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Abstract

The aim of this paper is to define new concepts, namely a homogenous system of
difference equations x(n + 1) = Bx(n) where B is a matrix of real numbers, which
is called P-semi homogenous of order m if there exists a non-zero matrix A and
integer number m such that the following equation holds: F (A(c)x(n)) =
P(A(c))™F (x(n)), Where F is a function, m and P are integer numbers and c is a
real number. This definition is a generalization to the (3 x 3)-semi-homogeneous
system of difference equations of order m. Special cases are studied of this
definition and illustrative examples are given and some characterizations of this
definition are also given. The necessary and sufficient conditions for a homogenous
system of difference Equations to be P-semi homogenous of order one or greater
than one as well as some examples and theorems about there are given.

Keywords: Difference equations; Homogenous system; Semi-homogenous; P-semi-
homogenous
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1- Introduction

Difference equations are existed since ancient times, there are two types of functions. First,
the functions where the variable x can take every possible value in a given interval [9-11]. The
general form of the difference equation is given by [1-4].

aln+t)=f(a(n)) (D

where f is a function of a sequence a(n) and n is a natural number.

In 2016, Al-Asadi [5] studied the properties of difference systems in his paper. In 2021,
Abed and Al-Asadi [6] introduced the concept of a self-semi-homogenous system of
difference equations, which they defined as the following:

A homogenous system of difference equations is called self-semi homogenous if there
exists a non-zero, nonidentity real matrix M such that the following equation holds

FIMa) = M™FQM)) veoreeeeeeeeeeeeeeeeens )

In this paper new definitions of a homogeneous system are introduced that are
generalized semi-homogenous systems defined as the following:

A homogenous system of difference equations is called generalized semi-homogenous if
there exists a non-zero, real matrix M such that the following equation holds

F(Mx(n)) = P*M™F(x(1n)), c.evveiveiieeieii (3)

where P, k, and m are integer numbers.
There are some special cases that are discussed in this work as well as the general case. Some
examples and characteristics for definitions are given. We also prove some theorems and
properties which can be summarized as follows:
1- If P = 1, then this system is called semi-homogenous of order m [6].
2-1f P # 1, k = 1, then this system is called P-semi-homogenous of order m.
3-If P # 1, k # 1, then this system is called P*-semi-homogenous of order m.
4- If k = m, then Equation (2) becomes like the following:
F(MX(n)) = (PM)*F(X(n))
and it is called P*-semi-homogenous of order k.

2- P-semi-homogenous of order m

In this section P-semi-homogenous of order m is studied when m = 1 and in case m > 1.
Consider the system

f X f(x(n)) x(n+1)
where F = (g), X = (y) FXM) =gy(m) |=|y(n+1)

h z h(z(n)) zn+1)
b11 b12 b13
and B = b21 bzz b23 .
b31 b32 b33
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Definition 2.1.
System (4) is called P-semi homogenous of order m if there exists a non-zero matrix A and
integer number m such that the following equation holds.

F (A(0)x(n)) = P(AC))™F(Xx(N))y eveniiiiiiiiinennn, (5)

where A(c) is a matrix, P is an integer number and c is a real number.

Example 2.2.
1 -1 0

Consider the system F(x) = Bx where B = 1 1 0], then we can find a matrix A =
5 , -1 0 1

= =0

13 13

12—3 13—3 0| with P = 3. Therefore, this system is p-semi-homogenous of order one.

-2 8 OJ

13 13

The following theorem shows a matrix A exists in definition 2.1 and the general formula is
given.

Theorem 2.3.
The necessary and sufficient conditions for a homogenous system of difference Equations
(4) to be P-semi homogenous of order one is the A equal to

[ Paizby1 + Pagshs, Pby1byy — by1byp + a13(P?b31byp + Pbyibs; — P?bygbs;)
I byy — Pbyy b2, — Pb2, — P2b,,by, — Pby1by, + P2by1by,
Pbyybyy — byybyy + ap3(P2b3abyy + Pbaybsy — P2byybsq) Pay1bip + Pagshbs;
b3, — Pb3, — P2by1 by — Pbyibyy + P2by1byy byy — Pby,
[Pby3bsy — bs3zbsy + azp(P?b3ibys + Pbssbyy — P2b3sbyy) Pbysbsy — byzbsy + azy (P2bsybys + Pbssby, — P2bsshyy)
b33 — Pb33 — P2by3bgy — Pbyzbyy + P?by3byy b33 — Pb3; — P2by3bsy — Pbysbay + P2byshy,

Pby1by3 — by1by3 + a12(P?by1by3 + Pbyybys — P2by1by3) ]
by — Pbf; — P2b31by5 — Pby1bss + P2by1bss
Pbyybys — byybys + apq (P?by3byy + Pbyybiz — P2byybys)
b3, — Pb3, — P2b3yby3 — Pbyybss + P2byybss
Pag1bi3 + Pas;bys
b3z — Pbss

