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Abstract

Graceful labeling of a graph G with g edges is assigned the labels for its vertices
by some integers from the set {0,1, 2, ..., g}, such that no two vertices received the
same label, where each edge is assigned the absolute value of the difference between
the labels of its end vertices and the resulting edge labeling running from 1 to g
inclusive. An edge labeling of a graph G is called vertex anntimagic, if all vertex
weights are pairwise distinct, where the vertex weight of a vertex under an edge
labeling is the sum of the label of all edges incident with that vertex. In this paper,
we address the problem of finding graceful antimagic labelin for split of the star graph
K1, Ko graph, P, + K,, graph, jellyfish graph J, ., Dragon graph T ,,, kite graph
(T4,) and the double comb graph DCO,,,
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1. Introduction

Let G = (V, E) be a finite simple and undirected graph, where V(G) and E(G) are the vertex
set and edge set, respectively. Graceful labeling of a graph G with g edges is assigned to the
labels for its vertices by some integers from the set {0,1,2,...,q}, such that no two vertices
received the same label, where each edge is assigned the absolute value of the difference
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between the labels of its end vertices and the resulting edge labeling running from 1 to q
inclusive. The concept of graceful labeling was first introduced by Rosa in 1966 [1] and he
named it as S-valuation and this labeling was later renamed graceful labeling by Golomb
[2]. The Ringel-Kotzig conjecture that all trees are graceful is still open. Hartsfield and Rangel
[3], introduced the concept of antimagic labeling in 1990. A graph G with p vertices and g edges
is said to be antimagic if its edges can be labeled with 1, 2, ..., g such that the weights of vertices
of G are pairwise distinct. Hartsfield and Ringel [3], proved that the path graphs B,, the
complete graph K,,, n > 3, the wheels and the cycles graphs are antimagic. Moreover, in [3],
they conjectured that every tree except P, is antimagic and every connected graph except P, is
antimagic, both these conjectures are still open. For more information about graceful labeling
and antimagic labeling, please refer to [4], [5] and [6]. For the graceful labeling if the induced
edge labeling is simultaneously admitting graceful and vertex-antimagic labeling then it is
called graceful antimagic labeling. The graceful antimagic labeling of a graph G = (V, E) was
first introduced by (Mohammed, Andrea and others in [7]), where they proved that path graph
P,,n = 3, star and double star graphs, all non-isomorphic trees up to 8 vertices, cycles C,, for
some odd numbers, complete graphs and some related graphs are graceful antimagic. In this
paper, we will deal with the problem of finding graceful antimagic labeling for some other
families of graphs.
2. Main Result

In this section, the existence of graceful antimagic labeling for some special graphs has been
discussed.
Let G be any graph, the split graph of G is a graph obtained from the graph G by adding a new
vertex v~ for every vertex v of a graph G, such that N(v) = N(v™).

Theorem 2.1: The split of star graph Kj ,, is graceful antimagic labeling, for every n > 3.
Proof: We define the vertex set and edge set of the split of star graph Kj ,, as follows:
V(Kin) ={vi:i=12,..2n+2}.
E(Ky ) = {viVant2, ViVons1, Vong1Vnyi £ = 1,2, .., n}.
For every n > 3, we define the vertex labeling as follows:
B1:V(Kyy) = {0,1,2,...,3n}, such that

2 when i =1,2,...,n,
Pr(v) = {1’L+l—2 when l—n+1 n+2 L2n + 2,
First, for the graceful labeling, we will check the induced edge labeling for a split of star
graph K; , when n > 3 as follows:
1- Bi(Vivans2 ) = |B1(v) — B1(Vans2)| fori=1,2,..,n
= |(2i — 2) — 3n| fori=1,2,--,n
=3n+2-—2i fori=1,2,---,n
2- B1(Wivane1) = 1B1(v) — B1(Wany)|l fOri=1,2,--,n

