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Abstract:

In this paper, the class of meromorphic multivalent functions of the form by using
fractional differ-integral operators is introduced. We get Coefficients estimates, radii
of convexity and star likeness. Also closure theorems and distortion theorem for the
class Y (A.u, v,1,v, a, B) is calculaed.
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1. Introduction:
The), symbol the class of meromophic functions is defined by:
fw)=wk+¥y2 aw,k €N, (1)

which is analytic and k-valent in the puncture unit disk
U'={w e C : 0<|w|<1}.
The function £ is said to be class ).} («) of meromorphic
k-valenty star like function of range o [1] if :
Re{%bm(we U0 <a<kkeN). @)
A function f can say in the class }.}*(a) of meromorphic
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k-valently convex function of rangea [2] if :
w f(w) \
—Re 1+W >a,(we U0<a<kkeN). 3)
By making use of the fractional differ-integral operator contained in :

Definition 1.1:
MEEPf (w)

Ltv+=DI W) | —k+n+1 A0001 udp
{ TGy Jow T WHTPF(w)](0=4<1), (4)

Fut+v+p-Dr@.  _g—p+1 —luvn w+p
TGt I [WHTP f(w)](—00=4<0).

Where ]"l MP10 s the generalized fractional derivative operator of order a given by

1 d
Jow™" f (W)= e L N R A (B R T R BV I

2) f(®)t}, (5)
where (0< A<1).

A function £ is analytic in a simply connected region of the w-plane in the multiplicity of
(w—t)~%is removed by requiring log (w—t) to be real when w—t > 0, that

fw=0 (1l w/[) (w—0),
(6)

and I, ﬁ;“‘”’” is the generalized fractional integral operator of order —1 (—o0 < —1 < 0)
of the form

-(A+p)
““”J fw) = Wr(;t) i th=1 (w — t)*12F,; (/1 +u-v; 41— %)f(t)dt (7)
(A>0, u, p e R, re R*and r > (max{0, u}—n)),
by (5) and (7) we get:
ow W) = Tou" F(w), (8)
and
I f(w) = 157 f(w). )
Clearly, J; }“”’ and I“”’ are well-known (see, [3-5]).
Now,
Jow! fW) =DEfw),  (0<2<1) (10)
and
on” (W) = D f(w), (4> 0). (11)

Where D, and D;;* are the famous Owa- Salgo -Srivastana and this can be shown in [6] and [7].
By using the Gamma function, we have

Apvy g _TRADC+n—p+v) - pip—p—1
ow W T Ty wr (kag-Atv) (0=4<1) (12)
and
Awvn ok _CRADIRA)—p+v)  pin—p—1
IOJW I'(k+n—Wrk+n+i+v) w (4> 0). (13)

Where w1y € R,v € R* and k > (max{0, u} — n).
By using (1), (12) and (13) in (4), we find
M””Jf(w)—w"‘+2 2 TN awt, (14)
(o< A<D,p+v+np>A4pu>-ny>0meN,fe),
and
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Apvy ()i (WHD)itk
I = . 1
L (Av+0=D) k(D) i+k (15)
The operator M’“““]f (w) reduces to the famous Ruscheweyh derivative D*f(w) for
meromorphich univalent functions [8].

several authors studied a subclass of meromorphic multivalent functions for other conditions,
like [9-11].

Definition 1.2: A function f € ), of the class Y (4, 1, v, 1, ¥, @, B) itis satisfied the condition:

wMgP fw >)”+(1+ )
— W4 (1+y
M f(w))!

W(Mf)l,‘\‘i}v’“f(w»r,ﬂ1+2a_y) <B
Mg Fw))’

(16)

forsome a (0<a < 1),(0<B<1),y(0<y<1)keN -—co<A<lp+v+pg>Ap>

-n,v>—-nandn > 0.