Proof:
Necessary condition:
Since F is homogenous of degree one, then there exists a non-zero matrix A4, such that the
Equation (5) is held with m = 1; that is,
F (A(c)x(n)) = PA(c)F(x(n))

a;1 Q12 413\ /X a1 A1z A3\ [f(x)
Fl|az21 a2 az3 <y) =P|az az az||gly)

az; Qzy QAzz/ \z azy aszz azz/ \ h(z)
fay1x + ag,y + a,32) Paq,f(x) + Pas,9(y) + Paysh(2)
9(az1x + azy + a3z) | = Pay,f(x) + Payg(y) + Pazsh(z)
h(az1x + az,y + azzz) Pasyf(x) + Paz,g(y) + Passh(z)
bi1(a;1x + agpy + ag3z) + bypy + b3z Paq,f(x) + Pas,9(y) + Paysh(2)
bo1x + byy(az1X + Ap2Y + A32) + b3z | = | Pay f(x) + Payg(y) + Paysh(2)
b31x + b3y + bsz(azix + az,y + azzz) Pasyf(x) + Paz,g(y) + Passh(z)

by1a117 = Payibyq + Pagyby+Pagsbsg
byya,; + by; = Payyby, + Pagyby; + Pagsbs,
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bi1a13 + by3 = Pay1bi3 + Payyby3 + Pagshbss
by1 + bya31 = Pazibyq + Payybyy + Pazsbsy
by2035 = Paz by + Payyb,y; + Paysbs,

by2033 + byz = Pay b3 + Payybys + Paysbss
b3y + bzzaz, = Pazibyq + Pasybyy + Pazsbsy
b3, + b3zaz; = Paz by + Pasyb,, + Pagsbs,
bszasz = Paziby3 + Pazybys + Passbss

It is easy to show the matrix A equal to
Z11 212 “Z13
Z21 Z22 Z23
Z31  Z32 Z33

where
7y = Pa12b21+Pa13b311 Zy, = Pb22b212—b2217221+a23(P2b32b21+Pb22b31—P2b22b31)
b11—Pb14 b%,—Pb%,—P2?by1b1,—Pb11by3+P?b11by;
Zgy = Pb33b312—b33bz31+a32(P2b31b23+Pb33b21—P2b33b21)
b33—Pb33—P2b13b3;—Pb3zby1+P2b33byg
Ziy = Pb11b122—b11b212+a13(p2b31b12+Pb11b32—P2b11b32)’ . Payibi,+Paysbs,
bf;—Pb31—P2by1b13—Pb11b33+P2b11by; bz2—Pbz;
Zay = Pb33b322—b33b232+a31(P2b32b13+Pb33b12—P2b33b12)
b33—Pb33—P2by3b3;—Pbszbyy+P2b33by;
Zi3 = Pb11b132—b1119213+a12(P2b21b13+Pb11b23—P2b11b23)
bi1—Pb{;—P?b31b13—Pb11b33+P2by1b33
Zys = Pb22b232—b2217223+a21(P2b23b12+Pb22b13—P2b22b13) and Zaz = Pazibi3+Paz;zby3
b3,—Pb3,—P?b3;b3—Pbyyb33+P2bay b33 b33—Pb33

Sufficient condition:
211 212 213
Suppose that there is a matrix A equal to [Z21  Z22  Z23
Z31 Z32 Z33
To show that the system (4) is P-semi-homogeneous that is
a1 Q12 Qi3\ /X a1 Qi a3\ [f(X)
Fl a2z az dazs (y) =P
31 Azz 0azz/ \Z 31 A4zz Aaz3/ \ h(z)
By substituting the value of the matrix A in (6) we have
Z11 Z12  Z13] /X Z11 Ziz Z13] [ f(x)
Fl|Z21 Z22 Z23 <y> =P|Z21 Z22 Zas|| g(y)
Z31 Z32 Z33]1 \Z Z31 Z32 2331 \ h(2)

That is
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Pay;by1 + Payzbs,
bi1 — Pbyy

Pbyybyy — byybyy + ap3(P?b3ybyy + Phyybsy — P?byybsy)

b3, — Pbj, — P2by1b1; — Pby1by, + P2by1 by,
Pby3bsy — byzbsy + a3y (P?b3ibys + Pbsgbyy — P?bysby,)

b33 — Pb33 — P2by3bsy — Pbszbyq + P2bysbyy
Pby1biy — by1biy + a13(P?b31b1y + Pby1bsy — P?by1bs3;)

bfy — Pbf; — P2by1b15 — Pby1byy + P2by1by,

by, — Pb,,

Pb33bs, — byzbsy + azq(P?b3ybys + Pbsgbi; — P2bszhsy)
b33 — Pb3; — P2by3bsy — Pbysbyy + P2bszh,,
Pby1by3 — by1by3 + a12(P?byybys + Pbyibys — P2by1by3)]
by — Pbf; — P2b31by3 — Pby1bss + P2by1bss
Pbyybys — byybas + @z (P?by3biy + Pbyybis — P2baybys)
b3, — Pb3, — P2b3yby3 — Pbaybss + P2by;bss
Paz1biz + Paz; by

bz; — Pbss |

Pajpby1+Pagzbs,
b11—Pbis
| Pbaaba1—bazbai+az3(P2bsabag+Pbyybsi—P2basbsy)
bZ,~Pb3,~P2b1b15~Pby1bap+P2b11bap
Pb33b31—b33b31+as3;(P?b31bp3+Pb3zby1—P2b33bsy)
b33—Pb33—P2b13b31—Pb33b11+P2b33byq
Pbi1b12—b11b12+aq3 (P2b31b12 +Pb11b32—P2b11b32)
b1 ~Pbi1~P2b1b15—Pb11bap+P2by1bsp
Pajz1bi3+Paz3bs;
bz2—Pby;
Pbs3b3p—bs3bsp+az1(P?b3zby3+Pbszbi,—P2bssbys)
b33—~Pb33~P2by3b3y—Pb33bap+P2b33ba;