=|R2i—-2)—-Bn-1)| fori=1,2,--,n

=3n+1-2i fori=1,2,--,n.
3- Bi Wzn41Vn+i ) = |B1(Wans1) — B1(vnyi)l fori=1,2,-,n

=|3n-1)—-2n—-2+1i)| fori=1,2,-:,n
=n+1-1i. fori=1,2,-

By combining 1, 2, and 3, we get the edges received the numbers (1,2,...,3n). Therefore, the
split of star graph K; ,, is graceful labeling.
Second, for antlmaglc labeling we will get:

wtg: (Vans1 ) = Z|,31(V2n+1) Br(w)| + Z|31(V2n+1) B1 (V)]
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n n
= ZI(3n+ 1—20)] +Z|(n+ 1—20)|
i=1 i=1

__ 5n%+4n

2
wtg: (Vani2 ) = Zlﬁl (Van42) — B1(W)] = 2(311 + 2 —2i)

=2n? +n.
wtg:(v; ) = |B1(v) — B1(Vans2)| + 1B1(v) — B1(Vanya)| fOri=1,2,--,n
=|@i-2)-3n| + [ (2i-2)-3Bn-1)|
=6n+3—4i fori=1,2,,n.
Finally,
wtgs(Vnyi ) = |B1(Vons1) — B1(Wny)|  fori=1,2,-,n
=|3n—-1)—-2n—-2+1i)| fori=1,2,-,n
=n+1-1i fori=1,2,---,n.
Hence, wig:(viyq) <wig:(vy), for i=1,2,--2n—1, and wig:(v1) < witg:(Vany2) <
wig: (Van41). This means that the vertex weights are pairwise distinct, thus the split of star
graph K ,, is graceful antimagic labeling, for every n > 3.
Graceful antimagic labelings of the split star graph K; ¢ is illustrated on Figure 1.

Figure 1: A graceful antimagic labeling of the split star graph K; ¢

Theorem 2.2: The K, ,, graph is graceful antimagic labeling, for every n > 3.
Proof: We define the vertex and edge sets of the graph K ,, as follows :
V(Kz'n) ={v;:i=1,2,..,n+ 2}

E(KZ,n ) = {vivn+11 Un+2V; ¢ i=12 ...,n}.
For every n > 3, we define the vertex labeling as follows:
B2:V(Kzn) = {0,1,2,...,2n}, such that

20— 2 wheni=1,2,...,n,
Pa(v) ={n—Z+i wheni=n+1,n+ 2.
First, for the graceful labeling, we will check the induced edge labeling for the graph K, ,, when
n > 3 as follows:
1- B3 (Vivn41) = 1B (V) — Bo(vpy)| fori=1,2,...,n
=](2i-2) - (2n—1)|
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=2n+1-2i fori=1,2,..,n.
2- B3(Wivny2) = |B2(vi) — P2(Wpy2)|  fori=1,2,-,n

= |(2i — 2) — 2n|

=2n+2-—2i fori=1,2,---,n.

So, the edges received the numbers 2n + 1 — i fori = 1, 2,---,2n, which means that the graph

K, , is graceful labeling.

Second, for antimagic labeling we will get:

wtgs (Vi) = B2 (Vi) — Bo(Vn )| + 1B (Vi) — B2 (Vny2)l fori=1,2,--,n
=|1Ri—-2)—-2n—-1D|+|2i—-2)—-2n)| fori=1,2,:,n
=4n—4i+3 fori=1,2,---,n.

wig; (Vn41) = ZLBZ (Vn+1) — B2(v)]

i=1
= Z(Zn —2i+1)
.
Finally,
Wegs (Wni2) = ) 1Ba(vn-2) = B ()]

n i=1
- Z(Zn _2i+2)
i=1

2
=n°+n

From the weights of the vertices, we can notice that wigs (v;,1) < wig:(v;), for i =
1,2,-,n—1, and wig: (v1) < witgs(Vn41) < wigs(vn42). Therefore, the vertex weights are
all distinct and so the graph K, ,, is graceful antimagic labeling, for every n > 3.

