Abdul-Ghani and Saad Iragi Journal of Science, 2023, Vol. 64, No. 11, pp: 5815- 5829
DOI: 10.24996/ijs.2023.64.11.29

N
Iraqi

Journal of
Science

/\/
ISSN: 0067-2904

The Generalized Homogeneous g-Shift Operator rd)S(ny)
for g-ldentities and g-Integrals

Samaher A. Abdul-Ghani*, Husam L. Saad
Department of Mathematics, College of Science, Basrah University, Basrah, Iraq

Received: 3/11/2022 Accepted: 7/2/2023 Published: 30/11/2023

Abstract

In this paper, we illustrate how to use the generalized homogeneous g-shift
operator ,.®4(D,, ) in generalizing various well-known g-identities, such as Hiene's
transformation, the @-Gauss sum, and Jackson's transfor- mation. For the

polynomials ¢,(la'b)(x,y,c|q), we provide another formula for the generating
function, the Rogers formula, and the bilinear generating function of the Srivastava-
Agarwal type. In addition, we also generalize the extension of both the Askey-
Wilson integral and the Andrews-Askey integral.

Keywords: homogeneous gq-shift operator, Hiene's transformation, Jackson's
transformation, g-hypergeometric polynomials, generating function, Rogers
formula, Srivastava-Agarwal generating function, Askey-Wilson integral, Andrews-
Askey g-integral.
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1. Introduction

The study of basic hypergeometric series began in 1748, when Euler [1,2] investigated the
infinite product 1/(q; q). as a generating function for p(n), the number of partitions of a
positive integer n into positive integers. Later, mathematicians such as Gauss, Heine, Rogers,
Ramannjan, Waston, Slater, and many others made significant contributions to this topic.
Because of Andrew and Askey's excellent work, basic hypergeometric series have recently
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been an active research subject again. Because of its various applications to combinatorics,
quantum theory, number theory, statistical mechanics, and other fields, the field has grown

rapidly [2].

In this paper, the notations used in [1] are followed, and we assume that |q| < 1.
For a € C, the g-shifted factorial |s deflned by [1]

@@ =1 (@)= ]—[u—aqk) (@ Qs = H(l—aq

The multiple g-shifted factorial is deflned by:

(ay,0a2, o, ar; Qm = (1 Dm(A2; Om -+ (s Dy
where m € Z or co.
The basic hypergeometric series ¢, is described as follows [1]:

Prer Pr O (D1 s P D N
P (pl' b q'x> L (.1, 0P D [( D
where g # 0 when r > s + 1. Note that
e O N (@1, ) Qi1 Dn n
r+1Pr <B1»---»ﬁr .q,x> nZ;) @ P B, x™, x| < 1.
The g-binomial coefficient is given by [1]:
[n] _ (4 Dn
k(@ @ (@ Dk

x™,

]1+s r

for 0<k<n,

where n, k € N.
The following identity will be used in this paper:

- (@ Dn ()-nk
n, 1)k 1.1
@k = @ D k( ) q (1.1)
The Cauchy identity is given by:
(& Dm XM = (ax; @)oo

= ,xl < 1. 1.2
., (G Dnm * Do (1.2)
Letting @ = 0 in equation (1.2) gives Euler’s identity:
- 1
= , x| < 1. 1.3
Z @ Dm 65 Deo (13)
m=0
which has the following inverse:
m
(~1mqle)xm
= (X;9) - 1.4
2 @an =9 (14)
The q-Chu-Vandermonde’s sum is given by [1]:
_ (c/a;q)
201(q7" a5 6q,9) = —————a™ (1.5)

(€ Dn
The g-analog of the Chu-Vandermonde summation is [3]:
k

47 Y L oo @

i=0

The g-Gauss sum is given by [1]:
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a,b .
2P1 (d ;q,d/ab) = ((Ciz/, Z’/da/ ;’q")):. (1.7)
Heine’s transformation of ,¢; series [1, Appendix Ill, equation (I11.1)] is:
a,b (b,az; Q)oo C/b,Z
201 (C ;q,z) = m 201 (az Jq'b>- (1.8)
Jackson’s transformation of , ¢, series [1, Appendix IlI, equation (111.4)] is:
201 (Z’b; q x) = (@6 D)oo 20> (Z, fw/cb; q, bx>. (1.9)
(6 Qoo
The transformations of ;¢, series [1, Appendix I11, equations (111.9) and (111.10)] are:
ab.cge\  (e/a,de/bc;q)e a,d/b,dfc
30> <d,e 5 q, abc) = (e, de/abc, 0).. 30> (d,de/bc ;q,e/a). (1.10)