Pby1by3 — by1by3 + a12(P?by1by3 + Pbyibys — P?by1by3)]
bfy — Pbf; — P2b31by3 — Pby;bsz + P2by1bss
Pbyybys — byybys + @z (P?by3byy + Pbaybiz — P2byybys) ggg
b3, — Pb3, — P2bsyby3 — Phyybsz + P2byybss h(z)
Pagibi3 + Pazybys
b33 — Pbss

Therefore,
ay1b11 = Pay1byy + Pajybyy + Pagshbs,g

Pai;bz1+Pajzbzg

We substitute the value a,; = we have
, b112(1—P)
Paq;by1+Paq3b P“aq;by1+P“aq3b
by, —2—=b 222220 + Pay, by, + Pagsbs,, therefore
11 b11(1-P) 11 b11(1-P) 12721 13Y31

Pay;by; + Pay3bsg

= P2a12b21 + P2a13b31 + Pay;byq — P2a12b21 + Pa;3bs; — P2a13b31.

Hence,
Payyby; + Pay3bs; = Paj;byq + Pagsbsg
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The second equation
ay2b11 + byy = Pay1byy + Pagybyy + Pagshs;
P?ay;by1b15 + P?ay3b31bs,
b1 — Pbyy
a12b3; = Pajybfy + biybyy — Phyybyy
= P?ay3by1b1; + P?ay3b31biy + Pajybyybiy — P?aqabypbyy + Pagzbsybyy
— P%ay3b3,bp4
a2 (b3y — Pby — P?by1by1; — Pbyybyy + P2byybyy)
= Pbyyby1 — biybyq + ay3(P?by1byy + Pbsybyy — P?b3ybyy)
<Pb12b11 — bizby1 + a13(P?b31b1; + Phsybyg — P2b32b11)> (b2, — Pb2, — P2by, by,

a12b11 + b1y = + Pay;by; + Pagsbs;

bf; — Pbfy — P2by1b1; — Pbyybyy + P2byybyy
— Pbyybyy + P?byybyy)
= Pbyybyy — byobyy + ay3(P?b31byp + Pbgybyy — P?b3ybyq)
Pbiybyy — bipbyy + ay3(P?bgybyp + Pbyybyy — P?bsybyy) = Pbypbyy — bypbyq +
a13(P?b31b1; + Phbzybyy — P?byybyq)
The third equation
ay3b11 + by3 = Pay1biz + Payybys + Pagsbss
P?ay;3by1b13 + P?ay3b31 b3
bi1 — Pbyy
ay3bi; — Paj3bf; + by3byq — Pbysbyy
= P2a12b21b13 + P2a13b31b13 + Pay;by3b11 — P2a12b23b11 + Pay3bssbyq
— P?ay3by3by,
ay3(b7y — Pb?y — P?b31by3 — Pbszbyy + P?bsyzbys)
= Pby3by1 — bizbyy + a15(P?by1bys + Pbyzbyy — P?by3by;)
<Pb13b11 — bizb1y + a12(P?byybyz + Phyzby; — P2b23b11)> ) ) )
2 2 (bll - Pbll —P b31b13
bi, — Pbi; — P?b31b13 — Pb33byy + P2b33byq
— Pb3zbyq + P?b33by4)
= Pby3by1 — bizbyqy + a1(P?by1by3 + Pbyzbyy — P?by3byy)
Pby3byy — byzbyq + a15(P?by1by3 + Pbyzbyy — P?by3byy) = Pbyzbyy — bysbyy +
a12(P?by1by3 + Pbysbiy — P?bysbyy)
az1b25 + byy = Paybyy + Payybyy + Paysbs,y
P?ay1by1b15 + P?ay3by1bs;
by, — Pby,
Az1b3; — Pay1b3; + by1byy — Phyiby,
= Payybi1byy — P?ay1b11by5 + P2ag,byibiy + P2a23b21b32 + Pay3bs1by;
— P?ay3b31by,
1 (b3, — Pb3y — Pbyybyy + P?by1byy — P?bybyy)
= Pby1byy — by1byy + ap3(P?byybsy + Pbsybyy — P?b3ibyy)
<sz1b22 — by1byy + ap3(P?by1bsy + Phyiby, — P2b31b22)> 5 )
> > (by; — Pby; — Pbyiby,
b5, — Pb%, — Pby by, + P2bi1byy — P2by1 by,
+ P?by1byy — P?by1byy)
= Pby1byy — by1byy + ap3(P?byybsy + Pbsybyy — P?b3ibyy)
Pby1byy — by1byy + az3(P?by1bzy + Pbyibyy — P2byqbyy)
= Pby1byy — by1byy + ap3(P?byybsy + Pbsibyy — P?bsgby))
Az2b25 = Pazabyy + Pagyibyy + Paysbs,
Payibiy + Payshs,  P?az by, + P?aysbs,
22 by, — Pby, s by, — Pby,

ay3by1 + by3 = + Payyby3 + Pagsbss

Ay1by; + by = Payz by + + Paj3bsy

+ Pa21b12 + Pa23b32
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Pay by, + Paysbs,
= P?ay1 b1y + P?ay3b3y + Payibi; — P?ay by + Pagsbs, — P2aysbs,
Pay1by; + Paysbs, = Pay byy + Paysbs,

