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Abstract

The objective of this work is to study the concept of a fuzzy 7 *-cone metric
space And some related definitions in space. Also, we discuss some new results of
fixed point theorems. Finally, we apply the theory of fixed point achieved in the
research on an integral type.
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1. Introduction

The Cone metric space and the fixed point this space was presented by L. G. Huang and X. Zhang
[1]. The Cone metric space is a generalization of metric space. Further, there are many researchers
discussed the generalization of the fixed point theorem in Cone of these space [2-7]. In 2008, Bari and
Vetro introduced a new concept on the fixed point in the field of ¢- mapping and concluded some of
the results and examples achieved.

One of their interested in the applications in the fuzzy Cone metric space was introduced by Bag
[8] and studied many subjects that are related to it. After that, many authors touched on the concept
of the fixed point in this space. Oner, Kandemir, and Tanay provided another definition of the
concept of fuzzy cone metric space and concluded many of the results related to it (see[4-6], [10]
and[11]).

In this work, we will define fuzzy 7 *-Cone metric space. We also mentioned some definitions
related to this space and proved some of the properties achieved. In addition, we show fa ixed point in
fuzzy 7*-Cone metric space. The range of fuzzy Cone metric is considered as C*(I), where C*(I) is
defined by the set of all fuzzy real number defined on C where C is a given real Banach space ),[9].

2. MAIN RESULTS

The definitions of the fuzzy number, convex fuzzy real number, and normal fuzzy number as

mentioned in ([12]), as well as for the arithmetic operations @, &, © on C x C were presented by
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([11]). There are also important definitions such as fuzzy real Banach space, interior point and fuzzy
closed subset of C* (1) Which was put forward by Bag [9].
A subset p of C*(I) is called fuzzy Cone if
(1) p fuzzy closed, nonempty and p # {0}.
2abeR,a,b=0,v,weE p =av@Pbwep
BrvepandOve p=v=0

Given a fuzzy Cone p c C*(I), we define a partial ordering < with respect to p by v < w iff
w © v € p. On the other side v < ws.t v # w while v < wwill standw © v € Int p*”
A fuzzy Cone p is said to be normal if there is a number k > 0 s.t for all x,y € p, with 0 S v=<w
= v < kw

A fuzzy Cone p is said to be regular if {x,} is an increasing sequence which is bounded above is
convergent, that is x; < x, < - < x, < - < w for somew € C*(I), then there is x € C*(I) such
that ||x,, —x|| = 0as — oo .
Equivalently, p is called regular if {x,} is decreasing sequence which is bounded below is convergent
[9], [11].
Definition 2.1 The function T7*: X x X x X — C*(I) is called fuzzy T *-Cone metric space if satisfies
conditions:
M) T*(x,y,z) =0forall x,y,z € X.
M7 (xyz)=0 2x=y=z.
amny 7*(x,y,z) =T*(x,2,y) =T*(y,2z,x) = ---forall x,y,z€ X .
(V) T*(x,y,2) ST"(x,y,a) ®T*(a,a,z) forall x,y,z,a € X
Definition 2.2 Let (X, T ) be a fuzzy T *-Cone metric space, take {x,} be a sequence in X and x € X.
If for every e € C(I™) there is a positive k € N such that 7*(x,, x, x) < ||e|| for all n > k, then {x,}
is said to be fuzzy-converges to x.
Theorem 2.3 Let (X,7™) be a fuzzy 7*-Cone metric space and {x, } be a sequence in X, then
(1) {x,} is fuzzy-converges to x iff 7*(x,,x,x) > 0asn - .
(2) If {x,,} is fuzzy-converges to x and y, then x = y.
Proof:
(1) suppose{x,} fuzzy- converge to x, for every ¢ > 0 , choose e € C(I*) with 0 < ||e]| there exist
positive integer k such that k||e|| < &
Then there exist k, € N such that 7" (x,,, x, x) < ||e]|| forall n > k,
T* (x5, x,x) < kylel] < & (since p is normal)
= T* (xp,x,x) < gand T2, (x,, x,x) < e, forall a € (0,1]
= limy 0T (X, x,x) = 0 and limy, 0 T2 o (X, x,x) = 0
= limy,_ 0T (X, x,x) =0 =T"(xp,x,x) — 0.
Conversely: suppose that 7*(x,,, x,x) — 0 asn — oo,
Fore € C(I") with 0 < ||e]| there is § > 0 such that ||x|| < &
Then |le]l © |Ix|| € Int p [by condition ]
For this§ > 0, k € N such that 7" (x,,, x,x) < é foralln > k
Let 77 (e, x, %) = llynll = llynll < 8
llell © |yl € Int p foralln > k
Leads to ||y,l| < |le]| foralln >k
Then, we have T*(x,, x,x) < |le|| foralln > k = x, > x asn — .
(2) suppose that x,, » x and x,, » y
Thus for any e € C(I*) with 0 < |le|| there exist k € N such that T*(x,, x,x) < |le|| and
T*(xn,v,y) < |le|| foralln > k
Now:

