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Abstract 

     Graceful labeling of a graph 𝐺 with q edges is assigned the labels for its vertices 

by some integers from the set {0,1, 2, … , 𝑞}, such that no two vertices received the 

same label, where each edge is assigned the absolute value of the difference between 

the labels of its end vertices and the resulting edge labeling running from 1 to 𝑞 

inclusive. An edge labeling of a graph G is called vertex anntimagic, if all vertex 

weights are pairwise distinct, where the vertex weight of a vertex under an edge 

labeling is the sum of the label of all edges incident with that vertex.  In this paper, 

we address the problem of finding graceful antimagic labelin for split of the star graph 

𝐾1,𝑛, 𝐾2,𝑛 graph, 𝑃2 + 𝐾𝑛 graph, jellyfish graph 𝐽𝑛,𝑛, Dragon graph 𝑇3,𝑛, kite graph 

(𝑇4,𝑛) and the double comb graph 𝐷𝐶𝑂𝑛, 
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متباينة ال ةالرشيق رسوماتنتائج اضافية لل  
 

 نور خليل شوكت, محمد علي احمد*
للعلوم الصرفة )ابن الهيثم(, جامعة بغداد, بغداد, العراق قسم الرياضيات, كلية التربية   

 
 الخلاصة  

للرسم         الرشيق  على    Gالتوسيم  يحتوي  عملية   qوالذي  هو  الحواف  الرؤوس    من  على  العلامات  وضع 
, الصحيحة من  المجموعة    باستخدام بعض الاعداد {0,1, 2, … , 𝑞} سين يشتركان بنفس  أبحيث انه لايوجد ر

رح علامة الرأسين لتلك  ـناتجة من القيمة المطلقة لحاصل طتكون  من جانب اخر فان علامات الحواف  ,  مـالرق
رؤؤس      .بدون تكرار  (q)   الحواف   وعدد (  1)   العدد   بين  محصوراالحواف    ات جميع تلك ـناتج علام  يكون و   , الحافة

ان وزن الرأس يكون ناتج من  حيث  تسمى رؤؤس متباينة , اذا كانت اوزان جميع الرؤؤس مختلفة ,     Gلرسم  ا
نتناول  سوف  في هذا البحث  علامات الحواف وهو عبارة عن مجموع علامات الحواف المتصلة بذلك الراس.  

 . الرسوم العائلات من  العلامات الرشيقة المتباينة لمجموعة من   مشكلة العثورعلى 
 

1. Introduction 

     Let G = (V, E) be a finite simple and undirected graph, where V(G)  and E(G) are the vertex 

set and edge set, respectively. Graceful labeling of a graph G with q edges is assigned to the 

labels for its vertices by some integers from the set {0,1,2,…,q}, such that no two vertices 

received the same label, where each edge is assigned the absolute value of the difference 

   ISSN: 0067-2904 
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between the labels of its end vertices and the resulting edge labeling running from 1 to q 

inclusive. The concept of graceful labeling was first introduced by Rosa in 1966 [1] and he 

named it as β-valuation and this labeling was later renamed graceful labeling by Golomb  

 [2]. The Ringel-Kotzig conjecture that all trees are graceful is still open. Hartsfield and Rangel 

[3], introduced the concept of antimagic labeling in 1990. A graph G with p vertices and q edges 

is said to be antimagic if its edges can be labeled with 1, 2, … , 𝑞 such that the weights of vertices 

of G are pairwise distinct. Hartsfield and Ringel [3], proved that the path graphs 𝑃𝑛, the 

complete graph 𝐾𝑛, 𝑛 ≥ 3, the wheels and the cycles graphs are antimagic. Moreover, in [3], 

they conjectured that every tree except 𝑃2 is antimagic and every connected graph except 𝑃2 is 

antimagic, both these conjectures are still open. For more information about graceful labeling 

and antimagic labeling, please refer to [4], [5] and [6]. For the graceful labeling if the induced 

edge labeling is simultaneously admitting graceful and vertex-antimagic labeling then it is 

called graceful antimagic labeling. The graceful antimagic labeling of a graph 𝐺 = (𝑉, 𝐸) was 

first introduced by (Mohammed, Andrea and others in [7]), where they proved that path graph 

𝑃𝑛, 𝑛 ≥ 3, star and double star graphs, all non-isomorphic trees up to 8 vertices, cycles 𝐶𝑛 for 

some odd numbers, complete graphs and some related graphs are graceful antimagic. In this 

paper, we will deal with the problem of finding graceful antimagic labeling for some other 

families of graphs. 

2. Main Result 

     In this section, the existence of graceful antimagic labeling for some special graphs has been 

discussed. 

Let G be any graph, the split graph of G is a graph obtained from the graph G by adding a new 

vertex 𝑣~ for every vertex v of a graph G, such that 𝑁(𝑣) = 𝑁(𝑣~). 
 

Theorem 2.1: The split of star graph 𝐾1,𝑛 is graceful antimagic labeling, for every 𝑛 ≥ 3. 
Proof: We define the vertex set and edge set of the split of star graph 𝐾1,𝑛 as follows: 

𝑉(𝐾1,𝑛 ) = {𝑣𝑖 ∶ 𝑖 = 1, 2, … ,2𝑛 + 2}.  

 𝐸(𝐾1,𝑛 ) = {𝑣𝑖𝑣2𝑛+2, 𝑣𝑖𝑣2𝑛+1, 𝑣2𝑛+1𝑣𝑛+𝑖 ∶ 𝑖 = 1, 2, … , 𝑛}. 
For every  𝑛 ≥ 3, we define the vertex labeling as follows: 

𝛽1: 𝑉( 𝐾1,𝑛) → {0, 1, 2, … ,3𝑛}, such that 

𝛽1(𝑣𝑖) = {
2𝑖 − 2         when  𝑖 = 1, 2, … , 𝑛,                          
𝑛 + 𝑖 − 2   when  𝑖 = 𝑛 + 1, 𝑛 + 2, … ,2𝑛 + 2,

 

First, for the graceful labeling, we will check the induced edge labeling for a split of star 

graph 𝐾1,𝑛 when 𝑛 ≥ 3 as follows: 

1- 𝛽1
∗(𝑣𝑖𝑣2𝑛+2 ) = |𝛽1(𝑣𝑖) − 𝛽1(𝑣2𝑛+2)|    for 𝑖 = 1, 2, … , 𝑛 

 = |(2𝑖 − 2) − 3𝑛|              for 𝑖 = 1, 2,⋯ , 𝑛                 

 = 3𝑛 + 2 − 2𝑖                   for 𝑖 = 1, 2,⋯ , 𝑛. 
2- 𝛽1

∗(𝑣𝑖𝑣2𝑛+1 ) = |𝛽1(𝑣𝑖) − 𝛽1(𝑣2𝑛+1)|      for 𝑖 = 1, 2,⋯ , 𝑛 

                           = |(2𝑖 − 2) − (3𝑛 − 1)|    for 𝑖 = 1, 2,⋯ , 𝑛                 

                           = 3𝑛 + 1 − 2𝑖                    for 𝑖 = 1, 2,⋯ , 𝑛. 
3- 𝛽1

∗(𝑣2𝑛+1𝑣𝑛+𝑖 ) = |𝛽1(𝑣2𝑛+1) − 𝛽1(𝑣𝑛+𝑖)|       for 𝑖 = 1, 2,⋯ , 𝑛 

                              = |(3𝑛 − 1) − (2𝑛 − 2 + 𝑖)|   for 𝑖 = 1, 2,⋯ , 𝑛                 

                              = 𝑛 + 1 − 𝑖.                               for 𝑖 = 1, 2,⋯ , 𝑛 

By combining 1, 2, and 3, we get the edges received the numbers (1,2,…,3𝑛).  Therefore, the 

split of star graph 𝐾1,𝑛 is graceful labeling. 

