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Abstract: 

     In this paper, we introduce and discuss an extended subclass〖 Ą〗_p^*(λ,α,γ) of 

meromorphic multivalent functions involving Ruscheweyh derivative operator. 

Coefficients inequality, distortion theorems, closure theorem for this subclass are 

obtained. 
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مؤثر مشتقة راشوية صنف جزئي موسع لدوال ميرومورفية متعددة التكافؤ متضمنة   
 

 ندى حميد ياسين ، قاسم عبد الحميد جاسم 
، بغداد، العراق قسم الرياضيات ، كلية العلوم ، جامعة بغداد  

 
 الخلاصة 

Ą𝑝في هذا البحث قدمنا وناقشنا صنف جزئي موسع        
∗(λ,α,𝛾)      لدوال ميرومورفية متعددة التكافؤ متضمنة

ذا الصنف  مؤثر مشتقة راشوية . تم الحصول على متراجحة المعاملات و نظريات التشوه و نظرية الانغلاق له
 الجزئي.

 
1. Introduction 

Let Ą𝒑
∗ denoted the subclass of functions of the form 

                       𝑓(𝑧) =  𝑧−𝑝 + ∑ 𝑎𝑛−𝑝𝑧𝑛−𝑝∞
𝑛=𝑝+1             ; (𝑝 = 1,2,3, … ) ,                                (1) 

 

       which are analytic and p-valent in the punctured unit disk U*={ z ∶ z ∈  Ҫ;  0 < | z| <  1} 

for 𝑓(z) ∈ Ą𝒑
∗  given by (1) and 𝑔(z) ∈ Ą𝒑

∗  given by 

                                (z) =  z−p + ∑ bn−pzn−p∞
n=p+1  ;  (p = 1,2,3, … ).                                    (2) 

 

     Some classes related to meromorphic functions are studied by Morga [1], Xu and Yang [2], 

Raina and srivastava [3] etc. The Hadamard product (or convolution product) of 𝑓 and 𝑔 is 

defined by 

                             (𝑓 ∗ 𝑔)(z) =  z−p + ∑ 𝑎𝑛−𝑝𝑏𝑛−𝑝𝑧𝑛−𝑝∞
n=p+1 = (𝑔 ∗ 𝑓)(z).                        (3) 

              ISSN: 0067-2904 
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The extended linear derivative operator of Ruscheweyh type for the functions of the subclass 

Ą𝑷
∗  

𝐷∗
𝜆,𝑝 ∶  Ą𝑷

∗ → Ą𝑷
∗  

is  defined as 

                             𝐷∗
𝜆,𝑝𝑓(𝑧) =

1

𝑧𝑝(1−𝑧)𝜆+1 ∗ 𝑓(𝑧) ; (λ> −1: 𝑓 ∈ Ą𝑃
∗ ).                                       (4) 

In terms of binomial coefficients, (4) can be written as 

 

                                  𝐷∗
𝜆,𝑝𝑓(𝑧) = 𝑧−𝑝+ ∑ (

𝜆 + 𝑛
𝑛

)∞
𝑛=𝑝+1 𝑎𝑛𝑧𝑛−𝑝;(λ> −1: 𝑓 ∈ Ą𝑃

∗ ).              (5) 

In particular where  λ=n (n∈ 𝑁), it is easily observed from (4) and (5) that  

 

                                𝐷∗
𝜆,𝑝𝑓(𝑧) =

𝑧−𝑝(𝑧𝑛+𝑝𝑓(𝑧))(𝑛)

𝑛!
 (n∈ 𝑁°=N∪ {0}).                                            (6) 

 

      The definition 1.7 of linear operator  𝐷∗
𝜆,𝑝is motivated by Ruscheweyh operator 𝐷𝜆 [4]. 

Some linear operators analogous to  𝐷∗
𝜆,𝑝

 are considered by Raina and Srivastava [5] and Liu 

and Srivastava [6], using the operator 𝐷∗
𝜆,𝑝

(λ> −1). Other related subclasses are studied in [7] 

and [8]. Now, we introduce an extended subclass  Ą𝒑
∗ (λ,𝛼, 𝛾) of meromorphically p-valent 

analytic function defined as follows: 

 

Definition 1: A function 𝑓(𝑧) ∈ Ą𝒑
∗  is said to be a mumber of the class Ą𝒑

∗ (λ,α,𝛾) if and only 

if  

|(1 − 𝛾) (
𝑍(𝐷∗

𝜆,𝑝
𝑓(𝑧))

΄΄

(𝐷∗
𝜆,𝑝

𝑓(𝑧))΄
) + 𝑝 + 1| < 𝑝 − 𝛼 , ( z ∈ 𝐷 , p ∈ 𝑁 , λ >  −1 ,  

                                                                       0≤  𝛼 < 𝑝  , 0 ≤ γ< 1)                                      (7)                                                               

 

By taking 𝛾 = 0, we get the result is studied by Jitendra Awasthil [ 9]. 