Theorem 2.3: The graph P, + K,, is graceful antimagic labeling, for every n > 4.
Proof: We define the vertex and edge sets of the graph P, + K,, as follows:
VP, +K,) ={v;,i=12,...,n+2}.
E(P; + Kp) = {Vn41Vi, Va2Vt i = 1,2, .. ,n} U {Vp 41V}
For every n > 4, we define the vertex labeling as follows:
Bs:V(P, + K,;) — {0,1,2, ...,2n + 1}, such that;
_(i—1 when i =1,2,...,n+ 1,
'6)3(vi)_{2n+1 when i =n + 2. B
First, for the graceful labeling, we will check the induced edge labeling for the graph P, + K,
forn > 4, as follows:

1-B3(vivni1) = |B3(vy) —B3(Vn41)]

=n+1-1 fori =1,2,..,n.
2- B3(ViVny2) = |B3(v;) —B3(Vn42)l
=2n+2 —1i fori =1,2,...,n.

3-B3(Wn41Vny2) = 1Bz(v) — B3 (Vn42)l
=|(n+1)-1)-2n+1)|=n+1.
So, the edges received the numbers 2n + 2 —i for i = 1,2, ...,2n + 1, and hence, the graph
P, + K,, admits graceful labeling.
Second, for antimagic labeling we will get:
wig: (v;) = |B3(v) —B3(Wns )| + |B3(v) —B3(vny2)| fori=12,..,n
=[{i-1)-n|l+|i-1)—-2n+1)| fori =1,2,..,n
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=3n+3-—2i fori =1,2,..,n.
n

wtg: (Vni1) = |B3(Vns1) —B3(Wny2)| + Z|,33(17n+1) —B3(vy)
n=1

=|n—(2n+1)|+2|(i—1)—n|

n+n n?+3n+2
=(n+1)+ > = > :

wtg: (Vni2) = |B3(Vns2) —B3(Wny1)| + Z|,33(17n+2) —B3(vy)
n=1

=|2n+1 —n| +Z|2n—i+2|
i=1
3n? +3n 3n? +5n+2
=(n+1)+ >
From the welghts of the vertices, we have wig: (v;41) < wig:(v;), for i = 1,2,---,n and
moreover wig:(v1) < wtg:(Vy11) < wigs(vny), this means that the vertex Welghts are

pairwise distinct and so the graph P, + K,, is graceful antimagic labeling, for every n > 4.

Theorem 2.4: The jellyfish graph J,, ,, is graceful antimagic labeling, for every n > 2.
Proof: We define the vertex and edge sets of jellyfish graph J,, ,, as follows:
V(Jpn) ={viri=12,...2n+ 4}
E(]n,n) = (ViVan+a» Vn+iVons3:i = 1,2,...,n} U
{Van+1V2n+2 Van+1Vant3 Vane1Vanta Vans2Vant 3 Vans2Vantal-
For n > 2, the vertex labeling is defined as follows:
Ba:V(Jun) — {0,1,2,...,2n + 5}, such that
n—i+4 when i =1,2,...,n,
Ba(v;)) =4{3n—i+6 wheni=n+1n+2..2n+2,
2i—4n—6 when i =2n+ 3,2n + 4.
First, for the graceful labeling, we will check the induced edge labeling for the jellyfish
graph J,, ,, as follows:
1-Bs(vivanta) = |Ba(v) =Bs(Vonsa)| =n+2—1 fori=12,..,n
2-Bs (Vn4iVon+3) = |Ba(Vnsi) —Ba(Wonss)l
= |3n—(n+i)+6—0| fori =1,2,..,n
=2n+6—1i fori =1,2,...,n
3-Bi(Van+3Vans1) = |Ba(Vants) —Ba(Wany1)l
=|lo-@n-Cn+1+6)|
=n+5.
4-B4(Vant1Vznsa) = 1Ba(Wani1) —Ba(Vania)l
=|@Bn-Cn+1)+6)-2]|
=n+3.
5-B4(VantaVan+2) = |Ba(Wansa) —Ba(Vonsi2)]
=|[2-GBn-0C2n+2)+6)]
=n+2.
6-Bs (Vani2Vzn+3s) = |Ba(Wans2) —Ba(Vanss)l
=|@Bn-Cn+2)+6)-0]|
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=n+4.
7-B5(V2n+1V2n+2) = 1Ba(Wans1) —Ba(Vons2)|
= |@Bn-Cn+1)+6)-Bn-(02n+2)+6)|
= 1.
By combining the 1,2,3,4,5,6 and 7, we get that the edges received the numbers i fori =
1,2,..,2n+5.
Hence, the graph J,, ,, is a graceful labeling.
Second, for antimagic labeling we will get:
wig: (V) = [Bs(vy) —B4(Vonsa)| fori=1,2,..n
= |(n+4—i)—2| =n—i+2 fori=12,..n
wtg: (Vnti) = |Ba(Wnyi) —Pa(Vanss)| fori=1,2,..n
=|@n-i+6)=(0)] =2n—i+6 fori=12 ..n
wig: (Vans3) = [Ba(Vans3) =Ba(Wans )| + 1Ba(Wans3) —Ba(Wans2)| +
Yic11Bs(W2ne3) —Ba(Vnsi)]
=lo-m+5)|+|0-n+d)]| +¥-, |0-Cn—-i+6)]
— (TL+ 5) + (n+ 4) + 3n? +11n 3n? +15n+18