T5,x,y) S T (2, x,%) @ T (20, ¥, ¥) < 2llel|

Hence 7*(x, x,y) < 2k||e]|
Since e is arbitrary , we have 7*(x,x,y) =0 = x = y.
Definition 2.4 Let (X,7*) be a fuzzy 7 *-Cone metric space and let {x,} be a sequence. If for every
e € C(I") there is a positive k € N such that 7*(x,, x,,, x) < |le|| for all n,m >k , then {x,} is
called fuzzy-Cauchy seq. in X .
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Definition 2.5 Let (X,T*) be a fuzzy T *-Cone metric space. If every fuzzy-Cauchy sequence is fuzzy-
convergent in X, it is said to be fuzzy-complete fuzzy T *-Cone metric space .

Theorem 2.6 Let (X,T") be a fuzzy T*-cone metric space and {x,} be a sequence in X. If {x,,} is f-
convergent then {x,,} is f-Cauchy sequence.

Proof: Let {x,} fuzzy-converge to x, for any e € C(I*) with 0 < ||e|| there exist k € N such that

T*(xp, x,x) < ”g” and T (x, x, X) < ”g” foralln,m > k

NOwW : T (X, X, X) < T (0, 2, X)BT " (X, x, x) < ||e]| foralln,m >k
Thus {x,} is fuzzy- Cauchy sequence.
Theorem 2.7 Let (X,7 ™) be a fuzzy cone metric space and p be a normal fuzzy cone with constant k,
{x,} be a sequence in X, then {x,} is fuzzy-Cauchy sequence if only if T7*(x,,x;,,x) > 0asm,n -
oo,
Proof: Let {x,} be a fuzzy-Cauchy sequence in X. For every n,m > 0 , choose e € C(I*) with
0 < |le|l and k||e]| < . Then there is k € N such that T*(x,, x,,, x) < |le]|| foralln,m > k
So that when, > k , T* (x,, x;m, X) < kl|e]| < € (since p is normal )
Since € > 0 is arbitrary, it follows that 7" (x,,, x,,, x) = 0 asm,n — oo,
Conversely: suppose that T* (x,, X, x) = 0asm,n - o
Fore € C(I") with 0 < ||e]|| thereis § > 0 such that ||x|| < &
llell © (llell @ lIx])) <& = llell © ||x|| € Int p. For this § >0 there is k€N such that
T*(xp, xm,x) < 6 foralln,m >k
suppose T (xp, Xm, ) = ||Zam|| = ||2am|| < 6
= |le|]| © ||an|| €lntpforallnm>k
= ||zom|| < llell foralln,m >k
= T (Xp, xm, x) < |le]| forall n,m >k
= {x,} is fuzzy-Cauchy
Definition 2.8. A sub additive function is a function g:p — p with the following property, for all
v,u€p, p+u) <p)+ plu).
Definition 2.9 Let (X, 7*) be a fuzzy Cone metric space, F: X — X. Then
(i) Fissaid to be fuzzy-continuous if lim,_,,x, = x = lim,_Fx, = Fx.
(if) Fp is said to be fuzzy-sub sequentially convergent, if we have a for every sequence {x,}, and
F{x,} is fuzzy- convergent = {x,} has a fuzzy- convergent subsequence.
(iii) F is said to be fuzzy-sequentially convergent, if for every sequence {x,}, and F{x,} is fuzzy-
convergent = {x,,} has also fuzzy-convergent.
Definition 2.10 let p be a fuzzy Cone, we denote G = {§/: p — p is non decreasing, sub additive,
fuzzy-continuous, fuzzy-sequentially convergent with go(7) = 0 & 7 = 0}.
Theorem 2.11 Let (X,T*) be a complete fuzzy 7 *-cone metric space, h: X — X continuous function
satisfying condition