_ (b, de/ab,de/bc; q) o ;i/b, Z/Z, dz/abc. A
B (d,e;de/abC;Q)oo ¢ e/a ’ e/ c y 4, . ( . )

Hahn polynomials are defined as follows [4, 5]:

B (x) = Z (] (@@ - (112)

The Cauchy polynomials are defined as follows [6 9]
P(x,y) = (x = y)(x —qy) ~ (x = q"7'y) = /% X",
which has the following generating function:

C
ZP , ”(q Dn G <t

In 1965, AI-Salam and Carlitz [10] defined the following polynomials:
@ (n) q‘”, x~1 qx
un” (6.q) = (—a)"q\2/ 21| 0 ;0,7 /a |

In 2003, Chen et. al [11] presented the homogeneous q-difference operator D,,, which
performs on functions in two variables as follows:

fl,qty) - f(qu)

ny{f(x' y)} x — q_ly
In 2010, Chen et. al [12] extended the definition of Al-Salam-Carlitz polynomials as
follows:
-nY
n q n’ /X
Un(eyaiq) = (D" 5000 " Ha Pe) @13
The Rogers formula for U, (x,y,a;q) is [12, 13]:
Tl #m
Uim(x,v,a;q)
;;0 e UG D (@ D
3) /%0
al,yf; @) —1D)kg\2/ (x#; at)¥ ’
_ (et ytq) v (D*q'2) (x4 q)(at) 0 | yeak sqxt), (114

(e &= (@ Dr(al, yE; gk

provided that max {|x#|, |xt|} < 1.
In 2014, Abdlhusein [14] provided a transformation of ;¢ series:
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xt (X, VS; @)oo v/x,0
191Vt q,ys (ytT 201 ys  sqxt], |ytl <1l (1.15)

In 2020 Cao et al. [15] defined the generalized Verma-Jain polynomials.
(d'i’f) C (de f; Dk
w, 2" T (w,v,z|q) = Z [ —————zkp . (u,v). (1.16)
= 9.l Dk
In 2021 Cao et al. [16] explained the Srlvastava -Agarwal type bilinear generating function

(5)

for the g-polynomials w,,
def)
Z B (1)

(a,ut; q)n 0
— (4,vt,4/%; q)n

In 2022, the generalised g-hypergeometric polynomials were defined by Reshem and Saad
[17] as follows:

(u,v,z|q).
t" (vt ax; Qo

(@G Dn Ut x;9)o

(u,v,z|q)

doe,f
NP (g,h ;q,th”), max{|ut|, |zt|, |x|} < 1. (1.17)

1+s—r

a, (all"'lar;q)
? ’”(xy,cm)—Z[k Gk [Ckgl)] R ey (118)

In 2022, Abdul-Ghani and Saad [18] defined the generalised homogeneous g-shift operator
@ as follows:

al’...’ar o (a .t k 1+s—-r
1 ) ;Q)k k
CDS <b1,“’;bs;q: Cny> = ( b ; - ) [(—1)kq(2)] (Cny) .
k=0 4,01, ..., 05,4 )

Abdul-Ghani and Saad [18] found the following identities for the operator ,®:
al, e, ar

Theorem 1.1 [18]. Let the operator ,® (bl, -+, bs;q, cny>be defined as in abov, then

al’ ..’ar
) (bp -, bs; q, cny>{P )} = ¢ (x,y,clq). (1.19)
al’---,ar ( . . all-..IaT'
YE Do) 6 Do
CI)S (bll“"bs;q: Cny) {(Xt q) } = (Xt' q) T'¢S bl'”"bs;q' ct ) (120)

provided that |xt| < 1.
al’...,ar
P (x,y) Vt; @)oo
s (bl""’bs"’””"y){(yt; WECTI™
k _ a cee a
Ot Do, O @ x50 Lo .
=t~ ————=q) ;¢ b bs;qctq? |, Ixt] < 1. (1.21
(xt; @) o = (q.ytq); q’ rds| 01 s, q,Cctq ( )
Abdul-Ghani and Saad [18] gave the following results:

Theorem 1.2 [18]. Let ¢(“ -b) (x,y,c|q) be defined as (1.18), then
The generatlng function for qbn“’b) (x,y,clq) is:

(a,b) _ 0t Do Z1Zr
d) (nyrC|CI) (q_q) - (xt' q) T'¢S 1 4 S'q' Ct '|xt| < 1' (1'22)
’ n ) [o]

The Rogers formula for gb,(l‘"b) (x,y,clq) is:

n
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SN tn - %5 Q) o
D Ry clg) =
— (@GOn (@G D E/4,x8 ) e
(xf, q)k q
— (4, 74,q¢/t; @)
The Srivastava-Agarwal type generating function for qb,(la'b ) (x,y,clq) is:

(a,b) _ (w/u,yut; Q) o
;cpn O e i e

o (xut; q)j(v/w) G Ar ,
X by,-++,bs; g, cutqg’ |, t] < 1. 1.24
s (q,yut, q)j T¢)S 1 S q cu q |xu’ I ( )
]:

The Srlvastava -Agarwal type bilinear generating function for qb(“ -b) (x,y,clq) is:

@ (ab) t"
qun Cel)dy™ (v, €la) -

co all...'ar

vt: axrq o a,ut,q

:( . ) ( .)n qn r¢s b1,"',bs;q,ctq” ,
ut, ;@)oo 4= (q, 08, /%; Q)

where max{|ut|, |x|} < 1.
The g-integral was introduced by F.H. Jackson [19] as follows:

f F(t)dygt = b(1 - q)Z Fba)e",

a, -, a,
kb (bl,...,bs;q, C{’qk>,max{|t/{)|, |{’x|} <1. (1.23)

n

(1.25)

and

jabf(t)dqt = jobf(t)dqt - Laf(t)dqt.

The Askey-Wilson integral is given by [20, 21]:
™  h(cos20;1) 2r(abtd; q) o
o h(cosB;a,b,?,d) " (q,ab,af,ad,b?,bd,td; q)o,’
where max{|a|, |b|, ||, |d|} < 1and
h(cosB;a) = (ae'?,ae™; q)..
h(cosfO; a4, a,,...,a,) = h(cosO; a;)h(cosb; a,)... h(cosb; ay).
In 2008, Chen and Gu [22] introduced an extension of the Askey—Wilson integral:

(1.26)

b4 (eZiH e—2i6 fgeiﬂ.q)
) ) ) 0
J (aeiel ae—iel beiel be—i9,£ei9,£e—i9, deiHI de—iB’geiB; q)oo
f: aeie’ae—ie
i . —-i6
X 3¢2 fgele,ab 4, ge ' do

_ f,aé,bt
n(abtd g ). ( ) (127)

~ (q,ab,a?,ad, b?,bd, 2d,2g; Q) e fgt abtd;q,dg |,

where max{|al, |b|, |?],1d], |g|} < 1.
The Andrews-Askey integral is presented as follows [20, 23]:

ff(qt/e, 9t/fi Do , . _ A= f@.e/faf /e.abef; D)oo

(at,bt; @) 1 (ae, be,af,bf; @)
In 2018, Liu [24] introduced the g-integral:

(1.28)
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ff(qt/e, qt/f, abut; q)ood - (I -a)f(q.e/f.af /e av ef, bvef,abu/v; q)«
. (at, bt, vt; @)oo a (ae, be}ve, jlf]; bf,vf; Qe
ve,vf,vef/u

X . 1.29

$2 <av ef ,bvef; q, ab%) (1:29)

We use the generalized homogeneous g-shift operator ,®4(D,,) in this paper to do the

following: We constructed a generalization of numerous well-known g-identities in Section 2,

including Hiene's transformation and Jackson's transformation. In Section 3, we present

another generating function formula, Rogers Formula, as well as the bilinear generating

function of the Srivastava-Agarwal type for the polynomials qb(“b)(x,y,clq). Finally, in
Section 4, we generalized the Askey-Wilson and Andrews-Askey integrals' extensions.

2. Generalization of g-identities

In this section, we established a generalization of various well-known g-identities,
including Hiene’s transformation, g-Gauss sum, and Jackson’s transformation using the
generalized homogeneous g-shift operator rCDS(ny).