Wtﬂ4(v2n+4) = |B4(172n+4) :34(172n+1)| + |:34(172n+4) —Bs(Vzns2)|

+ Z PACAIET ACH]

|2—(n+5)| + |2—(n+4)| +Y |2-(m+4-0)]

n?+43n n?+7n+10

=n+3)+(n+2)+ = >

wig: (Vans1) = 1B4(Vans1) ,34(772n+2)| + 1B4(Vans1) —Ba(Vans3)| +
1Ba(Wans1) —Ba(Wania)l
= |n+5) -+ | +|m+5-0| +|(n+5) —2|
=2n+09.
Finally,
wig: (Vani2) = |Ba(Vans2) =Ba(Wans )| + 1Ba(Wans2) —Ba(Wany3)| +
1Ba(Wans2) —Ba(Vania)l
=|lm+d-n+5]| + |+ -0| +|n+4-2]
=2n+7.
Based on the weights of the vertices, we have (wtg: (v;i41) < witg: (v;) and witg: (Vp4i41) <
wtg: (V) for i = 1,2,--,n — 1 and moreover wtg: (v1) < wig:(v,,), on the other hand,

wig: (Van—1) < Witg:(Vny1) < Wig: (Vans2) < wig: (Vans1) < wig: (Vansa) < wig: (Vanes).

This means that the vertex weights are pairwise distinct. Thus, the jellyfish J,, ,, is graceful
antimagic labeling, for every n,n > 2.
The (m, n)- tadpole graph, also known as a dragon graph or a Kite graph, is a graph obtained
by joining a cycle graph C,,, to a path graph B, with a bridge.

Theorem 2.5: The Dragon graph Ts ,, is graceful antimagic labeling, for every even n > 2.
Proof: We define the vertex and edge sets of the dragon graph Ts ,, as follows:
V(Tsp) ={v,i=12,..,n+3}

E( T3,n) = {Vivip1i =12, ..,n+ 1} U {Un41Vn43, VntaUnss}
For every even n,n > 2, the vertex labeling is defined as follows:
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Bs:V(T5,) — {0,1,2, ...,n + 3}, such that

nT+3 When i = 1,3,,n+ 3,

2
Bs(vy) = n+i+4
2

when i =2,4,...,n + 2.

First, for the graceful labeling, we will check the induced edge labeling for the dragon
graph T3, when n is even as follows:

1-Bs(vivip1) = |1Bs(v) —Ps(viz)|  fori=12,..,n+1

n—i+3 n+(i+1)+4 .
e |f0rl=1,3,...,n+3,

|n—;’+3 _ n+(i:1)+4| fori =2,4,..,n+ 2.

