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Abstract.

In the complex field, special functions are closely related to geometric
holomorphic functions. Koebe function is a notable contribution to the study of the
geometric function theory (GFT), which is a univalent function. This sequel
introduces a new class that includes a more general Koebe function which is
holomorphic in a complex domain. The purpose of this work is to present a new
operator correlated with GFT. A new generalized Koebe operator is proposed in terms
of the convolution principle. This Koebe operator refers to the generality of a
prominent differential operator, namely the Ruscheweyh operator. Theoretical
investigations in this effort lead to a number of implementations in the subordination
function theory. The tight upper and lower bounds are discussed in the sense of
subordinate structure. Consequently, the subordinate sandwich is acquired. Moreover,
certain relevant specific cases are examined.

Keywords: Holomorphic function, univalent function; Koebe function; convolution
principle; subordinate term.
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The interest in special function theory and its dynamic role in the study of complex analysis
[1,2,3], mainly, in geometric function theory (GFT). After employing a hypergeometric
function in the verification of a considerable problem in GFT, namely Bieberbach’s conjecture
[4], this theory motivates the evolution of GFT by captivating numerous scientists to the current
research related to operator theory and making worthy contributions [5,6]. Represent by H (A)
the class of holomorphic functions in in the unit disk A = {z € C: |z| < 1} and let H'[a, 1] be
the subclass of H (A) involving of functions of the formula ¢ (2) = a + a,z" + a,412™ + -+,
and let #, = #[0,1] and H = H[1,1]. The class A of holomorphic functions is stated as:

</)(Z)—z+z/0n , (1.1)

which are normalized (means that ¢(0) = (p (0) —1=0) in A, The subclass of U that
includes univalent functions is symbolized by §, [7]. Following Goodman’s notations [7], by
Cy and §* the remarkable subclasses of § which are consecutively, holomorphic convex and
holomorphic starlike functions. More precisely, in 1913, the scientist Study [8] initiated an
interesting geometric-type function on A, namely holomorphic convex, which stated for ¢ € A
is called convex provided that image domain ¢ (A) is convex. The holomorphic starlike function
is also a well-constructed notion, and its origin gets back to Nevanlinna's 1921 paper [9], which
stated that for ¢ € U is called starlike provided that image domain ¢ (A) is starlike. Analytically

reformulated, convex function ¢ if and only if ¢ achieves Re (1 + 20’ (Z)) > 0 and starlike

¢'(2)
Z(i))) > 0, consecutively, [10]. Besides, the Koebe

function, which belongs to §* and is a cornerstone of GFT due to it provides a remarkable
extremal function for several problems, gives [7]

function ¢ if and only if ¢ attains Re(

K@) =
SECEPE
=z+an". (1.2)
n=
More generally, for u > 0, the famed geometric function is:
z = Fu+n—1) ,
MO T L T e

where I'(u), indicates to gamma function [11], and worthwhile ¢ (o, y, z) is the incomplete beta

r 1r
function given by ¢ (u,v,2) =z + Yre, % z", [4].

Further, the term convolution refers to a mathematical operation symbolized by *, was first
presented by Hadamard. It is stated as: for ¢4, ¢, € A formulated by ¢,(2) = z + Y72, p1n 2"
and @,(z) = z + Xo2, pan z", the convolution product of ¢, and ¢,, written by ¢, * @5,
produces a holomorphic convolution function described by [7]

(1 * 92)(2)

=Zz+ Z P1in P2n Z z". (1'4)

On the other hand, Llndeof [7] in 1909 offered a subordinate principle between holomorphic
functions. For ¢4, @, € U, then ¢, is subordinate to ¢,, symbolization ¢, < ¢@,, if there is a
function @, holomorphic in A, with @ (0) = 0 and |w(z)| < 1 suchthat ¢,(z) = @,(@(2)).
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Specifically, if ¢, is univalent, then ¢; < ¢,, if and only if ¢,(0) = ¢,(0). and ¢,(A) c

In this relevance, the process of differential subordination and analogous process of
differential superordination is a gist study on 2, utilized to tighten upper and lower bounds,
called the sandwich problem, which was advanced by the mathematicians Miller and Mocanu
[11] in 1981, [12] in 2000, [13] in 2003. Before that time, in 1935, the author Goluzin [14] put
forward the first outcome in terms of (first-order) differential subordination. Whereas the
investigator Bulboaca [4-15] posed the first outcomes in differential superordination.
Accordingly, Miller and Mocanu offered terms [13].

