Abdulsahib et al. Iragi Journal of Science, 2024, Vol. 65, No. 2, pp: 804- 817
DOI: 10.24996/ijs.2024.65.2.18

! ragi

ISSN: 0067-2904

Approximate Solution of Linear Fuzzy Random Ordinary Differential
Equations Using Laplace Variational Iteration Method

Ali Adnan Abdulsahib?, Fadhel S. Fadhel?, *, Jaafer Hmood Eidi*
!Department of Mathematics, College of Education, Mustansiriyah University, Baghdad, Iraq
2Department of Mathematics and Computer Applications, College of Science, Al-Nahrain University,
Jadriya, Baghdad, Iraq

Received: 9/10/2022 Accepted: 12/3/2023 Published: 29/2/2024

Abstract

In this article, the Laplace transformation method in connection with the
variational iteration method will be used to solve approximately fuzzy random
ordinary differential equations. After that, the sequence of approximated closed form
iterated solutions is derived based on the general Lagrange multiplier evaluated using
the well-known convolution theorem of the Laplace transformation method. In
addition, two examples are given and solved to illustrate the reliability, efficiency and
applicability of the proposed method, they are simulated using computer programs
with two different generations of stochastic processes, namely the Wiener process or
Brownian motion, which are 1000 and 10000, respectively.

Keywords: Variational iteration method, Laplace transformation, Fuzzy random
differential equations, Random differential equations.
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1. Introduction

The subject of fuzzy differential equations (FDES) is generally one of the most important
topics in mathematics. It is particularly important in many fields including medicine,
engineering and technology, ...etc. On the other hand, the theory of stochastic processes
considers random processes that satisfy certain particular properties as well as the co-cycle
property. Therefore, deterministic fuzzy random differential equations were developed as a
result of research into dynamical systems, and they have various applications in the modelling
of classical problems in control theory, physics, biology, engineering economics, and finance
in which random disturbances are the only source of uncertainty for such type of problems.
Thus, the stochastic analysis approaches must be employed to address these circumstances.
Also, it is still in most real-world problems a second source of uncertainty encountered due to
the ambiguous nature or imprecise, fuzzy, etc. For such work, one must investigate fuzzy
random differential equations that are concerned with fuzzy random differential equations with
classical Brownian motion. The fuzzy random ordinary differential equations (FRODES) are
defined as a fuzzy ordinary differential equation (RODE) involving random variables as a
stochastic process where fuzziness appears when triangular fuzzy numbers are included in the
differential equation.

In this paper, the FRODEs will be solved using the Laplace variational iteration method
(LVIM) which is a hybrid method that combines the usual Laplace transformation method and
the variational iteration method (VIM). Such equations are so difficult to solve analytically,
however, numerical and approximate methods seem to be necessary and reliable to give
resolvable accurate results.

2. Literature Review and Problem Statement

Fuzzy random ordinary differential equations are used in real-world systems such that the
phenomena are related to randomness and fuzziness as two kinds of uncertainties. These
problems are encountered in economics and finance. There are several work projects and
articles on the fuzzy stochastic differential equations and each one is different from the others
in the approach.