Second, for antimagic labeling we will get: 

𝑤𝑡𝛽1∗(𝑣2𝑛+1 ) =∑|𝛽1(𝑣2𝑛+1) − 𝛽1(𝑣𝑖)|

𝑛

𝑖=1

+∑|𝛽1(𝑣2𝑛+1) − 𝛽1(𝑣𝑛+𝑖)|

𝑛

𝑖=1
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=∑|(3𝑛 + 1 − 2𝑖)| +∑|(𝑛 + 1 − 2𝑖)|

𝑛

𝑖=1

𝑛

𝑖=1

 

=
5𝑛2+𝑛

2
. 

𝑤𝑡𝛽1∗  (𝑣2𝑛+2 ) =∑|𝛽1(𝑣2𝑛+2) − 𝛽1(𝑣𝑖)|

𝑛

𝑖=1

=∑(3𝑛 + 2 − 2𝑖)

𝑛

𝑖=1

 

= 2𝑛2 + 𝑛. 

𝑤𝑡𝛽1∗(𝑣𝑖 ) = |𝛽1(𝑣𝑖) − 𝛽1(𝑣2𝑛+2)| + |𝛽1(𝑣𝑖) − 𝛽1(𝑣2𝑛+1)|   for 𝑖 = 1, 2,⋯ , 𝑛 

                        = |(2𝑖 − 2) − 3𝑛│ + │(2𝑖 − 2) − (3𝑛 − 1)| 

                        = 6𝑛 + 3 − 4𝑖    for 𝑖 = 1, 2,⋯ , 𝑛. 
Finally, 

 𝑤𝑡𝛽1∗(𝑣𝑛+𝑖 ) = |𝛽1(𝑣2𝑛+1) − 𝛽1(𝑣𝑛+𝑖)|      for 𝑖 = 1, 2,⋯ , 𝑛 

                 = |(3𝑛 − 1) − (2𝑛 − 2 + 𝑖)|  for 𝑖 = 1, 2,⋯ , 𝑛 

                 = 𝑛 + 1 − 𝑖                              for 𝑖 = 1, 2,⋯ , 𝑛. 
Hence, 𝑤𝑡𝛽1∗(𝑣𝑖+1) < 𝑤𝑡𝛽1∗(𝑣𝑖), for 𝑖 = 1, 2,⋯ ,2𝑛 − 1, and 𝑤𝑡𝛽1∗(𝑣1) < 𝑤𝑡𝛽1∗(𝑣2𝑛+2) <

𝑤𝑡𝛽1∗(𝑣2𝑛+1). This means that the vertex weights are pairwise distinct, thus the split of star 

graph 𝐾1,𝑛  is graceful antimagic labeling, for every 𝑛 ≥ 3. 
Graceful antimagic labelings of the split star graph 𝐾1,6 is illustrated on Figure 1. 

 

11 12 13 14 15 16

17

18

0 2 4 6 8 10

 
Figure 1: A graceful antimagic labeling of the split star graph 𝐾1,6 

 

Theorem 2.2: The 𝐾2,𝑛 graph is graceful antimagic labeling, for every 𝑛 ≥ 3. 

Proof: We define the vertex and edge sets of the graph 𝐾2,𝑛 as follows : 

 𝑉(𝐾2,𝑛 ) = {𝑣𝑖 ∶ 𝑖 = 1, 2, … , 𝑛 + 2}.  

  𝐸(𝐾2,𝑛 ) = {𝑣𝑖𝑣𝑛+1, 𝑣𝑛+2𝑣𝑖 ∶ 𝑖 = 1, 2, … , 𝑛}. 
For every 𝑛 ≥ 3, we define the vertex labeling as follows: 

𝛽2: 𝑉( 𝐾2,𝑛) → {0, 1, 2, … ,2𝑛}, such that 

𝛽2(𝑣𝑖) = {
2𝑖 − 2         when 𝑖 = 1, 2, … , 𝑛,        
𝑛 − 2 + 𝑖   when 𝑖 = 𝑛 + 1, 𝑛 + 2.  

 

First, for the graceful labeling, we will check the induced edge labeling for the graph 𝐾2,𝑛 when 

𝑛 ≥ 3 as follows: 

1- 𝛽2
∗(𝑣𝑖𝑣𝑛+1 ) = |𝛽2(𝑣𝑖) − 𝛽2(𝑣𝑛+1)|     for 𝑖 = 1, 2, … , 𝑛 

                         = |(2𝑖 − 2) − (2𝑛 − 1)|   
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                         = 2𝑛 + 1 − 2𝑖                  for 𝑖 = 1, 2, … , 𝑛. 
2- 𝛽2

∗(𝑣𝑖𝑣𝑛+2) = |𝛽2(𝑣𝑖) − 𝛽2(𝑣𝑛+2)|      for 𝑖 = 1, 2,⋯ , 𝑛 

                        = |(2𝑖 − 2) − 2𝑛|  
                        = 2𝑛 + 2 − 2𝑖                   for 𝑖 = 1, 2,⋯ , 𝑛. 
So, the edges received the numbers 2𝑛 + 1 − 𝑖 for 𝑖 = 1, 2,⋯ ,2𝑛, which means that the graph 

𝐾2,𝑛 is graceful labeling. 

Second, for antimagic labeling we will get: 

 𝑤𝑡𝛽2∗(𝑣𝑖) = |𝛽2(𝑣𝑖) − 𝛽2(𝑣𝑛+1)| + |𝛽2(𝑣𝑖) − 𝛽2(𝑣𝑛+2)|    for 𝑖 = 1, 2,⋯ , 𝑛 

                        = |(2𝑖 − 2) − (2𝑛 − 1)| + |(2𝑖 − 2) − (2𝑛)|     for 𝑖 = 1, 2,⋯ , 𝑛                

                        = 4𝑛 − 4𝑖 + 3   for 𝑖 = 1, 2,⋯ , 𝑛. 