=i+1 fori =1,2,...,n+ 2.
Z'ﬁ;(vn+1vn+3) = |Bs(Vn+1) —Bs(Wn43)l
_ |n—(n+1)+3 _n—(n+3)+3| -1
2 2 )

Hence, the edges received the numbers n+4 —i fori = 1,2,...,n + 3. Therefore, the
dragon graph Ts,, admits graceful labeling. Second, for antimagic labeling we will get:

wig:(vy) = |Bs (v1) —Bs(v2)]
_ |n—1+3_n+2+4|

2 2

= 2.
wtg: (Vi) = |Bs (Vi) —Bs(Wi-D| + |Bs (i) —Bs(viy1)| fori=23,..,n+2

n+3-i  n+3+i n+3-i  n+5+i .
R |+| SR | for i =3,5,...,n—1,

= n+i+4 n-i+4 n+4+i n+2-i .
— — fori=24,..,n+ 2
2 2 2 2

=2i+1 fori =2,3,...,n.
wig:(Vny1) = |Bs(Wns1) =Bs )| + 1Bs(Vn1) —Bs(Vni2)| + [Bs(Vns1) —Bs(Vne3)l

2n + 4
|+ 11—(n+3)| + |1 -0

= 2n + 4.
Finally,
Wtﬂ;(vn+3) = |ﬂ5(vn+3) _ﬁS(vn+1)| + I,BS(vn+3) _,85(vn+2)|
=10—1]+ 10— (n+3)|
=n+4

For the weights of the vertices, we have wig: (v;) < witg:(v;44), fori =1,2,---,n, on the
other hand, wig: (vp43) < wig:(vni1) < wig:(vn42), and since n is even then the weights of

the vertex v,,, 3 is even while the weights of the vertices v; for i = 2,3, ---,n is odd. Hence the
weights of the vertices are pair wise distict. Thus, the graph Ts,, is graceful antimagic labeling,
for every evenn,n > 2.

Theorem 2.6: The kite graph (T ,,) is graceful antimagic labeling, for every n > 5.
Proof: We define the vertex set and the edge set of the kite graph T, ,, as follows :
V(Typ) ={v,i=12,..,n+4}

E( T4,n) = {viVi41:1 = 1,2, ...,n + 3} U {Vp41Vn 44}
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For every n > 5, we define the vertex labeling, as follows:
Be:V(Tyn) — {0,1,2,...,n + 4}, such that;
(Tl—i+5 {Wheni=1,3,---,n+1, nis even
2 when i =2,4,...,n+1, nisodd
Ps(v)) ={n+i+4 when i = 2,4,...,n+ 4, niseven
2 {when i=1,3-,n+4, nisodd
0 wheni =n + 3.

First, for the graceful labeling, we will check the induced edge labeling for the kite graph
Ty, as follows:

1-Bs(vivit1) = |1Pe(vi) —Ps(Vip1)| fori=12,..,n+3

( |n—i+5 _n+(i+1)+4| {When i=1,3,---,n+1, niseven
2 2 when i =24,...,n+1, nisodd
|n+i+4 _ n—(i+1)+5| {when i=24,..,n niseven
=< 2 2 when i=1,3,:--,n, nisodd
|(n+3) —0| when i =n + 2, for evenand oddn
L|0—(n+4)| when i =n + 3, for evenand odd n
i fori =1,2,...,n+ 1 nisevenand odd
={n+3 fori=n+ 2, nisevenand odd
n+4 fori=n+3, nisevenandodd.

2-Bs(Vn4aVns1) = |Be(Wnra) —Bs(Vns1)l
B n+(n+4)+4_f

2 2

=n+2.

By 1 and 2 we get that the edges received the numbers n+5 —i fori = 1,2,...,n + 4.
Hence, the Kite graph T, ,, is graceful labeling.
Second, for antimagic labeling we will get:

n+4 n+ﬂ

wig: (V1) = |Be(v1) —B6(v2)| = | 2 2

=1, for even and odd n.

