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Abstract: 

     In this paper, the class of meromorphic multivalent functions of the form by using 

fractional differ-integral operators is introduced. We get Coefficients estimates, radii 

of convexity and star likeness. Also closure theorems and distortion theorem for the 

class ∑ (+
𝐾 𝜆,𝜇, 𝑣, ŋ, γ, 𝛼, 𝛽) is calculaed. 

 

Keywords and phrases: Meromorphic multivalent functions, Fractional calculus, 

Radius of Starlikeness and Convexity. 

 

الكسري  التفاضل بمؤثر المرتبطةالميرومورفية متعددة التكافؤ  من الدوالة  دمحد  جزئية فئة حول  
 

 ستار كامل حسين1* , قاسم عبد الحميد جاسم2

 1دائرة تربية هيت,المديرية العامة للتربية في الانبار,وزارة التربية ,هيت,الانبار,31007 العراق 

 2قسم الرياضيات, كليةالعلوم, جامعة  بغدا د,العراق 
 

 الخلاصة:
صنف من الدوال الميرومورفية متعددة التكافؤ المعرفة بواسطة حساب التفاضل والتكامل  قدم    ,  هذا البحث   في      

  الانغلاق ونظرية   .ايضا نظريات   النجمية   التحدبية و اقطار   ,انصاف المعاملات  تقديرات على    تم الحصول  الكسري, 
 للصنف  تم حسابهاالتشوه 

∑ (+
𝐾 𝜆,𝜇, 𝑣, ŋ, γ, 𝛼, 𝛽)        

 

1. Introduction: 

The∑𝑘 symbol the class of meromophic functions is defined by: 

                                   𝑓(𝑤) = 𝑤−𝑘 + ∑ 𝑎𝑖𝑤
𝑖, 𝑘 ∈ ℕ,∞

𝑖=𝐾                                                         (1) 

 

which is analytic and k-valent in the puncture unit disk  

U*={w ∊ ℂ : 0<|w|<1}. 

The function 𝑓 is said to be class ∑ (𝛼∗
𝑘 ) of meromorphic    

k-valenty star like function of range α [1] if : 

Re{
𝑤 𝑓′(𝑤)

𝑓(𝑤)
} > 𝛼, (𝑤 ∈  U∗, 0 ≤ 𝛼 < 𝑘, 𝑘 ∈ ℕ).                                                           (2) 

A function 𝑓 can say in the class ∑ (𝛼)𝑚
𝑘  of meromorphic 
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k-valently convex function of range𝛼 [2] if : 

−𝑅𝑒 {1 +
𝑤 𝑓˶(𝑤)

𝑓′(𝑤)
} > 𝛼, (𝑤 ∈  𝑈∗, 0 ≤ 𝛼 < 𝑘, 𝑘 ∈ ℕ).                 (3) 

By making use of the fractional differ-integral operator contained in : 

 

Definition 1.1: 

𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤)

= { 𝛤(µ+𝑣+ŋ−𝜆)𝛤(ŋ)

𝛤(µ+ŋ)𝛤(𝑣+ŋ)
𝑤−𝑘−ŋ+1𝐼0,𝑤

−𝜆,µ,𝑣,ŋ
[𝑤µ+𝑝𝑓(𝑤)](−∞≤𝜆<0).

𝛤(µ+𝑣+ŋ−𝜆)𝛤(ŋ)

𝛤(µ+ŋ)𝛤(𝑣+ŋ)
𝑤−𝑘+ŋ+1𝐽0,𝑤

𝜆,µ,𝑣,ŋ
[𝑤µ+𝑝𝑓(𝑤)](0≤𝜆<1),    

                                                                          (4) 

Where 𝐽0,𝑤
𝜆,µ,𝑣,ŋ

 is the generalized fractional derivative operator of order 𝛼 given by 

𝐽0,𝑤
𝜆,µ,𝑣,ŋ

 𝑓 (w)=
1

𝛤(1−𝜆)

𝑑

𝑑𝑤
{𝑤𝜆−µ ∫ 𝑡ŋ−1(𝑤 − 𝑡)−𝜆2𝐹1 (µ − 𝜆, 1 − 𝑣; 1 − 𝜆; 1 −

𝑧

0

𝑡

2
) 𝑓(𝑡)𝑑𝑡},                                                                                   (5)  

where (0≤ 𝜆<1). 