𝑤𝑡𝛽2∗(𝑣𝑛+1 ) =∑|𝛽2(𝑣𝑛+1) − 𝛽2(𝑣𝑖)|

𝑛

𝑖=1

 

=∑(2𝑛 − 2𝑖 + 1)

𝑛

𝑖=1

 

= 𝑛2. 
Finally, 

𝑤𝑡𝛽2∗(𝑣𝑛+2 ) =∑|𝛽2(𝑣𝑛−2) − 𝛽2(𝑣𝑖)|

𝑛

𝑖=1

 

=∑(2𝑛 − 2𝑖 + 2)

𝑛

𝑖=1

 

= 𝑛2 + 𝑛. 

     From the weights of the vertices, we can notice that 𝑤𝑡𝛽2∗(𝑣𝑖+1) < 𝑤𝑡𝛽2∗(𝑣𝑖), for 𝑖 =

1, 2,⋯ , 𝑛 − 1, and 𝑤𝑡𝛽2∗(𝑣1) < 𝑤𝑡𝛽2∗(𝑣𝑛+1) < 𝑤𝑡𝛽2∗(𝑣𝑛+2). Therefore, the vertex weights are 

all distinct and so the graph 𝐾2,𝑛 is graceful antimagic labeling, for every 𝑛 ≥ 3. 
 

Theorem 2.3: The graph  𝑃2 + �̅�𝑛 is graceful antimagic labeling, for every 𝑛 ≥ 4. 

Proof: We define the vertex and edge sets of the graph 𝑃2 + �̅�𝑛 as follows: 

V(𝑃2 + �̅�𝑛) = {𝑣𝑖 , 𝑖 = 1,2, … , 𝑛 + 2}. 
  𝐸(𝑃2 + �̅�𝑛) = {𝑣𝑛+1𝑣𝑖 , 𝑣𝑛+2𝑣𝑖: 𝑖 = 1,2, … , 𝑛} ∪ {𝑣𝑛+1𝑣𝑛+2}. 
For every 𝑛 ≥ 4, we define the vertex labeling as follows: 

𝛽3: 𝑉(𝑃2 + �̅�𝑛) ⟶ {0,1,2, … ,2𝑛 + 1}, such that; 

𝛽3(𝑣𝑖) = {
𝑖 − 1              when  𝑖 = 1,2, … , 𝑛 + 1,
2𝑛 + 1           when  𝑖 = 𝑛 + 2.              

   

First, for the graceful labeling, we will check the induced edge labeling for the graph 𝑃2 + �̅�𝑛 

for 𝑛 ≥ 4, as follows: 

1-𝛽3
∗(𝑣𝑖𝑣𝑛+1) = |𝛽3(𝑣𝑖) −𝛽3(𝑣𝑛+1)| 

  = 𝑛 + 1 − 𝑖                            for 𝑖 = 1,2, … , 𝑛.  
2- 𝛽3

∗(𝑣𝑖𝑣𝑛+2) = |𝛽3(𝑣𝑖) −𝛽3(𝑣𝑛+2)| 
= 2𝑛 + 2 − 𝑖                        for 𝑖 = 1,2, … , 𝑛. 
3-𝛽3

∗(𝑣𝑛+1𝑣𝑛+2) = |𝛽3(𝑣𝑖) − 𝛽3(𝑣𝑛+2)| 
  = |((𝑛 + 1) − 1) −(2𝑛 + 1)| = 𝑛 + 1. 
So, the edges received the numbers 2𝑛 + 2 − 𝑖 for  𝑖 = 1,2, … ,2𝑛 + 1, and hence, the graph 

𝑃2 + �̅�𝑛 admits graceful labeling. 

Second, for antimagic labeling we will get: 

𝑤𝑡𝛽3∗(𝑣𝑖) = |𝛽3(𝑣𝑖) −𝛽3(𝑣𝑛+1)| + |𝛽3(𝑣𝑖) −𝛽3(𝑣𝑛+2)|     for 𝑖 = 1,2, … , 𝑛 

          = |(𝑖 − 1) −𝑛| + |(𝑖 − 1) −(2𝑛 + 1)|                 for 𝑖 = 1,2, … , 𝑛 
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          = 3𝑛 + 3 − 2𝑖                                                             for 𝑖 = 1,2, … , 𝑛.  

𝑤𝑡𝛽3∗(𝑣𝑛+1) = |𝛽3(𝑣𝑛+1) −𝛽3(𝑣𝑛+2)| +∑|𝛽3(𝑣𝑛+1) −𝛽3(𝑣𝑖)|

𝑛

𝑛=1

 

 = |𝑛 − (2𝑛 + 1)| +∑|(𝑖 − 1) − 𝑛|

𝑛

𝑖=1

  

= (𝑛 + 1) +
𝑛2 + 𝑛

2
 =  

𝑛2 + 3𝑛 + 2

2
. 

 

𝑤𝑡𝛽3∗(𝑣𝑛+2) = |𝛽3(𝑣𝑛+2) −𝛽3(𝑣𝑛+1)| +∑|𝛽3(𝑣𝑛+2) −𝛽3(𝑣𝑖)|

𝑛

𝑛=1

 

= |2𝑛 + 1 −𝑛| +∑|2𝑛 − 𝑖 + 2|

𝑛

𝑖=1

 

= (𝑛 + 1) +
3𝑛2+3𝑛

2
=

3𝑛2+5𝑛+2

2
. 

     From the weights of the vertices, we have 𝑤𝑡𝛽3∗(𝑣𝑖+1) < 𝑤𝑡𝛽3∗(𝑣𝑖), for 𝑖 = 1, 2,⋯ , 𝑛 and 

moreover  𝑤𝑡𝛽3∗(𝑣1) < 𝑤𝑡𝛽3∗(𝑣𝑛+1) < 𝑤𝑡𝛽3∗(𝑣𝑛+2), this means that the vertex weights are 

pairwise distinct and so the graph 𝑃2 + �̅�𝑛 is graceful antimagic labeling, for every 𝑛 ≥ 4. 
 

Theorem 2.4: The jellyfish graph 𝐽𝑛,𝑛 is graceful antimagic labeling, for every 𝑛 ≥ 2. 
Proof: We define the vertex and edge sets of  jellyfish graph 𝐽𝑛,𝑛 as follows: 

V(𝐽𝑛,𝑛) = {𝑣𝑖: 𝑖 = 1,2, … ,2𝑛 + 4}. 