Definition 1.3: Let Y5 denote the subclass of Y, defined by

fw)=wk+¥2, awt, (a0, keN). (17)
Then we define a new subclass Y7 (4, 1w, v, 1,7, a, B) by
th (/1: wLv,1,%,a, .B) :ZI-: nZk (/1' wLv,n,Y,a, ﬁ) (18)

2.Coefficient Estimates:
Theorem 2.1: Suppose that f € ¥, and

SR i[i(+B) +y(1 = B) + 2Ball;*"|ay| <k(k — y)+B[k(k+y —2a)].(18)
where I’ f’“’”"] is defined by (15) and the conditions with (16) holds.

Thenf e YA wv,n,y, apB).
Proof: Suppose that the inequality (18) is true.
Assume that

Q (F) = WM F W) + (1 + ) (M" F W)Y | = B [wMgh™ fw))" + (1 + 20 —
VM Fw))'|
By using (14), we have

luvnf(w) — Wk +ZF/1WIJ
Then we find that
Q () = |kl + Dw ™+ D200 — DL qwit + (L4 y) (—kw 1+
Rl [ awih)|

k(k + Dw*1 + Z i(i — 1) L=t + (1 + 2a — y) (—kw*1
i=k

[ee]
: PARYY i-1
+ Z il a;w'™)

—B
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<lk(k+Dw™ 1+ > i(i—1) Fil’”’v‘”aiwi_1 — k(1 +y)w k1
i=k

+ Z il+y) T f’“’v’naiwi_l

—B |k(k + 1)W_k 1 + Y32, i —1) F“””] —k(1+2a—p)w 4+ ¥2 i(1+
2a —y)l"i’luv”aiwl 1| <0
k(k—y)w 1+ ¥e i(i+y)r ?’“’v’naiwi_” —Blk(k+y —2a)w™* T+ 32, i(i +
20 — ) I“l’“’v’na w1 <0
< lkCk = YW+ [S2 G+ T I awl| = (kG +y — 200w = |52, i +
a—y)l"l. MU g wt |) <0
<k(k—y)yr *+3¥2,i(i+y)r ?’”’v’nlailr" — B(k(k +y —2a))r7Fk
+Z Bi(i+2a— y)I"iA’”’v’UIaiIr" <0.
i=k
Zick L [E(A+B) +y(1 = B) + 2pa]l’ luvnla | <k (k —y)+B[k (k +y —2a)]. (19)

Since the above inequality holds for all r, 0 <r < 1. Letting r—17in (19) we get that Q (f) <0,
hence f € (A, LV, 1,7, a,B).

Theorem22:Letf € Y5 .Then f € X5 (A wv,n,v,a B) ifandonly if
SR i[i(L+B) +y(L = B) +2Bal I' 7" lay| <k (k — y)+B[k (k +y —2a)]. (20)
Where I f“”” is defined by (15) and all the parameters are constrained in Theorem (2.1).

Proof: In the of Theorem 2.1, it is sufficient to prove the only if part.
If assume that f € X5 ( 1,1, v,1,7, @, B),then
w(M s f ()"’

(Mo " £ (w))!
WMy F(w))"”

My (W)’

k(=) 432, i+ awi*P
- L. Awvy. i < ﬁ
Blk(k+y—2a)]+532 Bi(i+2a—y)r """ iwitk
Since Re(w) < |w| for all w, it follows that
k(k=y)+X2p i(i+Y)I ] A‘“‘v“a witk
Auwv,n < ﬁ
Blk(k+y—2a)]-X72; B i(i+2a—y)I;

Now letting r—17, through real values, we obtain the result (20).

+(1+y)

<B,
+(14+2a-vy)

a; witk

3. Distortion Theorems:
Theorem 3.1: Let f € ¥ %(A, wv,1,7,q, ﬁ) Then
1 k(k—vy)+pBlk(k +y—2
Ko Bl Y 22O yaeng)

wi*  k[k(1+B)+y(1—-B)+2pa ]
- 1 +k(k—y)+ﬁ[k(k + y—Za)]lwlk
T wl* " k[k(1+B) +y(1—B) + 2 pa]

for all the parameters are constrained in Theorem 2.1.