 

     A function 𝑓 is analytic in a simply connected region of the w-plane in the multiplicity of 

(w−t)−𝜆is removed by requiring log (w−t) to be real when w−t > 0, that  

                                                            𝑓  (w)= 0 ( | w |r )         (w→0),                                             

(6)                            

and I0,𝑤
−𝜆,µ,𝑣,ŋ

 is the generalized fractional integral operator of order −𝜆 (−∞ < −𝜆 < 0) 

of the form 

I0,𝑤
𝜆,µ,𝑣,ŋ

 𝑓(𝑤) =
𝑤−(𝜆+µ)

𝛤(𝜆)
∫ 𝑡ŋ−1 (𝑤 − t)𝜆−12F1 (𝜆 + µ, −𝑣; 𝜆; 1 −

𝑡

2
) 𝑓(𝑡)𝑑𝑡                       (7)

𝑤

0

 

(𝜆>0, µ, ŋ ∊ R, r ∊ R+ and r > ( max{0, µ}−ŋ)), 

by (5) and (7) we get: 

         J0,𝑤
λ,µ,𝑣,1

 𝑓(𝑤) =  J0,𝑤
λ,µ,𝑣

𝑓(𝑤),                                                          (8) 

and 

I0,𝑤
𝜆,µ,𝑣,1

𝑓(𝑤) = I0,𝑤
𝜆,µ,𝑣

 𝑓(𝑤).                                                          (9) 

Clearly,  J0,𝑤
λ,µ,𝑣

 and   I0,𝑤
𝜆,µ,𝑣

 are well-known (see, [3-5]).  

Now, 

   J0,𝑤
𝜆,𝑣,1 𝑓(𝑤) = D𝑤

𝜆 𝑓(𝑤),         (0 ≤ 𝜆 < 1)                                  (10) 

and 

                       I0,𝑤
−𝜆,𝑣,1𝑓(𝑤) = D𝑤

−λ 𝑓(𝑤),              (𝜆 > 0).                                  (11) 

Where D𝑤
𝜆  and D𝑤

−𝜆 are the famous Owa- Saigo-Srivastana and this can be shown in [6] and [7]. 

      By using the Gamma function, we have 

                               𝐽0,𝑤
𝜆,µ,𝑣,ŋ

𝑤𝑘 =
𝛤(𝑘+ŋ)𝛤(𝑘+ŋ−µ+𝑣)

𝛤(𝑘+ŋ−µ)𝛤(𝑘+ŋ−𝜆+𝑣)
𝑤𝑘+ŋ−µ−1 , (0 ≤ 𝜆 < 1)                             (12) 

and 

                I0,𝑤
𝜆,µ,𝑣,ŋ

𝑤𝑘= 
𝛤(𝑘+ŋ)𝛤(𝑘+ŋ−µ+𝑣)

𝛤(𝑘+ŋ−µ)𝛤(𝑘+ŋ+𝜆+𝑣)
𝑤𝑘+ŋ−µ−1 ( 𝜆 >  0).                                                     (13) 

Where µ, ŋ ∊ 𝑅, 𝑣 ∊ 𝑅+ 𝑎𝑛𝑑 𝑘 > (max{0, µ} − ŋ). 
By using (1), (12) and (13) in (4), we find  

               𝑀𝑜,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤) = 𝑤−𝑘 + ∑ 𝛤𝑖
𝜆,µ,𝑣,ŋ∞

𝑖=𝑘 𝑎𝑖𝑤
𝑖,                                                               (14) 

(−∞ < 𝜆 < 1), µ + 𝑣 + ŋ > 𝜆, µ > −ŋ, ŋ > 0, 𝑚 ∊ ℕ, 𝑓 ∊ ∑𝑚 

and 
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                                                      𝛤𝑖
𝜆,µ,𝑣,ŋ

=
(µ+ŋ)𝑖+𝑘(𝑣+ŋ)𝑖+𝑘

(µ+𝑣+ŋ−𝜆)𝑖+𝑘(ŋ) 𝑖+𝑘
.                                                         (15) 

     The operator 𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤)  reduces to the famous Ruscheweyh derivative 𝐷𝜆𝑓(𝑤)  for 

meromorphich univalent functions [8]. 

 

several authors studied a subclass of meromorphic multivalent functions for other conditions, 

like [9-11]. 
 