𝐸(𝐽𝑛,𝑛) = {𝑣𝑖𝑣2𝑛+4, 𝑣𝑛+𝑖𝑣2𝑛+3: 𝑖 = 1,2, … , 𝑛} ∪ 

{𝑣2𝑛+1𝑣2𝑛+2, 𝑣2𝑛+1𝑣2𝑛+3, 𝑣2𝑛+1𝑣2𝑛+4, 𝑣2𝑛+2𝑣2𝑛+3, 𝑣2𝑛+2𝑣2𝑛+4}. 
For  𝑛 ≥ 2, the vertex labeling is defined as follows: 

𝛽4: 𝑉(𝐽𝑛,𝑛) ⟶ {0,1,2,… ,2𝑛 + 5}, such that 

𝛽4(𝑣𝑖) = {
𝑛 − 𝑖 + 4        when  𝑖 = 1, 2, … , 𝑛,                         
3𝑛 − 𝑖 + 6      when  𝑖 = 𝑛 + 1, 𝑛 + 2,… ,2𝑛 + 2,
2𝑖 − 4𝑛 − 6    when  𝑖 = 2𝑛 + 3, 2𝑛 + 4.              

 

First, for the graceful labeling, we will check the induced edge labeling for the jellyfish 

graph 𝐽𝑛,𝑛 as follows: 

1-𝛽4
∗(𝑣𝑖𝑣2𝑛+4) = |𝛽4(𝑣𝑖) −𝛽4(𝑣2𝑛+4)| = 𝑛 + 2 − 𝑖    for 𝑖 = 1,2, … , 𝑛. 

2-𝛽4
∗(𝑣𝑛+𝑖𝑣2𝑛+3) = |𝛽4(𝑣𝑛+𝑖) −𝛽4(𝑣2𝑛+3)| 

= │3𝑛 − (𝑛 + 𝑖) + 6 − 0│     for 𝑖 = 1,2, … , 𝑛 

= 2𝑛 + 6 − 𝑖                               for 𝑖 = 1,2, … , 𝑛. 
3-𝛽4

∗(𝑣2𝑛+3𝑣2𝑛+1) = |𝛽4(𝑣2𝑛+3) −𝛽4(𝑣2𝑛+1)|       

        = │0 − (3𝑛 − (2𝑛 + 1) + 6)│   
        = 𝑛 + 5. 
4-𝛽4

∗(𝑣2𝑛+1𝑣2𝑛+4) = |𝛽4(𝑣2𝑛+1) −𝛽4(𝑣2𝑛+4)|   

        = │(3𝑛 − (2𝑛 + 1) + 6) − 2│  
        = 𝑛 + 3. 
5-𝛽4

∗(𝑣2𝑛+4𝑣2𝑛+2) = |𝛽4(𝑣2𝑛+4) −𝛽4(𝑣2𝑛+2)|  

        = │2 − (3𝑛 − (2𝑛 + 2) + 6)│  
        = 𝑛 + 2.                     
6-𝛽4

∗(𝑣2𝑛+2𝑣2𝑛+3) = |𝛽4(𝑣2𝑛+2) −𝛽4(𝑣2𝑛+3)|  

        = │(3𝑛 − (2𝑛 + 2) + 6) − 0│ 
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        = 𝑛 + 4. 
7-𝛽4

∗(𝑣2𝑛+1𝑣2𝑛+2) = |𝛽4(𝑣2𝑛+1) −𝛽4(𝑣2𝑛+2)|   

   = │(3𝑛 − (2𝑛 + 1) + 6) − (3𝑛 − (2𝑛 + 2) + 6)│ 

   = 1. 
By combining the 1,2,3,4,5,6 and 7, we get that the edges received the numbers 𝑖 for 𝑖 =
1,2, … ,2𝑛 + 5.  

Hence, the graph 𝐽𝑛,𝑛 is a graceful labeling. 

Second, for antimagic labeling we will get: 

𝑤𝑡𝛽4∗(𝑣𝑖) = |𝛽4(𝑣𝑖) −𝛽4(𝑣2𝑛+4)|     for 𝑖 = 1, 2, … 𝑛 

    = │(𝑛 + 4 − 𝑖) − 2│ = 𝑛 − 𝑖 + 2    for 𝑖 = 1, 2, … 𝑛. 
 𝑤𝑡𝛽4∗(𝑣𝑛+𝑖) = |𝛽4(𝑣𝑛+𝑖) −𝛽4(𝑣2𝑛+3)|     for 𝑖 = 1, 2, … 𝑛 

         = │(2𝑛 − 𝑖 + 6) − (0)│ = 2𝑛 − 𝑖 + 6     for 𝑖 = 1, 2, … 𝑛. 
  𝑤𝑡𝛽4∗(𝑣2𝑛+3) = |𝛽4(𝑣2𝑛+3) −𝛽4(𝑣2𝑛+1)| + |𝛽4(𝑣2𝑛+3) −𝛽4(𝑣2𝑛+2)| + 

 ∑ |𝛽4(𝑣2𝑛+3) −𝛽4(𝑣𝑛+𝑖)|
𝑛
𝑖=1  

            = │0 − (𝑛 + 5)│ + │0 − (𝑛 + 4)│ + ∑ │0 − (2𝑛 − 𝑖 + 6)│𝑛
𝑖=1  

             = (𝑛 + 5) + (𝑛 + 4) +
3𝑛2+11𝑛

2
=

3𝑛2+15𝑛+18

2
. 

𝑤𝑡𝛽4∗(𝑣2𝑛+4) = |𝛽4(𝑣2𝑛+4) −𝛽4(𝑣2𝑛+1)| + |𝛽4(𝑣2𝑛+4) −𝛽4(𝑣2𝑛+2)|  

+∑|𝛽4(𝑣2𝑛+4) −𝛽4(𝑣𝑖)|

𝑛

𝑖=1

 

          = │2 − (𝑛 + 5)│ + │2 − (𝑛 + 4)│ + ∑ │2 − (𝑛 + 4 − 𝑖)│𝑛
𝑖=1  

     = (𝑛 + 3) + (𝑛 + 2) +
𝑛2+3𝑛

2
=

𝑛2+7𝑛+10

2
. 

𝑤𝑡𝛽4∗(𝑣2𝑛+1) = |𝛽4(𝑣2𝑛+1) −𝛽4(𝑣2𝑛+2)| + |𝛽4(𝑣2𝑛+1) −𝛽4(𝑣2𝑛+3)| + 

|𝛽4(𝑣2𝑛+1) −𝛽4(𝑣2𝑛+4)| 

= │(𝑛 + 5) − (𝑛 + 4)│ + │(𝑛 + 5) − 0│ + │(𝑛 + 5) − 2│ 

= 2𝑛 + 9. 
Finally, 

  𝑤𝑡𝛽4∗(𝑣2𝑛+2) = |𝛽4(𝑣2𝑛+2) −𝛽4(𝑣2𝑛+1)| + |𝛽4(𝑣2𝑛+2) −𝛽4(𝑣2𝑛+3)| +

                                |𝛽4(𝑣2𝑛+2) −𝛽4(𝑣2𝑛+4)| 

= │(𝑛 + 4) − (𝑛 + 5)│ + │(𝑛 + 4) − 0│ + │𝑛 + 4 − 2│ 

         = 2𝑛 + 7. 
     Based on the weights of the vertices, we have (𝑤𝑡𝛽4∗(𝑣𝑖+1) < 𝑤𝑡𝛽4∗(𝑣𝑖) and 𝑤𝑡𝛽4∗(𝑣𝑛+𝑖+1) <

