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Abstract  

     The objective of this work is to study the concept of a fuzzy   -cone metric 

space And some related definitions in space. Also, we discuss some new results of 

fixed point theorems. Finally, we apply the theory of fixed point achieved in the 

research on an integral type. 

 

Keyword: Fuzzy   -cone metric space, Fuzzy-complete, Fuzzy-continuous, Fuzzy-

sequentially convergent and fixed point with application of integral type. 

 

 مع تطبيقاتها التكاملية   الطخروطي من الظوع الضبابي مبرهظات الظقطة الصامدة في الفضاء الطتري 
 

 صارم حازم هادي
البصرة، البصرة، العراق ، جامعةقدم الرياضيات، كلية التربية للعلهم الصرفة  

 

 الخلاصة
وبعض    من الظهع الطخروطي الفضاء الطتري الضبابي الهدف من هذا العطل هه دراسة مفههم      
، نظبق نظرية يدة لظظريات نقظة ثابتة. وأخيرًا، سظثبت بعض الظتائج الجدالطتعلقة بهذا الفضاء. أيضا اريفالتع

 . يةدالة تكامل حهل  تحقيقهاالظقظة الثابتة التي تم 

 

1. Introduction 

     The Cone metric space and the fixed point this space was presented by L. G. Huang and X. Zhang 

[1]. The Cone metric space is a generalization of metric space. Further, there are many researchers 

discussed the generalization of the fixed point theorem in Cone of these space [2-7]. In 2008, Bari and 

Vetro introduced a new concept on the fixed point in the field of  - mapping and concluded some of 

the results and examples achieved. 

     One of their interested in the applications in the fuzzy Cone metric space was introduced by Bag 

[8] and studied many subjects that are related to it.  After that,  many authors touched on the concept 

of the fixed point in this space.  Oner, Kandemir, and Tanay  provided another definition of the 

concept of fuzzy cone metric space and concluded many of the results related to it (see[4-6], [10] 

and[11]). 

     In this work, we will define fuzzy   -Cone metric space. We also mentioned some definitions 

related to this space and proved some of the properties achieved. In addition, we show fa ixed point  in 

fuzzy   -Cone metric space.  The range of fuzzy Cone metric is considered as      , where       is 

defined by the set of all fuzzy real number defined on   where   is a given real Banach space ),[9]. 

2. MAIN RESULTS  

     The definitions of the fuzzy number, convex fuzzy real  number, and normal fuzzy number as 

mentioned in ([12]), as well as for the arithmetic operations ⨁     on     were presented by 
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([11]). There are also important definitions such as fuzzy real Banach space, interior point and fuzzy 

closed subset of       Which was put forward by Bag [9]. 

A subset   of       is called fuzzy Cone if  

(1)    fuzzy closed, nonempty and       . 
(2)                                

(3)     and           

     Given a fuzzy Cone          , we define a partial ordering    with respect to    by     iff  

     . On the other side      s.t       while     will stand          (*) 

A fuzzy Cone   is said to be normal if there is a number     s.t for all      , with        

      . 
     A fuzzy Cone   is said to be regular if       is an increasing sequence which is bounded above is 

convergent, that is                 for some       , then there is          such 

that ‖    ‖    as    . 

Equivalently,   is called regular if       is decreasing sequence which is bounded below is convergent 

[9], [11]. 

Definition 2.1 The function                is called fuzzy   -Cone metric space if satisfies 

conditions: 

(I)             for all          
(II)                    . 
(III)                                  for all            
(IV)                               for all           

Definition 2.2 Let        be a fuzzy   -Cone metric space, take      be a sequence in   and     . 

If for every         there is a positive      such that            ‖ ‖ for all    , then      
is said to be fuzzy-converges to  . 

Theorem 2.3 Let        be a fuzzy   -Cone metric space and      be a sequence in  , then 

(1)      is fuzzy-converges to   iff               as       
(2) If      is fuzzy-converges to   and  , then        
Proof: 

(1) suppose     fuzzy- converge to  , for every     , choose         with   ‖ ‖ there exist 

positive integer k such that  ‖ ‖     

Then there exist      such that            ‖ ‖ for all      

             ‖ ‖    (since   is normal) 

      
            and     

            , for all         
            

            and           
            

                                    
Conversely: suppose that               as    . 

For         with   ‖ ‖ there is     such that ‖ ‖    

 Then ‖ ‖  ‖ ‖        [by condition 
(*)

 ] 

For this          such that              for all     

 Let            ‖  ‖   ‖  ‖    

‖ ‖  ‖  ‖        for all      

 Leads to  ‖  ‖  ‖ ‖ for all     

 Then, we have            ‖ ‖ for all                   
 (2)  suppose that      and       

Thus for any         with   ‖ ‖ there exist     such that            ‖ ‖ and 

           ‖ ‖ for all     

Now: 

                                 ‖ ‖ 

Hence             ‖ ‖ 

Since    is arbitrary , we have                  
Definition 2.4 Let        be a fuzzy   -Cone metric space and let      be a sequence. If for every 

        there is a positive      such that             ‖ ‖ for all        , then      is 

called fuzzy-Cauchy seq. in      
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Definition 2.5 Let        be a fuzzy   -Cone metric space. If every fuzzy-Cauchy sequence is fuzzy-

convergent in  , it is said to be fuzzy-complete fuzzy    -Cone metric space . 

