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Abstract

One significant problem is the simultaneous absorption and diffusion of oxygen
into the cells. When it comes to medical applications, it is crucial. There are two
stages to the mathematical formulation of the problem. The stable case in which
there is no oxygen transition in the isolated cell is examined in the first stage, and
the moving boundary problem pertaining to the oxygen absorbed by the cell's
tissues is examined in the second stage. A shifting border is a crucial component of
the oxygen diffusion problem. In this paper, we present mathematical model of
oxygen diffusion problem with time fractional derivative in Caputo sense. This
problem is difficult to solve analytically, so we will use the variational approach to
find the corresponding formula for the problem. The well-known Magri's approach
formula cannot be used to find a variational formula corresponding to the presented
problem, so a modified formula of Magri's approach will be found, and then the
corresponding model is solved numerically. So the resulting solution is an
approximate analytical solution.

Keywords: Variational approach, Moving boundary value problem, Caputo
fractional derivative, Stefan problem, Magri’s approach.
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1. Introduction

Crank and Gupta provide the oxygen diffusion problem model [1]. Two steps of
mathematics are involved in the oxygen diffusion problem. When the oxygen is present in the
initial stage, the stable state. The cell surface is isolated after being injected into the cell from
either the inside or the outside. In the second step, tissues begin to absorb the oxygen that was
injected. This level results to the problem of moving boundary. Finding a balancing position
and figuring out the time-dependent changing boundary position are the goals of this method.
See [1, 2, 3] for further information on the time-fractional oxygen diffusion problem.
Fractional differential equations have gained a lot of interest in recent years. Differential
equations of fractional order provide a clear description of many significant phenomena in
physics, engineering, finance, mathematics, transport dynamics, and hydrology in particular.
See, for example, references [4, 5], authors where studied some problems and solve them. In
the theory of complex systems and in the modelling of the so-called anomalous transport
phenomena, fractional differential equations are crucial. When contrasted, these fractional
derivatives function more appropriately using the common integer-order models.

The Caputo fractional derivative distinguished from other definitions of derivation, and
the most important of these advantages, which is that the Caputo derivative of a constant is
zero, that is D0 = ¢Dg6 = 0, where Ois a constant [6]. For the simplicity of dealing with
this definition of fractional derivatives for mathematical calculations. This model of the
oxygen diffusion problem has been presented as defined by Caputo. Find the analytic solution
of this type of problems is hard, so may be obtain a corresponding formula of it and solve it
by approximate method [7]. We will be using a modified approach for Magri’s approach to
find a variational corresponding formula of the problem, after that solve the last formula
numerically. In Section 2 of this work we introduce some of the definitions and properties in
fractional calculus. The model of oxygen problem presented in Section 3. After that, we find
the variational formulation of this problem in next section. In Section 5, present the results
graphically after find the numerical solution of the last formula of problem. Finally, the
conclusion in Section 6.

2. Basic concepts
Basic definitions, concepts and properties of fractional order differentiation and
integration in this section.

Definition 2.1 [6]: The left and right Riemann-Liouville Fractional Integrals of order a > 0
of a function w(t) € C[a, b] is defined as

JEw(t) = % [t-Dw(@d (1)
and

A%w(t) = % - '0@d, )
respectively.

Definition 2.2 [6]: The left and right Caputo Fractional derivatives of order @ > 0 of a
function w(t) € C™[a, b],m € N is defined as
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1
r(m—-a)

DI w(t) = [[t-Dm 0™ (Ddr, L 3)

and
Dfw(t) = 7o
m—-—1<a<m.
Proposition 2.3 [6]: For w(t) € C™[a,bl,a,y Z20n—1<a<na+y<m, uz=
—1andt > 0, we mention the following:
1. I%tH = Mtﬂ*ﬂ_
I'(u+a+1)
ru+1
2. "Dgtt = I"(;fﬁa +)1)
Proposition (Fractional Leibniz Formulation) 2.4 [6]: Let w(t) € C™[a,b],a > 0,m —
1<y <mandm € N, then:
7 (Do) = w0 - £ 1L (¢ - )
a a J=0 rG+ 1) '
Definition 2.5 [8]: Let U and V are two linear spaces over a real numbers R, we call the
functional £: U X V — R bilinear form.
Definition 2.6 [8]: Let £(.,.) be a bilinear form on U X V, then:
R L(,.)

is said to be symmetric if
L(u,v) = L(v,u) forallu e U and v €V.

fa-omlo™@d, 4)

U—a

5 DR L(,.)
is said to be nondegenerate if

(a) L(u, V)=0 =V =0, forall u €U.