Let, J: C*> x A — Cand g be univalent in A. Postulate that w is holomorphic in A and attains
the (first-order) differential subordination:
J(w(2),zw'(2):2) < $(2), (1.5)
then w is the so-called a resolution of (1.5). The univalent function 4 is so-called a dominant
of the resolutions of (1.5), merely called dominant, if w < 4 for all w attaining (1.5). A
dominant £ which attains 4 < 4, for all dominant 4 of (1.5) is so-called the best dominant.

Corresponding to the term subordination, let J: C> x A — C and g are holomorphic. Let w
and J(w(z),zw'(z):z) are univalent in A. If o attains the (first-order) differential
superordination,

$(z) < J(w(2),zw'(2): 2), (1.6)
then w is so-called a resolution of (1.6). The holomorphic function 4 is so-called a subordinant
of the resolutions of (1.6), merely called subordinant, if £ < w for all w attains (1.6). A
univalent subordinant 4 that attains £ < 4 for all subordinants 4 of (1.6) is so-called the best
subordinant.

In effect, interesting recent studies have emanated about dealing with subordinate and
superordinate techniques and sandwiches problems correlated with numerous complex
operators, for instance, Atshan et al. [17], Sokot et al. [18], Zayed and Bulboaca [19], Al-Janaby
and Ahmad [20], Mishra and Soren [21], Al-Janaby and Darus [22], Al-Janaby et al. ([23],
[24]), Ghanim and Al-Janaby ([25], [26]), Attiy ([27], [28]), Lupas and Oros [29] and Atshan

([30], [31]).

Motivated by these scientific contributions, this paper investigates the new generalized
Koebe operator by proposing a more generalized Koebe -type function that is holomorphic in
A. This is employed to discuss of several interesting subordination and superordination
implementations. As a consequence, the subordinate sandwich is derived. In addition,
relevance’s geometric outcomes are exanimated. In order to illustrate our main outcomes, we
include the following concept and central lemmas.

Lemma 1.1 [11]. Let 4 be univalent in A. Let¢ and ¥ be holomorphic in a domain D
containing A (A) with ¢(X) # 0 when X € £ (A). Set Q (2) = zA' (2)Y (4 (2)), and p(2) =
(£ (2)) +Q (2). Assume that

1. Qis starlike function in A

2 Re{%}>0, (z€N).
If @ is holomorphic in A whit w(0) = £ (0),w(A) €D and the following differential
subordination ¢(w(2)) + zw'(2)Y(w(2)) < ¢(A(2)) + zA'(2)Y(4(2)) holds. Then w <

A and A the best dominant.
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Definition 1.1 [32] Let Z be the set of functions ¢ that are holomorphic and injective on
A\P(p), where P(p) = {a: a € 0A: lim p(2) = 00} and such that ¢'(a) #0 for a €
VAd4

OA\P(¢).

Lemma 1.2. [32] Let 4 be univalent in A and let ¢ and ¥ be holomorphic in a domain D
containing /4 (A). Suppose that
1. Q(z) = zA' (2)Y (A (2)) is starlike function in A, and

26" (D)
2. Re{w(h(z))}>0, (z€A).

If w € H[£(0),1] N E, with w(A) € D, ¢p(w(2)) + zw'(2)Y(w(2)) is univalent in A, and
P(h(2)) + zh' (2)Y(h(2)) < p(w(2)) + zw' (2)Y(w(2)), then A < w and 4 is the best
subordinate.

2. Proposed Generalized Koebe Operator £, ;¢(z)

This section imposes the new generalized Koebe function, which is a holomorphic function
on A. Afterward, a generalized Koebe operator is suggested according to the convolutional
structure. This new operator is a generalization of the Ruscheweyh derivative operator.

