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Abstract:
The main object of this article is to study and introduce U7 (h, «, £)a subclass of

meromorphic univalent functions with fixed second positive defined by g-differed
operator. Coefficient bounds, distortion and Growth theorems, and various are the
obtained results.
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1. Introduction
Let Uy be the class of univalent meromorphic functions of the form

f (@) == +Tiaa,zY f(h) = o,

(1.1)

anddefine D, = {z:h < |z| < 1}. Also, let U}, «,0<x< 1 be the subclass of functions Q in
Uy, that has anexpansion;f(z) = ﬁ + Yo—1 a4y, 2%, where <= Res(f, h), with, (0<x< 1),z €

Dy.

The function f given by in (1,1) was taken by Jinxi Ma[1]. The functionsf € Uyis said to

bethemeromorphically starlike (convex) functions of order £ if and only if
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Re{Zl]:((j)}> B,(0<p <1),z€ Dy (1.2)
—Re {1+Zf((z)}>,80<ﬁ<1zeDB (1.3)

The class of such functions is denoted by Uy, (B).

U}, ( B) we notice that the class Uj,(B) andanotherway,subclasses ofU;(0) has been studied
before by [2-10] and [13,14]
Let Ug, € Ug, be afunction the functions of the form:

f(@) = 5+ Zhmawz”, (aw 2 0). (1.4)

It is known that , calculus without the concept of limits is said to be g-calculus which has
influenced many scientific fields due to its principal applications. Tang et al. [11]
introduced and studied g-derivative for meromorphic functionswhich is defined as follows:

(2)- 1 o0 -
00/ ()=LOL = L5 Wl al ™, 15)

Where
[ flg=1=2(1.6)

As - 17, [f]g=] andd, f (z)=f (2).

Forf € Uy let:MQ f (z)=

f@)ME(2)=200f () + DD M2 f(2)=20,(MEf (2))*
{1,2,3,...} we can a write the

M f(z) =z (MEf () +

n + ZW 1[W]3aw- (1-7)

—“((q“)z h)and for we N =

« ((q + 1)l — h)
(z—h)(qz — h)

Remark 1.1 [7-9], [12]
(l) llm Mq(hoc) = llm Mg (h, «) = M"(h, «) ;

Using the operator Mg, and for f € U, we have to

Definition1.2.Suppose thatf € Mg (h, «, ) , if it satisfies the following:

z(m qf()
q(( Mnf( SY

(s Yo

Y+1)+1

<1 (neN,=NuU{0}),(1.8)

Mg f@)'

forsome (0 < g <1),(n€Ny),(0<h<1),(0<x<1),(0<B<1,z€Dy).
Forg— 1°, Ug(h, 1, B) is the class of meromorphically starlike functions of order g and
Ug(h, 1,0) a given the meromorphically star, like functions for all z € D;,

Remark 1.3.
I lim Ug(h, o, ) = U" (h,, B),
q—)

i U3(0,1,B) = UL(P).
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2. Main results
Theorem2.1.Letf(z) be defined by(1.4). Then f € Ug(z, x, B) if and only if

Yw=1wWwlj(z — h)?*|a,| < « (2.1)
(0<qg<1),(n€ENy),(0<x<1),(0<B<1,z€Dy).

Proof: Suppose that, (2.1) holds,and Ie"tlzl =1, by(1.8? we get ,
|az (M2F @) +a (M2fD) +(Mpf@) ]|
~lat(Mf @) +a(Mpf@) + @B -1 (Mf @) ] < 0. by using (2.19)

Therefore ) , ,
laz(Mpf(2)) +a(Mpf@) + (Mif(@) |
~loz (M @) +aq (MpF@) + @8- (Mpf@) |

=|qx(z-m722z((z-N""-1)

+q Z w? [wlZa,z¥ -« (z - h)72 + 2 wlwlza,z¥ !

w=1

—lgx(z—h)"2QRz((z—h)"1-1)

o

+q Z w?[wlza,z¥ ™! -2

w=1

< B(z—h)"2+ 2B Z wlwlZa,z""! +

oc(z—h)ZZW leay,z" 1

= | (z—h)"2(q(2z(z — h)~ 1_1)_1)+ZW aaywz” (qw + 1)

Negw z=m2Q2(Gz=m) "t =1) - 28+ 1) + Z wlwlZa, "=t (qw + 28 — 1)

© x(2-2p)
S Zw=1W[W]3|aW|[2 - Zﬁ] - (1_h)2 S 0

Thus we have

Z wiwl2(1 — h)?|ay|— << 0.
w=1

And hence
Zw (1= h)?lay| < o.