Theorem 2.6  Let        be a fuzzy   -cone metric space and      be a sequence in  . If      is f-

convergent then      is f-Cauchy sequence. 

Proof:  Let      fuzzy-converge to  , for any         with   ‖ ‖ there exist     such that 

           ‖
 

 
‖ and            ‖

 

 
‖ for all       

Now :                       ⨁           ‖ ‖ for all       

Thus      is fuzzy- Cauchy sequence. 

Theorem 2.7  Let        be a fuzzy cone metric space and   be a normal fuzzy cone with constant  , 

     be a sequence in  , then      is fuzzy-Cauchy sequence if only if                as     
  . 

Proof: Let      be a fuzzy-Cauchy sequence in  . For every        , choose         with 

  ‖ ‖ and  ‖ ‖   . Then there is     such that              ‖ ‖ for all       

So that when,    ,              ‖ ‖    (since   is normal ) 

Since     is arbitrary, it follows that               as      . 

Conversely: suppose that                as       

For          with   ‖ ‖ there is     such that ‖ ‖     

‖ ‖   ‖ ‖  ‖ ‖     ‖ ‖  ‖ ‖       . For this     there is     such that 

              for all       

suppose             ‖    ‖  ‖    ‖     

  ‖ ‖  ‖    ‖        for all       

 ‖    ‖  ‖ ‖  for all       

             ‖ ‖ for all       

      is fuzzy-Cauchy  

Definition 2.8. A sub additive function is a function       with the following property, for all 

     ,                   
Definition 2.9 Let        be a fuzzy Cone metric space,         Then  

 (i)    is said to be fuzzy-continuous if                         . 

(ii)    is said to be fuzzy-sub sequentially convergent, if we have a for every sequence     , and 

      is fuzzy- convergent       has a fuzzy- convergent subsequence. 

(iii)    is said to be fuzzy-sequentially convergent, if for every sequence     , and       is fuzzy- 

convergent       has also fuzzy-convergent. 

Definition 2.10 let   be a fuzzy Cone, we denote            is non decreasing, sub additive, 

fuzzy-continuous, fuzzy-sequentially convergent with               
Theorem 2.11 Let        be a complete fuzzy   -cone metric space,       continuous function  

satisfying condition 

                           ⨁              ⨁              ⨁               
Where   as defined in (2.10) and         are constant satisfying            , then   has 

a unique fixed point. 

Proof:  Let      and let      be a sequences in   

If         for some  , then   has fixed point in   

Suppose         such that          

                                        
                   ⨁                        ⨁                  ⨁                   
                   ⨁                  ⨁                    ⨁                     

                                             ⨁                          

(       )                                              

Hence                                    
     

(       )
                    

                                          

Where   
     

(       )
. Now since     and   is fuzzy closed, we have for     there exist     

such that       when ‖ ‖   . By properties fuzzy cone and by normality of fuzzy cone  we 
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have                               when    is a fuzzy-sequentially convergent hence 

                 is also convergent and   is fuzzy-continuous therefore 

                          
Now, we have to prove      is a fuzzy-Cauchy sequence  

Now since                          and   is fuzzy closed                  
 

 
 for every 

     hence 

                                                                            

                                

  
  

   
                       

Hence       is a fuzzy-Cauchy sequence, since   is fuzzy-complete            . 

We have    .  

                              ⨁               
               ⨁              ⨁              ⨁                 ⨁               
               ⨁              ⨁              ⨁                  ⨁                

               ⨁                  ⨁                    ⨁                
                                   ⨁                    ⨁                 

              
 

       
               ⨁                    ⨁                 

Sine 
 

       
   and as    ,                  and so                   

Now, let   be another fixed point of   that is       
                             ⨁              ⨁              ⨁               

              ⨁             ⨁             ⨁              
                                 
We have                         by properties of fuzzy cone  . 

 Hence                        

                            
Corollary 2.12  Let        be a complete fuzzy   -cone metric space,        satisfy  

                         ⨁             ⨁             ⨁                 
Where         are constant satisfying            , then   has a unique fixed point. 

Theorem 2.13.Let        be a complete fuzzy   -cone metric space,        continuous function 

satisfy condition 

            
                                                                                       
Where  are constant satisfying      , then   has a unique fixed point. 