Definition 1.2: A function 𝑓 ∊ ∑𝑘 of the class ∑𝑘 (𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽) it is satisfied the condition: 

||

𝑤(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′′

(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′
+(1+𝛾)

𝑤(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′′

(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′
+( 1+2𝛼−𝛾)

|| < 𝛽,                                                                                                    

(16)                                                         

for some 𝛼 (o≤𝛼 < 1), 𝛽(0 ≤ 𝛽 < 1), 𝛾(0 ≤ 𝛾 ≤ 1), 𝑘 ∊ ℕ, −∞ < 𝜆 < 1, µ + 𝑣 + ŋ > 𝜆, µ >
−ŋ, 𝑣 > −ŋ 𝑎𝑛𝑑 ŋ > 0 .  
 

Definition 1.3: Let ∑𝑘
+ denote the subclass of ∑𝑘defined by 

                𝑓(𝑤) = 𝑤−𝑘 + ∑ 𝑎𝑖𝑤
𝑖∞

𝑖=𝑘 ,   (𝑎𝑖≥ 0 ,𝑘∊ℕ).                          (17) 

Then we define a new subclass ∑𝑘
+ (𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽) by 

                ∑𝑘
+ (𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽) =∑𝑘

+⋂∑𝑘 (𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽).                      (18) 

 

2.Coefficient Estimates: 

Theorem 2.1: Suppose that 𝑓 ∈ ∑𝑘 and 

∑ 𝑖∞
𝑖=𝑘 [𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼]𝛤𝑖

𝜆,µ,𝑣,ŋ
|𝑎𝑖| ≤ 𝑘(𝑘 − 𝛾)+𝛽[𝑘(𝑘+ 𝛾 −2𝛼)].(18) 

where 𝛤 𝑖
𝜆,µ,𝑣,ŋ

 is defined by (15) and the conditions with (16) holds. 

 Then 𝑓 ∈ ∑𝑘(𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽). 
Proof: Suppose that the inequality (18) is true.  

Assume that 

Ω (𝑓) = |𝑤(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′′ + (1 + 𝛾)(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′| − 𝛽 |𝑤(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′′ + (1 + 2𝛼 −

𝛾)(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′|. 

By using (14), we have 

                     𝑀𝑜,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤) = 𝑤−𝑘 + ∑ 𝛤 𝑖
𝜆,µ,𝑣,ŋ

∞

𝑖=𝑘

𝑎𝑖𝑤
𝑖. 

Then we find that 

               Ω (𝑓) = |𝑘(𝑘 + 1)𝑤−𝑘−1 + ∑ 𝑖(𝑖 − 1)∞
𝑖=𝑘 𝛤𝑖

𝜆,µ,𝑣,ŋ
𝑎𝑖𝑤

𝑖−1 + (1 + 𝛾)(−𝑘𝑤−𝑘−1 +

            ∑ 𝑖∞
𝑖=𝑘 𝛤𝑖

𝜆,µ,𝑣,ŋ
𝑎𝑖𝑤

𝑖−1)| 

−𝛽 |𝑘(𝑘 + 1)𝑤−𝑘−1 + ∑ 𝑖(𝑖 − 1)

∞

𝑖=𝑘

𝛤𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖𝑤
𝑖−1 + (1 + 2𝛼 − 𝛾)(−𝑘𝑤−𝑘−1

+    ∑ 𝑖

∞

𝑖=𝑘

𝛤𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖𝑤
𝑖−1)| 
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≤ |𝑘(𝑘 + 1)𝑤−𝑘−1 + ∑ 𝑖(𝑖 − 1)

∞

𝑖=𝑘

𝛤𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖𝑤
𝑖−1 − 𝑘(1 + 𝛾)𝑤−𝑘−1

+ ∑ 𝑖(1 + 𝛾)

