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Abstract
We provide a g-operator form solution to a generalized g-difference equation

involving (r + s + 2)-variables. We introduce a g-polynomials W (x, v, c|q).
The generating function, two Rogers formulas, and two types of Srivastava-Agarwal

generating functions for the polynomials lP,SA‘B)(x, ¥, c|q) are established using the
q-difference equation technique.
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1. Introduction

The g-series notations and definitions used in this paper are the same as those in [1]. Since
0 < |q| < 1isassume.

Let a € C. The g-shifted factorial is defined by [1]:

@ao=1 @on=]]0-at" @au=]]0a-ag"
k=0 k=0

The multiple g-shifted factorial is defined as:
(ay, a2, am; Dn = (a1 Dn(a2; On - (s P
The basic hypergeometric series ,-¢; is given by [1]:
P v (0 Dnas O (@1 @n
P27 Us = (q; Q)n(bl; Q)n(bz; Q)n (bs; Q)n

1+s-r

[(—1)”(1(721)] x",
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where 7,s € N; ag, ...,a,_1 € C; by, ...,bs € C\{q™%, k € N} are assumed to be none of the
denominator factors is evaluated to zero. This series converges absolutely for all x if r < s
and for |x| < 1ifr = s + 1. Note that

(0]

g, Az, , g (ap, @z, ., 05; P,
s+19s (b1 by, -+, bs’ 4, X ) —~ (q, b1, by, ..., bs; Pn ¥l <L
The g-binomial coefficients are given by [1]:
[ ] (4 Dn
k

CHATICH
In this paper, the following identities will be used [1]:

, 0<k<n. (1.1)

@0 =@ @ u-arad). (12)
(@ D =%(—1)"(§) gle) ™, (13)
o < o
(aq™; @)k =(a;qz';;(zc)ln;q)”. (1.5)
(a0"; D =§Z‘£k (1.6)

Cauchy identity is described by:
Z (@; q) o= (ax; @) oo
@GO @G Dw
The following identity Was dlscovered by Euler as a special case of the Cauchy identity (1.7)

[1]:

x| < 1. (1.7)

|x| < 1.

1
; @D (5 Do
The g-Chu-Vandermonde sum [1, Appendix |1, equation (11.7)] is:

(c/a; Dn q)n
(G Dn

-n

;Gaed/a) = (1.8)

201 (1

Jackson's transformation of ,¢ ; [1, Appendix I11, equation (111.4)] is:

2¢1 (a,cb; q, Z) = Sl 202 (a, C/b} q, bz). (1.9)

(z; q)oo c,az

The transformations of ;¢ , series [1, Appendix I11, equation (111.13)] is:

3¢2(q‘”;b'0, deq”) _ /s ( e d/b, ,q) (110)

d,e e (e; Pn d,cqt /e
The Cauchy polynomials are provided by [2],[3],[4]:

B(6y) = (x=y)(x = qy) . (x —yq"1) = (/% @)nx™,
has the generating function

k .
Z P, y) = YE Dy (1.11)
£ (q

D (P
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In 2013, Saad and Sukhi [5] presented the Rogers formula for P,(x, y) as:

[oe]

Z z Prm (Y q)n (q Dm

n=0 m=0

__0tdw
(xv,xt; @)
The operator 6 is defined by [6]-[9]:
flag™) — f(a)
0 (@) == 5
The Leibniz formula for 8 is [8]

0"(f@g@} = [¢] 0¥ (@10 *{glag ™). (1.13)

We will use 6, for the operator 6 actin_g on the variable x.
Let k be a nonnegative integer. The operator 8 has the following properties [10]:

1¢1<yt1 QIyS>F maX{lxvl,lxtl} <L (112)

@ Do) o -9, , (at; @)oo
95{(av;q)w}._ vkg \2 (t/v,q)k(av/qk;q)w. (1.14)
In 2015, Reshem [11] introduced the following identity:
S (@ D ™ KA
- x" = o 1.15
— (q; O = ) z (@%@ (115

In 2015, Fang [12] defined the generalized g- operator F(ay, ..., a5, by, ..., bg,—C 0p):
ag, Aq, ..., 0
F(ag, .., a5 by, bsy—C0p) = c41Ps ( R eb). (1.16)
by, by, ..., bg
Fang [12] presented the following generalized g-difference equation:

Theorem 1.1. [12]. Let f(ay, ..., a5, by, ..., bs, b, ) be a 2s + 3-variable analytic function in
a neighborhood of (ay, ...,as, by, ..., bs, b, ¢) = (0,0, ...,0) € C**3,s € N, satisfying the g-
difference equation

S+1( 1) B
bq~ Z T f(ag, ..., as, by, ..., bs, b, cq’)
=0
s+1
CZ (—1)4;[f(aq, -, as, by, ., b, bg™, cq”)
=0
— f(ag, -, ag, by, ..., bs, b, cq’)] = 0, (1.17)
where
S
b=q By=Ay=1, Bi=) by By= ) b
j=0 0<i<j<s
N
B, = z bibjbe, ..., Bysr = boby ..bs, Ay = Z a;
0si<j<kss i=0
A, = Z a;a;, Az = Z a;a;ayg, ..., Asy1 = apay ... as.
0<i<js<s 0<i<j<kss
Then

f(ay, ..., as, by, ..., bs, b, c) = F(ay, ..., as, by, ..., bs, —c ) {f (ay, ..., as, b1, ...., bs, b, 0) }.
Using the g-difference equation (1.17), Fang [12] proved the following operator identities:
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Theorem 1.2. [12]. Fora, = q™%, G € N,b,w,u,v,a;, b; € C,i = 1,2, ..., s, then