𝑤𝑡𝛽4∗(𝑣𝑛+𝑖)) for 𝑖 = 1, 2,⋯ , 𝑛 − 1 and moreover  𝑤𝑡𝛽4∗(𝑣1) < 𝑤𝑡𝛽4∗(𝑣2𝑛),  on the other hand,  

𝑤𝑡𝛽4∗(𝑣2𝑛−1) < 𝑤𝑡𝛽4∗(𝑣𝑛+1) < 𝑤𝑡𝛽4∗(𝑣2𝑛+2) < 𝑤𝑡𝛽4∗(𝑣2𝑛+1) < 𝑤𝑡𝛽4∗(𝑣2𝑛+4) < 𝑤𝑡𝛽4∗(𝑣2𝑛+3).  

       

      This means that the vertex weights are pairwise distinct. Thus, the jellyfish 𝐽𝑛,𝑛 is graceful 

antimagic labeling, for every 𝑛, 𝑛 ≥ 2. 

The (𝑚, 𝑛)- tadpole graph, also known as a dragon graph or a kite graph, is a graph obtained 

by joining a cycle graph 𝐶𝑚 to a path graph 𝑃𝑛 with a bridge. 

 

Theorem 2.5: The Dragon graph  𝑇3,𝑛 is graceful antimagic labeling, for every even 𝑛 ≥ 2. 

Proof: We define the vertex and edge sets of the dragon graph 𝑇3,𝑛 as follows: 

V( 𝑇3,𝑛) = {𝑣𝑖, 𝑖 = 1,2, … , 𝑛 + 3}. 

𝐸( 𝑇3,𝑛) = {𝑣𝑖𝑣𝑖+1: 𝑖 = 1,2, … , 𝑛 + 1} ∪ {𝑣𝑛+1𝑣𝑛+3, 𝑣𝑛+2𝑣𝑛+3}. 

For every even 𝑛, 𝑛 ≥ 2, the vertex labeling is defined as follows: 
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𝛽5: 𝑉(𝑇3,𝑛) ⟶ {0,1,2, … , 𝑛 + 3}, such that 

𝛽5(𝑣𝑖) = {

𝑛−𝑖+3

2
       when  𝑖 = 1,3, , 𝑛 + 3,    

𝑛+𝑖+4

2
       when  𝑖 = 2,4, … , 𝑛 + 2.

 

 

      First, for the graceful labeling, we will check the induced edge labeling for the dragon 

graph 𝑇3,𝑛 when 𝑛 is even as follows: 

1-𝛽5
∗(𝑣𝑖𝑣𝑖+1) = |𝛽5(𝑣𝑖) −𝛽5(𝑣𝑖+1)|       for 𝑖 = 1,2, … , 𝑛 + 1 

 = {
|
𝑛−𝑖+3

2
−
𝑛+(𝑖+1)+4

2
|     for 𝑖 = 1,3, … , 𝑛 + 3,

|
𝑛−𝑖+3

2
−
𝑛+(𝑖+1)+4

2
|      for 𝑖 = 2,4, … , 𝑛 + 2.       

  

 = 𝑖 + 1                                  for 𝑖 = 1,2, … , 𝑛 + 2.  
2-𝛽5

∗(𝑣𝑛+1𝑣𝑛+3) = |𝛽5(𝑣𝑛+1) −𝛽5(𝑣𝑛+3)|   

    = |
𝑛−(𝑛+1)+3

2
−
𝑛−(𝑛+3)+3

2
| = 1.    

       

     Hence, the edges received the numbers 𝑛 + 4 − 𝑖 for 𝑖 = 1,2, … , 𝑛 + 3. Therefore, the 

dragon graph 𝑇3,𝑛 admits graceful labeling. Second, for antimagic labeling we will get: 

𝑤𝑡𝛽5∗(𝑣1) = |𝛽5(𝑣1) −𝛽5(𝑣2)| 

= |
𝑛 − 1 + 3

2
−
𝑛 + 2 + 4

2
| 

= 2. 
 𝑤𝑡𝛽5∗(𝑣𝑖) = |𝛽5(𝑣𝑖) −𝛽5(𝑣𝑖−1)| + |𝛽5(𝑣𝑖) −𝛽5(𝑣𝑖+1)|     for 𝑖 = 2,3, … , 𝑛 + 2 

=

{
 

 |
𝑛+3−𝑖

2
−
𝑛+3+𝑖

2
| + |

𝑛+3−𝑖

2
−
𝑛+5+𝑖

2
|    for  𝑖 = 3,5, … , 𝑛 − 1,

 

|
𝑛+𝑖+4

2
−
𝑛−𝑖+4

2
| + |

𝑛+4+𝑖

2
−
𝑛+2−𝑖

2
|     for 𝑖 = 2,4, … , 𝑛 + 2

 

  

= 2𝑖 + 1       for 𝑖 = 2,3, … , 𝑛.  
  𝑤𝑡𝛽5∗(𝑣𝑛+1) = |𝛽5(𝑣𝑛+1) −𝛽5(𝑣𝑛)| + |𝛽5(𝑣𝑛+1) −𝛽5(𝑣𝑛+2)| + |𝛽5(𝑣𝑛+1) −𝛽5(𝑣𝑛+3)| 

 = |1 −
2𝑛 + 4

2
| + |1 −(𝑛 + 3)| + |1 −0| 

 =  2𝑛 + 4. 
Finally, 

  𝑤𝑡𝛽5∗(𝑣𝑛+3) = |𝛽5(𝑣𝑛+3) −𝛽5(𝑣𝑛+1)| + |𝛽5(𝑣𝑛+3) −𝛽5(𝑣𝑛+2)| 

 = |0 − 1| + |0 − (𝑛 + 3)| 
 = 𝑛 + 4. 
 

     For the weights of the vertices, we have 𝑤𝑡𝛽5∗(𝑣𝑖) < 𝑤𝑡𝛽5∗(𝑣𝑖+1), for 𝑖 = 1, 2,⋯ , 𝑛, on the 

other hand,  𝑤𝑡𝛽5∗(𝑣𝑛+3) < 𝑤𝑡𝛽5∗(𝑣𝑛+1) < 𝑤𝑡𝛽5∗(𝑣𝑛+2), and since  n is even then the weights of 

the vertex 𝑣𝑛+3 is even while the weights of the vertices 𝑣𝑖 for 𝑖 = 2, 3,⋯ , 𝑛 is odd. Hence the 

weights of the vertices are pair wise distict. Thus, the graph 𝑇3,𝑛  is graceful antimagic labeling, 

for every even 𝑛, 𝑛 ≥ 2. 