∞

𝑖=𝑘

 𝛤 𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖𝑤
𝑖−1| 

 −𝛽 |𝑘(𝑘 + 1)𝑤−𝑘−1 + ∑ 𝑖(𝑖 − 1)∞
𝑖=𝑘 𝛤𝑖

𝜆,µ,𝑣,ŋ
𝑎𝑖𝑤

𝑖−1 − 𝑘(1 + 2𝛼 − 𝛾)𝑤−𝑘−1 +  ∑ 𝑖∞
𝑖=𝑘 (1 +

 2𝛼 − 𝛾)𝛤𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖𝑤
𝑖−1| ≤0 

≤|  𝑘 ( 𝑘 −  𝛾 ) 𝑤−𝑘−1 + ∑ 𝑖(𝑖 + 𝛾)∞
𝑛=𝑘 𝛤 𝑖

𝜆,µ,𝑣,ŋ
𝑎𝑖𝑤

𝑖−1| − 𝛽|𝑘(𝑘 + 𝛾 − 2𝛼)𝑤−𝑘−1 + ∑ 𝑖(𝑖 +∞
𝑖=𝑘

2𝛼 − 𝛾) 𝛤𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖𝑤
𝑛−1| ≤ 0 

≤ |𝑘( 𝑘 −  𝛾)𝑤−𝑘| + |∑ 𝑖(𝑖 + 𝛾)∞
𝑖=𝑘 𝛤 𝑖

𝜆,µ,𝑣,ŋ
𝑎𝑖𝑤

𝑖| − 𝛽(|𝑘(𝑘 + 𝛾 − 2𝛼)𝑤−𝑘| − |∑ 𝑖(𝑖 +∞
𝑖=𝑘

2𝛼 − 𝛾) 𝛤 𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖𝑤
𝑖|) ≤ 0 

≤𝑘( 𝑘 − 𝛾)𝑟−𝑘 + ∑ 𝑖(𝑖 + 𝛾)∞
𝑖=𝑘 𝛤 𝑖

𝜆,µ,𝑣,ŋ|𝑎𝑖|𝑟
𝑖 − 𝛽(𝑘(𝑘 + 𝛾 − 2𝛼))𝑟−𝑘 

+ ∑ 𝛽𝑖

∞

𝑖=𝑘

(𝑖 + 2𝛼 − 𝛾)𝛤𝑖
𝜆,µ,𝑣,ŋ|𝑎𝑖|𝑟

𝑖 ≤ 0. 

∑ 𝑖∞
𝑖=𝑘 [𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼]𝛤 𝑖

𝜆,µ,𝑣,ŋ
|𝑎𝑖| ≤ 𝑘 (𝑘 − 𝛾)+𝛽[𝑘 (𝑘 + 𝛾 −2𝛼)].    (19) 

Since the above inequality holds for all r, 0 < r < 1. Letting r→1−in (19) we get that Ω (𝑓) ≤ 0, 

hence 𝑓 ∊ ∑ (𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽). 𝑘  

 

Theorem 2.2 : Let 𝑓 ∈ ∑  .+
𝑘 Then 𝑓 ∈ ∑  (+

𝑘  𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)  if and only if 

∑ 𝑖∞
𝑖=𝑘 [𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼] 𝛤 𝑖

𝜆,µ,𝑣,ŋ
|𝑎𝑖| ≤ 𝑘 (𝑘 − 𝛾)+𝛽[𝑘 (𝑘 + 𝛾 −2𝛼)]. (20) 

Where  𝛤 𝑖
𝜆,µ,𝑣,ŋ

 is defined by (15) and all the parameters are constrained in Theorem (2.1). 

 

Proof: In the of Theorem 2.1, it is sufficient to prove the only if part. 

If assume that 𝑓 ∈ ∑ (+
𝑘  𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽),then 

|
|

𝑤(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′′

(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′
+ (1 + 𝛾)

𝑤(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′′

(𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤))′
+ ( 1 + 2𝛼 − 𝛾)

|
| < 𝛽, 

=|
𝑘(𝑘−𝛾)+∑ 𝑖(𝑖+𝛾)∞

𝑖=𝑘 𝛤𝑖 
𝜆,µ,𝑣,ŋ

𝑎𝑖𝑤𝑖+𝑝

𝛽[𝑘(𝑘+𝛾−2𝛼)]+∑ 𝛽𝑖∞
𝑖=𝑘 (𝑖+2𝛼−𝛾)𝛤

𝑖
𝜆,µ,𝑣,ŋ

𝑖𝑤𝑖+𝑘
| < 𝛽. 

Since Re(w) ≤ |w| for all w, it follows that  

Re{
𝑘(𝑘−𝛾)+∑ 𝑖(𝑖+𝛾)∞

𝑖=𝑘 𝛤 𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖𝑤𝑖+𝑘

𝛽[𝑘(𝑘+𝛾−2𝛼)]−∑ 𝛽 𝑖∞
𝑖=𝑘 (𝑖+2𝛼−𝛾)𝛤

𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖𝑤𝑖+𝑘
} < 𝛽. 

Now letting r→1−, through real values, we obtain the result (20). 

