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Abstract

In this paper, we introduce new definitions of the LP- spaces, 1 < P < oo, namely
the LP(R™ HY) - spaces,1 < P < oo, Here, n and N are natural numbers that are
not necessarily equal, such that n, N > 1. The space R" refers to the n-dimensional
Euclidean space, H refers to the quaternions set and HY refers to the N-dimensional
quaternionic space. Furthermore, we establish and prove some properties of their
elements. These elements are quaternion-valued N-vector functions defined on R",
and the L spaces have never been introduced in this way before.

Keywords: Hamiltonian skew field of quaternions, Quaternion N-vectors,
Quaternion-valued functions, LP(R", H") spaces, L® (R™, H") space.
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1. Introduction

There have been a vast number of studies on the real quaternions set H (which is
sometimes called the Hamiltonian skew field of quaternions) since it has been introduced for
the first time in 1843 by W. R. Hamilton [1] and [2]. Technological improvements have been
provided when the real quaternions are put into practice and it has been studied in different
areas like geometry, algebra, computer-aided design, and physics.
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One of the recent papers in this regard is the paper M. J. Saadan et al. [3] in which among
other interesting results, the spaces LP(G? H)and L*(G? H) have been defined for the
quaternion-valued functions u: G2 — H, where G is a locally compact abelian group. Also, in
[4] quaternion-valued positive definite functions have been studied on the countable real
Hilbertian nuclear spaces, locally compact abelian groups and on the linear space of all real
numerical sequences RM™ = {(xy, -+, x4, - ): x4 € R} endowed with the Tychonoff topology.
On the other hand, in [5] the module structure of the N-dimensional quaternionic space HY
has been created with other interesting results. The idea of this paper is inspired by the results
of all the interesting papers mentioned above.

Although the majority of scientific studies are on real space, when the concept of raising
the dimension of the space is considered, the approaches of this work would be different. To
explain this statement, consider a limit problem, then the offered solution by the N-vectors
approximations is more rational in this case. Hence, the need arises to study N-dimensional
spaces like the space H" and the N-dimensional vector valued functions like the quaternion-
valued N-vector functions.

The main object of the study in this paper is the quaternion-valued N-vector functions
u: R™ — HY, where the natural numbers n, N > 1 are not necessarily equal. The crucial goal
of the study is to define the LP(R™ H") — spaces, 1 < P < oo, and to analyze some of the
most important concepts of these spaces. Here, R™ refers to the real n-vector space R" =
R X R x --- X R, H refers to the real quaternions set, and H refers to the N-dimensional

n—times
quaternionic space (quaternionic N-vector space) HY = H x H X --- x H, the details will be
N-times

included in the preliminaries in the next section.

The authors in this paper followed the same strategy of [6] and [7] for referring to the
modulus of a space x (as an example) by |||l due to the different algebraic systems that are
used in this work and to make the clearness to the reader for which modulus and for which
space. The absolute value for a real number will be denoted by ||.

2. Preliminaries

This section will be devoted to summaries of the background of the topic under
consideration. We also present the most important basics that are needed throughout this
work. References will be given to direct the reader to more details.

2.1 The real quaternion space H

The most popular definition of the real quaternions set H is given in the following form:
H={qlg=a+bi+cj+dk,ab,cdEeE R}
with the following properties for i, j and k which are called Hamilton’s multiplication rules:
irj=—jri=kjk=—k-j=ik-i=—i-k=jand j2=k%?=i?=jk=-1.

Actually, each quaternion element, for example, g = a + bi + ¢j + dk can be written as a
sum of two parts, one of them is called the scalar part or the real part and is denoted by Sc(q)
or simply S, in this case, S, = a. Other elements are called the vector, spatial, or pure part
which are denoted by Vec(q) or simply V;, in this case, V, = bi + ¢j + dk. Therefore, q =
Sq + Vg The conjugate of the quaternion q is g =S, —V;, and the modulus |[q|ly of a
quaternion q is defined by ||qlly = \/T =+va? + b2 + c2 + d2. We refer the reader to [5],
[8], [9], [10], [11], [12], and [13] for more interesting details , properties and results
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regarding the quaternions and the algebraic operations such as the addition and the
multiplication of two quaternion elements, and also the multiplication of a quaternion element
by a real scalar. The above typical representation of the quaternions will be used in this
paper, However, the quaternion numbers can also be represented in a matrix form. Assume
that I is 4 x 4 identity matrix, and assume that H,J, K are 4 X 4 real matrices. The typical
quaternion can be rewritten in the following matrix form:
Q =al + bH + c] + dK,
where the matrices I, H,J,and K satisfy the Hamiltonian conditions. For more details about
the matrix form, we refer the reader to [14].

