Mohsen Iragi Journal of Science, 2023, Vol. 64, No. 6, pp: 3087-3092
DOI: 10.24996/ijs.2023.64.6.36

J § n‘zqi
Journal of
Science

o —~——
ISSN: 0067-2904

On (k,m) — n —Paranormal Operators

Salim Dawood Mohsen
Mathematics Department, College of Education, Mustansiriyah University, Baghdad, Iraq

Received: 10/9/2022 Accepted: 9/12/2022 Published: 30/6/2023

Abstract

The new type of paranormal operators that have been defined in this study on the
Hilbert space, is (k, m) — n —paranormal operators. In this paper we introduce and
discuss some properties of this concept such as: the sum and product of two (k, m) —
n —paranormal, the power of (k,m) —n —paranormal. Further, the relationships
between the (K,m) —n —paranormal operators and other kinds of paranormal
operators have been studied.
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1. Introduction

Many authors in the current study in recent years focus own studied in special type of
bounded linear operator named paranormal operators and begging give some generalized of this
type of operator, such as, Arora and Thukral [1]. In 1987 also defined the class M*-paranormal
and introduced topological properties with characterization of this concept. In 2012 the class
K-quasi-paranormal with some basic properties and characterization has been introduced by
Mecher, Salah [2]. Zuo, Fei in 2015 introduced another class which named quasi-*-n-
paranormal and studied spectrum properties [3]. In add, k-quasi-*-paranormal was presented
with it’s properties by Rashid in 2016 [4] . In this paper, we shall introduce a new class
allegedly operates as a (k, m)-n-paranormal, which is generalization of paranormal operator,
also giving some theorems and illustrate some examples for its properties such as: the sum and
product of two (k, m)-n-paranormal, the power of (k, m)-n-paranormal , also the tensor product
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between (k, m)-n-paranormal and the identity operator, alongside that we explain relationships
between the (K, n)-n-paranormal operators and other kinds of paranormal operators.

2. Preliminaries

Definition 2.1: [5-7]

If T € B(H) , then the follows as:

T*T=TT*, T*T =1and [lhl? < |h.*|, to every x € H, is called normal, isometry and
paranormal operator, respectively, where I is the identity operator.

In this definition that follows, we will now review the notion of classes paranormal operators

Definition 2.2: [8-11]

i. The operator T € B(H) in [10]is *-n-paranormal if ||T*,||"*1 < ||T™* 1, |||lx]|", Vx € H.

ii. The operator T € B(H) is n-paranormal operator if || T, ||*** < [|IT™* 1 |llIx||*, Vx € H,n >
1

iii. The operator T € B(H) is *-n-paranormal if ||T*,||**1 < ||IT™*L |llIx||*, Vx € H.

vi. The operator T € B(H) is (m,n)-paranormal operator if || T, [|*** < m||T."**|| lIx|I" , vx €
H.

3. Main results

Definition 3.1:

For any positive real number K and any positive integers n and m, the bounded linear operator
T:H — H is called (k,m)-n-paranormal in that case: ||T™,||**™ < k||T™(T™,)|l||lx||"* for all
X €EH.

Theorem 3.1:
For the positive integer numbers n, m, and real number ¢ the operator T € B(H) is (k,m)-n-
paranormal if and only if:

2 2
kTenT*™ T TRT™ — (1 4+ n)@"T* ™ T™ 4+ kitnne'*™ > 0, Vo > 0 (a)
Proof:
By using Definition 3.1 > [|[T™,||**™ < k||T™(T™,)||||x||™ for all x € H “ we may obtain,
2 2 2n
IT™ |12 < kenl|IT™(T™ ) [T lx[|n+,
And by the generalized arithmetic-geometric mean inequality:
2 2

k1+n(p_” n m 2 k1+n¢n 2 2 -n n m 2 £ 2 S
ETTE T (T™ )l T T [lx |l 2k1+n2(<p IITZ‘ (T *) 1+ (epl|x[|*)1+n
n
= KT |IT (T ) [T [T+