 

3. Distortion Theorems: 

Theorem 3.1: Let 𝑓 ∈ ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽).+
 𝑘  Then 

1

|𝑤|𝑘
−

𝑘 (𝑘 −  𝛾) + 𝛽[𝑘 (𝑘 +  𝛾 − 2𝛼)]

𝑘[𝑘(1 + 𝛽) + 𝛾(1 − 𝛽) + 2 𝛽𝛼]
|𝑤|𝑘 ≤ |𝑀0,𝑤

𝜆,µ,𝑣,ŋ
𝑓(𝑤)|           

≤
1

|𝑤|𝑘
+

𝑘 (𝑘 − 𝛾 ) + 𝛽[𝑘 (𝑘 +  𝛾 − 2𝛼)]

𝑘[𝑘(1 + 𝛽) + 𝛾(1 − 𝛽) + 2 𝛽𝛼]
|𝑤|𝑘, 

for all the parameters are constrained in Theorem 2.1. 

Proof: Since 𝑓 ∈ ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+
𝑘 . 
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In the of Theorem 2.2, we have 

∑ 𝑎𝑖

∞

𝑖=𝑘

𝛤𝑖
𝜆,µ,𝑣,ŋ

≤
𝑘 (𝑘 − 𝛾 ) + 𝛽[𝑘 (𝑘 +  𝛾 − 2𝛼)]

𝑘[𝑘(1 + 𝛽) + 𝛾(1 − 𝛽) + 2 𝛽𝛼]
.                                            (21) 

Now, 

|𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤)| ≤
1

|𝑤|𝑘 + ∑ 𝑎𝑖
∞
𝑖=𝑘 𝛤𝑖

𝜆,µ,𝑣,ŋ
|w|𝑖 ≤

1

|𝑤|𝑘 + |𝑤|𝑘 ∑ 𝑎𝑖
∞
𝑖=𝑘 𝛤𝑖

𝜆,µ,𝑣,ŋ
. 

By using (21), we get 

|𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤)| ≤
1

|𝑤|𝑘
+

𝑘 (𝑘 − 𝛾 ) + 𝛽[𝑘 (𝑘 +  𝛾 − 2𝛼)]

𝑘[𝑘(1 + 𝛽) + 𝛾(1 − 𝛽) + 2 𝛽𝛼]
|𝑤|𝑘. 

And 

|𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤)| ≥
1

|𝑤|𝑘 − ∑ 𝑎𝑖
∞
𝑖=𝑘  𝛤𝑖

𝜆,µ,𝑣,ŋ
|w|𝑖 ≥

1

|𝑤|𝑘 − |𝑤|𝑘 ∑ 𝑎𝑖
∞
𝑖=𝑘 𝛤𝑖

𝜆,µ,𝑣,ŋ
. 

Also use of (21), we get 

|𝑀0,𝑤
𝜆,µ,𝑣,ŋ

𝑓(𝑤)| ≥
1

|𝑤|𝑘
−

𝑘 (𝑘 − 𝛾 ) + 𝛽[𝑘 (𝑘 +  𝛾 − 2𝛼)]

𝑘[𝑘(1 + 𝛽) + 𝛾(1 − 𝛽) + 2 𝛽𝛼]
|𝑤|𝑘. 

 

4. Radii of Starlikeness and Convexity: 

Theorem 4.1:Let𝑓 ∈ ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+
𝑘 . Then 𝑓 is meromorphically 

k-valentstarlike of order ψ(0 ≤ψ  < 𝑘) in |w|< R1, where  

 

R1=i𝑛𝑓𝑖{
(𝑘−𝜓) 𝑖[𝑖(1+𝛽)+𝛾(1−𝛽)+2𝛽𝛼]𝛤𝑖

𝜆,µ,𝑣,ŋ

(𝑖+2𝑘−𝜓)𝑘 (𝑘−𝛾 )+𝛽[𝑘 (𝑘 + 𝛾−2𝛼)]   
}   

1

𝑖+𝑘,                                                                        (22) 

 

for every parameter are constrained as in Theorem 2.1. 

proof: It is sufficient to show that for (0 ≤ ψ <𝑘),   

|
 𝑤   𝑓′(𝑤)

𝑓(𝑤)
+ 𝑘| < 𝑘 − 𝜓.                                                                                                      (23)                                                   