Theorem 2.1 (Generalization of Hiene’s transformation of ,¢, series). For max{|d|, |x|} <

1, we have
(a,b; q)n n (ap , Ay,
Z N T+1¢S+1 bl;"'lequn;q'Ct
& (q,d; Dn
a see a
(b,ax;9) " (d/b,x; q) v
T W@dxq) Z (9,05 ) =" pgg | buubsigctq | (2.0)
) Yy [o%e) n=0 ] n
Proof. Setting a = y/x and x — xt in Heine’s transformation (1.8), we get
(b; P e (b q)mz d/b; On n(ytq ' Doo 2.2)
= (0,d; On YT e (@GDn Q% Qe '
aq, 0, ar
Applying the operator @, <b1, -, bs;q, cny> on both sides of (2.2), we get
as, -, a
(b; Dn ( v
—_tn rPs bl"”'bs;q'Cny {Pn(x'y)}
4 (q,d; q)n ) o
(b; 1) ™ (d/b; q) Lo (Vt9™; @)oo
= 7 . nbn rq)s bl,""bs;q'Cny {tn—}
(Ao &zt (4 Dn (xtq™; @) co
(b; Dn (a,b)
— " X,V,C
— (0,d;)n Pu " (x761)
_ 59 Z @/ Dy O Den ij_’_" l‘jr_q e
(@ Dola (GDn (G50 T '
(By using (1.19) and (1.20))
(b; Dn (a,b)
— " X, Y, C
— (9, d; Pn P ycla)
. co . al'c.-’ar
— (bl yt; Q)oo Z (d/b, Xt, CI)Tl bn T¢S bl! “,'bs;q’ thn . (23)
(dxt; @)oo &t (4, Y Q)
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By using (1.18), we obtain

LHS of (2.3)
© ) 1+s— i .

D er [(—1)"q@] e GiDn__np, )
£ (q, by, -, bs; @)k 2 (d; On (G Dn-k

_ Z Z (g, ar; Qi [(_1)kq(12()]1+s—r k (b; Dnsk tn+kpn(x y)
£ (4, Dy, -, bs; @) (d; Dn+xc (@ Dn
1+s-r

GB;Dn > (a1, a5, 50" i e (9) .
_ P, (x, ~1
@@y P X Ty b da o) o] @

8T
o

(v/x,b;q) a,,
(q,Tq)nn )" ry1Ps+1| by, ooe, bs,dq™; g, ct ).
n=0

Hence equation (2.3) can be written as

- (7/%,b; @)
(q: d; Q)n

n=0
a cee a
(b, yt; q)wz (d/b, xt; q) 1,0, Ay
T (dxt;q) (g, yt;9) =b" s | b bsigoetg™ ). (24)

) ) o0 ) n

Setting y/x = aand xt — x in equatlon (2.4), we get the required result.

a,,a,bq"
(xt)n T+1¢S+1 bll Tty bS' dan q' ct

Setting ¢ = 0 in equation (2.1), we obtain Heine’s transformation (1.8).
If x = d/ab in equation (2.1), we get a generalization of g-Gauss sum (1.7).

Corollary 2.1.1 (Generalization of q-Gauss sum). For max{|d|, |d/ab|} < 1, we have

bq
(@,b;n A
- (d/ab) T+1¢)S+1 bll Tty bSI dqn' q, ct

— (9, d; Pn
al,"',ar,b
(d/b,d/a; q)o d
= (d,d/ab; q) r+1Ps+1 bl,...,bs,a;q,ct . (2.5)

Proof. Putting x = d/ab in equation (2.1), we obtain

S @O D gy b ngqn- ct
L (q,d; q)n r+1%¥s+1 1 »yMs q 'q'
_ (b,d/b; @) (d/ab; q)n pn (ay, ", ar; Qi ANk (k) e nnk
(d,d/ab:q)mz @Dn  £a @by b o] e
— (de/b: q)oo (al;" y Ay q)k _1\k (k) Lrs=r k C (d/ab: Q)n b k\n
(&, d/ab; 4 L4 /b1 b D [( D] e ZO @aon 07

1+s-r

(ct)* (by using (1.2))

_@/hd/a@)eN" (b [ (K
(d,d/ab; ) P (q, by, .-, bs,d/a; Q)i [( D ]

ees b
(d/b, d/a; q)oo ag, =, Ay,
- (d,d/ab; q) re1Pss1| b1, bs, d/a; g, ct ).

* For ¢ = 0 in equation (2.5), we obtain g-Gauss sum (1.7).
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» Setting b =0 and d =0 in equation (2.3), we obtain the generating function for

¢(a ") (x,y,c|q) (equation (1.22)).
e Letting d = 0, b = v/u and t - tu in equation (2.3), we obtain the Srivastava-  Agarwal

type generating function for ¢<** (x, y, c|q) (equation (1.24)).

