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Abstract

We introduce in this paper, the notion of a 2-quasi-prime module as a
generalization of quasi-prime module, we know that a module E over aring R is called
quasi-prime module, if (0) is quasi-prime submodule. Now, we say that a module E
over ring R is a 2-quasi-prime module if (0) is 2-quasi-prime submodule, a proper
submodule K of E is 2-quasi-prime submodule if whenever a,b € R,x € W and abx €
K, then either a?x € K or b%x € K.
Many results about these kinds of modules are obtained and proved, also, we will give
a characterization of these kinds of modules.

Keywords: quasi-prime module, 2-quasi-prime module, 2-quasi-prime submodule, 2-
prime module.
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1. Introduction.

Let E a module over a ring R with identity. Deasle defined in [2] prime module, if (0) is
prime submodule, a proper submodule H of E called prime submodule. If rxeH, where reR,
X€EE, then either xeH or r €[H: E].

Fatima and Alaa introduced in [3] a 2-prime module as a generalization of a prime module
as the following we say E is 2-prime R-module if (0) is 2-prime submodule of E, where every
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prime module is 2-prime module. A proper submodule H of a module E is 2-prime submodule
if whenever reR, xeE, rx €E, implies xeH or r2 €[H: E]. [4].

Montana Abdul-Razak introduced in [5] Quasi-prime module, which is a generalization of
prime modules. We say E is Quasi-prime R-module if (0) is quasi-prime submodule of E.
where a proper submodule H of E is called quasi-prime submodule if whenever a, b € R, XEE,
abx €E, implies either ax € H or bx € H. As a generalization for this notion, we will introduce
2-quasi-prime R-module, if (0) is 2-quasi-prime submodule, where H is called 2-quasi-prime
submodule if whenever a, b € R, X€E, abx €E, implies either a?x € H or b?x € H,[6]. In this
paper, many properties for this new kind of modules are proved such that every 2-prime module
is 2-quasi-prime but the converse is not true.

2. Basic Properties of 2-quasi-prime module
We introduce in this section the concept of a 2-quasi-prime R-modules and we give a
characterization of these kinds of modules.

Definition (2.1).

Let E be a module over a ring R, E is called a 2-quasi-prime R-module if (0) is 2-quasi-
prime submodule of E.
In the upcoming proposition, we give a characterization for 2-quasi-prime module.

Proposition (2.2). Let E be an R-module. Then E is a 2-quasi-prime R-module if and only if
ann(x) is 2-prime ideal for every non-zero x € E.

Proof:(=) suppose that E is 2-quasi-prime module. ab € ann(x) where abx = 0, so abx €
(0) forevery x € E. But (0) is 2-quasi-prime submodule, then either a?x € (0) or b%x € (0).
Thus either a? € ann(x) or b? € ann(x), hence ann(x) is 2-prime ideal.

(<)Suppose abw € (0) where w € E Thus abw = 0, then ab € ann(w). But ann(w) is 2-
prime ideal then either a? € ann(w) or b? € ann(w) , so a?w = 0 or b?w = 0 then either
a’w € (0) orb?w € (0) therefore (0) is 2-quasi-prime submodule of E and hence E is 2-quasi-
prime R-module.

Corollary (2.3). Let E be module over ring R. Then E is a 2-quasi-prime R-module if and only
if ann(K) is 2-prime ideal for every non-zero submodule K of E.

Remarks and Examples 2.4.

1. The Z-module Z,, is a quasi-prime module if and only if n is prime number by [5] that is not
true in 2-quasi-prime R-module, the converse is not true Zg is 2-quasi-prime R-module but n is
not prime

2. Zg as Z-module which is not 2-quasi-prime R-module. Because (0) is not 2-quasi-prime
submodule since3:2-1=0€ (0)and32:-1=9 ¢ (0) also 22.1 = 4 ¢ (0)

3. Every quasi-prime module if 2-quasi-prime module.

Proof: Let abx € (0) where a,b € R, x € E. Now, since E is quasi-prime module. Thus, (0) is
quasi-prime submodule so, either ax € (0) or bx € (0)and hence either a’x € (0) or b%x €
(0), hence (0) is 2-quasi-prime submodule then E is 2-quasi-prime R-module.

4. The converse of (3) is not true as the following example show Zg as Z-module is not quasi-
prime R-module by [5] since 2-1-4 € (0) but 2- 1 & (0), but it is 2-quasi-prime R-module
5. Each prime R-module is 2-quasi-prime R-module.