wtg: (v;) = |Bs(vi) —Bs(Wi-D| + |Bs(Wi) —Bs(viy1)| fori=23,..,n
n+4+i _n+6—i| + |n+4+i _n+4—i| {fori =24, ..,n, niseven
2 2 2 2 for i =3,5,...,n, nisodd

|n—i+5 n+i+3| + |n—i+5 n+i+5| {for i=35,..,n—1, niseven
2 2

2 2 fori=24,..,n—1, nisodd
=2i—1 fori=23,..,n, for even and odd n.
wtg: (Vny1) = |Be(Wns1) —Bs(Wn)| + 1Bs(Vn+1) —Bs(Wni2)| + [Bs(Vns1) —Bs(Vnsa)l
=2-m+2)|+ [2-n+3)|+]2-(n+4)]
= 3n + 3, for even and odd n.
wig: (Vny2) = 1Be(Wni2) —Be(Wni1)| + 1Bs(Wni2) —Be(Vny3)l
=|n+3-2|+|n+3-0|
= 2n + 4, for even and odd n.

wig: (Vny3) = |Be(Wni3) —Bs(Wni2)| + 1Bs(Vni3) —Be(Vnia)l
=10—(n+3)|+]0—(n+4)|
=2n+7 for even and odd n.
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Finally,

wtg: (Vnya) = |Be(Wna) —Bs(Wns1)| + 1B6(Wna) —B6(Vns3)l
=n+4-2|+|n+4-0|

=2n+6 forevenand odd n.

From the weights of the vertices, we have wtg: (v;) < wtg:(v;44), for i =1,2,--,n -1,
and moreover  wtg:(v,) < Witgs(Vny2) < Wig: (Vnya) < Witg:(Vny3) < wig:(vpyq). This
means that the vertex weights are pairwise distinct and so the kite graph is graceful antimagic
labeling, for every n > 5.

The double comb graph DCO,,, is a graph obtained from the path graph B, by adding 2k,
vertices corresponding to each vertex v; of the path graph B, and joining v; with it
corresponding vertices.

Theorem 2.7: The double comb graph DCO,, is graceful antimagic labeling, for every n >
2,n % 0 (mod 4).

Proof: We define the vertex set and the edge set of the double comb graph DCO,,, as follows:
V(DCO,) ={v;i=1,2,..,3n}.

E(DCO,) = {vivi;1:i =12, ...,n — 1} U {V;Vp44, ViVonsit i = 1,2, ...n}

Forn > 2, n # 0 (mod 4), we define the vertex labeling, as follows:

B-:V(DCO,) — {0,1,2, ...,3n — 1}, such that,

(6n—3i+1 {when i=13,..,n—1, niseven

2 when i = 1,3,...,n, n is odd
3i—2 when i = 2,4, ...,n, n is even
2 {when i=24,..,n—1 nisodd
3i—3n-3 {when i=n+1,n+3,..2n—1, niseven
_ when i=n+1,n+3,..,2n, n is odd
Br(w1) = 9n — 3l In—-3i+2 (wheni=n+2n+4,..2n, nis even
{when i=n+2,n+4..2n—1, n isodd

3i—6n—1 671 -1 fwhen i =2n+1,2n+3,...,3n — 1, niseven
{when i=2n+1,2n+3,..,3n, n is odd

1271 —3i when i =2n+2,2n + 4, ...,3n, nis even

\ 2 {when i=2n+2,2n+4,..,3n—1, n isodd.

First, for the graceful labeling, we will check the induced edge labeling for the double comb
graph DCO,, as follows:
1-B7(vivis1) = |B7(v) —B7(viy 1)l fori=12,..,n—1

|6n—3i+1 _ 3(i+1)—2| {fori =13, ..,n—1, niseven
2 2 fori =1,3,...,n—2, n isodd
3i-2 6n—3(i+1)+1| {for i=24,..,n—2, niseven
2 2 fori=2,4,..,n—1, n isodd
=3n—3i fori=1,2,...,n— 1.
Z-ﬁ';(vlvn'Fl) = |ﬁ7(vl) _.87(vn+i)| forl = 1121 G
|6n—3i+1 _ 3(n+i)—3n—3| {fori =13,..,n—1, niseven
2 2 fori =1,3,..,n, n is odd
3i-2 9n—3(n+i)+2| {fori =24,..,n, n is even
2 2 fori =2,4,...,n—1, n is odd

4666



SHawkat and Ahmed Iragi Journal of Science, 2023, Vol. 64, No. 9, pp: 4658-4668

=3n+2-—3i fori =1,2,...,n.