Ay3by5 + byz = Pay b3 + Payybys + Paysbss
P?ay1b13by3 + P?ay3b3,by3
by, — Pby,

3b3; — Pay3b3, + bysbyy — Physby,
= Payybyzbyy — P?az1b13by; + P?ay1biybys + P?aysbsybas + Pagsbsshy,
— P%ay3b33b,;
a23(b222 - Pb%z — P?ay3b35b,3 — Pagsbssby, + P2aysbsshy,)
= Pby3byy — by3byy + ap1( Pbizbyy — P?by3by; + P?byyby3)
<Pb23b22 — by3by, + az1(Pbyzby; — P2by3hy, + P2b12b23)> 2 2 2
> > 2 2 (b3, — Pby, — P2ay3bs;b,3
b3, — Pby, — P?ay3b3,b,3 — Paysbssbyy + P2ajsbsshy;
— Paysbzsby; + P?ajsbashy,)
= Pby3byy — by3byy + ap1( Pbizbyy — P?by3byy + P?byyby3)
Pby3byy — byzbay + az1( Pbyzbyy — P?byizbyy + P?byyby3)
= Pby3byy — by3byy + az1( Pbizbyy — P?by3byy + P?byyby3)
as1bs3 + b3y = Pazbyq + Pasybyy + Pagsbsg
P2agqby3b3y + P2az,b,3bsq
bsz — Pbs3

Ay3by; + by = Pag bz + + Pay3bss

a31b33 + b3y = Pazibyq + Pasybyy +

a31b33 — Paz,b33 + b31bzz — Pb3ibss
= Paz;byy1bsz — P?aziby1bs3z + Pagybyibzs — P2azybyibss + P2ag byshsy
+ P%az,by3bsq
a31 (b33 — Pb33 — Pbyybss + P?by b33 — P?by3b3;)
= Pbsyby3 — b31b33 + a3, (Pbyibys — P?byybss + P?by3bsy)
<Pb31b33 — b3ybs3 + a3y (Pbyibss — P?byybsz + P2b23b31)> 2 2
3 3 > > (b33 — Pb3s — Pby1bs3
b33 — Pb3z — Pby1b33 + P?by b33 — P?by3bs3y
+ P?by1bg3 — P?by3bs3,)
= Pb31b33 — b31b33 + a35(Pby1bsz — P?byibzs + P?bysbsy)
Pb31b33 — b31bs3 + a3y (Pbyybss — P?byibys + P?bysbsy)
= Pbgyby3 — b31bs3 + a3, (Pbyybss — P?by1bsz + P?by3bs,)
a3b33 + b3y = Paz by, + Pasyb,, + Pagsbs,
P?ag,by3b3; + P?az,by3bs;
b33 — Pbs3

A32b33 + b3, = Pagz by + Pasy by, +

a32b§3 - Pa32b§3 + b3;b33 — Pb3ybss
= Pagiby;b33 — P2a31b12b33 + Pagz;byybss — P2a32b22b33 + P2a31b13b32
+ P%az,by3bs;

37 (b33 — Pb33 — Pbyybss + P?byybss — P2by3bs;)
= Pbsybys — b3ybsz + azq(Pbyybsz — P?byybss + P?by3bsy)

Pb3yb33 — byybys + azq(Pbiybss — P?byybsz + P2byzbs;) b2 — PbZ. — Phbb
b33 — Pb3; — Pbygbss + P2byybss — P2bysbs, (bia = Pbis = Phasbss

+ P?byyb33 — P?by3bsy)
= Pbgyb33 — b3ybsz + azq(Pbizbss — P?byybsz + P?by3bs;)

Pb3yb3s — byybss + azq(Pbyybss — P?byybsz + P?byzbs;)
= Pbsybys — b3ybsz + azq (Pbiybgz — P?byybss + P?by3bs,)

a33bs3 = Pazzbss + Pag bis + Pag;bys
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Pazyby3 + Paz;bys P?az1b;3 + P?az;by3
> b3 — Pbs3 % b33 — Pbs3z
Pazibis + Pazybys = P?aziby3 + P?azybys + Pag by — P?az by3 + Pasybys — P?asybys
Pazyby3 + Paz;byz = Paz bz + Pazzbys
That is, the left hand is equal to the right hand, and the system (4) is P-semi-homogeneous of
order one.

+ Pa31b13 + Pa32b23

Corollary 2.4. A homogenous system of difference Equations (4) is P-semi homogenous of
order one, if the following is held:

bi1a11 = Pay1byy + PagybytPag3bsy

bi1a12 + byy = Pay b1y + Payyby; + Pagshs;
bi1a43 + byz = Pay1bi3 + Payyby3 + Pagsbss
by1 + bya31 = Paybyq + Payybyy + Paysbsg
by2a5, = Payibyy + Payyb,y; + Paysbs,
by2053 + byz = Pay b3 + Payybys + Paysbss
b3y + b3zazy = Paz byq + Pasybyy + Pagsbsg
b3, + b3zaz; = Paz by + Pasyb,, + Passbs,
bssass = Paz;by3 + Pagybys + Passbss
Proof: Direct from Theorem 2.3.