The aim of this paper is to obtain some properties as coefficients inequality, Distortion 

Theorem, and Closure Theorem. 

 

2. Coefficients Estimates 

Theorem 2: A function 𝑓(𝑧)is in the subclassĄ𝒑
∗  (λ,𝛼, 𝛾) if and only if 

∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)[𝑛(1 − 𝛾) + 𝑝(1 + 𝛾) + 𝛾 − 𝛼]∞

𝑛=𝑝+1 𝑎𝑛−𝑝 ≤ 𝑝[(𝑝 − 𝛼) +

𝛾(𝑝 + 1)]   .                                                                                                                                               
(8) 

The result is sharp. 

Proof: let 𝑓(𝑧) ∈ Ą𝑷
∗ then  from (7), we have 

|(1 − 𝛾) (
𝑧(𝐷∗

𝜆,𝑝𝑓(𝑧))́́

(𝐷∗
𝜆,𝑝𝑓(𝑍))́

) + 𝑝 + 1| < 𝑝 − 𝛼. 

Then 

|(1 − 𝛾)
𝑧[(𝑝2 − 1) 𝑧−𝑝−2 + ∑ (

𝜆 + 𝑛
𝑛

) (𝑛 − 𝑝)(𝑛 − 𝑝 − 1)𝑎𝑛−𝑝𝑧(𝑛−𝑝−2)]∞
𝑛=𝑝+1

−𝑝 𝑧−𝑝−1 + ∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)𝑎𝑛−𝑝𝑧(𝑛−𝑝−1)∞

𝑛=𝑝+1

+ 𝑝 + 1|

< 𝑝 − 𝛼. 
Therefore, 
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|
[(𝑝2 − 1) 𝑧−𝑝−1 + ∑ (

𝜆 + 𝑛
𝑛

) (𝑛 − 𝑝)(𝑛 − 𝑝 − 1)𝑎𝑛−𝑝𝑧(𝑛−𝑝−1)]∞
𝑛=𝑝+1

−𝑝 𝑧−𝑝−1 + ∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)𝑎𝑛−𝑝𝑧(𝑛−𝑝−1)∞

𝑛=𝑝+1

 

 

−𝛾[(𝑝2 − 1) 𝑧−𝑝−1 + ∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)(𝑛 − 𝑝 − 1)𝑎𝑛−𝑝𝑧(𝑛−𝑝−1)]∞

𝑛=𝑝+1

−𝑝 𝑧−𝑝−1 + ∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)𝑎𝑛−𝑝𝑧(𝑛−𝑝−1)∞

𝑛=𝑝+1

| + 𝑝 + 1 < 𝑝 − 𝛼. 

Thus 

 

|
[(𝑝2 − 1) 𝑧−𝑝−1 + ∑ (

𝜆 + 𝑛
𝑛

) (𝑛 − 𝑝)(𝑛 − 𝑝 − 1)𝑎𝑛−𝑝𝑧(𝑛−𝑝−1)]∞
𝑛=𝑝+1

−𝑝𝑧−𝑝−1 + ∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)𝑎𝑛−𝑝𝑧(𝑛−𝑝−1)∞

𝑛=𝑝+1

 

 

−𝛾(𝑝2 − 1)𝑧−𝑝−1 − 𝛾 ∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)(𝑛 − 𝑝 − 1)𝑎𝑛−𝑝𝑧(𝑛−𝑝−1)∞

𝑛=𝑝+1

−𝑝𝑧−𝑝−1 + ∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)𝑎𝑛−𝑝𝑧(𝑛−𝑝−1)∞

𝑛=𝑝+1

+ 𝑝 + 1| < 𝑝 − 𝛼. 