GT*(hx, hy, hz) < uG[T*(x,y,2)|®vG[T* (hx, x, x)|®WG[T *(hy,y,y)|®eG[T *(hz, z, z)]
Where G as defined in (2.10) and u, v, w, e are constant satisfying 0 < u + v+ w + e < 1, then A has
a unique fixed point.
Proof: Letx, € X and let {x,,} be a sequences in X
If x,, = x4, for some n, then # has fixed point in X
Suppose x,, # x4 such that Ax, = x,41
GlIT" (hxy—yq, Ry, hxy)] = G[T™ (X0, X1, Xn1)]

S UGLT ™ (X1, X, X)) JOVG [T (K- 1, MXy—q, WXy 1) |OWG[T ™ (X, My, Ny ) |DG[T™ (X, My, i) ]
= UG[T" (Xn—1, Xn, Xp) |OVG [T (Xn—1, X, X ) |OWGT ™ (Xps X 41, X 41) |G [T (X, X1, Xpt1)]
= g[T*(xn' xn+1'xn+1)] < (u + v)[g[T*(xn—lrxn:xn)]]e(W + e)[g[T*(xnr xn+1rxn+1)]

(1 -(w+ e))[Q[T*(xn, Xn+1 Xn1)] < W+ V) [GIT (X1, X0, x0)]]

Hence GIT* Gons X X)) < Gy 617 G, X 0)]]

= G[T" (s Xng1 Xne )] < LMGIT " (%0, 21, 21)]]
Now since £ < 1 and p is fuzzy closed, we have for @w € p there exist { > 0

_ (utv)
Where £ = ra)

such that @ © a € p when ||a|| < {. By properties fuzzy cone and by normality of fuzzy cone we
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have limy,_e GIT (X, Xnt1, Xne1)] =0 when G is a fuzzy-sequentially convergent hence
T* (%5, Xn41, Xn41) 1S also convergent and G is fuzzy-continuous therefore

limy 0T (X, Xp1, Xne1) = 0.
Now, we have to prove {x,} is a fuzzy-Cauchy sequence
Now since lim,, T " (X5, Xnt1, Xne1) = 0 and p is fuzzy closed T* (X, Xp41, Xnt1) < % for every
@ € p hence

T*(xn: Xn+mo xn+m) < T*(xn' xn+1'xn+1) + T*(xn+1vxn+2’xn+2) + -t T*(xn+m—1'xn+m'xn+m)
S LM+ LM e LMTIYT (30, X4, %)
n
- 1 - - -
Hence {x,} is a fuzzy-Cauchy sequence, since X is fuzzy-complete = lim,,_ X, = a.
We have a € X.

<

LIT*(xO,xl,xl) — 0asn — oo,

G[T*(ha,a,a)] < G[T*(ha, ha, hx,)|DG[T ™ (hxy, a,a)]
<uglT(a,a,x,)|@vG[T* (ha, a, a)|®wG[T " (ha, a, a)|@eG [T~ (hxy, xp, xn) IOG[T* (X, a, a)]
=ug[T"(a, a,x,)|®VG[T* (ha, a, ) |®wG[T " (ha, a, a) |@eG[T ™ (Xpi1, Xn, X)) IOGIT " (xn11, @, @)]

< uglT"(a, a, x)]®W + w)G[T*(ha, a, a)|®(e + DGIT " (xn+1,a, a)|®eG[T " (xn, Xy, @)]

1-(+w)glT"(ha,a, al)] < uglT*(a, a, x,) 1@ (e + DGIT* (Xp41, @, a)1@eG[T " (xy, X, @)]
GIT* (hat, 2, )] < T (1T (@, 2, )1 (e + DGIT* Cnas, @, DIDEGLT Con X, )1}
1_(;+W) <landasn — o, G[T*(ha,a,a)] =0andso T*(ha,a,a) =0 = ha =a
Now, let g be another fixed point of & that is hg = g.