Proof: Let      and let      be a sequences in   

If         for some  , then   has fixed point in   

Suppose         such that          

                                    
                          

                                   

                       
                    

                                  
                          

                 
              

                                    
                                  

Denote   
                   

        
     

 
     

 
    

    
     

 
     

 
        …..(1) 

If   
    

   , we have   
     

    
 . [it is a contradiction] 

Hence   
    

   , from (1)   
      

    ……………………….…….(2) 

From (1) and (2), we get  

                                   

                                     

Now, we have to prove      is a fuzzy-Cauchy sequence  

                                                                           
                                                      



Hadi                                                          Iraqi Journal of Science, 2019, Vol. 60, No.6, pp: 1387-1393 

8818 

                                

  
  

   
                       

Hence       is a fuzzy-Cauchy sequence, since   is f-complete            , 

                        ⨁            

                                            

                                                    ⨁            

                                
                      ⨁             

           
 

   
            

as    ,                     . 

Now, let   be another fixed point of   that is       
                                                                  

                                    
                             

[This is contradiction]         

Therefore   has a unique fixed point. 

3. APPLICATION OF INTEGRAL TYPE 

      The idea of this part of the research will apply the theory of fixed point achieved in the research on 

an integral type as follows: 

∫                    ∫       
         

 
⨁           

            

 
 ∫       ⨁

          

 
  

                        ∫       
          

 
⨁            ∫       

          

 
   ………… …(3*) 

Where                     are four functions with  

                     ⨁    ⨁    ⨁                                                   (3.1)    

                              ⨁    ⨁    ⨁                                (3.2) 

                                                                            (3.3)      

The integral function is defined as follows: 

              is a Lebesgue-integrable function which is nonnegative and such that    

∫         
 

 
 for each    .                                                                                           (3.4) 

Theorem 3.1 Let        be a complete fuzzy   -cone metric space,       satisfying the 

conditions (3*), (3.1), (3.2) , (3.3) and (3.4), then   has a unique fixed point. 

Proof:  Let      and let      be a sequences in   

If         for some  , then   has fixed point in   

Suppose         such that          

∫        
                 

 

                 ∫       
              

 
⨁                 ∫       ⨁

                   

 
  

                             ∫       
             

 
⨁                 ∫       

             

 
     

                  ∫       
              

 
⨁                 ∫       ⨁

                

 
  

             (              ) ∫       
              

 
⨁ (              )∫       

              

 
  

∫       
                

 
 [                ⨁ (              )] ∫       

              

 
  

          ⨁  (              )⨁ (              ) ∫       
              

 
  

  [ (              )⨁ (              )]∫       
                

 

 [                ⨁ (              )]∫       
              

 

 

By        we will get  
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∫       
                

 
 

[                 ⨁ (              )]

  [ (              )⨁ (              )]
∫        

              

 ∫           
              

 
  

What we got from     shows us that the sequence [                  is decreasing, so there is 

    with                           
We find that    . (otherwise    ). By     we conclude that  

∫       
                

 
 [                ⨁ (              )] ∫       

              

 
  

          ⨁[ (              )⨁ (              )] ∫       
              

 
 

                  ⨁ (              )⨁ (              ) 

⨁ (              ) ∫       
              

 

 

Taking            using (3.2) we have reached an  

  ∫       
 

 

           ∫       
                

 

           [                ⨁ (              )⨁ (              )⨁ (              )] 

                                   ∫       
              

 
 ∫       

 

 
 

Which is contradiction .  

                           

Now we must prove that      is fuzzy-Cauchy seq. 

  ∫       
 

 
           ∫       

                

 
 

          [                  ) ∫       
                

 
  

⨁ (                )∫       
                  

 

 

                                    ⨁ (                )∫       
                        

 
  

 ⨁ (                ) ∫       
                    

 
  

           [                  )⨁ (                )⨁ (                ) 

⨁ (                )  

            ∫       
                

 

 ∫        
                  

 

 

∫       
                        

 
 ∫        

                    

 
  ∫       

 

 
 

Hence      is f-Cauchy seq. since        is complete fuzzy   -cone metric space  

            

  ∫       
          

 

 ∫       
            

 

 

                          ∫       
           

 
  

                                ⨁              ∫       ⨁ (           ) ∫       
             

 

          

 
  

 ⨁ (           ) ∫       
             

 
                                        (3.5)  

by taking               for (3.5)       and to prove that the point   is unique. let   be another 

fixed point of   that is       

  ∫       
         

 

 ∫       
            

 

 

             ∫       
         

 
  

                                ⨁            ∫       ⨁ (         ) ∫       
          

 

          

 
  

 ⨁ (         ) ∫       
          

 
 ∫       
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Which is contradiction     . 

4. Conclusion 

     In this work, we have proposed a new study of the fuzzy cone metric space, which is the 

generalization of this space, it is the fuzzy   -cone metric space. 

     Where many definitions and theorems were made regarding this space. The completion of the fuzzy 

metric space and the fuzzy cone metric space, and we have proved many of the fixed points of view in 

space. Finally, we have applied these theorems to some kind of integration. 
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