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Abstract: 

     The study of neutron-rich nuclei's form factors, root-mean-square radius (rms), and 

nuclear density distributions is the focus of this work for the nuclei (22N,23 O and 24F). 

With the use of a strong short-range effect and a strong tensor force, the nucleons 

distribution function of the two oscillating harmonic particles in a two-frequency shell 

model operates with two different parameters: the first (bcore), for the inner (core) 

orbits, and the second (bvalence) for the outer (halo) orbits. This work demonstrated the 

existence of neutron halo nuclei for the nuclei (22N, 23O and 24F) in the (2s1/2) shell. 

The computed density distribution of neutron, proton and matter for these nuclei 

displayed the long tail performance. Using the Borne approximation of the plane 

wave, the elastic form factor of the electron scattering from the alien nucleus was 

calculated, this form factor is independent of the neutrons that make up the halo, but 

rather it results from a difference in the proton density distribution of the last proton 

in the nuclei. Fortran 95 power station program was used to the neutron, proton and 

matter density, elastic electron scattering form factor, and rms radii. The calculated 

outcomes for these exotic nuclei were in good agreement with the experimental data. 

 

Keywords: Elastic form factors , one –neutron halo nuclei , root-mean square (rms) 

radii , two body full correlation. 

 

نيوترونيه                   الهالة اللنوى الإلكترونية المرنة  للإستطارةوعوامل التشكل دراسة التركيب النووي 
(N 22 ,O 23,F  24 ( الارتباط الكامل مع معلمتين للحجم دوال باستخدام 
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 الخلاصة:
نصف  ل  معدل جذرمل التشكل بعض النوى الغنية بالنيوترونات ، و عواو توزيعات الكثافة النووية  إن دراسة        
حيث تم استخدام توزيعين لكثافة   )F 24 و  O23  و   N22(( ، هي محور هذا العمل للنوى  rms)   التربيعي   القطر

 ( الجسم  مع  BCDD's2شحنة  ال (  قوة  القصير    تنزورية تأثيرات  والمدى  توزيع  القوية  دالة  تعمل    ات النكليون، 
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أن عامل التشكل هذا لا يعتمد على النيوترونات    من النواة الغريبة ،   المستطار  لإلكترون المرن  شتت  التشكل لت
التي تتكون منها الهالة ولكنه ينتج عن اختلاف في توزيع كثافات البروتون لآخر بروتون في النواة. تم استخدام  
شكل تشتت  التعامل  ،و البروتون والمادة  ،  لحساب كثافة النيوترون    Fortran 95 power station برنامج  

وى الغريبة مع القيم العملية  . تتوافق نتائج الحساب لهذه الن  التربيعي  القطرنصف  معدل جذر لالإلكترون المرن و 
. 

1. Introduction: 

     Several experiments [1,2] have been conducted to study the neutron (proton) in nuclei rich 

in neutrons (protons), which are well-identified. According to nuclear physics, the halo nucleus 

is a configuration in the nucleus of an atom where the primary part of the nucleus is surrounded 

by a secondary part of neutrons (protons) orbiting around the primary part. These neutrons 

(protons) have a short life, and the energy required to separate the outer nucleus of the nucleus 

near the drip line is very low. It is challenging to study short-range and tensor correlation 

impacts, specifically for the theories of nuclear structure. Multiple methods have been 

developed for dealing with the tensor forces and explaining their impact on the nuclear ground 

state [3,4]. Dellagiacoma et al. [5] provided a straightforward phenomenological technique for 

creating dynamical short-range and tensor correlations Da Proveidencia and Shakin [6] 

developed a similar correlation operator for explaining short-range correlation effects, as did 

Malecki and Picchi [7].  Several methods have been presented for dealing with the tensor forces 

and describing their impact on the nuclear ground state [8,9]. Using an alpha cluster model, 

Sugimoto et al. [10] investigated how the tensor force affects the alpha-alpha interaction in 8Be. 