3-B7(vivan+i) = 1B (V) —=B7(Vane)|  fori=12,..,n
(|6n—3i+1 _ 3(2n+i)—6n—1| {fori =13, ..,n—1, niseven
2

2 fori =1,3,...,n, n is odd

= |3i—2 _ 12n-3(2n+0) {fori =13 ..,1 n is even

2 2 fori =2,4,..,n—1, n is odd
=3n+1-3i fori =1,2,..,n.

By combining 1, 2, and 3, we get that the edges received the numbers 1,2, ...,3n — 1. Hence,
the graph DCO,, is graceful labeling.
Second, for antimagic labeling we will get:

wig: (V1) = |B;(v1) —=B7 (V)| + |B7(v1) —B7(Vny )| + 1B7(v1) —B7(vni2)]

= |22 -2+ |22 -0+ |22 -1 =96
2 2 2

wtg:(vy) = |B7;(v) =B (Wi )| + |B7(v) —B7 (s )| + |B7(vi) —B7(vns )| +
1B;(v;) —B7(Vop4i)|  fori=2,3,..,n—-1,

3i-2  6n—3i+4 3i-2  6n—3i-2 3i-2  6n—3i+2 3i-2  6n—3i
f2_2|+|2_2|+|2_2|+|2_2|
{fori =24, ..,n—2, niseven
fori =2,4,..,n—1, n isodd
=1 |6n-3i+1 3i-5 6n—-3i+1  3i+1 6n—3i+1 3i-3 6n—3i+1 3i-1
|2_2||2_2||2_2||2_2|
{fori =3,5..,n—1, niseven
L fori =3,5,...,n—2, n isodd

=12n+6 —12i fori=2,3,..,n— 1

Wtﬁ; (vn) = |B7(vn) _ﬁ7(vn—1)| + |ﬁ7(vn) _37(77211)' + |ﬁ7(vn) _B7(U3n)|
_|3n+1_3n—5 |3n+1_3n—3 |3n+1_3n—1|

12 2 2 2 2 2

= 6.
wigs (Vnsi) = [B7(Wn4i) =B7 ()| fori=12,..,n,
|3i —3 o6n-3i+ 1| {fori =1,3,..,n—1, niseven

2 2 fori =1,3,...,n, n is odd
|6n—3i+2_3i—2| {fori=2,4,...,n, n is even
2 2 fori=24,..,n—1, n is odd
=3n+2 —-3i fori=1,2,..,n.
Finally,

wtgs (Wan+i) = |B7(Wan+i) =B (v)] fori=12,..,n
3i—1 6n-3i+ 1| {fori =1,3,..,n—1, niseven

2 2 fori =1,3,..,n, n is odd
|6n —3i 3i- 2| {fori =24, ..,n, nis even
2 2 fori =2,4,..,n—1, n isodd

=3n+1-3i fori=1,2,..,n

From the weights of the vertices, we can observe the following:

wig: (Vip1) <wtp:(v;) and  wigs (Vonyiv1) < wigs(Vany) for i=1,2,---,n—1, and
moreover witg: (Von4i) < wig: (Vpyy) for i = 1,2,---,n. On the other hand for i = 1,2,---,n,
wtg: (v;) does not meet with any vertex of degree 1 because by the technique used in the
labeling wtg: (v;) for i = 1, 2,---,n, given some time to the edge joining two vertices of degree
3 or 4, which means that the vertex weights are all distinct and the double comb graph DCO,,
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is graceful antimagic labeling, for every n > 2,n # 0 (mod 4). Howover, when n = 4,
wtg: (v1) = wtg: (v,) and when n = 8 wtg: (v;) = wtg:, (v3) and so on.

Conclusion

Gracful antimagic labeling for split of the star graph Ki,, K,, graph, P, + K, graph,
jellyfish graph J,, ,, Dragon graph Ts ,,, Kite graph (T, ,,) and the double comb graph DCO,,, are
proved. Our future work is to find some other families of graphs that admit graceful antimagic
labeling.
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