Corresponding to representations K (z) and X, (z), given by (1.3) and (1.4) respectively,
lead us to consider a new generalized Koebe function as:
jcu,a(z)

B F(p+on) _
— nzom Z . (Z, u (S (C, 0< R(O')) (21)

Theorem 2.1. For z,p € C and 0 < R(0); the generalized Koebe function (2.1) is a
holomorphic function on C.
Proof. Employing the coefficients w,, =

r(¢+t)
r'(€+t)

I'(u+on)
r(n+1)
~ t%=% [34] as t — oo, the radius of convergence of (2.1) becomes

'm+2) I'(u+ on) (m+1)T'(u+on)
Im+1)T'(u+ o+ on) I'(u+ o+ on)
= 111_)1‘(()10 sup (n+ 1)|on|**7° =0,

of (2.1), Cauchy—Hadamard formula [33] and
utilizing
1

= lm s

Wy

= lim sup = lim sup

Wrn+1 n-e00

forp e C,and 0 < R( o). Thus, R = co. Hence, the function (2.1) is holomorphic on A. For
R( o) < 0, the formula diverges for everywhere on C.
Remark 2.1. [7] The function (2.1) generalizes some remarkable geometric functions as: for
special values of x and o.

I. L;1(z) = K(z) as given in (1.3).

i.L, 1(z) = K,(z) as written in (1.4).
iii.Ly1(2) = é is the convex function.
Following this study, the normalization formula for (2.1) is as follows:

‘N;i,d(z) = Z:Ku,cr(z)

_ N Thtom-1)
—z+nZ2 GO (n=1)! z". (2.2)

Then based on the function J_\/;l,a (z) written in (2.2), we consider a new complex linear-type
operator £, ,(z) maps A onto itself, namely Koebe operator, according to convolutional
structure as:
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Lu,a(p(z) = ML,G(Z) * QD(Z)

o

=Z+z F(u+0(n—1))

r@ (n—1)!

PnZ". (2.3)

Remark 2.2. The following specific cases related to the operator £, ;¢ (z) introduced in (2.3)
are also produced by assumption of certain particular values of the parameters as:

1. For u = o = 1, the operator £, 1¢(z) = ¢(2).

2. Foru = 2,and o = 1, the operator £, ;¢ (z) = z¢'(z).

3. For o = 1, the operator £, 1 (z) coincides with (¥, * f)(z) obtained from Ozkan [5].

4. For y=2+1 and o =1, the operator £L,,,,¢(z) matches D"f(z) Ruscheweyh-type
operator invented by Ruscheweyh, [6].

Later, utilizing (2.3), we achieve the following recurrence (identity) relation,

2(Luo0@)
=2 Lu+1,a§0(z) - (?) LH,UQD(Z)- (2.4)

3. Outcomes sandwich Properties

This section investigates some sandwich outcomes relating to the Koeba operator for
normalized holomorphic function for certain analytic function yielded.
Theorem 3.1. LetY, € C (t = 1,2), n € C\(0) and 4(z) be a convex univalentin A, A(0) =
1, £ (z) # 0 (z € A), and assume that /4 achieves.

Re{1+ Yz p(g) 4+ LD _ @)

A (2) #(z) } >0 (3 1)

Furthermore, let 222 ) 2 he a starlike univalent in A. As well, if ¢ € A achieves the subordination

(
Z[Lu.a‘P(Z)] Z[LM,O'()D(Z)]
LM'UQD(Z) 7 LM,O'()D(Z)

G+ +02—n)

’(Z)
<Nn+YAa(z)+ 3.2
Then,
Z[Lu o¢(Z)]I
— < A(2), 3.3
L9 (® (2) (3.3)
and 4 is the best dominant of (3.2).
Proof: Define the function w by
Z[Ly gQD(Z)],
w(z) = —"—F——. 3.4
(2) L, -¢(2) (3.4)
Clearly, w is holomorphic in A and w(0) = 1. The computation displays that
z0'(2) _ z[L#IC,(p(z)] 1 Z[LMIC,(p(z)] | (35)
w(z) Lyc9(2) Lyc9(2)
From (3.2), (3.4) and (3.5), we ensure subordination
! z|L 2| z|L 2"
b +n 22D -+ - L ?@L L ALuoe @)

w(z) Lu,aq)(z) 1 Lu,aq)(z)
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zh' (2)