In the literature, there is a large number of studies that have emerged in recent years that are
concerned with differential equations containing either random variables or fuzzy sets (see [1],
[4-6], [8-11], [16-19]). In 2008, Abbasbandy et al. [1] proposed a solution for general dual
fuzzy linear systems, in which the existence of a minimal solution of the general dual fuzzy
linear equation systems is investigated. Cortés et al. in 2011 [8] provided the numerical solution
of random differential equations by means of random improved Euler's method. Khudair et al.
in 2011 [16] used the Adomian decomposition method and the VIM to solve certain types of
second order RODEs. In 2013, Guo et al. [11] presented the approximate solutions of the
second-order linear differential equations with fuzzy boundary conditions, in which the
indeterminate fuzzy coefficients approach converts the fuzzy linear boundary value problem
into a crisp function system of linear equations. Behzadi in 2014 used the VIM to solve the
second-order fuzzy Abel-Volterra integro-differential equations, [4]. The Runge-Kutta method
was used by Nouri and Ranjbar in 2015 [18] to find a numerical solution to the initial value
problems of RODESs. Chakraverty et al. presented in 2016 a new direction in the use of basic
concepts of fuzzy differential equations, solutions and the applications of FDEs for engineers
and scientists, [6]. Ghazanfari et al. [10] used the VIM to solve FDEs. The mean and variance
of the approximate solutions of the second-order RODEs using the homotopy analysis method
are proposed by Khudair et al. in 2016 [17]. Tchier et al. in 2017 [20] studied a family of RDEs
with boundary conditions using a random fixed-point theorem. In 2019 Abdulsahib et al.
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presented a modified approach based on the VIM and numerical integration methods to solve
the initial value problems of the n-th order RODEs, [3]. In 2021, Phu and Lupulescu provided
the statement and the proof of the existence and uniqueness theorem of a solution for the class
of fuzzy fractional functional differential equations, [19]. Fadhel et al. in 2021 [6] used the
LVIM to solve RODEs. In 2022, Bica and Satmari [5] presented the numerical method to solve
fuzzy Volterra integral equations based on the fuzzy Bernstein spline interpolation procedure.

The parameters, variables, and initial conditions of a mathematical model governed by
ordinary differential equations (ODES) are assumed to be precisely prescribed. In fact, there
may be imprecise, ambiguous, random processes or insufficient information available regarding
the variables and parameters that appeared in the differential equation. All of these are caused
by accuracies in measurements, observations, or experimental data; the application of varied
operating conditions; or maintenance-induced errors due to imprecise or randomness. To avoid
uncertainties or lack of precision, a fuzzy environment in parameters, variables, and initial
conditions can be used instead of accurate (fixed) ones by converting conventional differential
equations into FRODEs. Because of the complexity of fuzzy logic and stochastic calculus, it
can be difficult to find accurate solutions to such problems in real-world applications. So that
the employment of reliable and efficient numerical and/or approximate methods in the solution
of FRODEs is needed

The statement of the considered problem of this paper is to use the LVIM to find the
approximate solution of the following n-th order FRODE:
™ (t, w) = f(t,X(t, ), & (t,o),..., X" V(t,w)), t >0, (1)
with initial conditions that are given as triangular fuzzy numbers:
#D0,w) =x5,i=0,1,...,n-1,
where w is a random process that is taken to be of Brownian motion, [20].

3. Preliminary and Fundamental Concepts

In this section, some basic concepts that are necessary for this work will be introduced. These
concepts include basic definitions of fuzzy set theory, stochastic calculus and some basic
properties of the Laplace transform.

Definition 1, [14]. A triangular fuzzy number is a mapping u: R — [0,1], which satisfies:
1. uis upper semi-continuous.

2. There exist real numbers a, b and c, such that a < b < ¢ and

I. u(x) =0 outside some interval [a,c],

il. u(x) is monotonic increasing on [a,b],

iii. u(x) is monotonic decreasing on [b,c],

V. ux)=1ifx=h.

V.

Definition 2, [15]. The set of all elements that belong to the fuzzy set # at least to the degree a
is called the a-level set, which is defined by:

Ua:{X e X: Hﬁ(X) = a},

where py refers to the membership function related to the fuzzy set .

Fuzzy numbers may be characterized or parameterized in terms of a-level sets.

Definition 3, [14]. A fuzzy number @ is in parametric form as an interval [u(a),u(a)],

0 <a <1, which satisfies the following requirements:
1. u(a) is a bounded monotonic increasing right continuous function,
2. u(a) is a bounded monotonic decreasing left continuous function,
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3. u(a) <u(a),forall0<a <1
Remark 1. For an arbitrary two fuzzy numbers @ = [u(a), u(a)] and ¥ = [v(a),v(@)], a €
[0,1] the following algebraic operations may be fulfilled:
1. If k is any real number, then:
o (ku(a), ku(a)),ifk =0
u= {(kﬂ(a), kua)),ifk < 0
2. i+ 7 = (u(a) + v(a),u(a) + v(a)).
3. i =(min s, max s), where s = {u v,u v,u v,u v}.
Some preliminary concepts of the stochastic process are also given for completeness purpose,
which are encountered in stochastic calculus. These concepts start with the following basic
definition:

Definition 4, [3,9]. A stochastic process is a family of random variables x(t, w) (or briefly Xi(w)
or Xi) of independent variables t and parameter w. Lett € [to,T] < [0,0), w € ©Q on a common
probability space (€2,F,P), where Q is a sample space which is the set of all possible outcomes
of random increment, F is the class of all subset of Q and P is a probability measure whose
domain is Q and the codomain is the interval [0,1], which is assumed to be real values and P is
measurable as a function of o for each fixed t. The parameter t is the time and Xi(.) represents
a random variable on the above probability space Q2, while X.( w) is called a sample path or
trajectory of the stochastic process.

Definition 5, [3,9]. A stochastic process W; for all t € [0,:) is called a Wiener process or
Brownian motion if:

1. P{w € Q| Wo(w)=0}) =1.

2. For 0 < to < t1 <...< ty, the increments W, — W, , W, —W;,,..., W, — W, _ are
independent.

3. For an arbitrary t and h>0, Wi+r—W¢ has the normal distribution with mean 0 and variance h.

4. Solution of FRODEs Using Laplace VIM

In order to be familiar with Eq.(1), the a-level sets associated with fuzzy sets will be
considered, for all « € [0,1]. Hence, the general form of the n-th order linear FRODE with
constant coefficients related to Eq.(1) will take the form:
¥t wa) = f(t, %t w ), % (tw )., V(e a),t=>0 ac01], (2)
with initial conditions that are given as fuzzy numbers:
D0, w,a) = (G;(t, w, @), Hi(t, w,)),i=0,1,...,n-1.

Let ¥ = [x, x], then Eq.(2) may be written in terms of its lower and upper solutions related
to the a-levels depending on their coefficients [7]. The linear FRODE with constant coefficients
in terms of a-levels is given by:

FW(t w,a) + ¢y FV( w, ) +... 40,7 (t w, @) + coX(t, w, a) = g(t, w), t>0, (3)
with initial conditions are given as a triangular fuzzy numbers:

%(0,wg, @) = by, ' (0, wg, @) = by,..., ™ V(0,wq, @) = b,,_4,

where c; are real constants for all i = 0, 1, ..., n—1, g is a given function and b; are triangular
fuzzy numbersforalli=0, 1, ..., n—1, and X is the solution to be determined as a fuzzy function.

To demonstrate the concept of the VIM [2,12-15], consider the following general FRODE
in operator form:
L[Z(t, w,0)] + N[Z(t, w,0)] = 9(t, w), t € [to,T], 4)
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where L is a linear differential operator, N is a nonlinear differential operator and g is a given
function that contains random variable w.

If the a-level sets are considered, then the correction functional of Eq.(4) for the lower and
upper fuzzy solution X will read for all m=0, 1, ... . Three cases are considered to solve the
fuzzy differential equation, these cases may be summarized as follows:

Case 1: All the coefficients c¢,_1, ¢,_2, ..., Co are positive and hence Eq.(4) will be decomposed
into the following non-fuzzy or crisp ordinary differential equations:

X1 (6,0,@) = X (£,0,@) + [; 26,0 [Z7 0m(E, 0,00 +

enoatiy (0, @)+ 62 m(§ 0, @) + coxm(§ 0, @) — g(§, )| 8, (5)
En1 (6,0,@) = Bn(6,0,@) + [} 16,0 [f5 2n (G 0,00 +
Cnoafiy V(€ 0, @)+ AT (€ 0, @) + Con (€, 0, @) — 8(§, ) | dé. (6)

Case 2: The coefficients c¢,_1, Ch—2, ., Cn—ym are positive and ¢, _,—1, Cn—m—2, -, C1, Co are
negative, then the lower and upper fuzzy solution of X related to equation (4) are written as:

X1 (6,0,@) = 2 (6,0,@) + [} 26,0 [T xm(E 0, @) +

1 xTVE 0, )+ A X T (E 0, @) + o1 2V 0, @) +

Cnemzfy P& @, @)+ A+ (€ 0, @) + Con (€, 0, @) — g(§, ) | d¢, (7)
a1 (6@, @) = Tt 0,@) + [ A(E, 1) [dfn (&, 0, 0) +

CroaZ (€ w, @)+t mEa ™ (€ w,@) + Cuomerx P w, @) +
Cnematiy O @, @)+ A0 E (0, @) + i (§, 0, @) — 8§, 0)| dé. (8)

Case 3: All the coefficients ¢,,_1, ¢,—5, ..., Co are negative, then Eq. (4) will be decomposed into
the following upper and lower cases solutions:

X1 (6,0,@) = 2 (6,0,@) + [} 26,0 [ 1m(E 0, @) +

enmatiy (€ w0, @)+ A i (§ 0, @) + o (€, 0, @) — g(§, 0) | dé (9

fma1(6,0,@) = En(t,0,@) + [{ 10 [f5 2n(E 0,00 +

enmaxiy D€ 0, @)+ 01X i (§ 0, @) + Coxm(§, 0, @) — g(§, w) | dé. (10)
The proposed approach starts by taking the Laplace transform of Eq.(4), yields to:

LILGE (L w,a))} + LIN(Z(t w, @)} = L{g(t, w)} (11)

where the Laplace transformation of the differential operator of the correction functional (11)
using the VIM will give:

L1 (t, 0, @)} = L{ (t, 0, )} + L [ A2E O{L(Fn(E 0,0)) + N(Zn(§ 0,0)) —
g(é,w)} d¢, forallm=0,1,...

The correction functional depends on the fuzzy differential equations which mean it depends
on the coefficients to be either positive or negative so one of the following cases should be
considered:

Case 1: If the all coefficients cy, ¢4, ..., ¢,,—1 are positive, this yields to:
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dn

L1 (60,0} = Ligm (6,0, @)} + L{[; 26, 0) [ﬁXm(E: w, ) +

Cnryy D6 @, 0+ A0 X m(§ 0, @) + coxm (€ 0, @) — 8§, )] ¢,
L{-’_Cm+1(t' w, a)} = L{jm(t' w, a)} + L {fotj'(fr t) [%Xm(f! w, a) + Cn—ljgl_l) (E! w, (Z) + ot

1 (€, @, @) + Com (§, 0, @) — g(§, )] d&.
Therefore, upon using the convolution theorem for the lower-case solution with respect to t,
this implies that:

L{xmi1(t, @, @)} = L{xm (t, @, @)} + LIA(t = 5) * {L(xm (8, 0, @) + N (¥ (t, 0, @) — g(t, w)}}
= L{xm(t, 0, @)} + L{A(S, DILE(E 0,0)) + Nt 0, @) - g(t, )}
=L{xp(t,w,a)}+ L {&(s, t) * [% X (t, 0, ) + cn_la_c,(,,:l_l)(t, w,@)+...+c x m(t,w,a) +
COZCm(t: w, a) - g(t' (1))], (12)
where * refers to the usual convolution operation between two functions.
Also, for the upper-case solution, we have:

-(n-1)

Llitmsa (60, @)} = Lt 0,0} + L{A6, 0 * [ 2 (6, 0,@) + Caa B0 V(6 0,0) + 0+

1% (W, @) + coXp(t, 0, @) — g(t, w)]}, (13)
then Egs.(12) and (13) become as follows:

L0t (6@, 0} = Lt (6, 0,00} + AS) {s"Llm (6,0, @) -

cnm1dyy (0,0, @)+ 4012 m(0,0,@) + Coxm (0,0, @)} + LIN @ (£ ) — 8(¢; )} (14)
L1 (6,0, @)} = L(Em(t 0,0)) + A(s) {s" L (6,0, @)} -
cn_lfr(,?_l)(O, ®, @) +...+¢1 % (0,0, @) + coXn (0, o, a)} + L{N (X, (t; w)) — g(t; w)}, (15)

where A(s) = L{A(s, t)}and A(s) = L{A(s, t)}. The iteration formula of Eqs.(14) and (15) are
used to suggest the main scheme of the proposed approach involving the Lagrange multiplier.