Theorem 2.2 (Generalization of Jackson’s transformation of ,¢; series). For |x| < 1, we
have

o A+, , A
a’b; 1 y Ur
(—Q)n Xn r(ps (bl:""bs;q,an>
n

— (4, d;@)n

] 2 1y " a,a
ax; q)e —D"g\2/(a; " p; ytt, Ap

— ( : q) ( ) q ( q)nxn (qd—q)qu rd)s bl"”!bs;q;ch ,(26)
(G Qo = (q,a%q)n £ (q,d; )k

Proof. Settmg b=x,d=yandx = fin equatlon (1.9), we get

@O0 1 D _ @00 D@ e y)
~ (4 Dn” D FDo & (@af;q)n 3 D

Z (@0 04" Do _ @iy 1D @ , P0Y) 3 Des
@D G 0e e i (g.af;Qn O Dn (% Do

.(2.7)

a1, e, ar
Applying the operator ,® (bl, -+, bs;q, cny> on both sides of equation (2.7), we get

- (G Dn b (3 D
n by, ,bs;q,cD,, |}
L (g D 7? < ' 9P y>{(y; q)n}
(@f; Do = (~1)"q2) (@), Gy, dy Pu(%,9) i Den
— n b1""rbs} ,cD,,
Fdw Zs ™ @afin rq’S( Do o o)
N (@D 1, 075D Zi’_’:’zr_q -
=0 (@ Dn (xq™; @) oo Te o
_ @fi0e 0 D" @ g),
@D &= (q,af;@)n

=0

n _ a cee a

VDo @Dk, o

X q* +ds| b bs; q,cq® |. (2.8)
@Dt @y ’

fn

(By using (1.20) and (1.21))
Settingx = b, y = d and f = x in equation (2.8), we get the desired result.
* For ¢ = 0 in equation (2.6) and by using equation (1.5), we obtain equation (1.9).

3. Another formula to the identities for qb,(l“’b) (x,y,clq)
In this section, we use the generalized homogeneous g-shift operator TCDS(ny) to give
another formula for: the generating function, the Rogers formula and the Srivastava-Agarwal

type bilinear generating functions for polynomials ¢(ab)(x,y,c|q). By providing some
specific value, we recover the generating function, Rogers Formula and Srivastava-Agarwal

type bilinear generating functions for the polynomials gb(“ -b) (x,y,clq).
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Theorem 3.1 (Another generating function for ¢,(1“‘b)(x,y,c|q)). Let q’>,(1“’b)(x,y,c|q) be
defined as in (1.18), then

Z DD (x,y,¢lq)

n

(@4 Dn

e t

Ot Deo o X
= m s | b bs; gt ] 1| VEq A, x| < 1. (3.1

Proof. Setting s — /1/y in equation (1.15), we get
1 & 0 ot e e
. =) Ry —— (3:2)
A Dot (GDn (X450 (@4 @n

al’ e, ar
Applying the operator , & (bl, -, bs;q, cny> to both sides of (3.2) and then using (1.19)

and (1.20), we obtain (3.1).

Setting 4 = 0 in equation (3.1), we obtain the generating function for the polynomials
¢(a ") (x,y,c|q) (equation (1.22)).

Theorem 3.2 (Another Rogers formula for ¢,§“’b)(x, y,c|q)). Let qb,(l“'b) (x,y,c|q) be defined
as in (1.18), then

) ¢ 0 = D@ ae) Gl
= ¢ i (q; q), - (g.af;q)n (b, t/; @)oo
0 m
(1)) (et g (ar)® (—1)mq‘(z)<xeqk; Dm @ Ft70)™
= (@ybabar L (@Y Om(t/6q ™ Qe
1 'ar
X s <b1, -, bg 1 q, ch'”m), max{|x?|, |t/€|} < 1. (3.3)

Proof. We will prove this theorem by using equation (1.14).

tTl fm
LHS of (1.14) = Z Z U X,y,a;q
(1.14) mem (02,8 D) Gy D,

n=0 m=0

©  © —-(n+m)
_ g ) e (X e
( ) q a 2¢1 0 y 4 qx/a

X

(@ Dn (@G Dm
(By using (1.13))

n=0 m=0

S

+m

[Tl + m] ( 1)n+m+kq(n+m) (lzc)—(n+m)k+kan+m—kpk (X, y)

I
NgE
N5

0

8 (@ Dn (q; q)m' (By using (1.1)

