices outside of Ul_,(X; UY;) , Ul-zi‘lAi,-k and

UZ, A;;" are all isolated vertices. The number of isolated vertices is

[V|™ — 2n|4;| — 2(2n)|A;;| — 2n|4;;'| — 2n]A4;|=2n[(2n)™ 1 — [4;] — 3|A;;| — |4k ]]
=2n[(2n)™"1 —3M 4 2].
It is clear that, the set A, is adjacentto A, Any1, Ans Azn+1) A2n) Anm+1)s Azm)n+1)
the set A, is adjacentto Ay, Az, Any2, 413, A1ne2) Azma2) A13)(n+2)
the set A is adjacentto A, A, Anys, Azar Azns3)y Asmn+s)y A2a)(ne3)s- -

the set A; is adjacent to
Ai—1, Air1s Antis AG-1)i+1) AG-D) iy A+ (i) A=)+ D) (et D)o+

the set A, is adjacent to
An-1, Ant1, Aon Ag-p 1y Am-1ny Am+n2n) Am-1)(mr1)2n)s---and
the set A,,is adjacent to

Azn-1 Ant+v An A 2n-1) Ay 2n-1) Ay m+1)y A+ 2n-1)
Thus , the structure of generalized Cayley graph of K,0C,, when m >3 has (n) faces and each
face is Complete 2-bipartite graph K,m ,m such that these faces have some common vertices.
Therefore,

Caym(Dzn, S) = [nKmom — 3(K;00,)] VU [(K0C,) ° Kzn(3m—2m+1+1)]

U I?Zn[(Zn)m_l—3m+2].
Corollary 3.4. The general formula as given in Theorem 3.3 can be also presented in terms

of defined sets of vertices as the following. The proof come directly from Theorem 3.3 and we
omit here.

Caym(Dap, S) = [nK(|Ai1i2|+2):(|Ai1i2|+2) — S(KZDCH)] V) <(K2DCH) o E|Ai1i2|+|Ai1i2i3| ) U

K|V|[(|V|)m_1—|Ai|—3|Aij|—|Aijk|] forallm> 3.
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The graph Cay, (D,y, S) is shown in Figure 11.

Figure 11: The component of the graph of Caym(D2n,S)

4- Conclusions

In this paper we determined the graph structure of the generalized Cayley graph
Cay,,(D,,,S) forgiven dihedral group D,, of order 2n and subset S of D,, suchthat e &
S,S'cSand1<|S|<3foreverym=>2n=>3
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