Also, 

 

|−𝛾𝑝(𝑝 + 1)(1 + 𝛾)𝑧−𝑝−1 + ∑ (
𝜆 + 𝑛

𝑛
)

∞

𝑛=𝑝+1

𝑎𝑛−𝑝[(𝑛 − 𝑝)((1 − 𝛾)(𝑛 − 𝑝 − 1)

+ (𝑝 + 1)]𝑧𝑛−𝑝−1|

≤ 𝛾𝑝(𝑝 + 1) + ∑ (
𝜆 + 𝑛

𝑛
)

∞

𝑛=𝑝+1

𝑎𝑛−𝑝[(𝑛 − 𝑝)((1 − 𝛾)(𝑛 − 𝑝 − 1) + (𝑝 + 1). 

Then 

∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)[𝑛(1 − 𝛾) + 𝑝(1 + 𝛾) + 𝛾 − 𝛼]

∞

𝑛=𝑝+1

𝑎𝑛−𝑝

≤ 𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]   .              
 

Conversely, assuming that the inequality (8) hold true. Then from (7), we get 

|(1 − 𝛾) (
𝑧(𝐷∗

𝜆,𝑝𝑓(𝑧))′′

(𝐷∗
𝜆,𝑝𝑓(𝑍))′

) + 𝑝 + 1| < 𝑝 − 𝛼 . 

Since Re (z)≤ |𝑧| ,we get 

𝑅𝑒 {(1 − 𝛾) (
𝑧(𝐷∗

𝜆,𝑝𝑓(𝑧))′′

(𝐷∗
𝜆,𝑝𝑓(𝑍))′

) + 𝑝 + 1} < 𝑝 − 𝛼. 

 

Therefore, if   z→ 1 −  , we get (8). 
 

Corollary 1:Let𝑓(𝑧) ∈ Ą𝑷
∗ . Then𝑓(z)∈ Ą𝒑

∗ (λ,𝛼, 𝛾)if and only if    
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                                                 𝑎𝑛−𝑝 ≤
𝑝((𝑝−𝛼)+𝛾(𝑝+1))

(
𝜆+𝑛

𝑛
)(𝑛−𝑝)[𝑛(1−𝛾)+𝑝(1+𝛾)+𝛾−𝛼]

  .                              (10) 

 

If we take γ =0 in Theorem 1, we get the following 

 

Corollary 2: Let𝑓(𝑧) ∈ Ą𝒑
∗ . Then𝑓(z)∈ Ą𝒑

∗ (λ,α,0) if and only if    

∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)[𝑛 + 𝑝 − 𝛼]

∞

𝑛=𝑝+1

𝑎𝑛−𝑝 ≤ 𝑝(𝑝 − 𝛼) . 

 

 

Corollary 3. Let𝑓(𝑧) ∈ Ą𝒑
∗ . Then 𝑓(z)∈ Ą𝒑

∗ (λ,α,0) if and only if    

𝑎𝑛−𝑝 ≤  
𝑝(𝑝 − 𝛼)

(
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)[𝑛 + 𝑝 − 𝛼]

 . 

 

3.Distortion Theorem 

Theorem 3: If 𝑓(z)∈ Ą𝒑
∗ (λ,𝛼, 𝛾), then for 0< |𝑧|= r < 1 , 

𝑟−𝑝 −
𝑝[(𝑝 − 𝛼) + (𝑝 + 1)]

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [(𝑝 + 1)(1 − 𝛾) + 𝑝(1 + 𝛾) + 𝛾 − 𝛼]

𝑟 ≤ |𝑓(𝑧)|

≤  𝑟−𝑝 +
𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [(𝑝 + 1)(1 − 𝛾) + 𝑝(1 − 𝛾) + 𝛾 − 𝛼]

𝑟. 

Proof. 

Since𝑓(z)∈ Ą𝒑
∗ (λ,𝛼, 𝛾), then from the equation (8) it follows that 

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [(𝑝 + 1)(1 − 𝛾) + 𝑝(1 + 𝛾) + 𝛾 − 𝛼] ∑ 𝑎𝑛−𝑝

∞

𝑛=𝑝+1

≤ ∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)[𝑛(1 − 𝛾) + 𝑝(1 + 𝛾) + 𝛾 − 𝛼]

∞

𝑛=𝑝+1

𝑎𝑛−𝑝 

≤ 𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)] 

𝑓𝑜𝑟         ∑ 𝑎𝑛−𝑝 ≤
𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [(𝑝 + 1)(1 − 𝛾) + 𝑝(1 + 𝛾) + 𝛾 − 𝛼]

∞

𝑛=𝑝+1

 . 