Proof: Since f € Y5 (A, wv, 1,7, a,B).

1440



Hussein and Jassim Iragi Journal of Science, 2024, Vol. 65, No. 3, pp: 1437-1444

In the of Theorem 2.2, we have

[oe]

i " k[k(1+B)+y(1—p) +2pa]

(21)
i=k
Now,

/1 v, A v, Awy,
W) < o B2 [ ”|w|l<| %t Wk EZa .

By usmg (21), we get
g s <5

k(k—V)+B[k(k + V—Za)]lwlk
klk(1+p)+y(1—p)+2pal
And

Ay, AWy, i
|M W, Uf( )| | |k ?ikai I_; K TJ|W|12__

Ay,
|W|k I K I].

wl* ik a; i
Also use of (21), we get
1 k(k—y)+pBlk(k +y—2
|Mlu171]f(w)| > |W|k _ ( y) ﬁ[ ( |4 a)]

wl*

Kk +B) +y(A—p) +2pa] "

4. Radii of Starlikeness and Convexity:
Theorem 4.1:Letf € ¥ (A, w,v,1,y,a, B). Then f is meromorphically
k-valentstarlike of order (0 <¢/ < k) in |w|< Ry, where

R1—|nfl{(l+2k -k (k=y )+B[k (k +y— Za)] } i+k, (22)

for every parameter are constrained as in Theorem 2.1.
proof: It is sufficient to show that for (0 < ¢/ <k),

|W;?”+H<k . (23)

That is
© (i + k) awttk
1+32, aw ik

‘ —kw R+ Y2 iawt + kw4 32 kkaw‘
w k432, awt

< L2k (i + k) aglw| *F

1= agwltE

o (i + 2k — .
Z (l lp) a;|w|"F < 1.

i=k

<k-—1,

or equivalently

It is enough letting

(i < |G WIA+B) +y(L =) + 2pell e
(i+2k—P)k(k—y)+Blk(k +y— Za)]
Therefore,

(k=) i[i(1+B)+y(1-B)+2Ba]r PPN 1
|W| _{ (i+2k—Y)k (k—y)+B[k(k + y— Za) }+k

(24)

Setting [W|=R, (4, 1, v, 1,7, @, B,)in (24), getting the radius of starlikeness.
Noting the fact that f is convex if and only if w f’is starlike [2], we have
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Theorem 4.2:Let f € Y5 (A, w,v,1,%, a, B). Then f is meromorphically
k-valently convex of order (0<y<k), in |w|<R, where

_o o kR=p)iliA+B)+y (1-B)+2Bal "

Rz_mfi{i(HZk—l/))k (k—=y )+B[k (k + y—2a)]

} 7, (25)

proof: Let f € ¥ (A, 1, v,1,¥, a,B). Then by Theorem 2.2

[oe]

z i[i(1+pB)+y(1—p)+2Ball’ ?‘”‘v‘nai
—  k(k—y)+Blk(k +v—2a)]
For (0 <y < k), we show that

<L

wf" (w)
———+ (14 k)|<k—1.
) ( ) Y
That is
k(k + Dw= &+ £ 32 i (i — Daw™! —k(k + Dw & D 4 3% ik + Da;wi™?
—kw= kD 4 Y2 iqwit
Z?gk i(i+k)ailwli+k < k _ l/),

k=X ia;lw|t*k

| IRiti+k)a;wit
—kw= kD)4 320, jaqw -1 =

or, equivalently

ii(i+2k—¢)
k(k =)

ai|W|i+k <1

It is enough to consider

Wik < {If(_k—u» i[i(l+ﬁ)+y<1—ﬁ)+zﬁa]rf’“”"”}
i(i+2k-Y)k (k—y )+B[k (k + y—2a)]

Therefore,

k(k=p) i[i(1+B)+y(1-B)+2Ba]r{* . L
i< {i(i+2k—1,l))k(k—y)+ﬁ[k (k +y—2a)] } ik, (26)
Setting [w|=R,( 4, 1, v,1,¥,a, B) in (26), we get the radius of convexity