Gl7"(ha, ha, hg)] < uglT*(a, a,q)|®vG[T " (ha,a,a)|®wG[T " (ha,a,a)|®eG[T"(hq, g, q)]

= ug[T"(a,a,4)|®vg[T"(a, a, a)|®wg[T"(a, a,a)|®eGlT" (4, 4, 4)]
= G[7*(ha, ha,hq)] < uG[T*(a,a,4)]

We have (u — 1)G[T*(ha, ha, hq)] € p, by properties of fuzzy cone p.

Hence (u — 1)G[T*(ha, ha,hq)] =0
= T*(ha,ha,hg) = 0= ha = hqg = a = q.
Corollary 2.12 Let (X,7*) be a complete fuzzy T *-cone metric space, h: X — X, satisfy
T*(hx, hy, hz) S u[T*(x,y,2)|®v[T*(hx, x, x) |OW[T *(hy,y, y)|Pe[T* (hz, z, z)]
Where u, v, w, e are constant satisfying 0 < u + v + w + e < 1, then A has a unique fixed point.
Theorem 2.13.Let (X,T*) be a complete fuzzy 7 *-cone metric space, A: X — X, continuous function
satisfy condition
T*(hx, hy, hz)
K umax{T*(x,y,2),T*(x, hx, hy), T*(y, hy, hx),T*(z, hz, hx),T*(hx, x,x),T*(hy,y,y),T*(hz, z,z)}
Where uare constant satisfying 0 < u < 1, then A has a unique fixed point.
Proof: Let x, € X and let {x,,} be a sequences in X
If x,, = x4, for some n, then # has fixed point in X
Suppose x,, # x,41 Such that ax,, = x4

T*(hxp-1, hxn, Aixn1) = T O, Xns1, Xns2)
Su maX{T*(xn—l' Xn, xn+1)' T*(xn—lﬁ hxn—l! hxn)! T*(xn! hxn' hxn—l)
VT (g gy, A1), T (Rt q, X1, X 1), T (R, X %), T (X1, X1, Xna 1)}
= u max{T" (Xp_1, X, Xn41), T (X1, X, X1, T oy Xng1, %)
T (g1 Xng2) X0 ), T Oy X1, X0 1), T ¥ (g1, X0 X0, T (Xna2) X1, Xna1) }

Denote 7*,, = T* (%41, Xn+2, Xn)

Sine

=umax{T L, T e T e T s T e 1o T e T oo e oo e e (1)
IfT7*, >T*,_1,wehave ", < uJ*, < T*,.[itis a contradiction]
Hence 7", S T7 o1, from (1) T S U T g v 2)

From (1) and (2), we get
T*(xn: xn+1:xn+2) < uT*(xn—lrxn:xn+1)
< uZT*(xn—len—l:xn) S S unT*(xO:xlnxz)
Now, we have to prove {x,} is a fuzzy-Cauchy sequence
T*(xn: xn+m:xn+m) < T*(xn: xn:xn+1) + T*(xn+1:xn+1'xn+2) +-t+ T*(xn+m—1lxn+m—1'xn+m)
S UNT* (%9, X1, %1) + U IT*(xg, X1, x1) + - + U IT* (x0, x4, X1)
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< @+ u™ 4 UMDY (g, 20, %)
n

<

T uT*(xo,xl,xl) — 0asn — oo.
Hence {x,} is a fuzzy-Cauchy sequence, since X is f-complete = lim,,_ X, = a,
T*(ha,a,a) < T*(ha, ha, hx,)®T " (hx,, a,a)
< [umax{T*(a,a,x,),T*(a, ha, ha),T*(a, ha, ha)
,T*(xp, hxy, ha), T*(ha,a,a),T*(ha, a,a),T*(hx,, X, X,) HOT * (hx,, a, a)
= umax{T"(ha,a,a),T*(hx,, a,a)}
T*(ha,a,a) < uT*(ha,a,a)®uT *(hx,, a,a)
u

