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Abstract

In this paper, the propose is to use the xtreme value distribution as the rate of
occurrence of the non-homogenous Poisson process, in order to improve the rate of
occurrence of the non-homogenous process, which has been called the Extreme value
Process. To estimate the parameters of this process, it is proposed to use the Maximum
Likelihood method, Method of Moment and a smart method represented by the
Artificial Bee Colony:(ABC) algorithm to reach an estimator for this process which
represents the best data representation. The results of the three methods are compared
through a simulation of the model, and it is concluded that the estimator of (ABC) is
better than the estimator of the maximum likelihood method and method of moment
in estimating the time rate of occurrence of the proposed Extreme value process. The
research also includes a realistic application that deals with the operating periods of
two successive stops for the raw materials factory from the General Company for
Northern Cement / Badush Cement Factories (new) during the period from 1/4/2018
to 31/1/2019, in order to reach the time rate of factory stops.

Keywords: Extreme-value process, ABC Algorithm, Maximum likelihood Estimator,
Modified Moment Estimation, Simulation
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1. Introduction

Nonhomogeneous Poisson Process (NHPP), which is considered the best-known
generalization of the Poisson process models, it is mainly used for analysing and modelling the
failure data in recoverable systems. These models assume that the point process {N(t),7>0}
with independent increments is distributed as the Poisson distribution and the occurrence of
events in the Poisson process is random and monotonous during a certain period and with a
fixed incidence rate per unit time which is denoted by the symbol A, while the rate at which
events occur in a nonhomogeneous Poisson process is time-varying t with the ratio called the
time rate of occurrence or intensity function; it is denoted by the symbol A(t) . The Extreme-
value process, which is introduced by Extreme-value, is a special model for NHPP that has
appeared as a special case of the Weibull distribution; it plays a key role in modelling and
analysing failure data accumulated over time [1]. In this paper, Extreme-value distribution is
introduced and different methods for estimating their parameters are presented. In this study,
both ABC algorithm and the maximum Likelihood Estimation (MLE), and the method of
Moment (MM) are used to estimate Extreme value Process parameters.

1.1 Extreme-Value Process (EVP)

We will assume that the Poisson process {Y(7),t = 0} represents the NHPP; Since the

number of events that occur over a period (0, 7)follows the Poisson distribution as a function
of probability density:
plY(r) =yl = W)]yy;,m(ro) , y=123,.. )
m(t)represents the process parameter (mean rate), which is the cumulative function of the
time-of-occurrence rate, which is determined by the following formula [2]:
m(t) = [, A(w) du ,0<T<® 2)
because AM(u) represents the time rate of occurrence or intensity function, therefore, the
Extreme-value process is a nonhomogeneous Poisson process[2], with the time rate of
occurrence is defined as follows:

1 (Ehy .
At)y=—-e'e’) ,—w<t < oo —w<pu<o,0 >0 )
m(t) = [ A(w) du ,0<t <o )
=f_tzo?\(u)du
_ (to 1 LH
—f_m;ea du
to-
=e o ,—o < t <t )
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o,u are the parameters of the accident rate for the Extreme-value Process; parameters
estimation for such processes has been extensively studied and a large number of techniques
have been proposed.

1.2 Artificial Bee Colony (ABC).

The Artificial Bee Colony (ABC) algorithm is a swarm-based on the developed
metaheuristic algorithm for numerical problem optimization. Honey bees' creative foraging
activity inspired it. The method is mainly based on the model for honey bee colony foraging
Behavior. There are three categories of bees in the (ABC) algorithm, namely employed bees,
onlooker bees, and scout bees. The employed bees hunt for food in their memory near the food
source; in the meantime, they relay the information about these food sources to the onlooker
bees. Onlooker bees tend to pick good food sources from those discovered by hired bees. The
food supply with greater quality (fitness) will be more likely to choose onlooker bees than those
with a lower rate. The scout bees are derived from a small number of employed bees that quit
their food sources in quest of new ones. A colony of artificial forager bees (agents) hunts for
rich artificial food sources in (ABC) (good solutions for a given problem). To apply (ABC)
algorithm, the optimization problem at hand is first transformed into the problem of determining
the optimum parameter vector that minimizes an objective function. The artificial bees then
discover a population of initial solution vectors at random and then iteratively enhance them by
utilizing the strategies: migrating towards better solutions via a neighbor search mechanism
while abandoning inferior answers [3].

Foraging Behavior of Honey Bees

The minimal model of forage selection leads to the emergence of the collective intelligence
of honeybee swarms consists of three basic components: food sources, employed and
unemployed foragers. The model identifies two main modes of behavior: the recruitment of the
wealthy. The source of nectar and give up the poor source.[4]

e Food Sources: the values of a food source depend on several factors, such as its proximity to
the nest, its richness or concentration of its energy, and the ease with which this energy can be
extracted. For simplicity, the profitability of a food source can be represented by a single
quantity.

e Employed foragers: They are associated with a particular food source that they are currently
exploited or employed. They carry with them information about this specific source to the hive.
The information can be the distance and direction from the nest, sharing this information with
a certain probability.

e Unemployed foragers: They are continually on the lookout for a food source to exploit. There
are two types of unemployed foragers: scouts, searching the nest's environment for new food
sources and onlookers waiting in the nest and establishing a food source through the information
shared by employed foragers. The mean number of scouts averaged over conditions is about
when the above explained foraging behavior of honey bees is reexamined, it is seen that the
defined principles are fully satisfied.[5]