(bu, bv; q)
F(ao, ., Ay, bl: ...;obs, —C Hb) {W} )
_ (bu,bv; @) (ag, -, as,q)n n k(5 (bu/q bv/q"; Qi
= Twe 2 @h b 0 b ) 2 (oo =G o

k=0
Corollary 1.2.1. [12]. If max{|bu|, |cu|} < 1,u,a;,b; € C,i = 1,2,..., s, then
ap, Ay, -, Q
F(ag, ..., ag, by, ..., bs, —C 0){(bU; @) 0} = (BU; @) oo S+1q,’>s( 0 . q, cu). (1.19)
by, by, ..., b

Also, Fang [12] defined the g-polynomials H,,:
n

~ agy, a4, ..., Ag; k+1Y_
Hn(ao, e, Ug, bl! . bS’ b, C) = Z [Z] ( 071 S q)k (_1)kq(2 ) nkabn_k, (120)
k=0

(blf ] bs; Q)k
which have the generating function

Z a ( 1)" ( 0y A1, wey O ) 121
(q' q)n ( u; q)OO S+1¢S b1, bz, ---,b ’CI’ cu ( . )
In 2020, Cao et al. [13] constructed the new generalized Al-Salam-Carlitz polynomials as:
(ch z (abCQ)k ko
X,
abc k ,k(n-k)
n (=1"q (a,b,c; q)
l/J(de (¥l = Z[ D). SxnThyk o (1.22)
They [13] gave the following results:
© a,b,c S
oy P.(s,t) (x50 a,b,c,=
z ¢,5d'e )(x,qu) (rClI'CI) “atow P\ dex t,q yt |, max{|xt|, |yt|} < 1. (1.23)
n=0 ) n ) [ole] »©
() e ab.c
D" oY1) s = () aba () oi0.vt), max{lxel Iyel} < 1 (1.24)
n

S
1l
o

Also, they offered the following g-difference equation:

Theorem 1.3. [13]. Let f(a,b,c,d,e,x,y) be a seven-variable analytic function in a
neighborhood of (a,b,c,d, e, x,v) = (0,0,0,0,0,0,0) € C’. Then f(a,b,c,d,e,x,y) can be
a,b,c
expanded in terms of w,gd'e )(x, y|q) if and only if satisfies the difference equation:
x{f(a,b,c,d,e,xq,y) — f(a,b,c,d, e, xq,yq)
—(d+e)q ' [f(ab,c,d exq,yq) — f(ab,c,dexqyq*)]
+deq?[f(a,b,c,d,e,xq,yq*) — f(a,b,c,d, e,xq,yq*)]}
=y{f(a b,c,d,e,xq,yq) — f(ab,c,d e x,yq)
—(a+b+0)[f(ab,cdexq,vq?) — f(ab,cde x,yq?)]
+(ab + ac + bo)[f(a,b,c,d,e,xq,yq>) — f(a,b,c,d, e, x,yq>)]
—abc[f(a,b,c,d, e, xq,yq*) — f(a,b,c,d, e, x,yg"]} (1.25)

In 2021, Saad and Khalaf [14] defined the generalized g-operator
F(ao, al, ey a-r-_l, bl’ T bS’ —C eb) as fO”OWS
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- Ao, Aq, oo, Ay n\l+s—r
F(ag,aq,...,ay_1,bq, ..., b5, —C 8}) = z (4o, &4 r-tn [(—1)nq(2)] (—c o)™

= (qrbl'"-’bs)n
3 Ag, Ay, eees Qrog
_ S( b e c@b). (1.26)

They [14] generalized numerous well-known g-identities, such as the g-Chu-
Vandermonde summation formula, the g-Pffaf-Saalschiitz summation formula, and Hein's g-
Gauss summation formula, by employing the operator F(ay, a4, ..., @y_1, by, ..., bg, —C 0}).

In 2022, Saad and Reshem [15] used g-Gospers algorithm [16,17] to verify that the
function f(a, b, c) satisfies the g-difference equation.

The paper is structured as follows: In Section 2, a solution to a generalized g-difference
equation is presented in a generalized g-operator form. In section 3, several identities for the
operator F(ay, ..., y_1, by, ..., b, —C 8},) are provided. In section 4, we introduce a

generalized g-polynomials lP,EA’B)(x,y,c|q). The generating function for the polynomials
l}’,(lA’B)(x, v, c|q) is found using the g-difference equation technique. In section 5, two Rogers

formulas for the g-polynomials lP,(lA’B ) (x,y,c|q) and H, are demonstrated using the method
of the g-difference equation. In Section 6, two types of Srivastava-Agarwal generating

functions for the polynomials ‘P,EA’B) (x,y,c|q) are provided.
2. The Generalized g-Difference Equation

This section describes a solution to a generalized g-difference equation in a generalized
q-operator form, which is a generalization to Fang's work [12].