T*(ha,a,a) < T*(hx,, a,a)

asn - o, =T *(ha,a,a) = 0= ha = a.
Now, let g, be another fixed point of 4 that is ig, = g.
T*(ha, ha,hg) < umax{T*(a,a,q),T*(a, ha, ha),T*(a, ha, ha),T* (g, hg, ha)
,T*(ha,a,a),T*(ha,a,a),T*(hq,q,q)}
< uT*(hq, hqg, ha) < T*(hg, hg, ha)
[This is contradiction] = a = g
Therefore A has a unique fixed point.
3. APPLICATION OF INTEGRAL TYPE
The idea of this part of the research will apply the theory of fixed point achieved in the research on
an integral type as follows:

1—u

fOT Y RD v (D dr < a(T*(x,y,2)) fOT CYDy(p)de ®b(T*(x,y,2)) f(;r 2Oy () drd
Ty, [ V@A @AT %y, 2) [ Y@ (3%)
Where a, b, ¢, d: [0, 0) — [0,1) are four functions with
a(1)®b(t)®c(r)Pd(r) <1 VT €[0,1) (3.1)
lim;,_;sup{a(n)@bmSc(n)dd(n)} <1 vr € [0,1) (3.2)

min{ lim,_osupa(n), lim,_osupb(n), lim,_,supc(n), lim,_,supd(m)} <1 (3.3
The integral function is defined as follows:
Y: (0,00) — (0, ) is a Lebesgue-integrable function which is nonnegative and such that

Jy Y(x)dr > 0 for each & > 0. (3.4)

Theorem 3.1 Let (X,7*) be a complete fuzzy T *-cone metric space, h: X — X satisfying the

conditions (3%), (3.1), (3.2), (3.3) and (3.4), then A has a unique fixed point.

Proof: Letx, € X and let {x,,} be a sequences in X

If x,, = x,,.1 for some n, then A has fixed point in X

Suppose x,, # x,41 Such that ax,, = x4

f(;r (hxn—l'hxn'hxn) Y(T)dT <

al(T*(xn_l,xn,xn)) f(:)T*(xn—LXn.xn) Y(T)dT @b(T*(xn_l,xn, xn)) fg*(th—lixn—IJXn—l) Y(T)d‘[@
C(T*(xn—lpxnp xn)) f(;r (th.Xn.Xn) Y(T)d'l' @(dl(:r*(xn—l;xn;xn)) f(;r (th,Xn,Xn) Y(T)d'[

= AT (et X)) [ Y () de @B(T (g, X)) J O Y (1) dr
C(T*(xn_l, Xy, xn)) J‘(;T (Xn+1.X0Xn) Y(T)d‘[ @d(T*(xn—lr Xy, xn)) f(;T (Xn+1.X0Xn) Y(T)dT

fT (Xn.Xn+1.Xn+1) Y(T)dT < [al(T*(xn_l,xn, xn)eb(T*(xn—llxn:xn))] f(;r (xn—inn,Xn) Y(T)dT

0
DL(T* Cne1, % %)) BA(T* g, X x))] [ " Y (1)t

T*(XnXn+1.Xn+1)
1- [C(T*(xn_l,xn, xn))EBdl(T*(xn_l,xn,xn))]f Y(t)dz
0

T* (Xn-1,Xn%n)
< [al(T*(xn—ll Xns xn)ealb)(:r* (Xn-1, Xn, xn))] f Y(7)dt
0
By (3.1), we will get
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T (XnXn+1.Xn+1)
Jo Y(7)dt <

a(T" (p—1,%0,%0))OD(T* (Xn—1,%n,%Xn) T* (xp-1%n%n) T (Xn-1.%Xn%n)
1[_[(C(T*(xn—lnxn-xn))e’gl(T*(xn—1,xn;xn))])] fO Y(T)d'[ < fO Y(T)dT (*)

What we got from (x) shows us that the sequence [T (x,, Xn+1, Xns1)] 1S decreasing, so there is
6 = 0 with limy, oo 7" (Xp, Xp41, Xnt1) = O.