They used the projected Hartree-Fock approach to create the wave function of the alpha particle, 

which could account for the effects of tensor correlation. The ground state proton, neutron and 

matter densities and corresponding  root mean square radii of unstable proton-rich 17Ne  and 
27P exotic nuclei are studied via the framework of the two frequency shell model  The single 

particle harmonic oscillator wave functions are used in this model with two different oscillator 

size parameters  by Hamoudi et al. [11]. This operator considers the impact of the tensor force 

with the short-range repulsion in the nucleon-nucleon forces. The nuclear shell model with the 

Skyrme–Hartree–Fock (SHF), as a nonrelativistic approach, and the Relativistic Hartree–Fock–

Bogoliubov (RHFB) methods have been used to study the nuclear structure of some exotic 

nuclei at the proton and neutron drip lines ,for a neutron halo in 11Li and 14Be and proton halo 

in 17Ne, 23Al and 27P , by Allami et al., [12].Abdullah [13] studied the ground-state density 

distribution of proton, neutron, and matter (Core + n) using the radial wave functions of the 

generalized Woods–Saxon potential inside the two-body model of protons, neutrons, and matter 

(Core + n). Ridha et al.,[14] the theoretical outlines of calculations assume that the nuclei 

understudy are composed of two parts: the stable core and the unstable halo. The core part is 

studied using the radial wave functions of harmonic-oscillator (HO) potentials, while the halo 

is studied through Woods-Saxon (WS) potential for some exotic nuclei. The ground state 

properties including the density distributions of the neutrons, protons and matter as well as the 

corresponding root mean square (rms) radii of proton-rich halo candidates  have been studied 

by the single particle Bear-Hodgson (BH) wave functions with the two-body model of (core + 

p),by Abdullah [15].  

 

     The aim of the research is to study the nucleus with the halo for the nuclei (22N, 23O and 24F) 

using the two–body charge density distribution's (2BCDD's) formula depending on the strength 

of the tensor and short-term effects and considering the nuclei to be made of two parts, taking 

into account the nuclei (core + n). Also, calculating the rms radii and form factors depending 

on 2BCDD's formula and observing the effects of the tensor force and the short-range effect of 

the neutron-rich halo nuclei. 
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 2. Theory: 

     The operator used to define the nucleon density of (A) point-like particle nucleus is[16]: 

    

=
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     the ground state Nucleon Density Distributions (NDD) of a nucleus consisting of (A) point–
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     Another relevant transformation is that of the coordinates of the two ̶ particles, which may 

be expressed as ( ir
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Substituting Equations (4) and (5) in Equation (3), we obtain [19]: 
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Equation (6) may be written as: 
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Using the identity  
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    The operator from Equation (9), can be folded ,with the two ̶ body correlation functions
ijf

~
  

to yield an efficient two ̶ body charge density operator:
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Where the from 
ijf

~
 is given by [10]: 
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It is clear that Equation (11) contains two types of correlations:  

      i-The first term of equation (11) is a two ̶body short-range correlation, expressed as ƒ(rij). 

Here 1 , the except for 3S1 and 3D1 states, is a projection operator onto the space of all two-

body wave functions. Short-range correlations should be observed as they are important 

functions of particle separation, which diminish the two ̶body wave function at short distances. 

The repulsive core forces the particles apart and heal to unity at lengthy distances where the 

interactions are very weak. The two ̶body short-range correlation is given by [10]: 
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    Where: rc( fm) is the radius of a suitable hard core and  is the correlation parameter equal 

to 25 fm-2  [9]. 

     ii- The strong tensor component in the nucleon-nucleon force induces the longer-range two-

body tensor correlation shown in the second term of Equation (11). This projection operator 

only affects the 3S1 and 3D1 states. The typical tensor operator, Sij, is known as [10]: 
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Where: α (A) is the strength of tensor correlation. It is non-zero, just in the 3S1 and 3D1 channels.  

    It makes sense to parameterize the core and halo densities independently in the case of the 

exotic nuclei. Consequently, the following is how the halo nuclei's ground-state matter density 

distribution can be expressed [20 ,21]: 
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The rms of the corresponding above densities is given by Antonov et al. [22]: 
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Where: w is (proton, neutron or matter). 

 

     The Plane Wave Born Approximation  (PWBA) was used to study the elastic electron 

scattering form factors for the nuclei under study. The charge form factor in PWBA is [23]:   
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 With inclusion of the finite nucleon size correction 
 

)(qF fs . )(qFcm is the center of mass 

correction. Our calculations required multiplying the form factor of Equation (16) by these 

corrections.                                       
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The finite size correction Ffs (q) is defined [22]: 
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     Where: Ffs (q) is the free nucleon form factor for protons and neutrons considered to be the 

same. According to Brown et al. [25], the center of mass correction Fcm (q) is as follows:   
Abq

cm eqF 422

)( =                                                                                               (19) 

      Where: b is the harmonic-oscillator size parameter and A is the nuclear mass number. 