Therefore, by the Maximum Modulus Theorem, we have f(z) € Ug(h,%,f) .
Now let (z) € U7 (h, %, ), then
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ALY 4 1) 41
(M2r )" <t
VA q Y4
1) 28 -1
((wz;f(z))' +1)+26

Since Re(z) < |z| for alll, we get
R { «(z-h)"*(q(22(z-n) "' -1)-1)+ZP-; wiwlgawz" "  (qw+1) } <
«(z—h)~2(q(2 z(z—=h)~1-1)-2f+1)+X=, w[w ]qawzw-l(qw+2ﬁ—1)

MIf(2)".
(M"f( )

Pick out the value of z on real axis so that q(( is real . By letting z — 1~ through real

values, we haveequation(2.1).

Corollary2.1.1f f(z) € Ug(h, x, ), then we have aOC

Ay <
wlw]g(1 —h)?
(0<g<1),(nENy,(0<x<1),(0<h<1).
Equality is attained for the function f;
X

0.4
&= R A (2.3)

(2.2)

() = —— b —— + i w 2.4
e GRS Ek zaWZ ' 24)
w=
Theorem2.2.Let f(z) be defined by equation(2.4). Then f(z) € Ug(h, «, ) if and only if

w-1(1 - W*wiwlgla,| <. (2.5)

Proof.Putting
[0d

a1=

In equation(2.1), we have
(1-h)2wlw]g

(1- h)z ZW 1 " a,, <1. (27)
which impliesequation(2. 5) The equality accurse for
f(z) = (1 h)zz+ WG zv, (2.8)
forw > 2.
Corollary2.2.1f f(z) € Ug(h,«,B,), then
o
a, < (w = 2). (2.9)

wwlz(1 - hn?#
The equality accrues for f(z) given by (2.8).
Theorem 2.3.1f f(z) € Ug(h,«,B,), then

Za < [](1_ et (2.10)
Proof: Let f(z) € Ug(h,«,p,). Then |n opinionof (2.5), we have
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w]? Z (1 - h)%a, <
w=2

Y=z W [Wlia,—« +2h Y=z W [Wlta, + R* X0, w [wlia,, <«

z o 4+ 2h < h «
ZW laaw <<+ A A =y
W:

= oc((1—h)2+2h—h2
ZW Wlatw < (1-h)?

w=2
X

Zw=2 ay = Z[Z]Z(Th)z
Simplifying the right hand side of equation(2.13), we haveequation (2.10).

Theorem .2.4. Let f(z) € Ug(h, o, B,) for0 <|z| =r < 1 Then
X
|z] +

_ X _ X 2 X
i~ a2 T g P S @ = g+ Ao e
with equality for

— « 2
f@ =550 o 2+ s
Where «= Res(z,h), .

Proof: For f(z) € Ug(h,«,[,).Then

o
2217 (1-h)?

(2.11)

(2.12)

(2.13)

|z|?, (2.14)

oo}

@I = oot ezt Y a2 St ol + 12 Y @
lz=h " (1-h)?2 Y17 lz—hl (1-h)? w

and
0.8

w=2

[ee]

o8 o8
@I ==+ Gt Z ay2*| 2 = o~ 12 ) aw,

which that in view of equatlon(2 10), We have equation(2.14).

Theorem 2.5. Letf(2) e Ug(h, o, B,) for 0 < |z| =r < 1,then
X X
+

[>¢

|(z—h)2| a-mz 21 (1 o2l =1 @D =g h)2| t e

with equality for
¢ o«

<
GZ-m?2 " A—hZ 2 - h)?

If'(2)| = |].

Proof: For f(z) € Ug(h,x,B).Then

X

e 2h

— o
|f(z)|=‘(Z_h)2+(1_h)2+22awz

w=2

(o8 (o8
! <
IOl st a s T a—nz
and
, _ —X (o8 2 - > (0.8 (0.8
Ol e e e AR DIl Kl e it e
"D 2 o5~ o~ a2
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Hence we obtain our result.

Theorem 2.6Let f(z) € Ug(h,«,B,) .Then f(z) is starlikenessin |z — h| < |z| <r; ,of
overv(0 < v < 1)wherer;is largest value for which

x(3-v) r2 x(W+2-v) a1 B
ame wiwlz a-mz | <o (1 -v). (2.15)

Fork= 2. Then result is sharp for the function f(z) isgiven by equation(2.8).

Proof: It is sufficient to show that
(z-h) f'(2)
f(2)

+1|<@-v), (2.16)
then

— cE(Z(fh.)2 (1 “h)22+2w =2 Waw? +ZW zawz (217)
—n h) = h)zz+2W —, Ay z%W
«|z—h|
(z—h)? + (1- h)2 | | + Zw Z(W + 1)aW|Z|W
< x | | _
e-m] ~ a-nz ?
IZI2 + =2 (W + Day, |z **

(z-h) f'(2)+f(2)
f(2)

w=2 a2V
o
(z—h)?