> [IT™, ]2

2 2
So: ke T*™ T TRT™ — (1 + n) " T*"'T™ + k1enne*" [ > 0, forall ¢ > 0.
By the generalized arithmetic-geometric mean inequality, we get
™™ ne 1
m + m (1-¢ )n+1'
Conversely, suppose that the equation (a) is holds, when x € H, with |[T™(T™,)|| = 0, multiple
(@) by @™, we get, |[|T™,||**™ = 0, because that we have

IT™ I < kIIT"(me)IIIZIxII“

=1, thismeans, ¢ ™" =

when x € H, with |[T™(T™,)|| > 0,and ¢ = (%}j")”)m in equation (a):

IT™ M < KT T™ )™
So T is (k, m)-n-paranormal operator.
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Now, we illustrate the relation among (k, m)-n-paranormal with another classes that appeared
in definition 2.

Remarks 3.2:

I. When m=n= k=1, with T is self-adjoint, the (k, m)-n-paranormal is become *-
paranormal

Ii. When m = k = 1, the (k,m)-n-paranormal is become n-paranormal.

iii. When m =k =1, with T is self-adjoint, the (k, m)-n-paranormal is become n-*-
paranormal.

vi. The (k, m)-n-paranormal becomes (m, n)-paranormal when m equals 1.

Proposition 3.3:

An operator T € B(H), was (k,m)-n-paranormal, then:

I. 8T is (k, m)-n-paranormal, § is real number

ii. T% is (k, m)-n-paranormal, where a is positive integer number.

Proof:
i. Let § # 0 with k,n > 1, by Theorem 3.2:
lizrn((ST)*m(5T)*"(5T)”(6T)m — (1 +n)e™(sT) " (sT)™
— kli—n(s*ma*na n6 T*mT*nT npm (1 + Tl)(pn5*m5 T*mT m
= k1+n(|6I2)m+”(T*mT*" T'"T™) -1 +n)<p”(|6| m

—(|6|2)m+"<k1+nT*mT*"T T™— (1+n)(|;0|2> T*me>

> klin(p”"l
For that, 8T is an (k, m)-n-paranormal.
ii. By using the mathematical induction, we shill prove T¢ is (k,m)-n-paranormal
Suppose the result is true for
1) a=1, s0 IT™ ™ < ENT™(T™ ) lx]™
2)a =1 AT < KITT™)llxl™)E
3) Now, prove fora =1 + 1,
T I = (T AT ™ ™)
< (RIT™T™ DMl CRNT™T™ D M l™)*
By 1) and 2), we get,
= (kIT™T™ D llxl™)

T ™ <= (KIT™(T™ )X
and by result, T¢ is (k, m)-n-paranormal.

Remark 3.4:
The operators T and S should be two (k, m)-n-paranormal operators, however, T + S is not
always a (k,m)-n-paranormal operator, consider the example that follows

Example 3.5:
_(1 0 _(0 1 : _
LetT = (0 2) and S = (0 O) , then, for each ¢ > 0. Consider the follows as:

5—2¢ + 5¢? 0 )
0 1280 — 128¢ + 5¢?
Which is implies that, for each ¢ > 0, therefore, T is (5,3)-1- -paranormal operator.

TT3 — 20T**T? + @*T'T = (
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0 5-2¢+ 5<p2)
5¢? 0 '
Which is implies that for each ¢ > 0, so S is (5,3)-1-paranormal operator.

55*353 — 2¢05**S5% + 5¢2§*S = (

Since the operator M =T + S = ((1) %) we get
5— 41+ 5¢? 75 — 14¢
SM*>M3 — 2AM**M? + 5)%] = ( )
75 —14¢ 2405 — 2269 + 5¢?

Which is not positive for ¢ = 7, so, M is not (5,3)-1 -paranormal.