We find that § = 0. (otherwise § > 0). By (*) we conclude that

o Gty (@) dr < [a(T Otne, Xy X)) OB(T (e Xy ¥))] fy WY (1) d
B[c(T" (e 1, X, 1) )DA(T* Gy, Xy 1))] J3 O Y (1)l
< [al(T* (xn—lr Xn, xn)@lb)(T* (xn—l' Xn, xn))@C(T*(xn—l! Xn» xn))

T* (n—1%XnXn)

GB(dl(iT*(xn_l,xn, xn))]f Y(t)dt
0
Taking lim,_, sup using (3.2) we have reached an

T*(XnXn+1.Xn+1)

5
0 <f Y(t)dt = limn%osupf Y(t)dt
0 0

< limpo sup[al(T* (Xn-1,Xn, xn)®b(T*(xn_1, X xn))@C(T*(xn—l' X xn))®d1(T*(xn—1: Xns xn))]
limy,_,,Sup fOT *(x”_l'x"'x")Y(r)dr < foaY(r)dr

Which is contradiction .

= limy 0T (Xn, Xny1, Xng1) = 0

Now we must prove that {x,,} is fuzzy-Cauchy seq.

0< fOSY(T)dT = limy,_coSUp fOT *(x”'x”m'x"m)Y(r)dT <

li T T* (XnXn+1,Xn+1) Y(1)d
IMy5e0 Sup[al( (xn; Xn+m» xn+m)) fo (T) i
T*(Xn+1.Xn+2.Xn+2)

@]b)(T* (Xn Xn4ms xn+m)) Y(r)dr
0

* T*( n+m-2n+m-v-*n+m-— )
@C(T (%n Xntmo xn+m)) fo FrmezEameytnmo Y(r)dt
AT s X Xnam)) Jo rmrmemmem)y (1) )

< limye SUP [al(T* (n Xntmo xn+m)) @b(T* (n Xn+ms xn+m))@¢(:r* (n) Xn+ms xn+m))
GB(dl(T*(xn, xn+m'xn+m))]

T (XnXn+1.Xn+1) T*(Xn+1.Xn+2Xn+2)

lim,,_, o sup{ Y(t)dr, f Y(7)dr,
0 0

fOT*(xn+m—2'xn+m—1'xn+m—1) Y(T)d?.’, fg"*(xn+m—1:xn+mrxn+m) Y(T)d’l,'} < f05 Y(T)d’[
Hence {x,} is f-Cauchy seq. since (X, T ) is complete fuzzy T *-cone metric space
= lim,0Xy, =a

T*(ha,a,a) T*(ha,%pn,%n)
0 <J- Y(r)dt =f Y(t)dt
0 0

< limy Lo supla(T*(a, xp, X)) fOT *(a'x”'x”)Y(T)dr
BT (@, %, %)) [ "D Y@ AT®(T* (@ Xy xn)) fT P Y (1) dr
®d(T* (@ % %)) fi ™Y (1) de] (35)

by taking ( lim,,_,.sup) for (3.5) = ha = a and to prove that the point a is unique. let g be another
fixed point of  that is Ag = g.

T (a,a,9) T*(ha,ha,hg)
0 <j Y(t)dt =f Y(1t)dt
0 0

<a((@aq) [ ““Py@dr

b (@,4,9)) [] Y@ di@c(T (@, a,9)) [ " y(@)dr
®d(T (@ a ) [ " y@dr <[] “*PY(@)dr
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Which is contradiction = a = g.
4. Conclusion

In this work, we have proposed a new study of the fuzzy cone metric space, which is the
generalization of this space, it is the fuzzy 7 *-cone metric space.

Where many definitions and theorems were made regarding this space. The completion of the fuzzy
metric space and the fuzzy cone metric space, and we have proved many of the fixed points of view in
space. Finally, we have applied these theorems to some kind of integration.
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