6. The converse of (5) is not true for example: Z, as Z-module is not prime since 2-2 = 4 €
(0),4 ¢ (0)and 2 & [(0);Z,] = 4Z

7. Each 2-prime R-module is 2-quasi-prime R-module.
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Proof: Let E be 2-prime R-module (0) is 2-prime submodule and by [6] every 2-prime
submodule is 2-quasi-prime submodule. Thus (0) is 2-quasi-prime submodule, and hence E is
2-quasi-prime R-module.

8. The converse (7) is not true as the following example shows: Zg as Z-module is not 2-prime
module but it is 2-quasi-prime submodule.

9. Each non-zero submodule of 2-quasi-prime R-module is 2-quasi-prime R-module.
Proof: Let K be non-zero submodule of 2-quasi-prime R-module E. Now, let abx € (0), where
a,b € R and x € K thus either a?x € (0) or b%x € (0) since E is 2-quasi-prime R-module
therefore K is 2-quasi-prime R-module.

10. Each module over a field is 2-quasi-prime R-module.

Proof: Clear by [5]

11. The homomorphic image of 2-quasi-prime module is not necessary to be a 2-quasi-prime

module, for example: clear that Z-module Z is a 2-quasi-prime [5]. But é = Z, Is not 2-quasi-
prime Z-module since 2-3-1=0€ (0) but22-1 =4 € (0) and 32.1 = 9 ¢ (0).
12. The Z-module E = Z®Z,, is 2-quasi-prime module

Proof: Since E is prime module by [5] and by (5) E is 2-quasi-prime R-module.
We need the following proposition to prove proposition (2.6).

Proposition (2.5). Let f: E; — E, be an epimorphsim, where E; and E,are two R-modules. If
K is a 2-quasi-prime submodule of E,, then f~1(K) is a 2-quasi-prime submodule of E;.
Proof: To prove f~1(K) is 2-quasi-prime submodule of E;. We want to prove [f~1(K):L] is
a 2-prime ideal. VK < E, such that f~*(K) < L let ab € [f~1(K)4L] and so abL < f~1(K).
Thus f(abL) € f(f~1(K)), so ab(f(L) S K, therefore ab € [K: f(L)]. But K is 2-quasi-
prime submodule of E,. Then either a? € [K: f(L)] or b? € [K: f(L)]. Thus either a?f (L) <
K or b%f(L) €K, ie. either a’L < f~1(K) or b2L € f~1(K) therefore either a? €
[f~Y(K):L]orb? € [f~Y(K):L]i.e. [f~1(K):L] is 2-prime ideal. So f~1(K) is 2-quasi-prime
submodule of E;

Proposition (2.6). Let H is a proper submodule of an R-module E, then H is 2-quasi-prime
submodule of E if and only if % IS a 2-quasi-prime R-module.

Proof: Since % is 2-quasi-prime R-module, so by definition (2.1) 05 Is 2-quasi-prime
submodule of g

Now, let m: E —>§ be natural projection. Now, by using Proposition (2.5), and by our
assumption we have 7=(0r) = H is 2-quasi-prime submodule of E.

Conversely, suppose H is aH2-quasi-prime submodule of E. to show thatg IS a 2-quasi-prime
submodule: let ryr,(x + H) € Og, wherer;,m, ER,(x + H) € g So (ryryx + H) this implies

that r;7,x € H. But H is a 2-quasi-prime submodule of E, thus either r,2x € H or r,%x € H.

This means either n2x+H=Horr,’x+H=Hie,rn?(x+H) =Horn?(x+H)=H

therefore, either r,%(x + H) € 0z 1,%(x + H) € 0£.This means that Oz is a 2-quasi-prime
H H H

E . . .
submodule. hence, —lisa 2-quasi-prime R-module.

Proposition (2.7). Let E; and E, be two R-modules such that E, is 2-quasi-prime R-module.
Then Hom(E,, E;) is a 2-quasi-prime R-module.
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Proof: Let K be any submodule of Hom(E;, E;). To show that anngK is 2-prime ideal of R.
Letr;, 7, € R such that ryr, € anngK. Foreach f € K,riryf = 0.Soryr,f(x) = 0 forall x €
E since E, is a 2-quasi-prime R-module. Then (0) is a 2-quasi-prime submodule of E. Thus
either . 2f (x) = 0 orrp,2f(x) = 0 forall x € E, hence either r;2f = 0 or r,2f = 0. Therefore,
anngK is 2-prime ideal.