Now, consider L{N (x,,(t; w)) — g(t; w)} and L{N (%,,(t; w)) — g(t; w)} in Egs.(14) and
(15) as a restricted variation, which makes Egs.(12) and (13) stationary with respect to x,,, and
X , respectively. Hence:

L{8¥m1(t, 0, )} = LIS xm (8, @, @)} + LIA(s, OHs™ L{xm (t, 0, )}, (16)
L{8 %41 (t, 0, @)} = LIS Xy (L, ©, @)} + LIA(s, ) s L{xm (£, ©, @)} }, (17)
where & is the classical first variation. The optimality condition for the extremum is
LE X1 (t, w, @)} = L{X 41 (t, 0, @)} = 0. Hence, Eqgs.(16) and (17) lead to:

LEAGs, D} = L{A(s, )} = 5, 5> 0.

The sequential approximations are obtained by taking the inverse Laplace transform of Egs.(12)
and (13) after substituting A(s, t) and A(s, t), this yields:

- 1
)_Cm+1(t! w, (X) = J_Cm(t! w, CZ) - L7t {S_ [)_(m(tﬂ w, a) -

n

s 1x(0, w, @)—... —xV(0; w, @) + L{INx,,(t, 0, @) — g(t; w)}]}, (18)
a1t w,a) = %, (t, w, ) — L7 {Sin [Xm(t, 0, @) — s 1%(0, w,a)—... —x=D(0; w, @) +
LN (t,0,0) = g(t )]}, (19)

where X,,(t, w, @) = L{x,(t, w, @)} and X,,,(t, w, @) = L{%,(t, », @)}. Rearrange Eqs.(18)
and (19), it implies to:

(n-1)
J-Cm+1(t; w,a) = L1 {J'C(O’w’a) 4.+ X (Ow,a)

, . pon
It w,a) = L7 {

J- o (F it 0,0 - go)) @0
} -1 {Sin (L(NZp (8, w, @) — g(t; a))))}, (21)

%(0,w,a (=1 (0,,
Qoo , 4 El )
S S
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with initial approximation to Eqgs.(20) and (21), the following equations can be considered:

x'(0,w,a)

(n-1)
xo(t, 0, @) = L7 {’-‘(O';‘"“) e SE?"‘"“)}, (22)
Bt 0,0) = L1 {1000, T, | T G0w) (23)
» W, s 52 e sn )
After applying the inverse Laplace transform to Eqgs.(22) and (23), one can get:
(n-1)
)_CO(t: w, a) = -ZC(O' w, (Z) + )_C,(Oi w, a)t+ -t XT(?.I)L:)’C{) n_1, (24)
¢(n—1)
Xo(t,w, @) =x(0,w,a) + %' (0, w, a)t+... +xT((1)’)T)'a) n-1 (25)

Therefore, the solution of Eq.(1) will be x(t,w,a) = lim x,,(t,w,a) and x(t,w,a) =
m—-oo

lim x,,(t, , a).
m—-oo

Case 2: If the coefficients c¢,,_1, Ch_2, .-, Cn—m are positive and ¢,_m—1, Cn—m—2, -, C1, Co are
negative, then Laplace transformation of the lower and upper fuzzy solution % takes the form:

Lt 11 (6, 0, @)} = L6, 0,0} + L{f; A&, 0 [ 5m(E 0,@) +

Cnoa XV (E w0, @)+ et V(€ w0, @) + Cpemer BTV (6 w0, @) +

cn_m_zxr(,?_m_z)(f, w, @) +...+c; % (&, w, @) + copxp (&, 0, @) — g(§, a))] df},
Ll 11(6, 0, @)} = L{En (6, 0,0} + L{f; 1E, 0O [ 27 5m(E 0,@) +

Croafn D w, @)+ B ™ (6 0, @) + Cpema X TV (E 0, ) +
enem—2¥iy " O 0, @)+ 012 (€ 0,@) + coxm(§ 0, @) — 8§, 0)| dé}.