That is  

|
−𝑘𝑤−𝑘 + ∑ 𝑖 𝑎𝑖𝑤

𝑖 + 𝑘𝑤−𝑘 + ∑ 𝑘𝑎𝑖𝑤
 𝑖∞

𝑖=𝑘
∞
𝑖=𝑘

𝑤   −𝑘 + ∑ 𝑎𝑖𝑤𝑖∞
𝑖=𝑘

| = |
∑ (𝑖 + 𝑘)∞

𝑖=𝑘 𝑎𝑖𝑤
𝑖+𝑘

1 + ∑ 𝑎𝑖𝑤   𝑖+𝑘∞
𝑖=𝑝

| 

≤
∑ (𝑖 + 𝑘)∞

𝑖=𝑘 𝑎𝑖|𝑤| 𝑖+𝑘

1 − ∑ 𝑎𝑖|𝑤|𝑖+𝑘∞
𝑖=𝑘

< 𝑘 − 𝜓, 

or equivalently 

∑ (
𝑖 + 2𝑘 − 𝜓

𝑘 − 𝜓
) 𝑎𝑖|𝑤|𝑖+𝑘 ≤ 1.

∞

𝑖=𝑘

 

It is enough letting 

                 |𝑤|𝑖+𝑘 ≤ {
(𝑘 − 𝜓)𝑖[𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼]𝛤 𝑖

𝜆,µ,𝑣,ŋ

(𝑖 + 2𝑘 − 𝜓)𝑘 (𝑘 − 𝛾 ) + 𝛽[𝑘 (𝑘 +  𝛾 − 2𝛼)]
}. 

Therefore, 

|w| ≤ {
(𝑘−𝜓) 𝑖[𝑖(1+𝛽)+𝛾(1−𝛽)+2𝛽𝛼]𝛤 𝑖

𝜆,µ,𝑣,ŋ

(𝑖+2𝑘−𝜓)𝑘 (𝑘−𝛾)+𝛽[𝑘(𝑘 + 𝛾−2𝛼)] 
}

1

𝑖+𝑘.                                         (24) 

 

Setting |w|=R1(𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽, 𝜓)in (24), getting the radius of starlikeness. 

Noting the fact that 𝑓 is convex if and only if w 𝑓′is starlike [2], we have 
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Theorem 4.2:Let 𝑓 ∈ ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+
𝑘 . Then 𝑓 is meromorphically 

k-valently convex of order 𝜓(0≤𝜓<𝑘), in |w|<R2 where  

R2=in𝑓𝑖{
𝑘(𝑘−𝜓)𝑖[𝑖(1+𝛽)+𝛾(1−𝛽)+2𝛽𝛼]𝛤𝑖

𝜆,µ,𝑣,ŋ

𝑖(𝑖+2𝑘−𝜓)𝑘 (𝑘−𝛾 )+𝛽[𝑘 (𝑘 + 𝛾−2𝛼)]  
} 

1

𝑖+𝑘.                            (25) 

 

proof: Let 𝑓 ∈ ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+
𝑘 . Then by Theorem 2.2 

∑
𝑖[𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼]𝛤 𝑖

𝜆,µ,𝑣,ŋ
𝑎𝑖

𝑘 (𝑘 − 𝛾 ) + 𝛽[𝑘 (𝑘 +  𝛾 − 2𝛼)]
≤ 1.

∞

𝑖=𝑘

 

For (0 ≤ 𝜓 < 𝑘), we show that  

|
𝑤𝑓′′(𝑤)

𝑓′(𝑤)
+ (1 + 𝑘)| ≤ 𝑘 − 𝜓. 

That is  

|
𝑘(𝑘 + 1)𝑤−(𝑘+1) + ∑ 𝑖∞

𝑖=𝑘 (𝑖 − 1)𝑎𝑖𝑤
𝑖−1 − 𝑘(𝑘 + 1)𝑤−(𝑘+1) + ∑ 𝑖(𝑘 + 1)𝑎𝑖𝑤

𝑖−1∞
𝑖=𝑘

−𝑘𝑤−(𝑘+1) + ∑ 𝑖∞
𝑖=𝑘 𝑎𝑖𝑤𝑖−1

| 

     =|
∑ 𝑖∞

𝑖=𝑘 (𝑖+𝑘)𝑎𝑖 𝑤 𝑖−1

−𝑘𝑤−(𝑘+1)+∑ 𝑖∞
𝑖=𝑘 𝑎𝑖𝑤 𝑖−1| ≤

∑ 𝑖∞
𝑖=𝑘 (𝑖+𝑘)𝑎𝑖|𝑤|𝑖+𝑘

𝑘−∑ 𝑖∞
𝑖=𝑘 𝑎𝑖|𝑤|𝑖+𝑘 < 𝑘 − 𝜓, 

or, equivalently 

∑
𝑖(𝑖 + 2𝑘 − 𝜓)

𝑘(𝑘 − 𝜓)
𝑎𝑖|𝑤|𝑖+𝑘 ≤ 1.