<Y1+Y2/L(z)+nh(z) )

(3.6)
By setting,
Ui
¢(g) =", +Yyq, and Y(g) = 7 g + 0. (3.8)

Evidently, ¢(g) is a holomorphic in C, and ¥(g) is a holomorphic in C\{0}, also, ¥(g) #
0,g € C\{0}. In addition, by assuming

‘ o, B zh'(z)
0(2) = 20 @Yk @) = 1457 (3.9)
and
zh'(z)
p2)=dp(r@D)+QE) =Y+YAE) +7 AOR (3.10)
Obviously, Q2 (z) is starlike univalent in A and in view of (3.1), we gain
2 z' (2) _ pel1 Yzh zn"(z) zA'(2) 0 311
e{g(z) }— e{ +7 (z) + O h(z)}> : (3.11)

Then, the relation (3.3) follows the implementation of Lemma 1.1.

In view of Theorem 3.1, we yield the following interesting outcomes.
Corollary 3.1. Let the hypotheses of Theorem 3.1 hold. Then, the subordination relation

[Luo0@] 2[00

V1) + (¥ — )=

Ly9(2) Lyo90(2)
<Y, +Y (1+MZ)+ M = W)z (3.12)
T2 \Tr ) TTa v M A+ v '
which implies that ZEee?@L o 1422 4 a0 ar < 1, and 222 is the best dominant.
Lyop(2) 1+Nz 1+Nz
1+Mz

Proof: By letting A (2) =

in Theorem 3.1, we attain the required assertion.
1+Nz

Corollary 3.2. Let the hypotheses of Theorem 3.1 hold. Then, the subordination relation

29’ (2) 20"(2) 2¢'(2)

2 (e o@D <o<z>}
zh'(z)

< Yzh+n—h(z) : (3.13)

which implies that ZZTS) < A, and 4 is the best dominant.

Proof: By putting u = 0 = 1 and Y; = 0 in Theorem 3.1, we gain the required assertion.

The next outcome that has been studied by Ravichandran and Jayamala, [35].
Corollary 3.3. If ¢ € & and (3.1) is presumed to hold, then the subordination relation

1 zp"(z) 1+ Mz (M —-N)z 314
T ST Nz A+mMD(A+ND)’ (3.14)

!
f 220 Mz o <M <1, and 22
o(2) 1+ Nz 1+Nz
1+Mz

1+Nz

is the best dominant.

which implies tha

Proof: By settingu =0=1,Y, =0, Y, =n=1, A(2) = in Theorem 3.1, we derive

the required assertion.
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In view of the recurrence relation (2.4), and by utilizing the technique of proof of Theorem
3.1, we deduce the following main outcome.

Theorem 3.2. LetY, € C (t = 1,2), n € C\(0) and 4(z) be a convex univalentin A, A(0) =
1, A(z2) #0(z€ A) and assume that £ achieves condition (3.1).

Furthermore, Iet be a starlike univalent in A. Also, if ¢ € 2 achieves the subordination

ZL—O’ z -1 ZLU Z 7L -0z 2u—1
Y1+y2<[u1,90()]> Lo =D 2Lu0¢0@)  enk 2Lun09(2) _en(2p—1)

Lu,ofp(z) o [’u—l,o(p(z) g [’u,a(p(z) B o
+ 2np
<Y AN A+ B 3.15
1 2 1U\Z n £ (2) (3.15)
Then,
Z'Cu—la(p(z)>g
L < A(z), 3.16
( Lo (@ (2) (3.16)
and 4 is the best dominant of (3.15).
Proof: Define the function w by
ZLu—10¢(Z)>Q
w(iz)=|———] . 3.17
(2) ( Lo (@ (3.17)

Evidently, w is holomorphic in A and w(0) = 1. After several computations and utilizing
recurrence relation (2.4), we deduce

zw'(@) _ou—1) zL,00(2)  opuzlyrio0(z) o(Cu— 1)