5. Closure Theorems:
Theorem 5.1: Let the functions f,(w), (k = 1,2, ..., s), of the from:

fn(W) =w™P + Z a; mw", (W eUa;m = 0). (27)
i=k

be in the classy{ (A, 1, v, 1, v, a, B).
Then the function F € Y1 (4, 1, v, 1,7, a, B),where

FW)=2m=1 b fm(W); (b = 0 @NdY5, -1 by, = 1). (28)

Proof: By using (28), we can write
F(W)= W_k + Z?ik (anzl bmai,m)wl- (29)
Since f, € YE(Aw vy, a,B)(m = 1,2,..,s), therefore,
S
i[i(1+B) + (1= B) + 28]l ** () bpagm)w!
m=1

N

NgE

Il
&

b O 111+ B) +y(1 = B) + 28] a; )
m=1 i=k
< Thuma b (k (k= y) + Bk (k + 7 = 200]) = k (ke = y)+Blk (k +y —2a)].
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By Theorem 2.2, we have Fe Y5 (A, w, v, 1,7, a, B).

Theorem 5.2: The class Y5 (A, u, v, 1,7, a, B) is closed under convex linear combination.
Proof: If the function f,,,(m=1,2) given by (28) be in the class

Yi(Awv, 0,7, a, B)then it is enough to show that the function

gWwy=ofi(w) + (1 —a)f,(w),(0 <0 <1), (30)
is also inthe class X7 (A, w, v, 1,7, a, B).
Since, for (0 < 0 < 1), g W)=w* + X2, [0a;;, + (1 — 0)a;,|w',
we observe that
2ii[i(1+ ) +v(1 = B) + 28] " {oa;1 + (1 - 0)a;,)
=0 N2 i [i(1+ B) +y (L= B) +2Ba] [[*™Pay; + (1 - 0) B2, i [i(1+ B) +y(1 - B) +
2Ba] I/ a;
<k(k—vy)+pBlkk +v—2a)]
by Theorem 2.2, we have geXf (A, 1, v,1,7, a, B).

Theorem 5.3: Let f,_; (w) = w7k,

few)
“k k(k—y)+plk(k + v —2a)] ;
=w "+

oW (31)
ifi(1+B) +y(1 = B) +2Ba] [;*"
For every parameter in Theorem 2.1,
then
f € Yr(Auvn,y, a Bif and only if f can be expressed in the form
FO0) = O afira W) + ) aifi(w), (32)
k
Where g;,_; = 0,0; = 0and o;,_; + X2, 0; = 1.
Proof: Let
FO0) = G 1 fira W) + ) 0ifi(w)
i=k
ok 4y _ k= HBlk (ty—20)]
W Dk i[i(1+B)+y(1-B)+2pa] I aw
Then

0;

i k (k=y) + Blk (k + y = 20)Ji[i(1 + B) +y(1 = B) + 2Ba] I "™
Sili(1+p)+y(A—p) + 2Ba] T ?’u’v’nk (k—y)+Blk(k +y—2a)]
=Yiek0i =1—o0p_1 < 1.

By Theorem 2.1, we have f € ¥ (A, u,v,n,v,a,B).

Conversely, let f € Y¥( 4w v, 1,7, a,B).

Since
S e for 2 k.
i[i@+p)+y(1-p)+2pa] ;™"
We may take
_ l'[l'(1+,3)+]/(1—ﬁ)+zﬁa] I—.il,p,v,r] . .
LT T e Bk (k ry—2a)] fori = kp

and Op_1 = 1-— ;x;k 0. Then

FO0) = G fera W) + )01 fi(w),
i=k

1443



Hussein and Jassim Iragi Journal of Science, 2024, Vol. 65, No. 3, pp: 1437-1444

6. Conclusions: We obtain the class ¥%(A,u, v, 1,v, a, ) of multivalent functions by using
fractional differ-integral operators . And some geometric properties are calculated.
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