(o] k o0
(@l vt o o (~1)*q(2) (et @) () = (/% @)n(x)
Qoo & (q' q)k(a%’ Yo & (@Y

0 k=0

3
I
~3
3

RHS of (1.14) =

= (at;q) (-1 (at)"z t" A (x.y) 49" 9)eo
T (@ Okt D & (@ Dn 024 D (g e
As a result, equation (1.14) can be rewrltten as foIIows
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S
+

m

3OS [ et e

L L Pty G n @ D

o (—1)k (at)k t"  P(x,y) 029% @)
= (et q)°° 1 (4 Dr(at; @i z (@ Dn 0295 @) (x£qF) e (34)

(=}
o
=
Il
o

a, -, a
Applying the operator , @, (bl, =+, bs; q,cDyy,

)

n=0m

> for both sides of equation (3.4), we obtain

S
+

m

ib]s
]

o=
S

[n Jlrc m] (—1ynmek q("Em)+(§)‘(n+m)"+"an+m-k¢,§“'b) (x,y,¢)
{Tn

X
(CHAMCE q)m

o (~1)%q(2) (aty* L 005 e O (@7 X805 O
_(a{)’q)‘”z Z(q,q)n "

0

m
CHONCADP (000 L2 (4,59%; D
alJ lar
X s (bl,---,bs;q, c{’q’”m). (By using (1.19) and (1.21)) (3.5)
LHS of (3.5)
©o n+m
_ Z [n -Il;m] (_1)n+m+kq(n'sm)+(’2‘)—(n+m)k+kan+m_kd)]((a,b)(x' y,clq)
n=0 m=0 k=0
t" £m
X

k
D 2 [l Jae ooy Gt
i=0 . -

. (By using (1.6
o e m @GOn @, Y e (10)
npmm gy RS AW A IA PP
— (m=0)j (_1\n+m+i+j ( )+( ) m4+m) i+ j)+(+))
> 2 2 2 [ TamoicmpymemeivigUa G
n gm

(@D (@G Dm

= i i i (-D"q ( )(aq])n(pl(f]'b)(x;y,l:lq) et /i

“D)(x,y,clq)

X
S
o~

5 an+m—(i+j)¢.(a’.b) (x,v,clq)

i+)

e e CHAORCHMCHAY
N D"l aegm
oy (@ Dm
S (o 00 5 D)@y
= (af; Q)oo; JZ:(; ¢i(+j)(X,}’;C|Q) (@ D); (@ CI)j Z @.at:a). .
(By using (1.4))
RHS of (3.5)

& -kl 2 (at)* eron 724" Q)es
= @8De 2, G utat; q)kz(q o L) .,
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N xf k. ay, =, Ay
(C(Iq yng. q;l)m qm r¢s (bl; "':bs;q, quk+m>
) ) m
= k (k) K -kyn
_ @yt ) N (ED 2 (et @k (at)” N (/1477)
(xt; q)oo o (GOr(ytatiq & (4G
- - al cee ar
‘g ) )
Z (— 1)m[ ] nm+m% +bs <b1’...,bs;q’ C{)qk+m>
) m
(By using (1.1)
_ @yt e (D50t ) Z 1y G4 D
(e & (G k(e at; g (@724 O
a4, -, a, k n
(t/i’q )"q
X b,...'b; ,C‘g k+m
r¢s( ' S >n v (@ Dn-m

_ @yt ae (D40 q)k(at)"z iy (005 D

(@ & (G Dr( e at; g (q 24" Om
—Kk\ym al, ,ar +m 1

X (t/£q7)" r s <b1"":bs;q;d)qk )(q—(m+k)t/g; Do

(By using (1.3))

o0 k o _m
_ @yt9)e v D@t @) o Dmg ) e/0q79 ™ (xbg
bt/ Doz (G DRCYE Al i L2 (4,789 Qm(E/4q74™; O

al’ cee, ar
X r¢s <b1’ e bs i q, quk+m>_
Consequently, equation (3.5) might be rewritten as follows:

SANT 6 0 S (~1)q@)(atgi)n
Z z Pij (y,¢l0) (@9 (q; q)j,;, (q,a;q)n

i=0 j=0

o0 k . m
_ 080e v (DD el et & 1ma )@ e 0m et g
Gt/ Do (G DGyl Lo (4,729" Qm(E/£q7 ™, Qe

al’ e ar
X r¢s (bl' ee bs i q, C{)qk+m>_
* Setting a = 0 in equation (3.3), we obtain Rogers formula for the polynomials

") (x,y, c|q) (equation (1.23)).
Theorem 3.3 (Another Srivastava-Agarwal type bilinear generating function for