= 3.18
0@ 0 Lg0@ 0 Lupo®@ = (18)
From (3.15), (3.17) and (3.18), we yield subordination
zw'(2)

h+Yw(z)+n ©(2)

v Y. <2Lu—1,a(p(z)>g + er(ﬂ - 1) ZLu,a(p(Z) _ onu Z£u+1,a(p(z)
P\ Luew(@) o Ly1.0(2) o Lysp(2)

on(2u —1) zh' (z)
—————+2ne <Y1+Y2h(z)+nh() (3.19)
By setting,
V@ =Vitha, and @)=, 4 *0. (3.20)

Clearly, ¢(g) is a holomorphic in C, and (g) is a holomorphic in C\{0}, also, ¥(g) #
0,g € C\{0}. In addition, by assuming

zh'(z)
Q(2) = 28" (@DP(4 (2)) = 1 (3.21)
h(2) '
and
_ . _ zh (z)
92) = $p(A(2) +Q(2) =1 + 1, A(2) + n’ D) (3.22)
Obviously, 'Q (z) is starlike univalent in A and from (3.1), we gain
Re {Z@ (Z)} R {1 + ﬁﬁ( )+ 2@ Zﬁ,(z)} >0 (3.23)
0@ - U T TR T R@ T |

Then, the relation (3.16) follows the implementation of Lemma 1.1.

In view of Theorem 3.2, we yield the following interesting outcome.
Corollary 3.4. Let the hypotheses of Theorem 3.2 hold. Then, the subordination relation
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oy (ZLu—l,O'(p(Z)>Q L= 2L,,0(@)  onk 2Lus109(2) _en@u—1)
! ? Lu,crq)(z) o Lu—l,a(p(z) o Lu,aq)(z) o
+ 210
<Y, +Y (—1+MZ) + (M = Nz (3.24)
TR\ vz TTa M) A+ Vo) '
e
which implies that (w) MM <N <M <1, and 222 s the best
Lyop(z) 1+Nz 1+Nz
dominant.
Proof: By letting A (2) = 11?:; in Theorem 3.2, we attain the required assertion.

Theorem 3.3. LetY, € C (¢t = 1,2), n € C\(0) and 4(z) be a convex univalentin A, 4(0) =
1, £ (z) # 0 (z € A), and assume that /4 achieves.

Re {%/L(Z)} > 0. (3.25)

Z[Lu,o-(P(Z)]’ " .
If o €Y, —L,w(p ®)

univalent in A and

h+Y;4(2) +1

= _ Z[Lu,afp(z)]’ Z[Lu,a(P(Z)]
€ H[1L1] NE, and (; +m) + (2 — 1) oo TN Lo

zh' (z)
4 (z)

Z[Lu,afp(z)], Z[Lu,d(p(z)]”

<M+m+Qz—n) Lo (® ) (3.26)
Then,
2[L,00(2)]
#h(z) < —Lw(p(z) ) (3.27)

and 4 is the best subordinant of (3.26).
Proof. The purpose is to employ Lemma 1.2. From (3.4), (3.5) and (3.26), we gain
superordinate relation

Y + Y, A(2) + 1 zh' (2) zw'(z)

o) <N+Y%wi2z+n w(2)

Z[£u,a¢(z)]l Z[Lu,ogo(z)]”

= (Y;I. + 77) + (YZ - 77) LM’O-QD(Z) n LM,UQD(Z) (328)
By utilizing (3.8) and (3.25), we deduce
z¢'(h(2))) _ L &
Re {IIJ(/L—(Z))} = Re % = Re{n /L(Z)} > 0. (3.29)

Relation (3.27) is then followed by an implementation of Lemma 1.2.

Theorem 3.4. LetY, € C (t = 1,2), n € C\(0) and 4(z) be a convex univalentin A, £(0) =
1, A (z) # 0 (z € A), and assume that £ achieves the inequality given by (3.25).