∞

𝑖=𝑘

 

It is enough to consider 

|w|𝑖+𝑘 ≤ {
𝑘(𝑘−𝜓) 𝑖[𝑖(1+𝛽)+𝛾(1−𝛽)+2𝛽𝛼]𝛤𝑖

𝜆,µ,𝑣,ŋ

𝑖(𝑖+2𝑘−𝜓)𝑘 (𝑘−𝛾 )+𝛽[𝑘 (𝑘 + 𝛾−2𝛼)]   
}. 

Therefore, 

|w|≤ {
𝑘(𝑘−𝜓) 𝑖[𝑖(1+𝛽)+𝛾(1−𝛽)+2𝛽𝛼]𝛤𝑖

𝜆,µ,𝑣,ŋ

𝑖(𝑖+2𝑘−𝜓)𝑘 (𝑘−𝛾 )+𝛽[𝑘 (𝑘 + 𝛾−2𝛼)]   
} 

1

𝑖+𝑘.                                                  (26) 

Setting |w|=R2( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽) in (26), we get the radius of convexity 

 

5. Closure Theorems: 

Theorem 5.1: Let the functions 𝑓𝑘(𝑤), (𝑘 = 1,2, … , 𝑠), of the from: 

                     𝑓𝑚(𝑤) = 𝑤−𝑝 + ∑ 𝑎𝑖,𝑚𝑤𝑛, (𝑤 ∈ 𝑈∗, 𝑎𝑖,𝑚 ≥ 0).               (27)

∞

𝑖=𝑘

 

be in the class∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+
𝑘 . 

 Then the function 𝐹 ∊ ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽),+
𝑘 where  

 

                                       F(w)=∑ 𝑏𝑚𝑓𝑚
𝑠
𝑚=1 (w); (𝑏𝑚 ≥ 0 and∑ 𝑏𝑚 = 1).                         (28)𝑠

𝑚=1  

 

Proof: By using (28), we can write  

F(w)= 𝑤−𝑘 + ∑  (∑ 𝑏𝑚𝑎𝑖,𝑚)𝑤𝑖.                                  (29)𝑠
𝑚=1

∞
𝑖=𝑘  

Since 𝑓𝑚 ∈  ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)(𝑚 = 1,2, … , 𝑠),+
𝑘  therefore, 

∑ 𝑖

∞

𝑖=𝑘

[𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼]𝛤 𝑖
𝜆,µ,𝑣,ŋ

( ∑ 𝑏𝑚𝑎𝑖,𝑚)𝑤𝑖

𝑠

𝑚=1

 

= ∑ 𝑏𝑚

𝑠

𝑚=1

(∑ 𝑖

∞

𝑖=𝑘

[𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼]𝛤𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖,𝑚) 

≤ ∑ 𝑏𝑚
𝑠
𝑚=1 (𝑘 (𝑘 − 𝛾 ) + 𝛽[𝑘 (𝑘 +  𝛾 − 2𝛼)]) =  𝑘 (𝑘 − 𝛾)+𝛽[𝑘 (𝑘 + 𝛾 −2𝛼)] . 
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By Theorem 2.2, we have F∊ ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽).+
𝑘  

Theorem 5.2: The class ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+
𝑘  is closed under convex linear combination. 

Proof: If the function 𝑓𝑚(𝑚=1,2) given by (28) be in the class 
∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽),+

𝑘 then it is enough to show that the function  

 

𝑔(w)=𝜎𝑓1(𝑤) + (1 − 𝜎)𝑓2(𝑤), (0 ≤ 𝜎 ≤ 1),                              (30) 

is also in the class ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+
𝑘 . 

Since, for (0 ≤ 𝜎 ≤ 1), 𝑔 (w)=𝑤−𝑘 + ∑ [𝜎𝑎𝑖,1 + (1 − 𝜎)𝑎𝑖,2]𝑤𝑖,∞
𝑖=𝑘  

we observe that  

∑ 𝑖∞
𝑖=𝑘 [𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼] 𝛤𝑖

𝜆,µ,𝑣,ŋ
{𝜎𝑎𝑖,1 + (1 − 𝜎)𝑎𝑖,2} 

= 𝜎 ∑ 𝑖∞
𝑖=𝑘 [𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼] 𝛤𝑖

𝜆,µ,𝑣,ŋ
𝑎𝑖,1 + (1 − 𝜎) ∑ 𝑖∞

𝑖=𝑘 [𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) +

2𝛽𝛼] 𝛤𝑖
𝜆,µ,𝑣,ŋ

𝑎𝑖,2 

≤ 𝑘(𝑘 − 𝛾 ) + 𝛽[𝑘(𝑘 +  𝛾 − 2𝛼)], 
by Theorem 2.2, we have 𝑔∊∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+

𝑘 . 
 