As a result, when the shell model wave function is removes center of mass correction
  

)(qFcm  

eliminates the spurious state caused by the center of mass's motion. The form factor )(qF

comprising the impact of two body correlation functions may now be calculated by entering the 

ground state of Equation (10) into Equation (17).  

 

3. Results and Discussion: 

     The density distribution for (protons, neutrons and matter) of the ground state of (22N,23O 

and 24F) nuclei, the rms radii and the form factors F(q) were studied by the two-body oscillator 

model (core +n) shell model using the parameters (bcore) and (bvelence). The nuclear ground state 

properties of the exotic nuclei were calculated using the two body correlation charge density 

2BCCD’s with the effect of short- range and tensor force using Equations (10,11,12) and (13).  

Table 1 summarizes some of the characteristics of halo nuclei [26]. The average radius of 

neutrons and protons was calculated based on Equations (10) and (15). The obtained results are 

shown in Table 2 for full correlation (rc=0.5 fm, α =0.1) and without correlation (rc=0, α=0). It 

was found that the neutrons rms radius are larger than that of protons. 

  

Table 1: Some properties of halo (22N, 23O , 24F) nuclei . 

Halo nuclei JΠ, T [24] Half life time (Ʈ1/2) [26] Separation energy[26] 

22N 0-,4 23ms 1.54MeV 

23O 1/2+,7/2 97ms 2.73MeV 

24F 3+,3 384ms 3.81MeV 

 

Table 2: The calculated neutrons and protons rms radii for nuclei (22N ,23O and 24F) 

Exotic nuclei  22N 

Proton size parameter bp=1.77 fm Neutron size parameter bn=2.065 fm 
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Exotic nuclei 23O 

Proton size parameter bp=1.79 fm Neutron size parameter bn=2.167fm 
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2.682703 2/1

1.0,5.0r

2

nr
== c

 
3.587601 

2/1

0,0r

2

pr
== c

 
2.679315 2/1

0,0r

2

nr
== c

 
3.59960 

2/1

  xp

2

pr
e

 [27] 
2.68 2/1

  xp

2

nr
e

[27] 
3.58±0.05 
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sFC '
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Exotic nuclei  24F 

Proton size parameter bp=1.965fm Neutron size parameter bn=1.98fm 
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     Table 3 shows the calculated rms radii for the core nuclei (21N, 22O and 23F) and the exotic 

nuclei (22N ,23O and 24F) when (rc = 0.5, fm, α = 0.1) with two different parameters (bcore) for 

the inner (core) orbits and (bvalence) for the halo orbits. The calculated results are in good 

agreement with the experimental data of Ahmad et al. [27] and Ozawa et al. [28]. 

 

Table 3 : The calculated core, valance and matter radii rms compared with the experimental 

data for halo. 

Halo 

nuclei 

Core 

nuclei 

bc 

(fm) 

bv 

(fm) 

bm 

(fm) 

rms matter radii for core 

nuclei 
2/1

2
r

c

 (fm) 

rms matter radii for matter 

nuclei 
2/1

2
r

m

(fm) 

Calculated 

results 

Experimental 

Data [25,26] 

Calculated 

results 

Experimenta

l Data [27,28] 
22N 21N 1.77 3.75 1.98 2.74801 2.75 ± 0.03 3.074975 3.07 ± 0.13 

23O 22O 1.85 3.8 2.05 2.87261 2.88 ± 0.06 3.201470 3.2 ± 0.04 

24F 23F 1.78 3.84 1.95 2.79355 2.79 ± 0.04 3.065238 3.03 ± 0.06 

 

     Figure (1) exhibits the relation between 2BNDDs (in fm-3) of the ground state and r (in fm) 

for 22N, 23O and 24F. The blue curve represents 2BNDDs for the core 21N, 22O, 23F (proton + 

neutron) with oscillator size parameters (bcore =1.773, 1.85, 1.78 fm), respectively. The green 

curve represents 2BNDDs with oscillator size parameters valence (bvelence=3.75, 3.8, 3.84 fm) 

for 22N, 23O ,24F, respectively. While the red curve represents the total calculations for the core 

nucleons and the valence one neutron with oscillator size parameters (bm =1.98, 2.05, 1.95 fm) 

for 22N, 23O ,24F, respectively, and the shaded curve represents the experimental of nucleon 

densities of 22N, 23O ,24F, respectively [27,28]. Figure (1) shows the computed matter density 

distributions showing a long tail for all of these nuclei, consistent with the experimental data. 
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Figure 1: Core, halo and matter density distributions for (22N, 23O and 24F) nuclei. 