2Lu—1590(2)\° =
If o €9, ( ) ) € H[1,1] nE, and
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2L, 159D\ on(u—1) zL,0(2)  onu zLu1.90(2)  on(2u—1)
n+n\—— -———| + - -
Lu,crq)(z) o L[.L—l,d(p(z) o Lu,a(P(Z) o
+ 210
is univalent in A and

zh' (z)
4 (z)

i+Y A(2)+n

2L, 150(@D\°  on(u—1) zL,,0(2)  onp zLy41,0(2)
<Y, +Y, _
Ly,a(p(z) o Lu—l,o(p(z) o Lu,a(p(z)
2u—1
— % + 2no. (3.30)
Then,
zL, _ z2)\°
h(z) < (M) , (3.31)
L,s9(z)

and 4 is the best subordinant of (3.27).
Proof. The aim is to utilize Lemma 1.2. From (3.17), (3.18) and (3.30), we deduce the
superordination relation

Yo+ 8@ 02D Ly 4y e + g 22D
1 2 z 7] fh (Z) 1 2 w\Z T' a)(Z)
2L, 150(@\°  on(u—1) zL,,0(2)  onpu zLys10,0(z)  on(2u —1)
Lu,a(p(z) o £u—1,a(p(z) o L[,L,O'(p(z) o
+ 2no. (3.32)

By utilizing (3.8) and (3.25), we gain the relation (3.31), and then it is followed by an
implementation of Lemma 1.2.

Remark 3.1. Analogously, by utilizing Corollary 3.1, Corollary 3.2, Corollary 3.3, and
Corollary 3.4, we yield superordination Corollaries.

Theorems 3.1 and Theorems 3.3 are combined to attain the ensuing Sandwich Subordinations.
Theorem 3.5. Let Y, € C (t = 1,2), n € C\(0) and £,and £, be convex univalent function
in A, with £,(0) = £A,(0) = 1. Suppose #, achieves (3.25) and 4, achieves (3.1). Let

W (2) : : . : L@ -

) (¢t = 1,2) is starlike univalent in A. Let ¢ € U achieves et € X [1,1] n Eand
_ Z[Lu,a(p(z)]’ Z[L#,a(p(z)]” . . . ..

M+ + @, —n) e e is univalent in A, and the subordination and

superordination relation

zh1(2)
#4(2)

[Lioo@] 2[00

Z
<M+m+Qz—n) Lioo(@ T L9

i +Y,A4,(2) +1

z4;(2)
#,(2)

< #,(z),and A, and £, are consecutively the best subordinate

<N+Y,4,(2)+n (3.33)

Z[Lu,a(P(Z)]’

hold. Then £4,(z) < )

and best dominate.

In view of Theorem 3.5, we acquire the following exciting outcomes.
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Corollary 3.5. Let the hypotheses of Theorem 3.5 hold. Then, the subordination and
superordination relation

1 + Mlz (Ml - N‘I)Z
Yl + Yz (—) + T]
1+ Nz (1+Mz) (1 +N2)
2|Lue0 @] | z[Luso @]
< +n)+ @ —n)—= :
L 21 L#,GQD(Z) L#,GQD(Z)
<Y-+Y<1+WQ6-+ (M = W)z 3.34
TR\ vz T A+ M) A+ M2 (3.3
L . 1+ M7z Z[Ly,G‘P(z)]I 1+Mpz —
which implies that Tz Lot vz 1SNV, <M;<1,-1<N, <M, <1,
and Z2GZ gng L2 5 consecutively the best subordinate and best dominate.
1+N12 1+N22
. - _ 1+M1Z _ 1+M2Z - - -
Proof: By letting £,(2) = Tz and A,(z) = T, in Theorem 3.5, we attain the required
assertion.

Corollary 3.6. Let the hypotheses of Theorem 3.5 hold. Then, the subordination and
superordination relation

(@) Z<p’(Z)+n{1+Z<p”(Z) Z<p’(2)}

@ - el 0@ 0@
2R, (2)

$,(2)

ZZ(S) < #,(z), and £, and 4, are consecutively the best

Y, 4,(2) +7

< L A,(2) +n (3.35)

which implies that £,(z) <

subordinate and best dominate.
Proof: By putting u = 0 = 1 and Y; = 0 in Theorem 3.5, we gain the required assertion.