2.2 The N-dimensional quaternionic space HV

Let HY be the N-dimensional quaternions set which is the set of all real quaternion N-
vectors. It is defined as follows:
HY =H x H X --- x H,

N-times

and is represented by the following set:
HY ={q = (41,92, an)1q1, G2, , qn € H}.

Since q; € H for all 1 =1,2,---,N this means it can be written as q, =S, +V,,.
Therefore, the quaternionic N-vector g itself can be written as a sum of two N-vectors as in
the following form:

C_[) = Sa + V(j ,

where the real N-vector Sz = (Sql,qu, ---,SqN) represents the scalar (real) part of ¢ and the
pure (spatial) quaternion N-vector Vz = (Vql,qu,--~,I/qN) represents the vector part of g.
Consequently, the conjugate of the quaternionic n-vector g is:

q= S — V3.

The set of all pure (spatial) quaternionic N-vectors Hj (where p comes from the word
“‘pure’’) can be defined as the set of all vector parts of the quaternionic N-vectors of the set
HV:

Hg = {V‘_j = (Vﬂh’vzlz’ ’V(IN)lq) € ]HIN}'

The modulus of N-dimensional quaternion vector ¢ = (q4,q5,*+,qy) in the vector space

H" defined in [5] by ||Gllgv = v X4llq:]l%. To understand the vector space structure of N-
dimensional quaternionic space over real space. We recommend the reader to see[5]. Among
other interesting results, an inner product function and a norm function have been defined on
the N-dimensional quaternionic space. The analysis concepts of the quaternionic N-vector
valued functions such as limits, continuity, and the derivatives have been discussed and
described in there considering the component-wise metric on HY .

3. The L? and L*- spaces of quaternion-valued N-vector functions on R™

This section contains the main results of this paper. We start with introducing the
definitions of the quaternion-valued N-vector functions, LP(R"™ HV) - spaces and
L*(R™, H") - space. To the best of our knowledge, these definitions are not introduced before
in the sense of HY. After that, some properties of the functions that belong to these spaces
will be discussed clearly.
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3.1 Definition (Quaternion-valued N-vector functions on R")
Let n and N be the natural numbers that are not necessarily equal, such that n,N > 1.
Consider the Euclidean real n-vector space R® = R X R x -« X R, and the quaternionic N-

n—times
vector space HY = H x H X --- x H. If u is a function from R" to H", i.e., u: R* — HV.
N-times

Then u is called a quaternion-valued N-vector function on R™.

3.2 Definition (LP(R", H¥) - spaces, 1 < p < o)

Let n and N be the natural numbers that are not necessarily equal, such that n,N > 1.
Consider the n-dimensional Euclidean space R™, and the N-dimensional quaternionic space
HY. We define the spaces LP(R"™, HY) for 1 < p < o as follows:

LP(R™ HN) = {u : R* — ]HIN|u is measurable on R", and ”uan(Rn’HN) < 00},

where:
1

lall o oy = (Synl GO NG wdx)”.

3.3 Definition (L (R"®, HV) - space)

Let n and N be the natural numbers that are not necessarily equal, such that n,N > 1.
Consider the n-dimensional Euclidean space R™, and the N-dimensional quaternionic space
HY. We define the space L*(R™, H") in the following form:

L2 (R, HN) = {u : R® — H"|u is measurable on R*, and ] o (g gy < 00},
where:
”'U.”Loo(]Rn'HN) = ess sup||u(x)|[yn.

XERM

After defining the LP(R", HY) - spaces, 1 < p < oo, we will state and prove the following
theorem.

3.4 Theorem
Let u : R®™ — HY be a quaternion-valued N-vector function, which means for all x € R"

there exist quaternions u, € H, t = 1,2,3, -+, N such that u(x) = (uq, u,, -+, uy), which also
means for every fixed t there exist u,; € R, s = 0,1,2,3 such that u, = u; o + ug 11 + uppj +
ugzk. If u is a measurable function, then for 1 < p < o the following statements are
equivalent:

I. The quaternion-valued N-vector function u: R™ — HY is an element of the space

LP(R™ HY), i.e., u € LP(R"™, H").