Lemma 2.1. [18]. If f(xy, x, ..., ;) is analytic at the origin (0,0, ...,0) € C¥, then f can be
expanded in an absolutely convergent power series

n n
f(xq, %, 0, X)) = Z anl_,%__lnkxllx2 WX

nqny,...Ng
Theorem 2.2. Let f(ay aq...,ar-1,bq,...,bs,b,c) be an (r+ s+ 2)-variable analytic
function in a neighborhood of (ay,ay,...,a,_1,by,...,bs,b,c) = (0,0, ...,0) € C"+5*2

satisfying the g-difference equation
s+1

1 B
(—r+s™ rz - ) ~——2f(ag, ay, -, @r_1, by, .., bs, b, cqi*7571)
j=

- —cz (—1)/4:6,{f (a0, a1, o @y_1, by, o, b, boc@?)),  (2.0)
=0

bo=q, By=Ag=1 B, = Zbl, B, = Z bib;

where

j= 0<i<jss
r—1
B, = Z bibib .., Bopy = boby ..b, A; = E a;
0<i<j<kss i=0
A, = Z a;a;, Az = E a;ajag ..., Ar =apay ...0r_1.
os<i<jsr-1 O<i<j<ksr-1
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Then
f(ag, ..., ar_1, b1, ..., bs, b, C)
= F(ao, vy ar_l, bl' ey bS’ —C Bb){f(ao, ey a-r_l, bl’ ey bS’ b, 0)}-

Proof. By using Lemma 2.1, we suppose that

F(@g, Ay o) Apy, by oo, by by C) = Z 2 A nb™C". 2.2)
+1 m=0 n=0
S [o%e)
( q)1+s rz( 1)]B z bmcnqn(j+r—s—1)
mmn= 0
=—cZ( 1)/4; eb{ D tmab™e an"}
m,n=0

s+1

z (_1)ij(_1)1+s—rqj(n—1)+(n—1)(r—s—1) Z am'nbmcn

0 m=0

+

n=0

~.
Il

(0]

i > 14 qf”eb{Z b ™c ”“}
n=0 j=0
Z Z (—1)J4;¢7 " 1)9b{z am,n—lbm} c"

n=1 j=

Equating the coefficients of ¢™, we obtain
s+1

z( 1)13( 1)1+s rqj(n 1)+(n-1)(r—-s— 1)2 a nbm

= Z (_1)jquj(n_1)9b {z am,n—lbm}-
=0

m=0

o)

—1)1+s—T g(n-1)(L1+s-1) Zr —1) A.qgiD ®
z am,nbm=( ) q (=1)/A;q 6, z —_—

S+1 J j(n-1)
m=0 ( 1) B q m=0

(_1)1+s—rq(n—1)(1+s r) Hj:o (1 _ ajqn 1) 1) i

= S n—1 (_1)0b am,n—lb .
j=0 (1-bjq)

We discover through repetition that

>t = St Dal ] Cop | Y a2

m=0

Setting c = 0 in (2.2), we get

o)

F(@o, @y, o, @y, by o, by b, 0) = Z tm ob™. (2.4)
m=0

From equations (2.2), (2.3) and (2.4), the required result is obtained.
* Letting r = s + 1 in Theorem 2.2, we get Theorem 1.1 given by Fang [12].

L Settlng ('r, S) - (3,3) and (ao, al, az, bl' bz, b3, X, y, C) = (a, b; c, d; e, 0; X, 0: _Y) In
equation (2.1), we get equation (1.25) obtained by Cao et al. [13].
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3. ldentities for the g-Operator F(ay, ..., a,_1, by, ..., bg, —C 8})

A number of identities for the operator F(ay,...,ar_1,b; ..., bs,—C 6) are given in this
section. These identities are generalizations of the results obtained by Fang [12].
Lemma 3.1. Let 6 be the Leibniz rule for 6, and a+0.

L(lawat; Q)w) (au, at; Q) O (@7 q/au, q/at; Q)x (u tqg™\"
i {(ab»ad:Q)oo}_( ) (ab, ad; q)oo = (q,q9/ab,q/ad; Q) ( ) . (31

Proof. Using (1.13) and (1.14),

g {Ez: ool > o) or-t (=)

" @Dk, (e DU/ D@ ) ) AV (/s @i (atg ™ )

(—D"q

& (4D (abq™; @)oo (adq™; @)oo

n

_ (awat; @) (@"hu/b;p  (t/d;@n o (_ g)"
(ab, ad; q)e, &2 (q,q/ab, q*7"d/t; @)k (a/ad; q)n a

n

_ (au,at; q)o (_g)” (t/d; Pn (g™ u/b,q/at; Q) g

(ab,ad; q) (a/ad; ) &= (q,q/ab,q*"d/t; @)y
n

_ (awat;9)e (- g)” (47" q/aw, q/at; @) (utq”>"

(ab,ad; q)o (9,9/ab,q/ad; q)y

a
_ (au,at;q)m( q)” i (q‘"lq/au,q/at. .utq”>
@ at.a) *2\ g/abqiad T hd )