Corollary 3.7. Let the hypotheses of Theorem 3.5 hold. Then, the subordination and
superordination relation

1+ Mz + (M — M)z <14 29" (z)
1+MNz (A+Mz)(1+Nz) @' (z)
1+ M,z (M, —N;)z

< + , 3.36
1+N,z (14 Myz) (1+ Nyz) ( )

L. . 1+Miz | z@'(2) 1+Mpz _
which implies that T S e vz 1<M<M<1,-1<NM<M,<1,and

L2 and 2222 gre consecutively the best subordinate and best dominate.
1+N12 1+N22

. 1+M: 1+Myz .
Proof: By setting u=0=1,Y,=0, Y, =1 =1,4,(2) = 1+Nllzz and A,(z) = T]\/;ZZ

Theorem 3.5, we derive the required assertion.
Theorems 3.2 and Theorems 3.4 are combined to attain the ensuing Sandwich Subordinations.

Theorem 3.6. Let Y, € C (t = 1,2), n € C\(0) and A,and £, be convex univalent function
in A, with £,(0) = £A,(0) = 1. Suppose #, achieves (3.25) and 4, achieves (3.1). Let

zh' (2)' _ . . . . . zLu_lyo(p(z))Q =
) (¢t = 1,2) is starlike univalent in A. Let ¢ € 2 achieves (—Lﬂyo(p(z) € H[L1] nE
and
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oy (ZLu—l,O'(p(Z)>Q N on(u—1) zL,,0(z)  onu zLy41,0(2)  on(2u—1)
. (Zrpm1.0982) _ _

Lu,a(p(z) o Lu—l,a(p(z) o Lu,a(P(Z) o
+ 2np
is univalent in A, subordination and superordination relation
,+Y A,(2)+ 21(2)
1 2711\Z) T 1 £.(2)
Z*Cu—l,aq)(z) ° on(u—1) ZLu,a‘/)(Z) onu Z*Cu+1,a(p(z)
<G+ + -
/.LO'(p(Z) o Lu—l,a(p(z) o L,LL,O'(p(Z)
M +2no <Y+ Y A,(2) +1 2hy(2) (3.37)
ﬁz(z)
hold. Then #4,(z) < (%) < #,(z), and £, and 4, are consecutively the best
wo

subordinate and best dominate.
In view of Theorem 3.6, we yield the following outcome.

Corollary 3.4. Let the hypotheses of Theorem 3.2 hold. Then, the subordination and
superordination relation

1+ Mz (M, — M)z
Y, +Y, (—) n
! 1+ Mz (1+Mz) (1+ Nz)
yar (Zﬁﬂ_l,afp(Z))Q on(u—1) zL,,0(2)  onp zLys109(2)  on(2u—1)
! g Lu,a¢(z) o £u—1,a(p(z) o Lu,aq)(z) o

1 +M2Z) (MZ —]\fz)Z

Moz , 3.38
1+ Nz TA+ My2) (1+ Nyz2) (3.38)

+ 2np <Y1+Y2(

o 1401z (2Lu100@)? 140z _
which implies that TR ( T ) < Tz 1SV, <M; <1, -1<N,<
1+M1Z 1+M2Z - . -
M, <1,and d———= are consecutlvely the best subordinate and best dominate.
1+ Nl 1+N22
Proof: By letting £, (z) = i—]ﬁz and 4,(z) = |n Theorem 3.5, we derive the required
1Z

assertion, we attain the required assertion.

4. Conclusion

During this research, the remarkable contribution is to explore a new special function as an
amended and generalized formula of the Koebe function based on the complex gamma function
principle so that the Koebe function as a private case can be derived from it. Then, its action on
operator theory over a specific complex field is attainable in view of convolution structure. This
affords visions of the emergence of a new operator as one of the main consequences of this
study. The proposed complex operator is a general formulation of an interesting operator that
is the Ruscheweyh operator. Furthermore, by applying subordination and superordination
methodology, the validated conclusions are sandwich outcomes that include this innovative
operator. For future investigations, discuss by proposing generalizations and modifications to
suggest Koebe-type functions and create numerous subclasses of holomorphic functions in the
sense of multivalent and harmonic functions. Accordingly, the development offered in this
sequel will motivate further attention and discussion in this significant area of mathematics.
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