 

Theorem 2.6: The kite graph (𝑇4,𝑛) is graceful antimagic labeling, for every 𝑛 ≥ 5. 
Proof: We define the vertex set and the edge set of the kite graph 𝑇4,𝑛 as follows : 

V( 𝑇4,𝑛) = {𝑣𝑖, 𝑖 = 1,2, … , 𝑛 + 4}. 

  𝐸( 𝑇4,𝑛) = {𝑣𝑖𝑣𝑖+1: 𝑖 = 1,2, … , 𝑛 + 3} ∪ {𝑣𝑛+1𝑣𝑛+4}. 
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For every  𝑛 ≥ 5, we define the vertex labeling, as follows: 

𝛽6: 𝑉(𝑇4,𝑛) ⟶ {0,1,2, … , 𝑛 + 4}, such that; 

𝛽6(𝑣𝑖) =

{
 
 

 
 
𝑛 − 𝑖 + 5

2
        {

when 𝑖 = 1, 3,⋯ , 𝑛 + 1,   𝑛 is even  
when  𝑖 = 2,4, … , 𝑛 + 1,     𝑛 is odd   

       

𝑛 + 𝑖 + 4

2
        {

when  𝑖 = 2,4, … , 𝑛 + 4,   𝑛 is even  
when  𝑖 = 1, 3,⋯ , 𝑛 + 4,   𝑛 is odd   

       

0                          when 𝑖 = 𝑛 + 3.                                             

 

 

     First, for the graceful labeling, we will check the induced edge labeling for the kite graph 

𝑇4,𝑛, as follows: 

 1-𝛽6
∗(𝑣𝑖𝑣𝑖+1) = |𝛽6(𝑣𝑖) −𝛽6(𝑣𝑖+1)|    for 𝑖 = 1,2, … , 𝑛 + 3 

  =

{
  
 

  
 |

𝑛−𝑖+5

2
−
𝑛+(𝑖+1)+4

2
|      {

when  𝑖 = 1, 3,⋯ , 𝑛 + 1,   𝑛 is even  
when  𝑖 = 2,4, … , 𝑛 + 1,     𝑛 is odd   

    

|
𝑛+𝑖+4

2
−
𝑛−(𝑖+1)+5

2
|      {

when  𝑖 = 2,4, … , 𝑛,   𝑛 is even  
when   𝑖 = 1, 3,⋯ , 𝑛,   𝑛 is odd   

             

|(𝑛 + 3) − 0|                 when  𝑖 = 𝑛 + 2,   for  even and odd 𝑛     
 |0 − (𝑛 + 4)|                 when  𝑖 = 𝑛 + 3, for  even and odd 𝑛     

 

    

   = {
𝑖,            for 𝑖 = 1,2, … , 𝑛 + 1   𝑛 is even and odd     
𝑛 + 3    for 𝑖 = 𝑛 + 2, 𝑛 is even and odd                  
𝑛 + 4    for 𝑖 = 𝑛 + 3,    𝑛 is even and odd.                 

  

2-𝛽6
∗(𝑣𝑛+4𝑣𝑛+1) = |𝛽6(𝑣𝑛+4) −𝛽6(𝑣𝑛+1)|   

    = |
𝑛 + (𝑛 + 4) + 4

2
−
4

2
|    

  = 𝑛 + 2 .      
      

      By 1 and 2  we get that the edges received the numbers 𝑛 + 5 − 𝑖 for 𝑖 = 1,2, … , 𝑛 + 4. 

Hence, the kite graph 𝑇4,𝑛 is graceful labeling. 

Second, for antimagic labeling we will get: 

 

𝑤𝑡𝛽6∗(𝑣1) = |𝛽6(𝑣1) −𝛽6(𝑣2)| = |
𝑛 + 4

2
−
𝑛 + 6

2
| 

= 1,  for even and odd 𝑛.    
 𝑤𝑡𝛽6∗(𝑣𝑖) = |𝛽6(𝑣𝑖) −𝛽6(𝑣𝑖−1)| + |𝛽6(𝑣𝑖) −𝛽6(𝑣𝑖+1)|     for 𝑖 = 2,3, … , 𝑛        

=

{
 
 

 
 |

𝑛+4+𝑖

2
−
𝑛+6−𝑖

2
| + |

𝑛+4+𝑖

2
−
𝑛+4−𝑖

2
|       {

for 𝑖 = 2,4, … , 𝑛,   𝑛 is even  
for  𝑖 = 3,5, … , 𝑛,   𝑛 is odd   

       
 

|
𝑛−𝑖+5

2
−
𝑛+𝑖+3

2
| + |

𝑛−𝑖+5

2
−
𝑛+𝑖+5

2
|      {

for  𝑖 = 3,5, … , 𝑛 − 1,   𝑛 is even 
for  𝑖 = 2,4, … , 𝑛 − 1,   𝑛 is odd   

 

  

= 2𝑖 − 1       for 𝑖 = 2,3, … , 𝑛, for even and odd 𝑛.    
 𝑤𝑡𝛽6∗(𝑣𝑛+1) = |𝛽6(𝑣𝑛+1) −𝛽6(𝑣𝑛)| + |𝛽6(𝑣𝑛+1) −𝛽6(𝑣𝑛+2)| + |𝛽6(𝑣𝑛+1) −𝛽6(𝑣𝑛+4)| 

= |2 −(𝑛 + 2)| + |2 −(𝑛 + 3)| + |2 −(𝑛 + 4)| 
=  3𝑛 + 3,  for even and odd 𝑛.    
𝑤𝑡𝛽6∗(𝑣𝑛+2) = |𝛽6(𝑣𝑛+2) −𝛽6(𝑣𝑛+1)| + |𝛽6(𝑣𝑛+2) −𝛽6(𝑣𝑛+3)| 

  = |𝑛 + 3 − 2| + |𝑛 + 3 −0| 
  = 2𝑛 + 4,   for even and odd 𝑛.    
𝑤𝑡𝛽6∗(𝑣𝑛+3) = |𝛽6(𝑣𝑛+3) −𝛽6(𝑣𝑛+2)| + |𝛽6(𝑣𝑛+3) −𝛽6(𝑣𝑛+4)| 

 = |0 − (𝑛 + 3)| + |0 − (𝑛 + 4)| 
 = 2𝑛 + 7     for even and odd 𝑛.   
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Finally, 

𝑤𝑡𝛽6∗(𝑣𝑛+4) = |𝛽6(𝑣𝑛+4) −𝛽6(𝑣𝑛+1)| + |𝛽6(𝑣𝑛+4) −𝛽6(𝑣𝑛+3)| 

 = |𝑛 + 4 − 2| + |𝑛 + 4 −0| 
 = 2𝑛 + 6      for even and odd 𝑛. 
      