Case 3: If all the coefficients ¢y, c4, ..., c,—1 are negative, then:

L (6,0, @)} = Lt (60,0} + L{[; 26,0 [f72mE 0,0 + 20706 w,0) + -+
1% (& w, @) + coxm (&, w,a) — g(é, a))]} dé,

L{Z 41 (t, 0, @)} = L{IX, (t, 0, @)} + L{fot/i(f, t) [%J_Cm(f, w,a) +

CnoaZiy V(€ 0, @)+ 01t (€ 0, @) + Coxm (€, 0, @) — 8§, w) |} dé.

The same followed approach in the first case is used in cases 2 and 3 to get the final Lagrange
multipliers:

L{A(s, 1)} = L{AGs, 0} = o

Taking the inverse Laplace transform, it gives the optimal values of 1 and A. Thus, the
iteration formulations of the second and third cases take the form:

X1 (t, 0, @) = X (t, 0,a) — L1 {Sin [Xpn(t w, @) — s 1%(0, w, @) —... —x @V (0; w, @) +
L(N%,, (t, 0, a) — g(t; a)))]},
It w, @) = % (t, w, ) — L7 {Sin [Xm(t, 0, @) = s 1x(0, w, a)—... —xD(0; w, @) +

LN (0, @) = gt )]}

5. lllustrative Examples

Two illustrative examples will be considered in this section, which are carried out for two
different generations of stochastic processes, namely the Wiener process or Brownian motion,
which are 1000 and 10000, respectively. The same discretized signal processes of those two
generations are used in the simulation of the considered examples. These generations are given
in Figure 1.

810



Abdulsahib et al. Iragi Journal of Science, 2024, Vol. 65, No. 2, pp: 804- 817

N=1000 N=10000

0 0.1 0.2 0.3 0.4 0.5 06 07 0.8 0.9 1 0 0.1 02 03 04 05 06 07 08 09 1
t t

Figure 1: Discretized Brownian motion with N = 1000 and 10000 generations

Example 1: Consider the first order linear FRODE:

Xt w a)+x(t,w a) =W, (w),t €[0,1], W, is the Wiener process (26)
with initial condition:

X0(0,wg, @) = (0,2 —a),a € [0,1]

Now, to solve Eq.(26) using the Laplace VIM, it is notable that this equation follows the first
case because it contains only positive coefficients of the dependent variable. Therefore, using
the Laplace VIM, we get:

L{xm+1(t w, )} = L{xm (6w, )} + L {fotfl(f. [t mE 0, @) + 2y (€ 0,a) - Wg(w)]} g,
Lo (60, @)} = LG (6 0, @)} + L{ [} A O[F m(E 0, @) + 2 (§ 0, @) — We(w)]} dé.
Which will give the general Lagrange multipliers L{A(s, )} = L{A(s, 1)} = %1

Letting the fuzzy solution be given in terms of the lower and upper cases as in the interval X =
[x, X]. Then, the lower-case solution x may be obtained iteratively as:

)_CO(O' (1)0, (X) =a

1t w,a) = L7 {2020 L ply(t,w,0) — W, ()]

= x0(0, wg, @) + tx4(0, wp, @) — tW;(w)
=a+ at — tW,(w),

—1 (%0(0,wp,) 1
Xt wa)=L {f — ;L[a + at — tW;(w) — Wt(w)]}

2 2
= a+at—tWt(a))+%—%t(w),
t2We(w)