Il. The components u; € LP(R™, H), Vt =1,2,3,:--, N.
. Forallt =1,2,3,-,N, the components u, ¢ € L°P(R",R), Vs = 0,1,2,3.

Proof

First, we prove for 1 < p < oo,

We assume that 1 is satisfied and prove II. Suppose that u € LP(R™, H"). This means
”'U.”Lp(Rn,IH]N) < oo, Note that:

lue )Ml < llu@)llgn , Yt = 1,2,3, -+, N. Hence,
e o sy = Sl CONErx < finlluCOlfdx = ullfp g gy < 0.
Therefore, u, € LP(R™, H), vVt =1,2,3,::-,N.

Now, we assume that I is satisfied and provell. Suppose that u, € LP(R", H), Vt =
1,2,3,---, N. Therefore, ||u¢llprn gy < o, Vt = 1,2,3,---, N. Then:
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el oy = Sn GO Il
= o (Vs GO + Ttz GO+ + Nun GOTE)’ dx,
< n Qs (s + lltz GOl + -+l ()Pl
= NP [ (2 llun (Ol + 2z (Ol + -+ + 2y Gl ) lx

1\P
< NP fon ((% llus GOl + X ”uz(X)”% +o s ||uN(X)||%)p> dx,

= N fo (Rl GO, + 2l GO + -+ 2y GOI)
= NP7 [ (s GOy + ez GOl + -+ + luw GOl dx,
= N7 ([l GONEdx + il GOl + 4 fyallun (O ),

= NP1 (”ullle(Rn m T ”u'Z”ip(]Rn,]}H) + -t ”uN”fp(Rn,H)),
< oo,
Hence, [ if and only if II is proved for 1 < p < oo.

Now, we assume that II is satisfied and prove III. Suppose that u, € LP(R", H), Vt =
1,2,3,---,N. Therefore, |lu.|lpgrm < o, Vt =1,2,3,---,N. Note that for every fixed t €
{1,2,3, -+, N} the following holds:
|ues |, < llue()lli, Vs = 0,1,2,3. Hence,

P
”ut”EP(RTL,R) = fRn|ut,s(X)|RdX = f]]gn”ut(x)”llpiﬂdx ”uf”LP(]Rn H) < ®.
Therefore, vt = 1,2,3,---, N, the components u, ; € LP(R", R), Vs = 0,1,2,3.

Now, we assume that III is satisfied and prove II. For every fixed t € {1,2,3,---, N},

suppose that u,; € LP(R™, R), Vs = 0,1,2,3. Therefore, ”ut’S”LP(R” p < Vs =0123.
then:

”ut”LD(Rn]}H) fRn”ut(X)llgﬂan
P
= Jgn (J(ut,o(x))z + (ut,1(X))2 + (ut,z(x))z + (ut,3(x))2> dx,

p
< fan (Juco @l +|ut1(x>|R+|ut,z<x)|R+|ut,3(x)|R) dx

p
=47 [o (S lueo ] + 3 [uea @] + 3 [uea @] + 3 [ues @), ) dx
1\ P
<4 (( lueoGOLD + 2 [  GOID + 3 e GOL) +3 |ut,3(x)|’ﬂ';)”) dx
=47 [i (3 luco @D + 2 [ue s I + 2 Jue L7 + 3 [ues 7 ) dx

=477 [ (o@D + e GO + ez () + [z () dx
= 4p-1 ( Janlteo @b dx + [oaluea O0dx + finlue2 (0[5 dx +
fynlte 2 (O[] dx),

= 4P~ (”utO”Lp(Rn R) + ”utl”LD(]Rn R) + ”utZ”LD(RTL R) + ||ut3||L]J(]Rn R))
< oo,
Hence, 11 if and only if I1I is proved for 1 < p < oo,
Therefore, I & II & III proved for 1 < p < oo,
Now, we prove for p = oo,
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We assume that I is satisfied and prove III. Suppose that u € L®(R™, H"). This means
l[4ll oo (gm gy < ©0. Note that for every fixed s € {0,1,2,3}, the definition of ||lu;(x)llw and

the definition of supremum imply:

|ues ()| < el < MuEllgy < o0, vt = 1,23+, N,

Hence,

”ut'S”Lw(R",]R) = ”u”Lw(Rn,HN) < 0.

Therefore, forallt = 1,2,3,---, N, the components u, ; € L (R", R), Vs = 0,1,2,3.