Corollary (2.8). The endomorphism of 2-quasi-prime R-module is also a 2-quasi-prime R-
module.

Proof: clear.

Recall that an integral domain is a non-zero commutative ring with no non-zero divisors

Proposition (2.9). If E is an R-module and S = Endg(E) such that E is a 2-quasi-prime S-
module and S is commutative then S is an integral domain.

Proof: Let f,g € S such that f.g = 0. Thus (f.g)(x) = 0 for all x € E. But E is a 2-quasi-
prime S-module, so (0) is a 2-quasi-prime S-submodule of E. Thus either f2(x) = 0 or g2(x) =
0 for all x € E. therefore either f = 0 or g = 0 and this means that S is an integral domain.
The following corollary are immediate consequence of the last theorem.

Corollary (2.10). Let E is an R-module, then E is a 2-quasi-prime R-module if and only if E is
a 2-quasi-prime R /anngz E —module.

Remark (2.11). If E is a 2-quasi-prime R-module, then it is not necessary that R is a 2-quasi-
prime ring; for example Z, as Z,-module, Z, is a 2-quasi-prime module, since (0) is 2-quasi-
prime submodule. But Z, is not 2-quasi-prime ring since 2 - 3 -1 € (0), but neither 22 € (0)
nor 32 € (0).

Moreover, if R is a 2-quasi-prime ring and E is an R-module then E is not necessarily 2-quasi-
prime module, for example: consider the Z-module Z,: notice that Z is a 2-quasi-prime ring
since (0) is 2-quasi-prime ideal) but Z, is not 2-quasi-prime module.

Proposition (2.12). If E is a faithful multiplication R-module, then E is a 2-quasi-prime R-
module if and only if R is a 2-quasi-prime ring.

Proof: suppose E is a 2-quasi-prime R-module. To prove that R is 2-quasi-prime ring. Let J be
a non-zero ideal of R since E is multiplication R-module so K = JE is a non-zero submodule
of E.

Hence anngiK is a 2-prime ideal of R because E is a 2-quasi-prime module. And since E is a
faithful R-module, so anngz K = anngJ thus anng/ is a 2-prime ideal and R is a 2-quasi-prime
ring.

Now, for the converse, suppose R is a 2-quasi-prime ring, we want prove that E is 2-quasi prime
module: let H be a non-zero submodule of E. Since E is a multiplication R-module, then H =
AE, for some ideal A of R. But E is faithful so anngH = anngAE = anngA, which is 2-prime
ideal. Therefore by proposition (2.2) E is 2-quasi-prime R-module.

Recall that an R-module E is uniform if the intersection of any two non-zero submodules of
E is not zero [9]

Remark (2.13). We notice that not every 2-quasi-prime R-module is uniform for example the
Z-module Z@Z is prime and hence 2-quasi-prime Z-module. But it is not uniform if U =
Z®(0) and K = (0)®Z then U N K = (0).

Theorem (2.14). Let E be an R-module and let | be an ideal of R, which is contained in annyE.
Then E is a 2-quasi-prime R-module if and only if E is a 2-quasi-prime R /I —module.
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Proof: Let E be 2-quasi-prime R-module. To prove that E is 2-quasi-prime R/I —module, we
must prove that anng /K is 2-prime ideal for every submodule K of E. Now, let (a +1) =
(b + 1) € annr K and suppose a? + I & anngK so a*K # 0, where (a + 1), (b + I) € R, then

1
(ab+1) € annrK. Thus (ab + I)K = 0, so abK =0 i.e. ab € anngzK. But anni K is 2-
1

prime ideal since E is a 2-quasi-prime R-module and a?K # 0 sob?K = 0. Thus (b? + DK =
0 and hence (b + I)? € annzK. Therefore, annrK is 2-prime ideal and thus E is 2-quasi-prime

1 I
R/I —module.
The converse is clear.

Remark (2.15). If R is 2-quasi-prime R-module, then I is 2-prime ideal of R, but this not implies
that | is 2-quasi-prime ideal of R, as the following example shows consider Zg as Zg-module.
One can prove easily that Zg asZg-module is 2-quasi-prime Zg —module. Let I = {0,4}, l is a
2-prime ideal of Zg, but it is not a 2-quasi-prime ideal of Zg since 3:2-2 =4 €1,but3%2.2 =
2¢1.