(b) L(@,v)=0=1u =0, forall v eV.

Note: Usually, denoted bilinear form by <.,.> instead of L(.,.).

Definition (Magri’s definition of symmetric bilinear form) 2.7 [9]: Let U and V be two

normed linear spaces, and let <.,.> be a bilinear form, then £L(w,u) =< u, w > is said to be

symmetric if:

<wu>=<uw> forall< w,u>e U X V.

Definition 2.8 [9]: Let U and V be two normed linear spaces and L:U — R be a linear

operator, then £ is called symmetric operator with respect to choosing bilinear form <.,.> if
< Lw,u>=<Lu,w >foralweUand uevV

Theorem (Magri’s Theorem) 2.9 [9]: There is a variational problem corresponding to linear

equation L(w) = f, if and only if the operator £ is symmetric relative to the bilinear form

which is non- degenerate, where the functional is given by:

S(w)=%</3a),a)>—<f,a)> .......... (5)

3. One-dimensional oxygen diffusion problem:
Consider the following oxygen diffusion problem:

‘Difw(x,t) = %W(x, t)-1,0<x<s(t),0<t ... (6)

with the initial conditions:
w0 =-1-x2% 0<x<Lt=0, .. (7)
Zwxt)=0x=0t>0, (8)

and boundary conditions:
w(x, t) = :—xw(x, t),x=s(),t>0 ... 9)
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s®))=0,t=0. (10)
where 0 < a < 1. Such that “D¢ is the Caputo fractional derivative operator of order a.
In this work we will establish the variational formulation of the presented problem
It is clear that the differential operator related to Equation (6) is given by:

a2 9
—_ ﬁ - m. .......... (1 1)
For simplicity rewrite °Df* as kil the first part of the operator L is the Laplacian

ate”’
operator, and the second part is the diffusion operator.

In order to find a variational formulation related to problem (6) and the conditions (7)-
(10), we have to use the inverse problem of calculus of variation (Theorem 2.9), and to that
objective, we have to prove that £ is symmetric relative to the chosen nondegenerate bilinear
form.

4. Variational formulation of the problem
4.1 The symmetry of the bilinear form
Consider the following operator:
<u,v>= Iy JIFulx,s)v(x,s), (12)
where:
ﬁ(x! S) = Olg—‘r [K'(t, S)'U(x, S)]a
olff and (IF ; are the Riemann-Liouville fractional integral operators of order a > 0 and
k(t,s) is the kernel function which is chosen to satisfy the symmetry and nondegeneracy of
< u,v >. Also, k(t, s) is assumed to be symmetric and smooth function, which is defined on
the square region, as in Figure (4.1):

k(t,s) #0,s<t—r7

[ Ss=t—rt

k(t,s)=0,s>t—7

Figure 1: The square region of definition of the kernel k(t, s)

This operator is bilinear form, because the integration operator is bilinear [9]. To prove the
symmetry of the operator <-,-> given in (12)

<u,v>= 1"(1+a)f [ “ux, T) [ r( )
[ T(t—s)“ k(t, s)v(x,s)dsldtdx. ... (13)

s=0

Notice that, the first integration over R represents the integration over the region of the
problem and the second integration from 0 to ¢ because of the initial conditions related to the
problem.
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By changing the variables of integrations from s to T and vise a versa and according to
vertical slice instead of horizontal one, we get:

<uv>= I‘(1+a)f fs b 7 I‘(a) fT O(t )% 1 u(x, )k(s, t)v(x, s)dr]dsdx

Since, one can choose k (7, s) to be symmetric, so:

<uv>= I fOt_T [ﬁ fot(t —$)* Tu(x, s)x(s, 7)v(x, s)dr] dsdx
= ﬁf I [ﬁft(t — ) tu(x, s)x(s, Dulx, s)dt] dsdx
F(1+a)f f v(x,7) [F( )f “(r = )%k (z, s)ulx, s)ds] drdx

=<v,u >.

Implies that < u,v > is symmetric bilinear form, which means the first condition is
satisfied.