(by using (1.3))

(by using (1.10))

In the following theorem, we shall show how to satisfy the g-difference equation (2.1):

Theorem 3.2. For ay=q™, me€N,q,b,d,u,t,a;,bj€Ca+#0,i=0,....,Tr—1,j =
1,...,s, then

F(ay, a4, .., r_1,bq ..., bs,—C 6,) {

(au, at; q)oo} _ (au,at; @)

© (ab,ad; @)}  (ab,ad; q)e
» Z (o, A1, - Ar—1; @n [(_1)nq(§)]1+s_r (E)n & (q_n, q/au,q/at th ) (3.2)
£ (q,by, -, bs; @)n a) %2\ qabq/aa T

provided max{|ab|, |ad|, |ut/bd|} < 1.
Proof. Let f(ag, a4, ..., ar_1, by, ..., bs, a, ) be the right hand-side of (3.2).

s+1

L B, o
(_q)1+5 TZ q f(a‘O' al!" )ar—l; bl ""bSl a, qu+7' S 1)

s+1 © -
B ( q)1+5 TZ ( 1)'JBJ- (au, at; Q)oo (ao, vy, v q)n [(_1)nq(;l)]1+s r
qJ (ab,ad; q)°°n=o (q,by, -, bs; @)n

ch“r‘s : q~",q/au,q/at  utq"
X\—— 3¢2< ;q, >
a q/ab,q/ad bd
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o s+1

i (aO'all"'lar—l;q)n 1 1+s= T
—1)/B.: [ —1)ntig (n )] —)"
2;2;( S A R S :
g\" (au,at; q) e q ", q/au,q/at  utq"
X __) T~ 3¢2( » 4, )
a’ (ab,ad;q)w q/ab,q/ad bd
— (aO; al) -.-;a‘r—l; Q)n [( 1)7’l+1 ) (Tl 1)]1+S—T( )nen {(au at_ q)oo}
£ (q,by, s bs; @n (ab, ad; q)o
S
x H (1 - bg"1)
j=0

[00]

_ (@g, s Qr—1; Pn-1 _a\n+ (n)_(n_l) Its—r _ \nan (au,at; q)
_Z (q,bl,... bs; @)p- 1[( DI ] (=6)"6q {(ab,ad;q)oo}

T‘

I](1—¢ﬂ"1)

_ (aOJ s Qr—1; Q) [( r+2g n+1)_n]1+s—r ()16, 0™ {(au, at; Q)oo}
n=0 (q' bl! e bs; q)n (Clb, ad; q)oo
r—1
X 1_[ (1- ajq")
j=0
2 . 14s-1
— ¢ (ag, @y, ) Ar_1; Pn [(—l)nq@)] (—c)"
£ @by, b @D
q (au at; Q) e (q_", q/au,q/at  utq™ )}Z iAo in
XQ"‘{( @ (@bada. 22\ qrabq/ad T hd (=149
— ¢ (—1)1A-9 (au,at; q) o (Ao, Ay, -, Ar—1;q)n [(_1)nq(121)]1+s—r <chj>n
< %) (ab,ad; q)w i (q, by, ... bs; P, a
'_ utq
3¢2 ) ’ bd

ab ad

T
= —cz (—1)/4; 0a{f(ao, ay, ., ar_1, by, ..., bs, a,cq’)}.
So, f(ag, a4, .., ar_1, by, ..., bg, a, ¢) satisfies the g-difference equation (2.1). Note that
(au,at; @)
f(ao, aq, ..., Ay_1, bl, ey bS’ a, 0) =

(ab,ad; @) e
From Theorem 2.2, the required result is obtained.

» Setting t = 0 in equation (3.2), we obtain

Corollary 3.2.2. Ifay = g™, m € N,a,b,d,u,a;,b;€Ci=0,...,r—1,j=1,...,5,a # 0,
then

F(ay, a4, ...,r_1,bq, ..., bs,—C 6,) {

(au; q) oo }_ (au; @)oo
(ab,ad; q))  (ab,ad; q)e
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x oGty @]”w (1) g (T
0 (@, b1, -, bs; Pn 1 a/ 272 q/ab,q/ad’q' abd )’ '
n=

where max{|ab|, |ad|} < 1.
* For u = 0 in equation (3.3), we get

Corollary 3.23. For ay=q™, me€ N,a,b,d,a;,b; €C,i=0,...,s5,j=1,...,s,a #0,

then

F(ay, a4, ., ar_1,bq ..., bs,—C 6,) {

*© -n n+2

(ag, Ay, ooy Qr1; @ N TN q q
xz @ be o bo D [(—1) q(Z)] (;) 1¢2<q/ab,q/ad’q’W>' (3.4)

* When d = 0 in equation (3.2), we have

1
(ab, ad; Q)oo} ~ (ab,ad; q)o

n=0

Corollary 3.2.4. For ay=q ™ me€N,aq, b,u,t,a;,bj € C,i =0,...,s,j=1,...,s,a # 0,
then