Now, we will see the direct sum of 2-quasi-prime R-modules need not to be 2-quasi-prime.

Proposition (2.16). Let E = E;®FE, be R-module if E; and E, are 2-quasi-prime module such
that V(x,y) € E,x # 0,y # 0,ann(x) € ann(y) or ann(y) S ann(x). Then E is 2-quasi-
prime R-module.

Proof: To prove (0g) is 2-quasi-prime submodule, let ab(x, y) = (0,0) then abx = 0 oraby =
0

e x+0,y=0

abx = 0 then a’x = 0 or b?x = 0 if a®?x = 0 then a?(x,y) = (0,0) since y = 0

If b2x = 0 then b%(x,y) = (0,0)

o Casel:x=0,y#0

aby = 0s0 a’y = 0 or b%2y = 0 if a?y = 0 then a?(x,y) = (0,0)

If b2y = 0 then b2(x,y) = (0,0)

e Case2:x =0,y = 0. Itisclear that a®(x,y) = (0,0) and b?(x,y) = (0,0)

e Case 3:x # 0,y = 0. By assumption ann(x) € ann(y) or ann(y) S ann(x)

Suppose ann(x) € ann(y)

Now, abx = 0 then a?x =0 or b?x =0 if a’x =0 then a? € ann(x) € ann(y) thus
a?(x,y) = (0,0) if b2x = 0 then b? € ann(x) S ann(y) thus a?(x,y) = (0,0)

If ann(y) € ann(x) since aby = 0 implies a? € ann(y) € ann(x) thus a?(x,y) = (0,0)

If b2y = 0 then b? € ann(y) S ann(x) then b%(x,y) = (0,0) thus either a?(x, y) = (0,0) or
b?(x,y) = (0,0) so (05) = (0,0) is 2-quasi-prime submodule so E is a 2-quasi-prime module

Proposition (2.17). Each direct summand of 2-quasi-prime R-module is 2-quasi-prime
submodule.

Proof: Suppose H; and H, are two R-submodule of an R-module E such that E = H;®H, and
E is 2-quasi-prime R-module to show that H; is 2-quasi-prime R-submodule let t;,t, € R and
x € E such tyt; € [Hi5(x)] s0 x = x;®x,, where x; € H;,x, € H,. Thus t;t,(x; + x,) €
Hiand hence that t;t,x; + t;t,x, € H; which implies that t;t,x; € H, N H, = (0). Thus
tit, € [(0)z(xy)]. Since E is 2-quasi-prime module then (0) is 2-quasi-prime submodule and
hence [(0) z(x;)] is 2-prime ideal thus either t,2 € [(0)5(x,)] or t,2 € [(0)(x;)]. Thus either
t;2x; =0 or ty2x, = 0. Since t;%x = t,2(x;®x,) = t;2x; + t;%x, and t,%2x = t,2(x; +
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x;) = t%x; + t,%x,. Hence either t;2 € [Hyi(x)] or t,% € [Hy5(x)], which means that
[Hy5(x)] is 2-prime ideal of R and H, is 2-quasi-prime submodule of E.

Remark (2.18). The converse of Proposition 2.17 is not true the Z-module E = Z,&Z5 is not
2-quasi-prime R-module since ann(Z,®Z3) = 6Z is not 2-prime ideal. But Z, and Z; are 2-
quasi-prime R-module.

Conclusion

1. Let E be an R-module, then E is a 2-quasi-prime R-module if and only if ann(x) is 2-prime
ideal for every non zero x € E.

2. If E; and E, be two R-modules such that E, is 2-quasi-prime R-module. Then Hom(E;, E3)
IS a 2-quasi-prime R-module.

3. The endomorphism of 2-quasi-prime R-module is also a 2-quasi-prime R-module.

4. If E is an R-module and S = Endg(E) such that E is 2-quasi-prime S-module and S is
commutative, the S is an integral domain

5. If E is a faithful multiplication R-module, then E is a 2-quasi-prime R-module if and only if
R is a 2-quasi-prime ring.

6. Let E be an R-module and let I be an ideal of R, which is contained in anngzE. Then E is a
2-quasi-prime R-module if and only if E is a 2-quasi-prime R /I —module.
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