Theorem 3.6:
If T,S € B(H) are two (k, m)-n-paranormal on Hilbert space H. f TS =ST =TS =S'T =
0, then T + S is (k, m)-n-paranormal.
Proof: Supposing that T, S are (k, m)-n-paranormal, by Theorem 3.1, we see that
2
kT (T + S ™" (T+ ST+ (T+5)™
2
=kTn(T*+S)"™(T*+S* )" (T+S)"(T+s)™
2
=kT((T"™+8S"™) T"+SM) (T"+ SHT™ +5™)
2
+S"Ss™
2
2
> ((1 +n)e"T*™T ™ — kmn(p”"I)

2
+ ((1 +n)pnS*MS™ — kmn(p”"I)

2

=(1+n)e" (T+S )™ (T+S) ™~ ki+ane (I +1)

2
So: kn(T+S) ™ (T+S) " (T+S)"(T+S)"-A+n)e™(T+S)*"(T+S ™+

2
ktnnel*t™l > 0, hence, T + S is (k, m)-n-paranormal.
Theorem 3.7:
If T,S € B(H) are two (k,m)-n-paranormal and S is isometry operator, TS should be (k,m)-n-
paranormal, when the following conditions are satisfy:
I.TS* =8"T
ii.TS = ST
Proof: Supposing that T,S are (k, m)-n-paranormal, by Theorem 3.2, we see that
2
kT+(TS)*™ (TS)* ™ (TS) ™(TS) " — (1 + n)™(TS)* ™ (TS) ™
2
= kt+n(ST)*™ (ST)* ™(TS) ™ (TS)™ — (1 + n)e™(ST)* ™ (TS) ™, which implies that
2
1 +n)e™ (TMS*™) (T™S™)
2
A +n)e™(T™(S*™T ™S ™)
2
= kT (T ™" S )T "S™) (S T™ S ™) = A+ )™ (T (T™S™)S™)
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2
@ +me™ (T T (55 ™))
= kl-f-_n( (™ ™) (T"S™) (S™T™) — (1 +n)e™T* ™ T ™, which implies that
k1+n( (T T (S™S™T™ -1 +n) (p”T* mrm

= k1+n T*"T*"T"T™ - (1+4+n) "T*"'T™ > k1+nn(p1+"1
So,

2 2
kTHn(T S)* ™ (TS " (TS ™T )" — A +n)e™(T S)*™ (T S)™ + kT+nnep'*"1 > 0
Therefore, TS is (k, m)-n-paranormal.
Now, we will point the adjoint of (k, m)-n-paranormal and explain that by example

Remark and example 3.8:
If T is (k,m)-n-paranormal, then T™* need not likewise be (k,m)-n-paranormal. To assist illustrate
that, consider the following example:

LetT = (é 8

AT T3 = 20T**T? + 4¢?] = (

), for every ¢ > 0, consider that follows:
40 — 20 + 49> 0 )

0 4¢?
foreach ¢ > 0, i.e., T is (4,3)-1-paranormal.

1 3 .
0 O)’ for each ¢ > 0:

4—2¢ + 4¢? 12 — 6¢ )

12 — 6¢ 36 — 18¢ + 4¢?
which is not positive for ¢ = 3. So, Mis not (4,3)-1-paranormal.

Now, considering the operator M = T* = (

AM*P M3 = 20M**M? + 4¢?] = (

Theorem 3.9:
An operator T € B(H) be (k, m)-n-paranormal, then I @ Te H @ H with T ® I are going to
be (k, m)-n--paranormal.

Proof:
kli—n(zz T)"URTY"UQTIIQ T)™—(1+m)e"(Q T)™( @ T)™
=kTm(IQT™U R T*")(ZI QTHURT™)— (1+n)e"URQT™HURT™)
- I® (k1+nT*mT*"T"Tm e n)<p”T*me)

2
>IQ® <k1+n — n(p1+”1)
2
= —kmnq)l"'n]

So: Zkli—n(l QT)MURT"URDURT™-(1+n)e"UIQ TV (I®

T)™ + kitnnel*™ > 0, so we get, I ® T is (k, m)-n-paranormal . By same way, we can
prove that T ® I is (k, m)-n-paranormal.

4. Conclusions

We can summarize our research by doing the following: The product and sum of (k,m) —
n —paranormal two operators are not necessarily (k,m)—n —paranormal. Scalar
multiplication and restriction of (k,m) — n —paranormal are (k,m) —n —paranormal once
more. Furthermore, not all adjoint of (k, m) — n —paranormal are (k, m) — n —paranormal.
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