4.2 Nondegeneracy of bilinear form
To show that < u, v > is nondegenerate by using the definition of nondegenerate
bilinear forms and the relation (4.2), fixe v, then:

< UV > 1"(1+a)f f u(x, 1) [F(l)f (it = ) k(z, $)vy (x, S)ds] drdx

To prove < u, v > is nondegenerate, assumed that the relation (14) equal to zero. From
properties of the kernel function definition and its domain one can be define:
K(z,s) = {h(r,s), 0<s<t
’ h(s,7), 0<t<t
this selection is to make the boundaries of integrations in (14) are invertible and by suitable
define of the function h(z, s) in Equation (15). Therefore, by making a kernel function of the
Volterra kind, which is defined as:
_(n(r,s), 0<s<t-—-rt
h(T’S)_{O, t—t<1<t’
since Volterra equation defined as:
fot_rn(r, s)(t — 5)* vy (x,s)ds = 0.
Then, relation (14) will become

SV >= F(1+a)f f Ju(x,7)
%f;ot T’?(T, $)(t — ) Ty (x, S)dS] dtdx,

and according to Volterra kernel, this problem has no solution unless (t — s)* 1v,(x,s) = 0
and since (t — s)%"1 # 0, then v, (x,s) = 0.
Therefore, < u, vy >= 0, just when vy = 0.

Also, by same procedure, we can be proved: < uy, v >= 0 which is only true when u, =
0.
Hence, the second condition is satisfied.

4.3 The symmetry of the operator £ = L5 + L!

To prove L symmetric operator relative to the nondegenerate bilinear form <-,->,
we must prove that:

< Lu,v>=<Lv,u> (16)
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Now, by applying modified Magri's approach (relation (12)) to be as follows:
< Lu,v>=(Lu,Ltv. (17)
Therefore,
< Lu,v>= (Lu,L'V)
= ((£L5 + LYHu, L)
= (L5u + L'u, L'v) (since L® linear operator)

= (L%, L'v) + (Lfuw, LY. (18)
Using the same approach on the right hand side of (16), we get:
< Lv,u>= (LS L)+ (L L. (19)
Since <, > symmetric bilinear form, then:
(Ltu, L'v) = (LPv, L), . (20)
hence, the problem here is to show that:
(LSu, Ltv) = (LSv, L), (1)
Let us take (L5u, L'v) and suppose that L£5u = w, therefore:
LSu, L) =Ww, LYY, (22)
but w, L) =<w,v >
=< L5u,v >
=< Lv,u > (Since L® symmetric operator)
= LSy, L), (23)
Implies that

(L3u, Ltv) = (LSv, Ltu).

This means that relation (16) fulfil.
Now, we must prove that:

w, L) = (W, Lw), (24)
this means to prove that L! is a symmetric operator relative to the chosen bilinear form <- -
>,

To prove the relation (24), we will use the relation (12), hence:

(w, Ltv) = I ftw(x ) [ ol [x(z, s)/.ltv(x s)]|dzdx

F(1+a)f f w(x, T) [Olt -7 [K(T S) v(x s)” drtdx,
it can be supposed that k(z,t) = 1, for simplicity, then:
(w, Ltv) = — Jx ftW(x T) [ I¢ [ﬁv(x S)”d‘cdx
’ F(1+a) oft—7 | 55a
[ fywC, 1) [v(x,t — 1) = v(x,0)]drdx,

I(1+a) /R

F(1+a)
by fractional Leibniz formulation, then:
t
(w, Lty) = v Jo Jowl,D) v(x,t —)drdx. (25)
In the same procedure, we get:
t
(v, Ltw) = e fR fo v(x,7) w(x, t —t)dedx. ... (26)

According to the convolution theorem, then the relations (25) and (26) are equals.
Hence, L' is a symmetric operator relative to the bilinear form <-,->, which implies that
relation (24) is true, i.e., L symmetric operator relative to the chosen nondegenerate bilinear
form <- ,->.

Now, can be find the variational formulation corresponding to the fractional oxygen
diffusion equation as follows:

The non-homogeneous oxygen diffusion equation with time-fractional derivative
order has the form:
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w(x t)—a?w(x t)=f(xt),0<a<1. e (27)

where f (x t) a given function as the nonhomogeneous term.

a

aZ d L . .
The operator of this problem is £ = — — Py which is symmetric operator relative

to the nondegenerate bilinear form <-,->. Imphes that we can be obtain the variational
formulation to the problem depending on the inverse problem of calculus of variation
(Magri’s Theorem), which has the following general form:

J(w) = % <Lw,w>-<fw> . (28)

depending on Magri’s approach on the operator Lf, that is < u,v > = (u, L'v), then the
relation 28 becomes:

SWw) = (w, Lw) - (f, Lw). (29)
Now, the bilinear form given in Equation (12) may be used to give:
Je f Lw(x, ) Ltw(x, T)dTdx
— t
F(1+a)f f f(x, D) Ltw(x, T)drdx
Je f Lw(x, T){ JI& [x(t, ) L w(x, t)]}drdx

F(1+a)f f f(x, T){ ol (t, ) Liw(x, )] }dl’dx
for simplicity, let k(t,t) = 1, then:

I(w) = mf [y Lw(x, O ol [Lw(x, )]} drdx
Jo IS F GO oIl Ltw(x, D]} drdx

I(w) = 2F(1+a)

2F(1+a)

- F(1+a)
2F(1+0()f f LW(X T){W(x t— T) W(X' 0)}d‘[dx
_mf f f(x ){w(x, t — 1) —w(x,0)}drdx

2F(1+0()f f w(x Diulx,t — 1) —w(x, 0}
—ﬁw(x T){W(x t — 1) — w(x, 0)}]drdx
fo Jy FaDw(x,t — ©) — w(x, 0)}drdx.

