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Abstract

With simple and undirected connected graph @, the Schultz and modified Schultz
polynomials are defined as Sc(®; x) = Y(degv + degu) x4@¥ and Sc*(®; x) =
Y(degu x degv) x*@?) respectively, where the summation is taken over all
unordered pairs of distinct vertices in V(®), where V(D) is the vertex set of @, degu
is the degree of vertex u and d(v,u) is the ordinary distance between v and u, u#v. In
this study, the Shultz distance, modified Schultz distance, the polynomial, index, and
average for both have been generalized, and this generalization has been applied to
some special graphs.

Keywords: generalized Schultz distance, generalized modified Schultz distance,
indices, polynomials, special graphs.
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1. Introduction

Topological graph indices are mathematical formulas that can be obtained for any graph
which have some molecular structures. From these indices, it is possible to analyze
mathematical values and further investigate some physicochemical properties of molecules.
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Therefore, it is an efficient method for avoiding expensive and time-consuming laboratory
experiments.

Let @ be a finite undirected connected graph without loops and multiple edges, denote the
vertex and edge sets of @ by V(®) and E(d), respectively, the order of @ is the number of
vertices in @, that is |[V(®)| = p and the size of & is the number of edges in @, that is
|[E(®)| = q, the degree of a vertex u € V(®) is the number of vertices joining to u and
denoted by degu (or 6 (u)), [1,2]. One of the topological indices is the Schultz index, this index
was introduced by Schultz in 1989, [3] and it is defined as:

Sc(P) = Xpucv@)(degv + degu)d(v, u).

While the modified Schultz index was defined by Klavzar and Gutman in 1997, [4] as follows:
Sc (@) = Y ucv(@)(degv - degu)d (v, u).

Schultz polynomial and modified Schultz polynomial are defined by Gutman in 2005, [5] as,
respectively:

Sc(P;x) = Xuver(@)(degv + degu) x

Sc*(d;x) = Z (degv - degu) x4WY),
{uvicv(®)

The average Schultz distance and modified Schultz distance are defined as, respectively [6]:
Sc(®) = 25¢(®)/p(p — 1).
Sc*(P) = 28c¢*(P)/p(p — D).
There are a lot of papers that have been done to compute Schultz and modified Schultz
polynomials and the indices for many graphs, for more information, see the references [6-11].
In this paper, we generalized the Schultz polynomial and modified the Schultz polynomial by
taking all vertices degrees of the path, provided that the product of the length of the path with
the sum of the degrees is a minimum, because of the importance of degrees as chemical bonds
located on atoms and they are effects on the stability of the chemical compound. Finally, there
are many indices and many polynomials which are important in knowing the chemical and
physical properties of chemical compounds, see [12-17].

d(u,v) ]

2. Generalization Shultz and Modified Shultz Distance

In this section, we present generalizations to Shultz and modified Schultz distances and we
give the definitions which related polynomials, indices, and averages for all Shultz and
modified Schultz distances generalizations.

Definition 2.1: Let v and u be any distinct vertices of a connected graph @ and let Q be a
(v,u) — path of a length 1(Q). The generalized Schultz distance d“S (u, v) between v and u of
® is defined as:
d%(v,u) = ming[{degv + a TevQ)-wu degw + degu}l(Q)],
where Q is any (v, u) — path and the minimum are taken over all (v,u) — paths Q and degy
is a degree of any vertex y inV(Q) and a € {0,1}.
If @« = 0, then the generalized Schultz distance is equal to Schultz distance.
We can rewrite the generalized Schultz distance d®S (v, ) as:

d%S (v,u) = ming[{Zwev(o) degwH(Q)], .. (L1)
where Q is any (v,u) — path and the minimum are taken over all (v,u) — paths Q, degy is a
degree of vertex y. The generalized Shultz polynomial is defined as:

GS
GSc(@;%) = Ypuyer () Sa(v,u, Q) x' @, where Sy (v,u, Q) = %Qv)'u)
We can also write this polynomial in another form:
GSc(®;x) = Yyn1 Sq(P, k) x*, .. (1.2)

272



Najm and Ali Iraqi Journal of Science, 2024, Vol. 65, No.1, pp: 271- 279

where S;(®, k) is the sum degrees of all vertices ina (v,u) — path Q forall v,u € V(®) at k
apart a distance such that d% (v, u) = {Zyev (o) degwlk.