F(agy, a4, ., ar_1,bq ..., bs,—C 6,) {

(au, at; Q)oo} _ (au,at; @) o
o (ab; @)oo (ab; @)
(ag, ) Ar_1;q) m 1S ge\n q~ " q/au,q/at aut
0 r—1,9)n )] ( ) 3¢1( _

X 2, (@ br o D [(—1)nq(2 q/ab ﬂ;m). (3.5)

* Letting r = s + 1 in equation (3.5), we obtain Theorem 1.2 obtained by Fang [12]
(equation (1.18)).
« If (b, t) = (0,0) in equation (3.5), we get

Corollary 3.25. Fora, =q ™, m € N,a,u,t,a;,b; €C,i =0,...,s,j = 1,,s, then

Ay ey Apq
F(ag, ..., @r_1,b1 ..., bs, —C 0){(at; @)} = (AU; Q) 0o +Ps ;q,cul.  (3.6)

by, ..., b

* Letting r = s + 1 in equation (3.6), we obtain Corollary 1.2.1. obtained by Fang [12]
(equation (1.19)).

4. The Generating Function for the Generalized g-Polynomials lP,(,A'B) x,y,¢clq)

In this section, a generalized g-polynomials lP,({“’B)(x,y,c|q) is defined. Using the

q-difference equation method, the polynomials lIJ,(lA’B)(x, y,c|q) are represented by the
operator F(ay, a4, ..., ar_4, by, ..., bs, —c 6,) and we find that the generating function for the

polynomials IP,EA'B) (x,y,¢clq).

Let x,y, c € C. We define a generalized g-polynomials W% (x, y, c|q) as follows:
Wit (x, y, clq)

o (7 (@o, -, Br_139) k
- kzo [Z] Cézl, ...flbs; qukk [(_1)kq(2)]
where A = (ag, ..., ar_y), B = (by, ..., by).

1+s—r k+
2

kg ) ekp (e ghy), (D)
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* Whenr = s+ 1and (y,x) = (0, b) in equation (4.1), the generalized g-polynomials
P (% y, c|q) become the g-polynomials i, = H,(ag, ..., as; by, ..., bs; b, )
established by Fang [12] (equation (1.20)).

« If (r,s) = (3,3) and (ay, a4, a,, by, by, b3, v,¢) = (a,b,c,d, e, 0,0,—y) in equation (4.1),

(a,b,C)

we get the new generalized Al-Salam-Carlitz g-polynomials l/)nd’e (x,y|q) described
by Cao et al. [13] (equation (1.22)).

Theorem 4.1 Let ‘PIEA'B) (x,y,c|q) be defined as in (4.1), then
F(Q0, @1, ) Gr—1, b, oo, by, =€ 0)(Pa(x, 1)} = ¥ (2,3, clg).

Proof. Let
| f(@0,@1 @y, by by %, €) =¥ (x,y,clq)
S+
—1)/B
(=)t rz( q) f(ag, ay, ..., ar_1, by, ..., bg, X, cq/ ST h
S+1
(- 1)JB n (Ag, ) Ar—1; D kypi+s—T ok
= (- q)1+s rz Z (21 I;S.lq)k [(_1)kq(2)] (qu+r s 1)

Xw(—l)kq(§+1)_"k Po—i (3 g%y)

(ag, Ay, -, ar_1;q) -] _ _
DI e (G ] IR CO N G MO M
%=0 q,01,...,05,q )
s+1
XZ (=1)/B;q’*~V  (by using (1.1))
j=0
(Ao, A1y s Ar—1; Qi [(_1)k+1q(§)—(k—1)]1+s_r @)"( 0 O/%Dn_n
i (q,by, ., bs; i x RN
s+1
XZ (=1)/B;q’*~V  (by using (1.6))
=0
oo —_ n —_
— (ag,ay, e, r—1; Qg [(_1)k+1q(§)—(k_1)]1+s r ﬁ)k (_y)nq(z)(ql "X /y; Dn (q—n. D
i (q,by, ., b i x /% i e
s+1
XZ (=1)/B;q’*~V  (by using (1.2))
j=0
(ao, al:---:ar—l;q)k[ (k 1) thsr (")
= -1 k+1 ] —C k(—y)nq'2
; s evesnal (G5 )"
S
~\* (7" XY Do a ", yq"/x _ _
x (=) : 2$1 ;q,q< " 1_[ (1—big"™
x 7 (ax/y; @k y/x i

_ (ao, A, .., Ayr_q; CI)k—l [(_1)k+1q(§)—(k—1)] - (—c)k(—y)”q(;)

=1 (q' bll ""bs; Q)k—l
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@ "%/ Do) T .

ng{ (4x/¥; Doo }H(l_aqu 1
_ C (ag,aq, .o, Qr1; @)k ez k+1)_k
(qr bli s; CI)k [( 1) ]

(@ "x/y; @)oo 3
Xg"{ (@x/Y; Do }1_[(1 %44")

1+s—r

(o) +1(—p)rql2le, .