     From the weights of the vertices, we have 𝑤𝑡𝛽6∗(𝑣𝑖) < 𝑤𝑡𝛽6∗(𝑣𝑖+1), for 𝑖 = 1, 2,⋯ , 𝑛 − 1, 

and moreover  𝑤𝑡𝛽6∗(𝑣𝑛) < 𝑤𝑡𝛽6∗(𝑣𝑛+2) < 𝑤𝑡𝛽6∗(𝑣𝑛+4) < 𝑤𝑡𝛽6∗(𝑣𝑛+3) < 𝑤𝑡𝛽6∗(𝑣𝑛+1). This 

means that the vertex weights are pairwise distinct and so the kite graph is graceful antimagic 

labeling, for every 𝑛 ≥ 5. 
 

     The double comb graph 𝐷𝐶𝑂𝑛, is a graph obtained from the path graph 𝑃𝑛 by adding 2𝑘1 

vertices corresponding to each vertex 𝑣𝑖 of the path graph 𝑃𝑛 and joining 𝑣𝑖 with it 

corresponding vertices. 

 

Theorem 2.7: The double comb graph 𝐷𝐶𝑂𝑛, is graceful antimagic labeling, for every 𝑛 ≥
2, 𝑛 ≢ 0 (mod 4). 
Proof: We define the vertex set and the edge set of the double comb graph 𝐷𝐶𝑂𝑛, as follows: 

 V( 𝐷𝐶𝑂𝑛) = {𝑣𝑖 , 𝑖 = 1,2, … ,3𝑛}. 
 𝐸( 𝐷𝐶𝑂𝑛) = {𝑣𝑖𝑣𝑖+1: 𝑖 = 1,2, … , 𝑛 − 1} ∪ {𝑣𝑖𝑣𝑛+𝑖, 𝑣𝑖𝑣2𝑛+𝑖: 𝑖 = 1, 2, … 𝑛}. 
For 𝑛 ≥ 2, 𝑛 ≢ 0 (mod 4), we define the vertex labeling, as follows: 

𝛽7: 𝑉(𝐷𝐶𝑂𝑛) ⟶ {0,1,2, … ,3𝑛 − 1}, such that,  

 

𝛽7(𝑣𝑖) =

{
 
 
 
 
 
 

 
 
 
 
 
 
6𝑛 − 3𝑖 + 1

2
      {

when  𝑖 = 1,3, … , 𝑛 − 1,   𝑛 is even
when  𝑖 = 1,3, … , 𝑛,           𝑛  is odd 

                       

3𝑖 − 2

2
                 {

when  𝑖 = 2,4, … , 𝑛,            𝑛 is even
when  𝑖 = 2,4, … , 𝑛 − 1,    𝑛 is odd 

                      

3𝑖 − 3𝑛 − 3

2
      {

when  𝑖 = 𝑛 + 1, 𝑛 + 3,… ,2𝑛 − 1,   𝑛 is even
when  𝑖 = 𝑛 + 1, 𝑛 + 3,… ,2𝑛,          𝑛  is odd 

     

9𝑛 − 3𝑖 + 2

2
     {

when  𝑖 = 𝑛 + 2, 𝑛 + 4,… ,2𝑛,            𝑛 is even
when  𝑖 = 𝑛 + 2, 𝑛 + 4,… ,2𝑛 − 1,   𝑛  is odd 

    

3𝑖 − 6𝑛 − 1

2
      {

fwhen  𝑖 = 2𝑛 + 1, 2𝑛 + 3,… ,3𝑛 − 1,   𝑛 is even
when  𝑖 = 2𝑛 + 1, 2𝑛 + 3, … ,3𝑛,          𝑛  is odd 

 

12𝑛 − 3𝑖

2
          {

when  𝑖 = 2𝑛 + 2, 2𝑛 + 4,… ,3𝑛,           𝑛 is even
when  𝑖 = 2𝑛 + 2, 2𝑛 + 4,… ,3𝑛 − 1,   𝑛  is odd.

 

 

       First, for the graceful labeling, we will check the induced edge labeling for the double comb 

graph 𝐷𝐶𝑂𝑛, as follows: 

 1-𝛽7
∗(𝑣𝑖𝑣𝑖+1) = |𝛽7(𝑣𝑖) −𝛽7(𝑣𝑖+1)|         for 𝑖 = 1,2, … , 𝑛 − 1 

  =

{
 

 |
6𝑛−3𝑖+1

2
−
3(𝑖+1)−2

2
|    {

for 𝑖 = 1,3, … , 𝑛 − 1,   𝑛 is even
for 𝑖 = 1,3, … , 𝑛 − 2,    𝑛  is odd 

|
3𝑖−2

2
−
6𝑛−3(𝑖+1)+1

2
|    {

for 𝑖 = 2,4, … , 𝑛 − 2,   𝑛 is even
for 𝑖 = 2,4, … , 𝑛 − 1,   𝑛  is odd 

 
 

    

  = 3𝑛 − 3𝑖                               for 𝑖 = 1,2, … , 𝑛 − 1.  
2-𝛽7

∗(𝑣𝑖𝑣𝑛+𝑖) = |𝛽7(𝑣𝑖) −𝛽7(𝑣𝑛+𝑖)|           for 𝑖 = 1,2, … , 𝑛 

 =

{
 

 |
6𝑛−3𝑖+1

2
−
3(𝑛+𝑖)−3𝑛−3

2
|    {

for 𝑖 = 1,3, … , 𝑛 − 1, 𝑛 is even
for 𝑖 = 1,3, … , 𝑛,          𝑛  is odd 

|
3𝑖−2

2
−
9𝑛−3(𝑛+𝑖)+2

2
|          {

for 𝑖 = 2,4, … , 𝑛,         𝑛 is even 
for 𝑖 = 2,4, … , 𝑛 − 1, 𝑛  is odd
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 = 3𝑛 + 2 − 3𝑖                           for 𝑖 = 1,2, … , 𝑛. 
3-𝛽7

∗(𝑣𝑖𝑣2𝑛+𝑖) = |𝛽7(𝑣𝑖) −𝛽7(𝑣2𝑛+𝑖)|      for 𝑖 = 1,2, … , 𝑛 

 =

{
 

 |
6𝑛−3𝑖+1

2
−
3(2𝑛+𝑖)−6𝑛−1

2
|    {

for 𝑖 = 1,3, … , 𝑛 − 1, 𝑛 is even
for 𝑖 = 1,3, … , 𝑛,          𝑛  is odd 

|
3𝑖−2

2
−
12𝑛−3(2𝑛+𝑖)

2
|            {

for 𝑖 = 1,3, … , 𝑛,          𝑛 is even
for 𝑖 = 2,4, … , 𝑛 − 1, 𝑛  is odd 
 

   

 = 3𝑛 + 1 − 3𝑖                    for 𝑖 = 1,2, … , 𝑛.   
     By combining 1, 2, and 3, we get that the edges received the numbers 1,2, … ,3𝑛 − 1. Hence, 

the graph 𝐷𝐶𝑂𝑛, is graceful labeling. 