Theorem 5.3: Let 𝑓𝑘−1(𝑤) = 𝑤−𝑘, 
                      𝑓𝑘(𝑤)

= 𝑤−𝑘 +
𝑘(𝑘 − 𝛾) + 𝛽[𝑘(𝑘 +  𝛾 − 2𝛼)]

𝑖[𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼] 𝛤𝑖
𝜆,µ,𝑣,ŋ

𝑤𝑖 .                                     (31) 

For every parameter in Theorem 2.1,  

then 

𝑓 ∈  ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+
𝑘 if and only if 𝑓 can be expressed in the form  

                      𝑓(𝑤) = 𝜎𝑘−1𝑓𝑘−1(𝑤) + ∑ 𝜎𝑖𝑓𝑖(𝑤),                                       (32) 

∞

𝑘

 

Where 𝜎𝑘−1 ≥ 0, 𝜎𝑖 ≥ 0 and 𝜎𝑘−1 + ∑ 𝜎𝑖 = 1.∞
𝑖=𝑘  

Proof: Let 

                 𝑓(𝑤) = 𝜎𝑘−1𝑓𝑘−1(𝑤) + ∑ 𝜎𝑖𝑓𝑖(𝑤)

∞

𝑖=𝑘

 

=𝑤−𝑘 + ∑
𝑘 (𝑘−𝛾)+𝛽[𝑘 (𝑘+ 𝛾−2𝛼)]

𝑖[𝑖(1+𝛽)+𝛾(1−𝛽)+2𝛽𝛼] 𝛤
𝑖
𝜆,µ,𝑣,ŋ 𝜎𝑖𝑤𝑖.∞

𝑖=𝑘  

Then 

∑
𝑘 (𝑘 − 𝛾) + 𝛽[𝑘 (𝑘 +  𝛾 − 2𝛼)]𝑖[𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼] 𝛤 𝑖

𝜆,µ,𝑣,ŋ

𝑖[𝑖(1 + 𝛽) + 𝛾(1 − 𝛽) + 2𝛽𝛼] 𝛤 𝑖
𝜆,µ,𝑣,ŋ

𝑘 (𝑘 − 𝛾 ) + 𝛽[𝑘 (𝑘 +  𝛾 − 2𝛼)]  
𝜎𝑖

∞

𝑖=𝑘

 

=∑ 𝜎𝑖 = 1 − 𝜎𝑘−1 ≤ 1.∞
𝑖=𝑘  

By Theorem 2.1, we have 𝑓 ∈  ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+
𝑘 .  

Conversely, let 𝑓 ∈  ∑ ( 𝜆, µ, 𝑣, ŋ, 𝛾, 𝛼, 𝛽)+
𝑘 . 

Since  

                      𝑎𝑖 ≤
𝑘 (𝑘−𝛾 )+𝛽[𝑘 (𝑘 + 𝛾−2𝛼)]

𝑖[𝑖(1+𝛽)+𝛾(1−𝛽)+2𝛽𝛼] 𝛤
𝑖
𝜆,µ,𝑣,ŋ,for 𝑖 ≥ 𝑘. 

We may take  

                   𝜎𝑖 =
𝑖[𝑖(1+𝛽)+𝛾(1−𝛽)+2𝛽𝛼] 𝛤𝑖

𝜆,µ,𝑣,ŋ

𝑘 (𝑘−𝛾 )+𝛽[𝑘 (𝑘 + 𝛾−2𝛼)]
𝑖, for 𝑖 ≥ 𝑘𝑝 

and 𝜎𝑘−1 = 1 − ∑ 𝜎𝑖 .∞
𝑖=𝑘   Then  

                   𝑓(𝑤) =  𝜎𝑘−1 𝑓𝑘−1(𝑤) + ∑ 𝜎𝑖

∞

𝑖=𝑘

𝑓 𝑖(𝑤). 
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6. Conclusions: We obtain the class ∑ (+
𝐾 𝜆,𝜇, 𝑣, ŋ, γ, 𝛼, 𝛽) of multivalent functions by using 

fractional  differ-integral operators . And some geometric properties are calculated.   
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