_ (ag, Ay, ey Qr_1; Qi 1S o
- _CZ( D46 Z (@ by, bs D [(_1)kq(2)] (@O (-y)ql2)
k(@' "x/y; q)oo a " yq"/x H)} .
X {(x) @/ D z¢1< y/x ;9,9 (by using (3.1))
— C _ i A C (aO'"-far—l; q)k _ (IZC) Ts=r Nk
) C]'ZO ( DJA]GX k=0 (b1, s bs; Qi [( l)kq ] (Cq])
A\ (n) 1-n .
x( Y) q(;/(;l; q):c/y, Dn @™ O (by using (1.8))

_ —czr: (=1)/4.6 {i n] (@gs evor Qr—1; Qe [( 1)k ]1+s r (C j)k
4 L Dby, b @) q

k+1
x (~DFqle )P, (v}
T
- —CE (—1)/A;6,{f (ao, a, ., A1, by, ., bs, b, cq)}.
j=0
So, f(ay, a4, ..., a¢—1, by, ..., b, x, c) satisfies the g-difference equation (2.1). Note that

f(ag,aq,...,a¢_1, b1, ..., b5, x,0) = B, (x; y).
From Theorem 2.2, the desired result is obtained.

Theorem 4.2 (Generating function for ‘Pr(lA'B)(x, y,clq). If ap=q7% G €N, and |yt| <1,

then
C (4,B) (_1)nq(g)tn

Yo (x,y, c|lq) ——————
Zo A,

(aOr al: ey a‘r‘—l; Q)k I:(—l)kq(lzc):l
(q' bll ""bs; q)k

1+s-r

@0 obi (L ayta).  (42)

= (Xt Qoo

Proof. Put

k=0

[e'e} n
| (~1qGen
fo = fu(@o @y, w, @r_1, by, o, b x5 ) = E WA (x,y, clq) ——
! (@ @n

We can check f; satisfies the g-difference equation (2.1) in the same technique used in
Theorem 4.1. So

fL = F(ao, aq, ..., r_1, bl' ...,bs, —C Hx){f(ao, aq, ..., Ay_1q, bl, ""bS' X, 0)}
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(~1rql)en

= F(ag, @y, ., @y1, by, o, by, —C 6) Z P ) (s
) n

O/% Dn

== F(ao, al, vy ar_l, bl' ey bS’ —C Bx){
i (q; q)n

DD qyngla )<xt)n}

o g T ()"

= F(ao, al,...,ar_l, bl""’bS’ —C Bx) {(Xt; q)oo -
£ (q,xt; q)n

} (by using (1.15))

o g T ()"
z ————F(ay, aq, o, Ay_1, b1, oo, b, —C 0,){(xtq™; @) 00 }

(g q)n
q” Tyt g, Aq, wery Qg _
=t Qoo W r s( Obll br 1;q,ctq") (by using (3.6))
n=0 ) ) n )y )y UYUg
S (@, @y, s Brrs i ey itsT
= (*t; @) (Oq bll br,lq)k [(—1)"61(2)] (ct)” o¢>1< ;q,ytq )
) ) ) S’

k=0
*Whenr =s+ 1and (x,y,t) = (b,0,u) in (4.2), we obtain the generating function for
the g-polynomials H,, = H, (ay, ..., as; by, ..., bg; b, ¢) achieved by Fang [12]
(equation (1.21)).
* For (r,s) = (3,3) and (ay, ay,az, by, by, b3, y,¢) = (a,b,c,d,e, 0,0,—y) in equation
(4.2), we get the generating function for Al-Salam-Carlitz g-polynomials

(a,b,C)

¥,.%° “(x,y]q) described by Cao et al. [13] (equation (1.24)).

5. Two Types of Rogers Formula for the Polynomials lP,(,A'B) x,y,¢clq)

In this section, two types of Rogers formula for the g-polynomials lIJ,(IA'B)(x, y,clq) and
H,, are shown.

Theorem 5.11f ay = q7%, G € N, and max{|xt|, |xv|} < 1, then

t" pm
x,y,¢lq
nZ) mz Pnim )(q: Dn (G Dm
— (yt; q)OO (a0I all ey a‘r‘—l; q)TL [( 1)77. ]1+S r (qc)n
(v, xt; @)oo =4 (q, b1, o, bs; @ x
0 m
X (q_nJQ)qu(Z) <qn+2>m 191 (xtq—m_q yv). (5.1)
£ (9,9/xt,q/xv; )m \X?vt yt '
Proof. Put
0o 0o (AB) n m
= f;(ap, aq, ., Ar_1,bq, ..., b X3 C =ZZ X, Y, C )
fL fL( 0 1 r—1 1 S ) n+m( y |q) (q; q)n (q; q)m

n=0 m=0
We can check f; satisfies the g-difference equation (2.1) in the same technique used in
Theorem 4.1. So

fL = F(ao, aq, ..., r_1, bll ey bS' _Cex){f(ao, aq, ..., r-1, bl, ey bS' X, 0)}
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— F(ag, @y, ..., @y1, by, o, by —C 6) z Z Pram(®9) (oo s
) n ) m

n=0 m=0
(00

k
Ot @)oo (xt;q)k(—iyv)kq(z)
v, xt; Pkt (@ VE D

F(ay, ..., ar_1, by, ..., b, —CO,) (byusing (1.12))