-1 {M_Eﬁ[a + at — tW,(w) +a7t2—T_ Wf(‘”)]}

_ _ at’> W) | at®  *W(w)
=a+at —tW;(w) + > . . —

and so on by induction, one may get:
t i
In(t,wa)=a + Zﬁl%(cx — W (w)), m e N.
Also, the upper-case solution x is obtained using the following iterative approximate solutions:
%0(0,wp, ) =2 — a,
%1(6,w,0) = L7 {2200 L1206, 0,@) — We(w)]]
= 32'0(0, (l)o, CZ) + tJ_CO(O, (l)o, a) + tWt((l))
=2—a—at+2t—tW,(w),
_ —1 (%0(0,wp,) 1 _
X2 (t' w, a) =L {f - ;L[xl(tl w, a) - Wt(w)]}

= 1 {ROD 20— —at + 2t — W, (w) — We(w)]}

S

)_C3(ti w, a) =L

at? Wy (w)

=2—a—at+2t—tWt(w)+t2—2 .
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%3(t,0,a) = L7 {220 L8 (1,0, @) ~ We(w)]]

9y _ 2 _at? tWiw) P at® W)
=2—a at'-l-Zt .th(a)).+t . S T3 A P
and so on by induction implies to:

Tt @) =2 —a + 529 (@2 - @) - W,())

The signal simulation of the generated discretized Brownian motion (or Wiener process)
with the total number of generations N = 1000 and 10000 (see Figure 1) over the unit time
interval [0,1]. The corresponding eighth upper and lower approximate solutions of Eq.(26) for
each generation are given in Figures 2 and 3, respectively with different a-levels which are 0,
0.2,0.4,0.6,0.8 and 1.

a=0 o=0.2
10 10
9 — Lower solution 9 Lower solution
8 8
B —— Upper solution ; Upper solution
c c
s ° s ¢
55 55
5 5 -
S
2 e 2 g
1 R 1 P
m",ﬂzf“/ 4,_,__,_4/'_“'_‘
0 0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t t
o=0.4 0.=0.6
10 10
9 | —— Lower solution 9 Lower solution
8 8
; Upper solution B Upper solution
c c
s ° s ¢
55 55
° °
a4 a4
3 3
2 2
1 1
0 0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t t
a=0.8 a=1
10 10
9 Lower solution 9 Lower solution
8 8
; Upper solution ; Upper solution
c c
s © s °
55 55
S 4 K 4
3 3
2 2
1 1
0 0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t t

Figure 2: The eighth lower and upper iterative solutions of Example 1 using Laplace VIM for
different values of a-levels and discretized Brownian motion with total signal processing
number N = 1000.
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a=0 a=0.2
6 6
5 —— Lower solution 5 —— Lower solution
4 —— Upper solution 4 —— Upper solution
c 3 c 3 M
o o
§ 2 § 2
& 1 & 1
0 0 WWVWMMN
. WW\ .
-2 -2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t t
0=0.4 =0.6
6 6
5 Lower solution 5 Lower solution
4 Upper solution 4 Upper solution
c 3 c 3
= k=l
52 52 /—MM
8 1 31 WMW
| A R e
0 WMW 0
1 1
-2 2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
t t
a=0.8 a=1
6 6
5 Lower solution 5 Lower solution
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c 3 c 3
= =
52 /,WVMM\ B R P SOV SR
S Mw% 3,
0 0
-1 -1
-2 -2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
t t

Figure 3: The eighth lower and upper iterative solutions of Example 1 using Laplace VIM for
different values of a-levels and discretized Brownian motion with total signal processing
number N = 10000.

Example 2: Consider the second order FRODE:

't w a) — %t w a)+ x(t o a) = cos(W,(w)), t € [0,1], (27)
with initial conditions:

%0(0,wy, @) = (a,1.5 — 0.5a), ¥'((0, wy, @) = (0.5a,1 —0.5a), a € [0,1],

where W, is the Brownian motion.

Now, to solve Eq.(27) using the Laplace VIM, it is notable that this equation is of the second
case because it contains positive and negative coefficients simultaneously. Therefore:

Ltmer (60, @)} = L{tm (6 0, @)} + L{[; 2E D m(E 0,@) + ¥ m(§ 0,0) +

1m(§, 0, @) — cos(W,(w))]} d¢,

L (6@, @)} = L (0, )} + L{f; A O (& 0, )+ (E, 0, 0) +

T (€, @, @) — cos(W, ()]} dé.