Second, for antimagic labeling we will get: 

 

  𝑤𝑡𝛽7∗(𝑣1) = |𝛽7(𝑣1) −𝛽7(𝑣2)| + |𝛽7(𝑣1) −𝛽7(𝑣𝑛+1)| + |𝛽7(𝑣1) −𝛽7(𝑣𝑛+2)| 

  = |
6𝑛−2

2
− 2| + |

6𝑛−2

2
− 0| + |

6𝑛−2

2
− 1| = 9𝑛 − 6. 

   𝑤𝑡𝛽7∗(𝑣𝑖) = |𝛽7(𝑣𝑖) −𝛽7(𝑣𝑖−1)| + |𝛽7(𝑣𝑖) −𝛽7(𝑣𝑖+1)| + |𝛽7(𝑣𝑖) −𝛽7(𝑣𝑛+𝑖)| + 

                       |𝛽7(𝑣𝑖) −𝛽7(𝑣2𝑛+𝑖)|      for 𝑖 = 2, 3, … , 𝑛 − 1, 

=

{
 
 
 

 
 
 |

3𝑖−2

2
−
6𝑛−3𝑖+4

2
| + |

3𝑖−2

2
−
6𝑛−3𝑖−2

2
| + |

3𝑖−2

2
−
6𝑛−3𝑖+2

2
| + |

3𝑖−2

2
−
6𝑛−3𝑖

2
| 

               {
for 𝑖 = 2,4, … , 𝑛 − 2, 𝑛 is even
for 𝑖 = 2,4, … , 𝑛 − 1, 𝑛  is odd 

|
6𝑛−3𝑖+1

2
−
3𝑖−5

2
| + |

6𝑛−3𝑖+1

2
−
3𝑖+1

2
| + |

6𝑛−3𝑖+1

2
−
3𝑖−3

2
| + |

6𝑛−3𝑖+1

2
−
3𝑖−1

2
|

            {
for 𝑖 = 3,5, … , 𝑛 − 1,   𝑛 is even
for 𝑖 = 3,5, … , 𝑛 − 2,   𝑛  is odd 

 

    

= 12𝑛 + 6 − 12𝑖   for 𝑖 = 2, 3, … , 𝑛 − 1. 
   𝑤𝑡𝛽7∗(𝑣𝑛) = |𝛽7(𝑣𝑛) −𝛽7(𝑣𝑛−1)| + |𝛽7(𝑣𝑛) −𝛽7(𝑣2𝑛)| + |𝛽7(𝑣𝑛) −𝛽7(𝑣3𝑛)| 

= |
3𝑛 + 1

2
−
3𝑛 − 5

2
| + |

3𝑛 + 1

2
−
3𝑛 − 3

2
| + |

3𝑛 + 1

2
−
3𝑛 − 1

2
| 

= 6. 
𝑤𝑡𝛽7∗(𝑣𝑛+𝑖) = |𝛽7(𝑣𝑛+𝑖) −𝛽7(𝑣𝑖)|    for 𝑖 = 1,2, … , 𝑛, 

= {
|
3𝑖 − 3

2
−
6𝑛 − 3𝑖 + 1

2
|    {

for 𝑖 = 1,3, … , 𝑛 − 1,   𝑛 is even
for 𝑖 = 1,3, … , 𝑛,          𝑛  is odd 

      

|
6𝑛 − 3𝑖 + 2

2
−
3𝑖 − 2

2
|    {

for 𝑖 = 2,4, … , 𝑛,                𝑛 is even 
for 𝑖 = 2,4, … , 𝑛 − 1, 𝑛  is odd

 

= 3𝑛 + 2 − 3𝑖    for 𝑖 = 1, 2, … , 𝑛. 
Finally, 

𝑤𝑡𝛽7∗(𝑣2𝑛+𝑖) = |𝛽7(𝑣2𝑛+𝑖) −𝛽7(𝑣𝑖)|    for 𝑖 = 1,2, … , 𝑛 

= {
|
3𝑖 − 1

2
−
6𝑛 − 3𝑖 + 1

2
|   {

for 𝑖 = 1,3, … , 𝑛 − 1,   𝑛 is even
for 𝑖 = 1,3, … , 𝑛,          𝑛  is odd 

      

|
6𝑛 − 3𝑖

2
−
3𝑖 − 2

2
|          {

for 𝑖 = 2,4, … , 𝑛,         𝑛 is even 
for 𝑖 = 2,4, … , 𝑛 − 1,   𝑛  is odd

       

 

= 3𝑛 + 1 − 3𝑖    for 𝑖 = 1, 2, … , 𝑛. 
   

From the weights of the vertices, we can observe the following:  

𝑤𝑡𝛽7∗(𝑣𝑖+1) < 𝑤𝑡𝛽7∗(𝑣𝑖) and 𝑤𝑡𝛽7∗(𝑣2𝑛+𝑖+1) < 𝑤𝑡𝛽7∗(𝑣2𝑛+𝑖) for 𝑖 = 1, 2,⋯ , 𝑛 − 1, and 

moreover 𝑤𝑡𝛽7∗(𝑣2𝑛+𝑖) < 𝑤𝑡𝛽7∗(𝑣𝑛+𝑖) for 𝑖 = 1, 2,⋯ , 𝑛. On the other hand for 𝑖 = 1, 2,⋯ , 𝑛, 

𝑤𝑡𝛽7∗(𝑣𝑖) does not meet with any vertex of degree 1 because by the technique used in the 

labeling 𝑤𝑡𝛽7∗(𝑣𝑖) for 𝑖 = 1, 2,⋯ , 𝑛, given some time to the edge joining two vertices of degree 

3 or 4, which means that the vertex weights are all distinct and the double comb graph 𝐷𝐶𝑂𝑛, 
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is graceful antimagic labeling, for every 𝑛 ≥ 2, 𝑛 ≢ 0 (mod 4). Howover, when 𝑛 = 4, 

𝑤𝑡𝛽19∗ (𝑣1) = 𝑤𝑡𝛽19∗ (𝑣2) and when 𝑛 = 8 𝑤𝑡𝛽19∗ (𝑣1) = 𝑤𝑡𝛽19∗ (𝑣3) and so on. 

 

Conclusion 

     Gracful antimagic labeling for split of the star graph 𝐾1,𝑛, 𝐾2,𝑛 graph, 𝑃2 + �̅�𝑛 graph, 

jellyfish graph 𝐽𝑛,𝑛, Dragon graph 𝑇3,𝑛, kite graph (𝑇4,𝑛) and the double comb graph 𝐷𝐶𝑂𝑛, are 

proved. Our future work is to find some other families of graphs that admit graceful antimagic 

labeling. 
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