(ab)(x y,c|q)). Let p* )(x y, c|q) be defined as in (1.18), then

@efi®e .« (@) (ab) t" (vt ax; q)o
Norrnne Z AT Gl v, €lg) psm = T

d e f al,...'ar
(a,ut; q) '€

(q vt q/x Z) n 3¢2 g;h ;q,thn T¢S bl,"',bs;q’ctqn , (36)
pr ) )] ) n

provided that max{|ut|, |ct|, |x|} < 1.
Proof. Equation (1.17) will be used to prove this theorem.
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(gr”) "
(v, 2]q) (@ Dn

LHS of (1.17) = z 6@ (x|,

n=0

- (d,
Z ¢(a)( |Q) q) Z [ ]((geh% kP, r(u,v) (By using (1.16))

(d é, f Q)k k (a)
z (9, h; @k (zt) z ¢n+k( lq) (CI, )nP(U,U).

def
(vt, ax; q)oo (a,ut; q)n =
RHS of (1.17) = n ; n
S o ) = D = @ uta/xq, P2\ e
_ (@5 Q)w CHN " a0 Z ;’f_q 2tq Vtq"™; Qe
Do & @/ ~\T T (Utq™; q)eo
Equation (1.17) can be rewritten as

o)

(defi Dk, .« (@) t"
(9,9, h; q)k( 2 Z Pnrk Xl Fau,v) (4 Dn

k=0
(@ Qe (a, Dn L (TS N\t o).
- . . q 3¢2 g;h !q;th . .
(6 @)oo £ (q,9/% @n (utq™ @)

(3.7)

al’ e, ar
Applying the operator @, (bl, -, bg;q, cDu,,> for both sides of (3.7) and by using (1.19)

and (1.20), we get the required result.

Setting r=3, s=2, z=0, c=2z a=(d,e f) and b = (g,h) in equation (3.6),
we obtain Srivastava-Agarwal type bilinear generating functions for w,(ld'e'f 'g'h)(u, v,z|q)
(equation (1.17)).

Setting z=0 in equation (3.6), we obtain Srivastava-Agarwal type bilinear
generating function for gb(“ -b) (x,y,c|q) (equation (1.25)).

4. Generalization of g-integral
By utilizing the generalized homogeneous g-shift operator ,.®,(D,, ), we generalized an

extesion of the Askey-Wilson integral and an extesion the Andrews-Askey integral in this
section.

Theorem 4.1 (Generalization an extension of the Askey-Wilson integral). For
max{|al, |b|, |£],|d],|g|} < 1, we have

T (eZiH’e—ZiB‘fgeiH;q)oo had (aeiH’beiH;q)n

o (ae®,ae=0 bei® be~if, pelf, {’e‘ig,deie,de‘ie,geie;q)oonZO (q,ab; ),

a‘l)...iar

n
i (g7 ge'%;
x e : (q, f9e®; )y | q* r¢s| b1, bs;q,ceq* | do

(@bt g @Dl D )\ T IE D
(4, ab, af,ad, be,bd, £d, £9; n & (0, 0bEL @)y | L (@, 9B D *
ay, -, a,
X r¢s (bl,"',bs;q,c{’qk>, (4-1)
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Proof. Equation (1.27) can be written as
n (%10, e7210 fgeif, g
fo (aeie’ ae—i@) bei@) be—i@) {)ew’ ge—w’ deie' de—ia,geie; q)oo
S (fae®, be'®; q),
£ (q.fge®, ab; @)y
2 (€gf,abtd; q) N (f,at,b?; q),
- (q,ab,at,ad,b?,bd,¥d,tg; @) ] (q,%fg,abd?; q),
Let f = y/x, g = x in (4.2), we obtain
n (€210, =210, g it (ae'®, bei®; q),
fo (ae®?,ae™'%, be',be™,£e', be™10,de®®,de™; @)oo £u  (q,ab; P

(ge—ie)nde

(g™ (4.2)