 

      Figure (2) illustrates a comparison between the matter density distributions of halo (22N, 24F 

and 23O) (red curve) with the  matter density distributions of the stable nuclei (14N, 19F and 16O) 

(yellow curve. A long tail is clear in the matter distribution of the halo nuclei. 
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Figure 2:  Comparison of matter density distribution of halo nuclei (22N, 24 F and 23O)  with 

that of stable nuclei (14N,  19F and  16O). 

 

Figure (3) shows the neutrons density distributions (blue curve), protons density distributions 

(brown curve), and matter density distributions (red curve) densities for (22N, 23O, and 24 F), 

respectively. There was a large density difference between neutrons and protons in 22N,23O and 
24F. The usual performance of the exotic nucleus, i.e. the long tail, was clearly apparent in the 

neutron density distributions (red curves). As indicated by these figures, the neutron diffuseness 

is also larger than the proton diffuseness in these nuclei. It can be noted that the difference 

between the rms radii of the neutrons and that of the protons is (rn- rp = 0.8051, 0.9048, 0.3305 

fm) for 22N, 23O, and 24F, respectively. This difference is also supported by the halo structure of 

these alien cores. 
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Figure 3: Calculated protons, neutrons and matter density distributions for nuclei 22N, 23O and 
24F. 

 

Figure (4) presents the elastic form factors for (22N, 23O and 24F) with FCs using PWBA. Where 

the average size parameter nuclei radii (b = 1.77, 1.79, 1.965 fm) were used, respectively. These 

values were adopted by comparing  
2/1

exp

2
r with  

2/1
2

r
the

; a match with experimental data was 

obtained. The blue curve represents the form factor of 2BCDDs with corrected finite nucleon 

size and with center of mass correction ( Ffs(q) ≠0, Fcm(q) ≠0). The red curve represents the 

form factor of 2BCDDs without finite nucleon size correction (Ffs(q) =0, Fcm(q)=0), i.e. the 

finite nucleon size and the center of mass corrections were not taken into account, and the circle-

packed curves represent the experimental data for ( 14N, 16O and   19 F) nuclei [29,30]. It was 

noted that the form factors are independent of the neutrons that make up the halo but result from 

a difference in the proton density distributions of the last proton in the nuclei. Good agreement 

was obtained at the momentum for q<3.6, and it was noted that the behavior of the theoretical 
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results for the halo nuclei (22N, 23O, 24F) matches the practical results of the (14N,16O and 19F) 

stable nuclei.  

 

 
Figure 4: The form factors for 22N, 23O and 24F nuclei compared with the experimental data of 

Dally et al. [29] and De Vries et al. [30]. 

 

     The relation of the tensor force (correlation force) with rms (
2/1

2
r in fm) was studied with 

the inclusion of the correlation of the short-range (rc= 0.5 fm). It was noted in Figure (5-a) that 

rms values decreased with the increase of the tensor force. The correlation short-range effect 

and rms with the inclusion of the correlation tensor force is equal to 0.1. An increase of the rms 

values with the increase of the short-range (correlation force) was noted, as shown in Figure (5-

b).  

 



Hussein and Flaiyh                                     Iraqi Journal of Science, 2024, Vol. 65, No. 2, pp: 706- 717 

 

716 

 
                                 (a)                                                            (b) 

Figure 5: (a) The calculated 
2/1

2r  with different values of  Tensor force (b) The calculated 

2/1

2r  with different values of short- range. 

 

4. Conclusions: 

     Halo nuclei are known for having neutron valence; the neutron halo occupies the 2s1/2 orbits. 

The measured matter density for the understudy halo nuclei showed a long tail behavior using 

the two body nucleon density distributions (2BNDDs) framework with effects of tensor force 

and short-range with two different oscillator size parameters bcore, bvalence. The obtained results 

agreed with the experimental data. The considerable disparity in charge form factors between 

unstable nuclei (22N, 23O and 24F) and stable isotopes (14N, 16O and 19F) is due to the charge 

distribution of the neutrons themselves. 
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