Now, the generalized Schultz index is defined as:

GSc(®) = = (6Sc(®; %)) x=1

= Y21 kSa (D, k) = Xuvicv@) 4% (v, ). .. (L3)
The generalizations of the Schultz polynomial and Schultz index of a vertex v are defined
as respectively:

GSc(v, ®; %) = Yyev(w)-w Sa(, u, Q)x' @ = Fysy Sa(v, G, k) x*,
where S; (v, @, k) is the sum degrees of all vertices ina (v, u) — path Q forall u € V(®) — {v}
at k apart a distance such that d% (v, w) = {Zyev (o) degwlk.

GSc(v, ®) = = (GSc(v, ®; 2)) |51
= Y21 kSa(v,G, k) = Tuev(o)-wy A% (v, u).
Hence,
GSc(®;x) = 2 Tpev(q) GSc(v, B; x).
GSc(d) = iZUEV@) GSc(v, D).

Definition 2.2: Let v and u be any distinct vertices of a connected graph @ and let Q be a
(v, u) — path of a length [(Q). The generalized modified Schultz distance d%S" (v, u) between
v and u of @ is defined as:
d%" (v,u) = ming[{degv x a[lwev(Q)-un degw x degu}l(Q)],
where Q is any (v, u) — path and the minimum is taken over all (v, u) — paths Q and degy is
a degree of any vertex y in V(Q) and a € {0,1}.
If « = 0, then the generalized modified Schultz distance is equal modified Schultz distance.
We can rewrite the modified generalized Schultz distance d%S” (v, u) as:
d%" (v, u) = miny [{ITwev o) degwH(Q)]. .. (2.1)
The generalized modified Shultz polynomial is defined as:
GSc* (D3 %) = Ypuwer @) Sa(v 1, Q) x' @, where S;(v,u, Q) =
We can also write this polynomial in another form as:
GSc*(D;x) = Yyt Si(®, k) xk, ..(2.2)
where S;(G, k) is the sum degrees of all vertices in a (v,u) — path Q forall v,u € V(®) at k
apart distance such that d%5" (v, u) = {[Tyev (o) degw}k.
Now, the generalized modified Schultz index is defined as:

GSc* () = :—x(GSc*(CD; %)) =1
= i1 kS5 (@, k) = Tppayev(ay 4% (1) . . (23)

aGs” (v,u)
1Q)

The generalizations of the modified Shultz polynomial and modified Schultz index of a
vertex v are defined as respectively:

GSc* (v, @; %) = Yuev@)-wy Sq(v, 1, Q) xH@ = ¥ysy Sy (v, @, k) x*.

where S; (v, @, k) is the sum degrees of all vertices ina (v, u) — path Q forall u € V(&) — {v}
at k apart a distance such that d%5" (v, ) = {[Twev(q) degw}k.

GSc* (v, ®) =+ (GSc* (v, ®; 1)) |x=1

= Zkz1 k 52 (v, ®,k) = ZueV(CD)—{v} des’ (v, w).
Hence,
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* 1 *
GSc*(P;x) = EZUEV@) GSc*(v, d;x) .
* 1 *
GSc™(P) = S Xvev (@) GSc™ (v, D) .

Definition 2.3: The averages of generalized Schultz distance and generalized modified Schultz
distance are defined respectively:

GSc(®) = 2GSc(®)/p(p — 1) and GSc*(P) = 2GSc*(P)/p(p — 1).

Where p is an order of a connected graph G.