So, 

|𝑓(𝑧)| ≥ |𝑧|−𝑝 − ∑ |𝑎𝑛−𝑝||𝑧|𝑛−𝑝

∞

𝑛=𝑝+1

≥ |𝑧|−𝑝 − |𝑧| ∑ |𝑎𝑛−𝑝|

∞

𝑛=𝑝+1

 

or 

                                                  |𝑓(𝑧)|  ≥ 𝑟−𝑝 −
𝑝[(𝑝−𝛼)+𝛾(𝑝+1)]

(
𝜆+𝑝+1

𝑝+1
)[(𝑝+1)(1−𝛾)+𝑝(1+𝛾)+𝛾−𝛼]

                (10) 

and 

|𝑓(𝑧)| ≤ |𝑧|−𝑝 + ∑ |𝑎𝑛−𝑝||𝑧|𝑛−𝑝∞
𝑛=𝑝+1 ≤ |𝑧|−𝑝 + |𝑧| ∑ |𝑎𝑛−𝑝|∞

𝑛=𝑝+1  , 

or 

                                                            |𝑓(𝑧)|  ≥ 𝑟−𝑝 −
𝑝[(𝑝−𝛼)+𝛾(𝑝+1)]

(
𝜆+𝑝+1

𝑝+1
)[(𝑝+1)(1−𝛾)+𝑝(1+𝛾)+𝛾−𝛼]

 .   (11) 
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Therefore, 

𝑟−𝑝 −
𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [(𝑝 + 1)(1 − 𝛾) + 𝑝(1 + 𝛾) + 𝛾 − 𝛼]

𝑟 ≤ |𝑓(𝑧)|

≤  𝑟−𝑝 +
𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]

(
𝜆 + 𝑝 + 1

𝑝 + 1
) 𝑝[(𝑝 + 1)(1 − 𝛾) + 𝑝(1 + 𝛾) + 𝛾 − 𝛼]

. 

If we take γ =0, we get the following   

 

 

Corollary 4: If 𝑓(z)∈ Ą𝑷
∗ (λ,𝛼, 0),then 

𝑟−𝑝 −
𝑝(𝑝 − 𝛼)

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [(𝑝 + 1)(1 − 𝛾) + 𝑝(1 + 𝛾) + 𝛾 − 𝛼]

𝑟 ≤ |𝑓(𝑧)|

≤  𝑟−𝑝 +
𝑝(𝑝 − 𝛼)

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [(𝑝 + 1)(1 − 𝛾) + 𝑝(1 + 𝛾) + 𝛾 − 𝛼]

. 

Theorem 3: If 𝑓(𝑧)∈ Ą𝒑
∗ (λ,α,𝛾) , then for 0 <|𝑧| = r < 1; 

𝑝𝑟−𝑝−1 −
𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [(𝑝 + 1)(1 − 𝛾) + 𝑝(1 − 𝛾) + 𝛾 − 𝛼]

≤ |�́�(𝑧)|

≤ 𝑝𝑟−𝑝−1 +
𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [(𝑝 + 1)(1 − 𝛾) + 𝑝(1 − 𝛾) + 𝛾 − 𝛼]

 .              (12) 

Proof: Since 𝑓(z)∈ Ą𝒑
∗ (λ,α,𝛾), then  

∑ 𝑎𝑛−𝑝 ≤
𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [(𝑝 + 1)(1 − 𝛾) + 𝑝(1 − 𝛾) + 𝛾 − 𝛼]

∞

𝑛=𝑝+1

. 

Also,  

                             𝑓(𝑧) =  𝑧−𝑝 + ∑ 𝑎𝑛−𝑝𝑧𝑛−𝑝∞
𝑛=𝑝+1                 , (𝑝 = 1,2,3, … … ).                (13) 

Therefore, 

                                           |𝑓′(𝑧)| ≥  𝑝𝑟−𝑝−1 −
𝑝[(𝑝−𝛼)+𝛾(𝑝+1)]

(
𝜆+𝑝+1

𝑝+1
)[(𝑝+1)(1−𝛾)+𝑝(1−𝛾)+𝛾−𝛼]

                  (14) 

and 

                                                       |�́�(𝑧)| ≤ 𝑝𝑟−𝑝−1 +
𝑝[(𝑝−𝛼)+𝛾(𝑝+1)]

(
𝜆+𝑝+1

𝑝+1
)[(𝑝+1)(1−𝛾)+𝑝(1−𝛾)+𝛾−𝛼]

.     (15) 

From (14) and (15) we get the results. 