Now, we assume that III is satisfied and prove II. For every fixed t € {1,2,3,-:-, N},
suppose that u. s € L(R™ R), Vs =0,1,23. In another way, ||u.s| 0, Vs =
0,1,2,3.

On the other hand, for every fixed t € {1,2,3,---, N}, we have |lu.||4} = Z§=O|ut,s(x)|;.
This implies:
el < 4 max {[uc s ()] o5 = 0,1,2,3},

< 433 o|ues (%) |R'

L% (R™,R) <

Thus,
e |l oo rm iy = ess supllug O lw,
XERM

<4yi, ess Hségplut,s(X)IR,
X

= 4Z§=0|lut.slle(Rn'R)’
< 0o,
Therefore, the components u, € LP(R", H), vt = 1,2,3,-:-,N.
Now, we assume that II is satisfied and prove I. Suppose that u, € L*(R" H), Vt =
1,2,3,+:-, N. Therefore, |lu;|| o ®n ) < oo, Vt = 1,2,3,+-,N.
On the other hand, we have ”uHIZmN = YN lluell%. Which implies:
llullgy < Nmax{|[uclly:t =1,2,--,N},

< NI lluelly.
Thus,

”'ll”Loo(Rn'HN) = ess sup|lu(x)|lgn,
X€ERM
< NXE; ess sup|luglly,
XERM

=N th\1=1”ut”L°°(Rn,1H[),
< oo,
Therefore, u € LP(R™, HV).
Hence, I = IIl = Il = I is proved for p = oo.
Thismeans I & Il & Il is proved for p = oo.
O
3.5 Lemma
Every quaternion-valued N-vector u = (uq,u,,--+,uy) can be written in a complex
number form asu = U; + U,j, where U; = A+ Bi, U, = C + Di and A,B,C,D € RV.
Proof
Let u € HN. This means it is written as u = (uy,uy, -+, uy), Where u, € H, vVt =
1,2,3,---, N. Consequently, for every fixed ¢t there exist u, s € R, s = 0,1,2,3 such that u; =
Upo + Ueql + Uppj + uezk. Hence, u can be written in the following form:
u = (Ug,0 + U1l + Uy p)f + Uy 3K,
Up o+ Uzl + Uppf + Uy sk,
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Uy + Ul + Unoj + upy3k),
This can be also rearranged to the following form:
u = (Ug,0, Uz Unp) + (Ur, Uz 1o, Un 1 )i+ (Ua 20Uz 20 Uy 2 ) +
(u1,3' Uy3,°, uN,3)k-

To simplify the last form, assume A = (uy0, Uz, Uno)s B = (Ug1,Uz1, uy1), € =
(g2 Uz2 Uy z) aNd D = (uy3,uz 3+, Uy 3 ). Hence, u is written as follows:
u=A+Bi+Cj+ Dk,
where 4,B,C,D € RY.
Now, by Hamilton’s multiplication rules, specifically, ij = k, u can be written in a complex
number form:
u=A+Bi+Cj+ Dk

= A+ Bi + Cj + Dij

= (A + Bi) + (C + Di)j

= Uy + Uyj,
where U; = A + Bi and U, = C + Di. Note that U;, U, € CV.
O
3.6 Corollary

For any quaternion-valued N-vector function u(x) = (uq, uy, -+, uy), where u, € H, vt =
1,2,3,---, N (Which means for every fixed t there exist u,¢ € R, s = 0,1,2,3 such that u, =
Upo + Up 1l + Upof + U zk). If u € LP(R™, HY), for 1 < p < . Then, u can be written as
u = U, + U,j, where U;, U, € LP(R™, CV).
Proof

The proof of this corollary is a consequence of Lemma (3.5) and Theorem (3.4).
O
3.7 Remark

An interesting conclusion of Corollary (3.6), is that the space C.(R™ HV) is a dense
subspace of the space LP(R™ HY), and the space C,(R™ H") is the closure of the space
C.(R™, HY) in the uniform metric.

4. Conclusion

In this paper, we introduced the definitions of the LP(R™ HY),1 < p < oo, spaces of
functions from the n-dimensional real space R" to the N-dimensional quaternionic space H”,
where the natural numbers n, N > 1 are not necessarily equal. To the best of our knowledge,
the LP- spaces for this kind of function have never been introduced before. Also, some
important properties of the functions in these spaces are established and proved. In future
studies, one may try to consider these new definitions instead of the previous studies that
include the LP- spaces to see and get more important results. For example, it may be used to
extend the results of [15], and [16].
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