Remark 2.4:

If @ is a tree graph, then the minimum in Definitions 2.1 and 2.2 are not significant, so it can
be removed because for any two vertices in the tree graph, there is only one path between them,
that is, [(Q) = d(v,u), where Q is any (v, u) — path.

3. New results:

In the following theorems, we find the polynomials, indices, and averages for all generalized
Schultz and generalized modified Schultz for some special graphs such as: complete graph
K,,p = 3,stargraph S,,, p = 4, fan graph F,, p = 5, p is an odd, path graph B, and cycle graph
Cpyp = 3.

Theorem 3.1: Let K, S,, and F, be complete, star and fan graphs of order p, respectively, then
1. GSc(Ky;x) =p(p — 1)%x,p = 3,

GSc* (K, x) = %p(p —1)3x,p = 3.

2. GSc(Spix) = p(p — Dx + (0> — 1)(p — 222, p = 4,

GSc*(Sp;x) = (p— 1?x +%(p —1D%(p—-2)x%,p=>4.

3. GSc(Fyix)= (p—1) (p+3)x+5(p- 1) (p?- 9 x%, p = 5, pisan odd.

GSc*(Ey;x) =2p(p- Dx +2(p- 3)(p—1)?x%,p =5, pisan odd.

Proof:

1. Since any two distinct vertices in V(K,,) are adjacent and have (p — 1) degree, then
GSc(Ky;x) = p(p — 1)x.

And

GSc*(Ky;x) = %p(p —1)3x.

2. Since the central vertex of S, which has (p — 1) degree is only vertex adjacent to every end
vertex of S, and the distance between any two distinct vertices of the end vertex of S, are two
and that these paths must pass through the central vertex, then

GSc(Sp;x) = p(p — Dx +%(p2 - D(p — 2)x2.

And

GSc*(Spix) = (p — D2x +5(p — D2(p — 2)x2.

3. Since the central vertex u; of F,which has (p - 1) degree adjacent to every vertex u; of E,
such that degu; = 2 forall i = 2,3, ...,p, p = 5, p is odd. In addition to that every vertex u,;
is adjacent to the vertex u,;,; Where i = 1,2, ..., (p - 1)/2, the distance between any two
vertices that are not adjacent to each other is two, and the path connecting between them must
pass from the central vertex u,, then

GSc(Fy; x) = (- D@ + 3)x + 2(p- D(p*- N2

and

GSc*(Fy; x) =2p(p- D x + 2(p— D?(p - 3) x2.
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Corollary 3.2: Let K,,, S, and F, be complete, star and fan graphs of order p, respectively,
then:

1. GSc(K,) =p(p— 1? p =3,

Gsc*(Ky) =sp(p —1)°, p 2 3.

2. GSc(S,) = (p— D(p?*—2),p = 4,

GSc*(S,) =(p—1)%p =4

3. 6Sc(F,) = (p+3)(@—1(®—2),p=5pisanodd.

GSc*(F) = 2(p- 1)(p —2)(2p —3), p = 5, p is an odd.

Proof: It is easy to get this result from equation (1.3) and (2.3).

Corollary 3.3: Let K,,, S, and F, be complete, star and fan graphs of order p, respectively,
then

1. GSc(Kp) =2(p—1),p 23,

GSc*(K,) = (p— 12, p = 3.

2. G5¢(s,) =222 p > 4,

GSe7(5,) = 2= p = 4
3. GSe(R,) = X222, p > 5,p is odd.

GSc*(F,) = *E222 p > 5, p is odd.