If we take γ =0,  we get the following   

Corollary 5: If 𝑓(z)∈ Ą𝑷
∗ (λ,𝛼, 0),then 

𝑝𝑟−𝑝−1 −
𝑝(𝑝 − 𝛼)

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [1 + 2𝑝 − 𝛼]

≤ |�́�(𝑧)| ≤ 𝑝𝑟−𝑝−1 +
𝑝(𝑝 − 𝛼)

(
𝜆 + 𝑝 + 1

𝑝 + 1
) [1 + 2𝑝 − 𝛼]

. 

 

4. Closure Theorem 

Theorem 4: Let𝑓𝑝(z) =𝑧−𝑝and 

                 𝑓𝑝(z) =𝑧−𝑝 +
𝑝[(𝑝−𝛼)+𝛾(𝑝+1)]

(
𝜆+𝑛

𝑛
)(𝑛−𝑝)[𝑛(1−𝛾)+𝑝(𝛾+1)+𝛾−𝛼]

𝑧𝑛−𝑝 , (𝑛 ≥ 𝑝 + 1).                       (16) 

Then  



Yassin and Jassim                                     Iraqi Journal of Science, 2024, Vol. 65, No .4, pp: 2098-2104 

 

2103 

𝑓(z)∈ Ą𝒑
∗ (λ,𝛼, 𝛾)if and only if it can be expressed in the form 

                         𝑓(𝑧) =  ∑ 𝑀𝑛𝑓𝑛

∞

𝑛=𝑝

(𝑧)(17), 

where     𝑀𝑛 ≥ 0     and ∑ 𝑛 = 1∞
𝑛−𝑝 . 

Proof: Suppose that 𝑓(z) can be expressed in the form (17). Then 

𝑓(𝑧) =  ∑ 𝑀𝑛𝑓𝑛

∞

𝑛=𝑝

(𝑧)  = 𝑀𝑝𝑓𝑝(𝑧) + ∑ 𝑀𝑛𝑓𝑛

∞

𝑛=𝑝+1

(𝑧) 

= 𝑧−𝑝 +  ∑
𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]

(
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)[𝑛(1 − 𝛾) + 𝑝(𝛾 + 1) + 𝛾 − 𝛼]

𝑧𝑛−𝑝

∞

𝑛=𝑝

 . 

Since 

∑ (
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)[𝑛(1 − 𝛾) + 𝑝(𝛾 + 1) + 𝛾

∞

𝑛=𝑝+1

+ 𝛼]
𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]

(
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)[𝑛(1 − 𝛾) + 𝑝(𝛾 + 1) + 𝛾 − 𝛼]

 

=  ∑ 𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]𝑀𝑛

∞

𝑛=𝑝+1

 

=  𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)] ∑ 𝑀𝑛
∞
𝑛=𝑝+1 ≤ 𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 𝛾)] ≤ 𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 𝛾)], 

So by Theorem 2 we have𝑓(𝑧) ∈ Ą𝒑
∗ (λ,α) 

Conversely, let𝑓(𝑧) ∈ Ą𝒑
∗ (λ,𝛼, 𝛾). 

Since 

𝑎𝑛−𝑝 ≤
𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]

(
𝜆 + 𝑛

𝑛
) (𝑛 − 𝑝)[𝑛(1 − 𝛾) + 𝑝(𝛾 + 1) + 𝛾 − 𝛼]

 

setting 

𝑀𝑛 =
(

𝜆 + 𝑛
𝑛

) (𝑛 − 𝑝)[𝑛(1 − 𝛾) + 𝑝(𝛾 + 1) + 𝛾 − 𝛼]

𝑝[(𝑝 − 𝛼) + 𝛾(𝑝 + 1)]
 

and 

𝑀𝑝 = 1 − ∑ 𝑀𝑛

∞

𝑛=𝑝

 

it follows that 

𝑓(𝑧) =  ∑ 𝑀𝑛𝑓𝑛

∞

𝑛=𝑝+1

. 

Conclusions:  

     We get an extended subclass Ą𝒑
∗ (λ,α,𝛾) of meromorphic multivalent functions involving 

Ruscheweyh derivative operator. Some geometric properties for this subclass are arrived. 
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