(1 h)z I IZ ZW=
Z w+ Day|z|"t1+ (1 —v) Z a,|z|"*! <« (1-v)—

Hence for |z —h| <|z| <, (2.17) holds true if

x (3-v)
o

x (3—-v) w1
(z——h)zr +Z(W+2—v)awr <« (1-v).
Its follow that function (2.5), we may take
a, <—— (W= 2)

w [w]’(}(l—h)2

. - . _ - 0((W0+2—U) wno +1 -
For every fixed r, choose the positive integer wy, = wy(r), Wh'Ch—wo[wo]g(l—h)z o*l s
maximal.
Then is flowing
X (W +2—v)
+ 2 W+1
Z w v)ayT ~ wolwelg (1 —h)?

Then f is starlike of over vin|z —h| < |z|] < ry, provided that
oc(3—v) «xw+2-v)
<
a-mr " g asmr T =< AT
We find the value r; = ry(n, «, v, w) and the corresponding integerw, (r,) so that
x@B-v) , xW+2-v) 1
——T1y° + oWt =x (1 —v).
(1—-h)2 wlw]z (1 — h)?

Then this value is the radius of starlikeness of order v for function fbelong to class U (h, «, 3,)

Wo +1

Theorem 2.7.Let f(z) € Ug(h,x,f,) .Then f(z) is starlikenessin |z —h| < [z| <r, ,of
overv, (0 < v < 1). where r;, is largest value for which

x(3-v) r2 <(W+2-V) W+1 _
o T T S (1-v) (2.18)

Proof: It is sufficient to show that
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%(Zf)(M 2| <1-v, (zl<m), 2.19)

then

(z—h) f"(@+2f'(2)
f'(2)

Yo ww—1Da,z¥ 1+

<1-

2
(z—h)?
+ Y0 _,wa,zV1

w-1

+ 2 -2 wa,,z

X«
(z-h)2 = (1-h)?

Y=z ww + Day,|z|" "t +

20
(1-h)?

— X X
|z— hlz_(l—h)z _2$=2waW|Z|W 1

|z + Ewz ww + Day|2z|**

20¢
< a-n?

<(1-v)

(1 h)zl |2 W ZWG’W|Z|VV+1

z ww + Day|z|" T+ (1 —v) z wa,|z|"t! <x (1-v) —

Hence for |z —h| <|z| <, (2.17) holed true if

x (3-v)

o

x (3—-v) w1
Wr +ZW(W+2—‘U)aWT <« (1—-v).
And it follows that function (2.5), we may take
a, <—— (W= 2).

w [w]g(1-h)?2
Then fis starlike of over v in|z — h| < |z| < r,, provided that

o<(3—v)r%+o<(w+2—v) ¥ 2o (1—v),
(1-h)2 [w]§ (1 —h)?

Theorem 2.8.Let class Ug(h, «, B).It is closed under convex linear combination.

Proof: Let f(z) be defined by (2.4). Defined the h(z) by
« « 0
h(Z) = E + WZ + 2W=2 bWZW, bw = 2(220)
suppose that f(z) and h(z) are in class Ug(h, «, $), we have to prove

G(z) = (1 = $h(z) +¢f (2) (0=g<1). (221)

So be in class. Since
[ [ ©
G(z) ==+ wwmamz 2t Lw=n+1l§aw + (1 = §)by]z"(2.22)

then
w=2(1—R)*w[w]g [{a, + (1 = &)b,] <« (2.23)
Hence G(z) € Ug(h, x, B).

Theorem 29 Let

fi(z) =— -+ = h)Z ——17,(2.24)
and
_ < x x w
fw(2) = —+ o ? + IR z (2.25)
forw = 2. Thef(z) € Uz (h,x,B,) if and only if
f(2) =Zw=2mw f w(2), (2.26)
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wheren,, = 0 (W= 2) and Y-, TNw <1 (2.27)

proof: Let f(z) be in the form (2.26). Then from (2.24). (2.25) and (2.27) we have

j— i x (o) o<T~|W w
f(Z) - z—h + (1_1,1)2 Z + ZW:Z W[W]g(l—h)z Z". (2.28)
Since
o) w w([w]§(1-h)? .
S e = Zwe2lw =1-m <1 (229)

then, from Theorem 2.2. f(z) € U3(8, «, B,).Conversely, letf(z) € Ug(h, x, B,) and satisfies
(2.28) for(w = 2), then

_ wlwl§(1-h)?

nW_ < w

<1, (2.30)

and
N =1-Y0-2Nw - (2.31)
By using Theorem 2.9.the proof is completed.
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