Proof: It is easy to get this result from Definition 2.3
Theorem 3.4: Let B, be a path graph of order p, p = 3, then

1. GSc(Py;x) =230 {0 — 1) (k + 1) — k?)xk.
2. GSc*(Py;x) = Xh_3(p — k — 1)2k+1 xk 4 2P=2xP~1,
Proof: Let V(P,) = {uy, uy, ..., up_q,up} such that §(w;) = degy; = 1,i =1,pand 8§ (w;) =
degu; =2,2<i<p-—1.Then
1. GSc(By;x) = Sh_H{ZPIF BT 6 (u)}ak
= 2"‘2 SPESI s )ik + 21, BIEP T 6 (uy) xP
= SR S u) + XP TR S (u) + BT, S (u) I
+X0 6(u ) xP~1
= ¥hC {S(ul) + S S (u) + 2R 6(u)
Zl - L Ouy) + S(up)}x +{6(uy) + X, Lo(u) + 6(u )jxPt
S 2+ X TR 2+ B 2+ 1
+{1 + 3012 4+ 1)t
=YP 22 + 4k +2(p — k — 2)(k + D}x* + 2(p — VP!
=230 — 1) (k+1) — k3x*.
2. GSc*(By;x) = To P TIES S(up}x*
= SPAEP I Y S (u) P + Do T2 S(up} Pt
= PRCHITE 6 (w) + X0 ML Y 6 ()} + TP,y S (up) dack
+115. 6(ul) xP~1
= SPAIIES 8(u) + S0 HITE S 6 ()} + [T, S(u)}x*
+{ni=2 8 (u)}xP
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= ShoIli 2 + X0 HILZ) 23 + T, 23k + {10, 23
= YP222kH 4 (p — k — 2)2K+1xk 4 2p~2P 1
=YP2(p — k — 1)2K+ 1 xk 4 2P~ 2P~ 1 ¢

Corollary 3.5: Let P, be a path of order p, p = 3, then

1 GSC( ) p(p- 1)2(p+4)’

GSc(p,) = G-+ )

2. GSc*(P,) =2P7%(9p — 33) + 4(p + 2),
e _ 2P71(9p-33)+8(p+2)
GSc*(P,) = oD

Proof:
1. 6Sc(p,) = (GSC(pp, ) et
_22 Lkl —Dk+ (p—1) — k7]
= 2(p - 1)210 T+ 20 - DY k- 230 k3
=pp—1)? [T+ 1+E] =%2(p”).
Now by multiplying the generalized Schultz index of path by ﬁ we get the average

&sa(p ) _ %p(pp—(;)zgoﬂ) _ (p—1)3(p+4-).
2. 6Sc*(B,) = =(GSc” (pp,x)) et
=Y 2k(p—k—1)2"1 + (p — 1)2P2
— (p _ 1) ZP 2 k2k+1 ZP 2 k22k+1 + (p _ 1)2p—2
= 2Pp? — 3p2p —p2P + (3)2P +4p — 4 — 2Pp? + 6p2P — (11)2P + 12
+(p—12P?
=2P72(9p — 33) + 4(p + 2).

Now by multiplying the generalized modified Schultz index of the path by ﬁ we get the

average
eI _ 2[2P2(9p-33)+4(p+2)] _ [2P~1(9p-33)+8(p+2)]
GSe (Pp) B p(p-1) - p(p-1) : #
Theorem 3.6: Let C,, be a cycle graph of order p, p = 3, then
p(p+2) L
— >
1. GSC( x)_szH (k + 1) x¥ _|_{ > X2 , piseven,p =4,
0 , pisodd ,p=>3.
p P _
2. GSc*(Cpix) = pz[ -1 ok+1 ok 4 {Zzp xz ,piseven,p > 4,
0 ,pisodd ,p = 3.

Proof: Letu; € V(C,) where i = 1,2, ..., p, then
(i) If p is an odd, then:

p-1

1. GSc(u;, Cpix) =X,2,2(2+ 2(k)) x* , forall i =1,2,...,p. Hence,
GSC( p’ )—2 i=1GSC(ui' p’ )

= lzg’zlzi 2(2+2(k)) x* = szp_l (k + 1) x*.