Therefore, the general Lagrange multiplier L{A(s,t)} = L{/i(s, t)} = ;—21 Hence, the lower and

upper fuzzy solution X are obtained using the successive approximate solutions as:
'7_60(01 wOr a) =aQ, .7_(,',0(0, (,l)o, a) = Osav
%0(0,wg, @) = 1.5 — 0.5a, ', (0, wy, @) = 1 — 0.5,
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9_51(t' w,a) = r-1 {9_50(0,0)0,0.’) xro((l,;)o,a) _ S%L[J'C'o(t, w, @) + J_Co(t, w,a) — COS(Wt((U))]}

S
= a — 0.5at? + 0.5t2 cos W,(w) + 0.5at,
%t wa)=L"1 {x°(0'w°'a) + 2o0wo@) _ S%L[J_c'o(t, w,a) + Xy (t, w, a) — cos(Wt(w))]}

s s2

=t —0.5a + 0.25at? + 0.5t% cos W,(w) — 0.75t% — 0.5at + 1.5,
x,(t,w,a) = L1 {9‘60(0@0’&) + ¥o(0woa) _ S%L[J'c'l(t, w,a) + x,(t,w,a) — cos(Wt(a)))]}

s s2
=a — 0.25at? — 0.17at3 + 0.042at* + 0.5t% cos Wy (w) — 0.17t3 cos W, (w) —
0.042t* cos W, (w) — 0.5t + 0.5at + 0.25¢3,

%y(t, 0, a) = 71 {20008y 200D _ L pir, (1 w,@) + 2,(t, 0, @) — cos(W ()]}

s 52
=t —0.5a + 0.25at® — 0.023at* + 0.5t2 cos W, (w) — 0.17t3 cos W, (w) —
0.042t* cos W, (w) — 0.75t2 — 0.17t3 + 0.063t* — 0.5at + 1.5,

and so on, we can find the approximate lower and upper solutions up to the fifth iterations,
which are simulated and presented in Figures 4 and 5 related to the above generations of

Brownian motion given in Figure 1 with different o-levels.

=0 a=0.2

Solution
Solution

t t

Lower solution —— Upper solution Lower solution ~—— Upper solution

a=0.4 0=0.6

2 2

15 | e 15
M

1

0.5

Solution
Solution

0 0

05 05
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Lower solution

Upper solution Lower solution Upper solution

2=0.8 a=1

15 1.5

1% 1%

0.5 0.5

Solution
Solution

0 0

05 05
0 0.2 04 06 0.8 1 0 0.2 0.4 0.6 08 1

t t

Lower solution ~—— Upper solution Lower solution Upper solution

Figure 4: The fifth lower and upper iterative solutions of Example 2 using Laplace VIM for
different values of a-levels and discretized Brownian motion with total signal processing

number N = 1000.
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Figure 5: The fifth lower and upper iterative solutions of Example 2 using Laplace VIM for
different values of a-levels and discretized Brownian motion with total signal processing
number N = 10000.

6. Conclusions and Discussion of the Experimental Results

Laplace VIM is shown to be an effective and reliable method for solving linear FRODEs,
where the analytical approximate solution may be obtained. Verification of the obtained results
may be considered by comparing the approximate results for the lower and upper solutions for
each a-level as well as the coincidence between them when a = 1, which is the crisp solution.

The obtained results are presented in Figures 1-5 of the considered examples show that the
stochastic process and fuzzy phenomena occurring in the differential equation will affect the
behavior of the obtained solution, as well as the number generation of the Brownian motion.
Also, the proposed approach that is used in this paper gives an analytical approximate solution,
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which may be helpful and needed later on in other real-life applications. In applications, such
solutions, as an analytical function, are more reliable than numerical results that are obtained
by other methods.

It is obvious to notice that the only limitation of the followed approach in this paper is its
difficulty in solving nonlinear problems that can be treated or handled using the linearization
approach or considered the Adomian decomposition method to treat nonlinear parts. This may
be considered a recommendation for further work on this topic.
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