Example 2.5.
1 -2 0
Consider the system F(x) = Bx where B = | 1 1 0], then there is a matrix A equal to
P -3 0 1
N
A= | % g 0| with P = 2, then this system is P-semi homogenous of order one.
= = o
— =0
3 3

To show that by using Corollary 2.4.
bi1a4, =4Pa11b1i+ Pa12b212+Pa13b31 .
thatis 1(3) =2(3)1+2(F)1+0=2
In the same way, we complete the results

Corollary 2.6. The special case of 3

If P+1, k=1, then this system is called P*-semi-homogenous of order m which is

immediately held from case 2 because P and k are integers so P¥is an integer . To see that ,
the following example is given:

Example 2.7 Considers the system F(x) = Bx where
4 0 =B
1 0 -1 25 25
B=|0 1 —1‘, then by Theorem 2.3, there is a matrix A = e 0 ;—; with P¥ = 22,
1 0 1 3 4
- 0 —
25 25

It is clear that this system is 22-semi-homogenous or 4-semi-homogenous of order one.

3- P-semi-homogenous of order greater than one.

This section studies P-semi-homogenous of order greater than one. First, we need to state
the general formula for the power of a matrix. The existence of this case is shown by giving
an example.
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Remark 3.1.

Since the matrix has 3 rows and 3 columns, then it has 3 eigenvalues. Assume that the
eigenvalues are real, therefore, there are three cases:
Case 1. If the eigenvalues are distinct, say a;, a, and asthen we can assume that:
Let i, = (a1 — az), a3 = (a1 — a3), a3 = (ay — a3), aiz = (a7 — a3), ajz =
(af — a3), azs = (a7 — ai), then

Ay = [(@farz + (ag1 — a)aiy)ags @z + ((ag1 — a1)(agg — @z) + agpa,; +
a13a31)a23a{‘3 — ((a11 — a)(a1; — @) + a12a;51 + A13a31)A13033]/ A12Q13053
Ay = [agp0q3 apzaf, + ((an —aj)ag; +ap(a; —az) + a13a32)a23a’1‘3 -

((a11 — a)as; + as2(az, — az) + a1303;) 130551/ 1221353 Az =
[a13013 @30l + ((a11 — @1 a1z + Ar2053 + a13(a33 — @3) )agzats — (a1 — adags +
a120;3 + ai3(azs — 052))“13“513]/ a12Q13A33 Ayy = [az1a43 azzagy, +
((an —az)a + (az —ag)ay, + a23a31)a23a{‘3 - ((an —ay)ay + (A —ag)ay +
a23a31)a13a£‘3]/ a12Q13033 Ayy = [(afaqz + (a2 — @)ary)ags agzs +
((a12a21 + (az2 — @1)(az2 — @3) + az3as)azzars — ((a12a21 + (a2 — ag)(az; —
az) + a3a32)A13033] /12213053
Ayz = [az3aq3 az3aty + (az1a13 + (@22 — @1)azs + (ass — az)azs)azsals —
(az1a13 + (a2 — @1)az3 + (azz — @2)A23)A13a33]/ 12013053 Az =
[asiaq3 axzaq; + ((a11 —az)az; +azay; + (azz — @1)as; )“23“1113 - ((a11 —az)az; +
32021 + (A33 — @1) 031 )A130%3]/ Q12013053
Azp = [azpaq3 a3aty + (az1a12 + aza(az; — @z) + (as3 — @q)asz)azszals —
(az1a12 + azz(az; — @) + (ass — a1)a3z)A13a33]/ 1213053 Azz =
[(afaiz + (ass — ap)agy)ags axs + (a31a13 + asz,a,3 + (az; — az)(ass — az))a23a?3 -
(a31a13 + aszaz3 + (aszs — az)(az3 — az))ay3als]/ aia13a03.
Case 2: If the eigenvalues are equal, let the eigenvalues equal to «, then
Ay =a™ +na(ay; —a) + @an_z((an — a)® + ay2051 + a13031)

n-1, L+ n(n-1)

A = na a"?((a11 — @)asp + as,(az, — a) + ag3az;)

_ n(n-1) _
Ajz = na"taz + Tan 2((ag1 — @)ag3 + a12a,3 + a;3(azs — a))
n(n-1) _

> a’ 2(a21(a11 —a) + (az; — a)ay; + asaz;)

_ n(n-1) _
Ay =a™ +na™ (ay —a) + T“n 2(az1a15 + (azy — @)? + azzaszy)

Ayy = na™la,, +

_ n(n-1) _
Ay = na™ tays + T“n 2((ag1a13 + (az; — @)azsz + azz(as, — a))

_ n(n-1) _

Az; = na™laz; + 5 a™ ?(az(a;1 — @) + (azxay1 + (azz—a)as,)
_ n(n-1) _

Az, = na™ taz, + T“n ?((az1a12 + azz(az; — @) + (azz — @)asy)

_ n(n-1) _
Azz =a™ +na" (az; —a) + Tan 2(az1a13 + azxa53 + (azz — a)?)