P.(x,y) (€ @)oo

x (e~t0)n _ - de
( ) (yelg;Q)n (xele;CI)oo -

_ 2n(abtd; q)c @, b8 D P Y) 08 Doo 4.3)
(q,ab,af,ad,bt,bd,¥d; q) ] (q,abd?;q)n, V00 (X390 '

al’ e, ar
Applying the operator ,.®, (bl, -, bg;q, cny> on both sides of equation (4.3), we have

fn (ezl'e,e—zw;q)oo had (aeie,beie;q)n
o (aeie,ae‘ie,bew,be‘ig,feig,fe‘ig,deig,de‘ig;q)oon_O (q,ab; Q)
aq, -, ar i6
. P.(x,y) (ve'; Qoo
x (e & | by, -, bs; q,cD - . dae
(e ) r s( 1 s,4,C xJ’> {(yeze;q)n (xelé);q)oo
~ 21 (abld; q)e, > (al,bt;q), "
" (q,ab,a?,ad,b,bd, €d; q). £ (4, abd%; q),,
al,...’ar
P.(x,y) (v¢; q)oo}
X ®s| by, bs;q,cD {" . 4.4
r s( 1 s, q xy) (y&CI)n(x’g;Q)oo ( )
T (ezw’e—zw;q)m had (aeie,beie;q)n
, (ae®,ae=0 bei® be=i0 peif pe=ib deib de~if;q), . (q,ab; @),
n=
. n _ . a cee a
e Do (g™ xe"; @ TSI
. CEok : k o s| burbs;q,ce®®qk | do
(xe'; @) L (gyeie T ’
_ 2n(abtd; q) o (at,b?;q)n g ;@) oo
(q,ab, at,ad, b2, bd, 2d; Q)oo Lo (4,03 Q) (23 Q)

(e—iﬂ)n

n
(e)_n (q_nﬂx‘g; q)k k
& (q.y8 )k

al, e, ar
X g <b1,"',bs;q, c{’qk). (By using (1.21)) (4.5)
Replacing (y/x,x) by (f,g) in (4.5), we obtain equation (4.1).

For ¢ = 0 and then g = 0 in equation (4.1), we obtain the Askey-Wilson integral (1.26).
For ¢ = 0 in equation (4.1), we obtain the extension of the Askey-Wilson integral (1.27).

Theorem 4.2 (Generalization an extension of the Andrews-Askey integral). For
max{|at|, |bt|, |vt|, |ae|, |bel, |af], |bf|, |vel,|f/el} < 1, we have
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T (qt/e, qt/f, abut; q) @17 G
P by,---,bs;qg,ct |d,t
fe (at, bt, vt; @) e rfs| P Dsig et dg

_ A —a)f(q.e/f af /e abef, abue; q) - (ae,be; )

e n
(ae,be,af,bf,ve; Q) w — (q,abef; )y (F/e)
n _ a e a
(@™ ve; ( v
X ) ————=q" .¢g| b1, bs; q,ceq” . (4.6)
| & (q, abue; q)-k -
Proof. Using equation (1.11), equation (1.29) can be written as
T (qt/e, qt/f, abut; q)o
[ o
R (at,bt,vt; q)
(L= @)f @./f.qffe,abef abewsq)., %M“%7f o
= bef,abeu >4,V] |- .
(ae, be,ve,af,bf;q)w 3vzia ’
Let abu = v and v = u in (4.6), we have
ff (qt/e, qt/f; o (Wt Qoo
. (at,bt; @) (Ut Qoo ? _
_ A -a)f(q.e/f,af /e abef;q)w (ae,be; ) ., Pa(w,v) (Ve; Q) (4.8)

(ae, be, af,bf; q)e L (g abef;q)n”  (ve; n (U o
al: e, ar

Applying the operator , @, <b1, -, bs;q, CDuv) on both sides of equation (4.8) and by using

equations (1.19) and (1.21), then replacing (v,u) by (abu,v) in (4.8), we obtain equation
(4.6).

For ¢ = 0 and abu = v in equation (4.6), we obtain Andrews-Askey integral (1.28).

For ¢ =0 in (4.6) and by using equations (1.5) and (1.10), we obtain the following
corollary:
Corollary 4.2.2 For max{|at|, |bt|, |vt|, |ae|, |be|, |vel, |af], |bf], |vf], |bu|} < 1, we have

f T (qt/e, qt/f,abut; q)o i
. (at, bt, vt; q) o a

(I—q)f(q.e/f.qf /e, abef,aefv,bu; q)w ae, af, evf/u
B (ae, be,ve,af,bf,vf; @) 392\ abef,aefv 9 bu |. (4.9)

Conclusions
We perform the following using the generalized homogeneous g-shift operator ,.®;(D,,):
1. We generalized some well-known g-identities.

2. We offer an additional formulas for the polynomials gb,(l“'b) (x,y,¢clq).
3. We generalized an extension of some well-known integrals.
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