_( t: ) N (_yv)kq(lzc)
IRV SN CETION

1

oo K\ o
— (yt; q)oo (xt; q)k(_yv)kq(z) (ao, Ay, ey Ar—1; Pn n n\ql+s-r qe\™
T O, X6 Qe kz=0 (@Yt D z (@ b1, b @) [(_1) q(Z)] (7)

g " q" k+2 -
192 (q/xv,q/xtqk' U2 ) (by using (3.4))
_ 05D Z (ag, A1, o) Ar—1; @
(v, %t @)oo &= (4, by, w0, b
- m
(q‘”;q)qu(z) q+\" xtqg™™
4 (q,9/xt,q/xV; m x2vt 1¢1( yt
m=

]1+s r

)

;q,yv). (by using (1.4))

|-1yrql

Theorem 5.21f ay = q7 % G € N, and max{|yt|, |yv|} < 1, then

z Z WD (g, clg) (~ gz ) (q_tq) (ql.]q)

n=0 m=
0o _ 00 n
003 St by i) 5 Lo
— o bs; X — (q,xv; q)n
2 m?-m 2nym -k n n+m m
o Z qm (yvq ) . 1<q ,v¥q"/x, q/xvq ;q.xv? ) 5.2)
(@, xvq™; Dm y/x gtk
m=0
Proof. Put

fL = féo(ao, vy Ayp—q, bl, ey bS' X, C)
_ (A B) nim (n+m) tTl vm
= Woim oy, clg)(—1)"" Mql\2 :
,Z:;) ,ZO e (@ Dn (@ Dim

We can check f; satisfies the g-difference equation (2.1) in the same technique used in
Theorem 4.1. So

f. = F(ag, ..., y_q1, by, ..., bg, —C Hx)ogf(aog,al, ey Qy_1, by, ., bs, x,0)}
N (n+m) t" pm
= F(g s @rop, by s be=¢ 01 Y Pram(1,9) (1) qle

(@ Dn (@G Dm

n=0 m=0

P (o) (=2 & P (x, yg™) (—vg)q(2 )
= F(ag, - @r_1, by, e, bg, —C 6;) Z (x )(/()T(q)t) q Z (x yq(();q;’q) q

n=0 m=0
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/% On(—xt)"q(2)
CHS

= F(ao, vy a,r_l, bll ey bSP —C Bx)
n=0

(V"% Q) (—xvq™)™q z)
8 Z (@ Dm

= F(ay, .-, Ayr_1, b1, -, by

@y a2
¢ 0) Z (@ Dn

(4, xvq™; @) m

z q (yt)" Z q™ ™ (yvg?m™
e (G@n L= (@ Dm
(xq* ™ /y, xvq™™; q) oo
X F(ag, ., @r_1,b1, ., b, —C O
(aO a‘l" 1 1 S c .X'){ (xq/y; q)oo

O (oo Grgi D[ (B (1S "x/y; Da(y0)"q*2)
@by b [va] 2 @10 0

m m 2n\ym
X (xvq"; Qo Z 1 Ovqg™) (by using (1.2),(1.15))
m=0

= (xv; q)m

N qm M (yvg*)™ (q_k yq"/x q/xvq”+m xvqm> .
X ’ J ;3 q, by using (3.5
z (q; xvq™ Q)m 3®1 y/x q ql—k ( y g ( ))

1+s-r

ot Di (9] (40T 0/ Dax0"ge)
=0 (g, b1 -, bg; @) [( 1)kq ] (x) (@, xv; q)n

y Z qm™ M (yvgPmym (q‘k,yq"/x, q/xvq™™ xvqm>
y/x ) )

= (Vo
K

ql—k '

e Settingr = s+ 1 and (x,y,t) = (b,0,u) in equations (5.1) and (5.2), we get the
following two types of Rogers formula for the polynomials H,,

Corollary 5.2.6. For a, = ¢ ¢, G € N, we have
o If max{|bu| |bv|} < 1, then

n m

v

5 fng!
(G Dn (@ Dm

=0
_ 1 Z(ao,al,...,as;q)n(@)” s g
(b, bv; QYo Zu (@, by b ) b/ P2\ q/bv, q/b’ T b2pu )

o Ifb # 0 and |qc/b| < 1 then

Ms

0

3
I
3

(n+m un vm
(@ Dn (@ Dm
_ ' ag, aq,...,as  qC
= (bv; @) s+1¢s( by,..,bg ' ) 1¢1( ,q,bu)

Hn+m(_1)n+mq
=0

Ms

3
i
o
3
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6. Two Types of Srivastava-Agarwal Generating Functions

In this section, two types of Srivastava-Agarwal generating functions for the polynomials
w4 (% y, clq) and H, are introduced.