Case 3. ifa = a; = a, # a3, and let

_ T 1 — () — (Bl — & _ 22
h="— [ (1~ ()M - nE™ (1 - 9)/(1 - 7]
Ay = a +na™ Hay; — @) + h((ay; — @) (a1 — @3) + a42a51 + a13031)

A, = na™tag; + h((ap; — @)ag, + asp(az; — az) + agzas;)

Az = na™ tagz + h((a;; — @)agz + as,a;3 + ag3(ass — asz))
Ay = na™tayy + h(az(an — @) + (azs — a3)ay; + azsazg)
Ay = a™ +na™ (ay, — a) + h(azan + (az; — @)(az; — az) + azsas,)

Ayz = na™ tays + h((aza13 + (az; — @)azs + azs(as, — as))
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= na™'az; +h(az (a1 — a3) + (@32021 + (a33—)as;)

Azy = na™ tag, + h((az1012 + aza(az; — as) + (a3 — a)asy)

Azz = a™ + na™ ' (azz — a) + h(az,a;3 + a3,0,3) (33 — a)(azz — az)
a11 Q12 Q13
a1 dzz dzz
a3; dzz dszz

o~
w
-

|

Remark 3.2. If a matrix A = has the eigenvalues «,, a,, and a3, then

All A12 A13
A" = Az Az Azs|,where 4,6, j = 1,2,3 shown in Remark 3.1
A31 A32 A33

Theorem 3.3 The necessary and sufficient conditions for a homogenous system of difference
Equations (4) to be P-semi homogenous of order greater than one are the matrix A equal to

PAy13byy + PAysbsy PA1ay1 — Q11031 + b3 (P2A31 A3 + PAysay, — P2A11A53)
aq — PAyy ayq — PAy; — PAyyaq, + P2Ay; Ayy — P2A51 Ay,
PAypQ15 — Gp2015 + b3y (P2A13Ap3 + PA13a,5; — P?Ay;A43) PA;1by; + PAysbs,
Azp — PAy; — PAjia5; + P2Ay Ay — P2AspAp az2 — PAz;
PA33013 — G33a43 + by3(P?A13A3; + PAjpa33 — P?A33A1;) PA33Gys — 33003 + bi3(P?A3Ays + PAyiass — P2As345,)
a3z — PA3z — PAyja33 + P2A11 433 — P2Ag345, sz — PA3z — PAypas3 + P2Ap;A33 — P2A354A03

PA11a31—Q11031+b21(P?A31A12+PA3za11—P%A1143;)
@11—PAy11—PA33a11+P2A11A33—P2A31413

PApa33—032033+b15(P?A3pA01+PA31a25—P2A5;4A3,) ©)
A2—PAz—PA33055+P2A33A5,—P2A35453
PA31b13+PA3zb23
az3z—PAz3

Proof: The necessary condition
F(AX(n)) = PA*F(X(n))

a1 Qg2 Qq3\ /X Ay A A [f(X)
Fl Q21 Gz azs <y> =P<Az1 Ay, Axs |l g(¥)

az1 A3z 0azz/ \z Az Asz Asz/ \h(2)
fay1x + ary + aq32) PAy;f(x) + PAg(y) + PAy3h(2)
9(az1x + azy + a3z) | = PAy1f(x) + PAy9(y) + PAysh(z)
h(aszix + az;y + as3z) PAz,f(x) + PA3;9(y) + PAs3h(2)
bi1(ai1x + ag2y + ag32) + bypy + b3z PA;1f(x) + PA1,9(y) + PA3h(2)
ba1X + byy(az1x + ap2Y + a32) + bp3z | = | PAyf(x) + PAzg9(y) + PAyzh(2)
b31x + b3y + bzz(azix + azyy + assz) PAs1f(x) + PAs,g(y) + PAszh(2)
bi1a11 = PAy1byq + PA13by1+P A 3bsy
bi11a12 + by; = PAy1byy + PAj3byy + PAi3hs,
bi1a13 + byz3 = PAy1by3 + PAbyz + PAy3bs3
ba1 + byay = PAy1byy + PAyybyy + PAysbsg
by205, = PAy1b1y + PAyybyy + PAysbs,
by,a53 + bys = PAby3 + PAy,by3 + PAbs,
bsi + b33azy = PA31biq + PA3sybyy + PAssbsy
b3, + b3zaz; = PAbyy + PAzyb,; + PAssbs,
bszass = PA31bi3 + PAzzby3 + PAssbss
It is easy to show the matrix A equal to
PAq3by1 + PAy3bsy PA11Gy1 — Q11021 + b3y (P?AyArz + PAyzasq — P2A11Az3)
a1 — PAyy a1 — PAy; — PAyyaqq + P2A11 Ay — P2Ay A4,
PAyaa1p — G32015 + b3y (P2A1 A3 + PA13a5, — P2A3;A13) PAy1bi; + PAysbs,
Gz, — PAyy — PA1105;, + P2A11 A5, — P2A1 Ay a, — PAy;
PA33ay3 — G33043 + by3(P2A13A3; + PAipa33 — P2A33A15) PA33ays — As3aa3 + by3(P?Az1Ags + PAyiass — P2A3345:)
33 — PAz3 — PAy1a33 + P2A11A35 — P2A345, 33 — PA3z — PAyya33 + P2Ap;A33 — P2A354A03
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PAjya31 — ay10a31 + by1 (P?A31 A1, + PAgyaq1 — P2A1143))]
ayq — PAyy — PAgzaqq + P2A11As3 — P2A31A 3
PAyya3; — Gp2035 + b1 (P2As3pAz1 + PAziay; — P2AgyA5,)
Azp — PAyy — PA33ay; + P2A33A5; — P2A35A53
PAz1by3 + PAsyby3
aszz — PAz;