F(1+a)
......... (30)
When the initial condition w(x, 0) is homogenous, then the relation (30) becomes:

SW) = 52— fo (2w, Dw(x,t — 1)
—;?W(X Dw(x, t — 17)]drdx
[ [ foDwlxt —Ddedx. (31)

F(1+a)

5. Numerical solution of the problem
In order to use the direct Ritz method [10], we must approximate the solution w(x,t) of
the presented problem (6) with the conditions (7)-(10) as in the following decomposition:
w(x, t) =yY(x,t) + w(x, t,q;),=0,1,...kx .. (32)
where Y(x, t) is any function that satisfies the non-homogenous boundary conditions while
the function w(x, t, a;), foralli=0, 1, ..., k satisfies the homogenous boundary conditions.
By the initial condition (7), one can be chosen

Plx, ) = (s(t) — %)%

While to satisfy the another conditions, let
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1 .
w(xt a;) = > (s(t) = x)* Xip @i, tHD.
Therefore, the approximate solution becomes
1 .
w(x, t) = (s(t) - x)%[1+ 3K a9,
For simplicity of calculations, suppose that k=3, then:
w(et) = 2(s() = 0)2[1 + ayt® + at?® + azt>* + qut*e]. (33)

With respect to the moving boundary s(t) which satisfy the desired condition on the
boundary, may have the definition:

s(t) =v1—4bt*. (34)

Now, we have to find the partial derivatives of (33) with respect to x and t, as follows:
9= (x — s(O)[1 + ayt® + ayt?® + azt3* + a,t*9],

dx
2
%w = [1+ a t% + a,t?* + a;t3% + a,t*%]
and
ﬂ _ l _ 2 r(1+2a) a r(1+3a) 2a r1+4a) 3a
W =3 (s(t) —x)*[a,T(1 + @) + a, T t* + as Tir2a) t“* +a, Tir3) ]
+(x = s(O)[1 + art* + a,t%% + ast3* + a,t**] ;75.

Then substituting these derivatives in (30) to get the final form of the functional J(w)
which has to be minimized. So, by used the computer software Mathcad 14, the final results
are presented of the critical points a4, a,, as, a, and b are follows:

a; = 0.05,a, = 0.26,a; = 0.25,a, = 1.0 and b = 0.25.

Bottom, are presented some of figures of the concentration distributions for the oxygen
and position of moving surface at deferent values of time with respect to deferent value of
fractional derivative order a. The Figure 5.1 shows the change in the limits of diffusion
oxygen with time when the derivate is 1. The Figures 5.2 and 5.3 show the distribution for the
oxygen with the change of time and the fractional derivative a. Position of the surface is
varying with the value of ¢ as in Figure 5.4.

0.5

0.47-.

X

Figure 2: Concentration distributions for the oxygen at the steady-state (t=0) and deferent
values of t, where a = 1.
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Figure 3: Concentration distributions for the oxygen at the steady-state (t=0) and deferent
values of t, where a = 0.8.
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Figure 4: Concentration distributions for the oxygen at the steady-state (t=0) and deferent
values of t, where a = 0.6.
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Figure 5: Position of the moving surface where a = 1, 0.8 and 0.6, respectively.
6. Conclusions

In this work, we solved the moving boundary value problem (oxygen diffusion problem)
with time fractional order, by using variational approach, this approach is modified of
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Magri’s approach. First, we present a modified formula of Magrie’s approach and proof the
last verification the required conditions to find corresponding model of the problem. In order
to use this method requires to find corresponding model of the problem by using specific
procedure. Second solving the result model numerically to obtain approximate analytic
solution to the problem. Rits method one of the direct variational approximation methods,
which can used to find the solution, then display the results as a figures to show the change in
the boundary of diffusion with the change of time and the value of derivative. So, Magri's
approach can be used as a variational approach to solving free and moving boundary value
problems, after developing the approach, such that the differential operator is linear and not
required to be symmetric.
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