Theorem 6.1 For a, = ¢~ ¢, G € N and |xt| < 1, then
= A; t"

:E: qﬂS&B)(x,y,Clq) ( Q)n

n=0

& Dn (@ Pn

1+s-r

Lt Qe o A q Ty xu; D)2 & (o, o e D (5) 9¢\"
T (X Qo nz:(; (9, b Xt2; @) Z‘) (9, b1 ..., bs; Qi [(_1)kq ] (7)

-k 1-n
q " yq/xu,q "/ xtA
54, q A ). 6.1

Proof. Let f; = f.(ay, a4, ..., ar_1, b1, ..., bs; @; ¢) =LHS of equation (6.1). By using the same
technique used in Theorem 4.1 to check f; satisfies g-difference equation (2.1). We have
fL = F(ao, al, ey ar_l, bll ey b —C Hx){f(ao, a1, .- ar 1 bl' . bS' b, 0)}

(4 q)n
= F(ag, a4, ..,y_1,bq1, ..., bg,—C O ZP X,
(ap, aq r—1, 01 x){ ( y)(qu,q)n
/%4 Q)
=F(ay,aq,..,ar_1,bq, ..., be,—C 8 - (xt)"
(0 1 r—1 Y1 N x){nzo (q;H;CI)n ( )
= ng(2)
_ F(ag, @y o, @ry, by, o) be —C 62) (it Do N A XR/Y; D (ZY8)"q2
v s T (e £ (q, 1 Xt
(by using (1.9))
© n
N T G (a1,
n=0 @1 Dn O b T T Ut xuq™/Y; @)oo
0 n\ o _
_ (@t e N Axu/y; Dn(~y0"q?) < (@0, ar1 i [(_1)kq('§)]1+s r(E)k
(xt;q)oo n=o (quu'XtA'q)n %=0 (q'bl ""bs;q)k X

“ya/xu, g /xtd .
X ;q,q*2 b 3.2
3¢2< a7xt, yq " Jx ;4,9 (by using (3.2))
14+s—-r

o) n\ o
_ (ks q)ooz A4y /i D it)" 2 < (@, . @r; @i [(_1)kq(’2‘)] (ﬁ)k
(xt; Qoo £t (@ 1 xtA; @n £ (q,by .., bs; @) x
Kk vag/xu, gt " /xtA
b (q yq/xu,q* "/ ;q’qkl).

qa/xt,yq' ™" /xu
This completes the proof of Theorem 6.1.

Theorem 6.2 If a, = ¢7%, G € N and |xu| < 1, then
(tWZ)

Z IP(AB)(X y,C|CI) (q S'; vlq)
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_ W Do N W, 2,5/ D (v (@g, ) Ar—1; D [(_1)nq(’;)]1+5" (f)”
Ux; @)oo £t (d, €, uy; Q) £ (q, by, -, bs; @) x
" yq"/x, i)
X 2¢2(q/”w€,y/x'q'xu . (62)
Proof. Put
(t,W,Z)
, ¢, ' (w,vlq)
£, = fi(@gy o) @p_yy by oo, b b C) = z PAD (x 3 clq) e .
e @ Dn

We can check f; satisfy the g-difference equation (2.1) in the same way used in Theorem 4.1.

Hence
fL = F(ao, al, ey ar_l, bl’ - bS’ —C Hx){f(ao, a1, .y ar_l, bl' ey bS' b, 0)}

[o's) (t,W,Z) P (x’ y)
= F(aq, ay, .., A1, by, ., bg, —C 6) E ot (W vlq) —
(@ Dn

n=0
VU @)oo (t,w,z,y/x;q)n
(U @)oo £ (g, €, uy; Q)

= F(ay, a4, ..., ar_1,by, ..., bg,—C 6,) { (xv)"} (by using (1.23))

(t,w,Z;qQ)n n () @ "x/Y; @)oo
= ) oo - 2JF )y -1 y oy Usy ™
(yul q) . (q’ d, e’yu' q)n ( yv) q (a'O aT' 1 bl bS c ex) (xu’xq/y’ q)oo
n=
_ 0% 9o z W, 2,y/% Dn (v z (@0, ) 815 Dm [(_1)mq(;”)]“s‘r (g)m
(U @)oo £ (q,d, €, yU; Q) 4= (q, by, -, bs; @Im X

1-n+m

qg"yq"/x 4
X 2¢2<q/ux’y/qu xu

>. (by using (3.3))

e Lettingr = s+ 1 and (x,y) = (b, 0) in equations (6.1) and (6.2), the following two types
of Srivastava-Agarwal formula for the polynomials H,, are obtained.

Corollary 6.2.7. For a, = g% and G € N, then
e If |qc/b| < 1, then

=~ LDy 7 T B pn (bO)" ag, Ay, -, A5, 4", 9C
7] —_
n=0

= WD (@D & (D (G D ”Zd)s”( by,bs )
e Ifb+#0and|bu| <1, then

o (t,W,Z) o .
X ¢n’ wulg) 1 EwW,Z 0 s N (@085 D ()"
" (@D (b; @)oo £ (g, €5 @) £ (q,by, s bs; QY N D
- (;—m 1-n+m -
o (fin )
Conclusions

1. We provide a generalization of Fang's work [12] by providing a solution to a
generalized g-difference equation in the form of a generalized g-operator.

2. Many g-difference equations can be produced by assigning some specific values to the
generalized g-difference equation described in Theorem 2.2.

3. By assigning some special values to the generalized g-polynomial ‘P,EA'B) (x,y,clq),
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several g-polynomials can be obtained.

4. Get numerous identities for the polynomials W% (x, v, c|q) using the g-difference
equation approach.

5. Give applications of generalized g-difference equations for other g-integrals and
g-polynomials.
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