Sufficient condition:
Suppose that there is a matrix A equal to (7).
After using the definition and substituting the matrix (7), we get
bi1aq1 = PA11b11 + PAyyby1 + PAy3bsy
PA1a11by1 + PAjzay1bsy  P?A15A11by + P?A13A11b3y
ayp — PAq; a1 —PAqy
PAq30a41b21 + PAq3a41b3q
= P2A13A11by1 + P?A13A11b31 + PAjpa11by1 — P2A13A11byy
+ PAi3aq1b3, — P2A13A11b31
PAq041by1 + PAy3a41b31 = PA13a11by1 + PAj3a41b34
bi1a1 + byy = PAy1by; + PAyybyy + PAy3hs,
P?Ay1A1;b1; + P?Ay3A15bs,
az2 — PAy;

And since these equations are independent we can assume b;; = 1, SO
P?A31A12b15 + P?Ap3A b3,
ay; — PAjy,
bis(azz — PAz; — PAj1ag; + P?Ay1 Ay — P?A15A51)

= PAjya4; — ap,a4; + b3y (P2A12A23 + PAi3a;5; — P2A22A13)
PAyya1p — Gppa15 + b3y (P2 A543 + PAi3ay, — P?AyA3)

Az, — PAy; — PAqag; + P2A11Ayy — P2A1 A

+ P2A11 A5, — P2A13A51)

= PAjya4; — ap,a4; + b3y (P2A12A23 + PAyza;; — P2A22A13)
PAjya15 — Az2a45 + b3 (P2A12A23 + PAy3a;3; — P2A22A13)

= PAyyQ1p — Gp201; + b3y (P?A13A53 + PA3ay, — P2AyA3)
bi1ay3 + by = PAy1b13 + PA13by3 + PAy3bss
P?A31A13b13 + P?A3pA13bp3

azz — PAz3z

+ PA12b21 + PA13b31

by1ay5 + by; = PAj1byy + + PAy3b3;

A3 + by = PAy1byp +

(azz — PAy; — PAjqay;

b11a13 + b13 = PA11b13 + PA12b23 +

b;; =1
P?A31A13b13 + P?A3;A13b,3
aszz — PAsz

bi3(az3 — PAsz — PAj1az3 + P?A1Az3 — P?Ag343)

= PA33a13 — G333 + by3(P?A1343; + PAjpa33 — P?A334;5)
PA33a;3 — a33a43 + by3(P?A1343; + PAjpa33 — P?A33445)

g3 — PA3z — PAj1ass + P?Ay 1 Ass — P?Ag343

+ P?A11433 — P?A1345,)

= PA33Qy3 — Q33013 + bo3(P?A1343; + PAj,a33 — P?A33413)
PA33a;3 — a33a43 + by3(P?A1343; + PAjpa33 — P?A33445)

= PA33013 — Q33043 + by3 (P2A13A32 + PAjz033 — P2A33A12)
by1 + byzay1 = PAy1byy + PAyybyy + PAysbsy

a3 + by = PAy1b13 + PAjybys +

(azz3 — PA33 — PAjja33
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P?A13A21by1 + P?A13451b34
a;; — PAyy

by + byyaz, =

b22:1

+ PA22b21 + PA23b31

P%2A4,,A,1by1 + P?A134,.b
12 zzlil_ PA1113 21931 PAyyby; + PAyshs,

by1(ayy — PAyy — PAyyaqq + P?A11Az; — P?AzAr,)

= PAj1ap1 — A110p1 + b31(P?A1 A3 + PAgzagy — P?A114,3)
PAj1a31 — a1105q + b3 (P?Az1A13 + PAyzayy — P?A114;3)

a1 — PAy; — PAjyaqq + P?Ay3 Az — P2AgAs,

+ P2A11 A5, — P?Ay1A12)

= PAj1a31 —aq1a5; + b31(P2A21A13 + PAyzaqq — P2A11A23)
PAj1a31 — G1105q + b3 (P?Ay1A13 + PAyzayy — P2A114;3)

= PA110p1 — Q11051 + b3 (P?A A 3 + PAyzay; — P?A114;3)
by2a;; =bPA21b12 + P/Il?zzbzz + PA,3bs; , A , )
PAj1a9,b15 + PAyzay,b3, P2A31A7,b15 + P Ay345, b3,
gy — PAy, = PAy1byz + gy — PAy, + PAy3bs,
PAj1a55b15 + PAj3ay;bs,

= PAy1Qy5b15 — P2Ap1Az,b15 + P?Az1 Az b1y + P?Ay3A;5,b3,

+ PAy3ay;b3; — P?Ay34;5,b3,
PAj1a55b15 + PAj3a55b3; = PAjia5,b15 + PAjsag;bs;
by2Q33 + byz = PAy1by3 + PAyybys + PAysbss
P?A31A33b13 + P?A3;A53b5

a3z — PAs3

b1 +az, =

(a;; — PAj; — PAyaq,

byya33 + bys = PAy1by3 + PAyybys +

b,, =1
P?A31A53b13 + P?A3;A53b53
azz — PAs3
by3(azs — PAsz — PAgyazs + P2AyyA33 — P?A3yA53)
= PA33a,53 — A330,53 + by3(P?A31A53 + PAy a3 — P?A3345,)
PA33a,3 — Q33023 + by3(P?A31Az3 + PAya33 — P2A334,,)
gz — PA33 — PAgya33 + P?A3A33 — P?A334;3
+ P?AgpA33 — P?A3;A;53)
= PA330y3 — G33053 + b13(P?A31 A3 + PAyia33 — P?A334;5,)
PA33a53 — G33053 + by3(P?A31Az3 + PAy1a33 — P?A334,1)
= PA33a,3 — (33053 + by3(P?A31453 + PAy a33 — P?A3345)
b3y + b3zazy = PA3ibyy + PAsybyq + PAssbsg
P?A15A31by1 + P?A13A31b3,
a;; — PAyy