2. GSc*(uy, Cpix) = 3,2, 2(2*2k)xk forall i =1,2,...,p.

= Zk=1 2k+2xk forall i = 1,2,...,p, Hence
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* 1 *
GSc*(Cpsx) = S X1, GSc* (w;, G x)
p—1 p—1

— %le_o:lzkz:l 2k+2 ok — Py ok+1 4k
(i) If p is an even, then:
Py P _
L GSc(uy, Cpix) = Ni_, 2(2+200)) x* + (2 +22) 2, forall i = 12, .., p. Hence,
1
GSc(Cps x) = S X7, GSc(wy, Cpi x)
1 P p p
=23 (3 2(2+ 200)) x* + (2 + 25) x2]
_ 5o oyl k AP
=Y. ¥z [(2+2(k)x* + (1 + E)xZ].
P4 P
= 2p 3z (k+ 1) xk + 2222
L Py P
2. GSc*(uy, Cpix) = Y2_ 2(2 % 2K) xk + (2 x 22) xz,i=1.2,..,p. Hence,
* 1 *
GSc*(Cpsx) = S X0, GSc* (w;, G x)

P
1 —1 p P
=E ?—1[ ]2<=12(2*2k)xk +(2*22)x2]
p_, -
=pY:_ 2Kxk 4+ 22p x2

p_ 4 r
=p chzll 2kt1xk  2opxz. #
Corollary 3.7: Let C, be a cycle of order p, p > 3, then

2
w , piseven,p = 4,
1. 6Sc(C,) = P |
- , pisodd ,p=3.
. —p(p;;)_(f)ﬂ) , piseven,p =4,
GSe(Cp) =13 anypis) .
— ,pisodd ,p=3.
P
2:"'(3p—8) + 4 , piseven,p = 4,
2. 65e(c,) = p( p ) P p

Eil
(22 (p-3)+4) pisodd ,p=3.
Zg(3p—8)+8

= p—1
GSc (Cp) =\ pt3
2 2 (p-3)+8
p—1

,piseven,p = 4,

,pisodd ,p=3.
Proof:
1. 65¢(Cp) = =-(65¢(Cpi %)) lma

I.If p is an even, then:

P_q
GSc(Cp) = 2pTi, k(k +1) + 2 22
2_1 2_1 p2
=2pXi K2+ 2pE k+ (0 +2)
P_1)(P\(p- p(p_

2

2 2 2
=EC-1)p+0+5 0+ =5@+Dp+ 1.
ii.If p is odd, then:
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p—1 p-1

GSc(C,) = 2p Zk2= 2+ 2p2k2 k
_ 2p —( [2 (T+1)]
=Z(p- D (’”“)+ EHEH =L@ - D@ +3).

2
Now by multiplying the generalized Schultz index of cycle by p(pz—_ we get the average:

1)
p(p+2)(p+1)

m(cp) — 6(p—1)
Wl)‘#m ,pisodd ,p=3.

2. GS*(Cp) = 2 (65¢*(Cpix) ) 1xn
i.If p isan even, then.

P4 pz 14
GSc*(Cp) =pXi_, k2Kt + —22

=p[2p- 4)+4] 2: = p(2:7'3p - 8) +4).
ii.If p is an odd, then:

p-1 +1
GSc*(Cy) = pE L k2 =p[2% (p - 3) + 4],
Now by multiplying the generalized modified Schultz index of the cycle by ﬁ we get the

'3

'3

+2p

, piseven,p = 4,

average:
P
(22(3;%)% ,piseven,p = 4,
GSc*(Cp) =1 pus #
223’%13)“3 ,pisodd ,p=3.

4. Conclusions:

In this paper, we have generalized the definitions of Schultz and modified Schultz distance,
and the benefit of this generalization is to include all vertices degrees of paths with the
arithmetic operations of addition and multiplication, and that the inclusion of all degrees of
vertices is of importance in chemistry compared to the number of bonds that lie on the carbon
atoms as well as the distance between carbon atoms.
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