Ay3 + byz = PAy1by3 + PAyybys +

(aszz — PA33 — PAjyas;

b3y + b3zaz; =

b33=1

+ PA3ybyy + PAssbsy

P?A13A31by1 + P2A13A31b34
b3, +asz; = + PA33by1 + PA3sbs,
a;; — PAq,

b31(a11 — PAy; — PAszay; + P2A11A33 - P2A31A13)

= PAjja3; —aq1a31 + b21(P2A31A12 + PAsyay; — P2A11A32)
PAjia3; —aq a3, + b21(P2A31A12 + PAszaq1 — P2A11A32)

ay; — PA;; — PAzzayq + P?2A;1A33 — P?2A3,A43
+ P2A11A33 - P2A31A13)
= PAjja3; —aq1a31 + b21(P2A31A12 + PAsyay; — P2A11A32)

(a;; — PAy; — PAszaq4
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PAjja3; — ay1a3q + by (P?A31 A1, + PAspaq1 — P?A11435)
= PA;1a3;1 — Q11031 + by (P?A31A1; + PAsyay1 — P?A1143;)
b3y + b3zaz; = PAgiby; + PAsybyy + PAssbs,
P?A;1A3;b1; + P?Ay3A3,b3,

b3z + b3zaz; = PAzibi; + 4y, — PA,, + PA33zbs;
b33 = 1

P?A,1A3,b15 + P?Ay3A3,bs;
bs; + as; = PA31by; + + PAs3bs,

ay; — PAjy,
b3z(azy — PAy; — PA33ay, + P?A33A5, — P?A3,A53)

= PAyya3; — G3,03; + b1y (P?A3;A51 + PAgay; — P?Az,A3)
PAj,a3; —azas; + b12(P2A32A21 + PAza;, — P2A22A31)

Azp — PAy; — PA33ay; + P2A33A,; — P2A35A5;

+ P?A3345, — P?A3,453)

= PAjas; —ajas, + b12(P2A32A21 + PAz a5, — P2A22A31)
PAyya3, — Gpp03, + by (P?A33Az1 + PA31ay; — P?Aj;A31)

= PAyyQ3; — Gp503; + b1y (P?A3A51 + PAg 0y, — P?Aj,A3)
bszaszs =bPA31b13 + P/llj32b23 + PA33bs3 , , , ,
PA3ia33Dh13 + PA3a33b;3 P?A31A33b13 + PA3,A33b,3
tas — PAys = PA31b13 + PA3;bp5 + as — PAgs
PA3ia33b13 + PA3ya33b,3

= PA31a33by3 — P?A31A33b13 + PA3paz3bys — P?A3pA33b,3

+ P?A31A33b13 + P2A3;A33by3
PA3ia33b13 + PA3ya33by3 = PAzia33by3 + PAsza33b,s.
Note: From the definition of P*-semi-homogenous of order m, we can define another concept
as follows:

(azz — PAy; — PAszay,

Definition3.4. System 4 is called adjoint if there exist two non-zero matrices A and C such
that the following equation holds

F (A(c)x(n)) = CF(x(n)).

Example 3.5. Considers the system F(x) = Bx where
1 -2 1 2 -2 1 6 4 4
B=|1 1 —2], then are A= 1 2 —2] and C=[4 6 4] such that
-2 1 1 -2 1 2 4 4 6
F (A(c)x(n)) = CF(x(n))
Remark 3.6.

1- Every P¥-semi homogeneous system is an adjoint system. In general, Example 3.5 explains
that the converse is not true,
2- In Definition 3.4, if the matrix C can be written as PA, then the converse of 1 will be true.

Conclusion In this paper, we have presented new concepts which are generalized to the
(3 x 3)-semi-homogeneous system of difference equations of order m, where m is positive
integer numbers, and study all special cases of there. That is

A homogenous system of difference equations is called generalized semi-homogenous if there
exists a non-zero, real matrix M such that the following equation is held

F(Mx(n)) = P*M™F(x(N)), «.ovoiviieiiieei, (3)
where P, k, and m are integer numbers.
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There are some special cases discussed in this work as well as the general case, and given
some examples and characteristics for definitions and proved some theorems about there,
which can be summarized as follows:
1- If P = 1, then this system is called semi-homogenous of order m [6].
2-If P # 1, k = 1, then this system is called P-semi-homogenous of order m.
3-1f P = 1, k # 1, then this system is called P¥-semi-homogenous of order m.
4- If k = m, then Equation (2) becomes like the following:
F(MX(n)) = (PM)*F(X(n))
and it is called P*-semi-homogenous of order k.

Future work

1- We can generalize the results to the (n x n)-the semi-homogeneous system of difference
equations of order m where n > 4

2- We can find the characterization of the adjoint system.

3- A homogenous system x(n + 1) = Bx(n) of difference equations are called P-self-semi
homogenous of order m if there exists an integer number m such that the following equation
holds.

F (B(c)x(n)) = P(B(c))™F(x(n)), where p is an integer number and c is a real number,
that is F (B(c)x(n)) = P(B(c))™ 1x(n).

4- We can find the characterization of the called P-self-semi homogenous.
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