Algorithmic Structure of (ABC)

As in the minimal model of forage selection of natural honey bees, the colony ofartificial
bees in (ABC) contains three groups of bees: Employed Bees associated with specific food
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sources, Onlooker Bees watching the dance of employed bees within the hive to choose a food
source, and Scout Bees search for the food sources randomly. Both onlookers and scouts are
also called Unemployed Bees. Initially, all food source positions were discovered by scout bees
[6]. After that, the nectar of the food sources is exploited by employed bees and onlooker bees,
and this continual exploitation will ultimately cause them to become exhausted. Then, the
employed bee becomes a scout bee which searches for additional food sources using the
exhausted food source. In other words, the employed bee whose food source has been exhausted
becomes a scout bee. In (ABC), the position of a food source represents a possible solution to
the problem, and the nectar amount of a food source corresponds to the quality (fitness) of the
associated answer. In the basic form, the number of employed bees is equal to the number of
food sources (solutions) since each employed bee is associated with one and only one food
source. The general algorithmic structure of the (ABC) optimization approach. [7]

In the initialization phase, the population of food sources (solutions) is initialized by artificial
scout bees and set control parameters. In the employed bees phase, artificial employed bees
search for new food sources having more nectar within the neighborhood of the food source in
their memory. They find a neighbor food source and then evaluate its fitness. After producing
the new food source, its fitness is calculated. A greedy selection is applied between it and its
parent. After that, employed bees share their food source information with onlooker bees
waiting in the hive by dancing in the dancing area. [8] In the onlooker bee's phase, artificial
onlooker bees probabilistically choose their food sources depending on the information that is
provided by the employed bees. For this purpose, a fitness-based selection technique can be
used, such as the roulette wheel selection method. After a food source for an onlooker bee is
probabilistically chosen, a neighborhood source is determined, and its fitness value is
computed. As in the employed bee’s phase, a greedy selection is applied between two sources
[9]. In the scout bee's phase, the employed bees whose solutions cannot be improved through a
predetermined number of trials, which is called limit, become scouts, and their solutions are
abandoned. Then, the scouts start to search for new solutions randomly. Hence, those sources
which are initially poor or have been made destitute by exploitation are abandoned, and
negative feedback Behavior arises to balance the positive feedback [9]. These three steps are
repeated until a termination criterion is satisfied, for example, a maximum cycle number or a
maximum (CPU) time. The artificial bee colony (ABC) algorithm is a recently proposed
optimization technique that simulates honey bees' intelligent foraging Behavior. A set of honey
bees is called a swarm that can accomplish tasks through social cooperation. In the ABC
algorithm, the first half of the swarm consists of employed bees, and the second half constitutes
the onlooker bees. The number of employed bees or the onlooker bees equal the number of
solutions in the swarm. The (ABC) generates a randomly distributed initial population of (SN)
solutions (food sources), where (SN) denotes the Swarm Size. Let X; = {x;1,%x;2,...,X;p}
represent the (i*") solution in the swarm, where (D) is the dimension size. Each employed bee
( X;) generates a new candidate solution (V; )[10].

1.3 Performance of estimation accuracy

In order to analyse the accuracy of the parameter estimation, different criteria were used.
One of them is the Maximum Percentage Error (MPE); it is one of the measurements used to
analyse the efficiency of the estimation by comparing different estimation methods. In this
study, MPE was used to compare both MLE, MM methods and ABC algorithm applied to
estimate the Extreme-value process parameters; this measure is considered as a fitness function
for ABC algorithm. If S; and $; are defined as follows:

Si = §'=1Yj ) and $; = 3’:1?}' (6)

Then MPE is evaluated by:

MPE = Y185 [[Si — Si|/Si] ()
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2. Parameters Estimation
In this part, we discuss the estimation problem for the extreme-value process.

2.1 parameters Estimation for the Extreme-value Process using the Maximum Likelihood
Estimator (MLE)

The Maximum Likelihood Estimator (MLE) is one of the most widely used methods for
estimating the parameters of stochastic models due to its good properties, including stability
and Minimum Variance Unbiased estimators, as the parameter values make the maximum
likelihood function of the observations at its maximum limit.

Assume that {X(t),t = 0} is a NHPP with the time rate of occurrences defined by the formula
(3), then the joint probability function of the occurrence times (t4, t,, ..., t,) inwhich (0 < t; <
t, < < t, < ty) is defined by the following [11]:

fty, ty, . ty) = ?zl)\(ti)e—m(to) -
From the (3), (5) equations, we substitute them into the (8) to get the joint probability function:
ti—u to—p
f(tl, ty, ..., tn) = ?=1§€T x e € 9 (9)
The Likelihood function for the formula (8) for the period (0, t].
L= [T, Ag)e ™) o)
1 yn ti—u 3 to—p
L:O_—ne =1 4 *eea (11)

To simplify the calculations, the natural logarithm of the maximum function is taken instead of
the maximum function itself represented by the equation (11). Hence, the following formula is
obtained:

To—HK

InL =1In(1) —nln(o) + %Z?ﬂri — % —e o (12)
Since the parameters p and ¢ of the function A(7) both are known. Then the maximum

likelihood estimator for them is found by finding the first derivative of the equation (12) the
equations are equal to zero and my comparisons[12]:

o L o
dlnL _
wmly=p
n 1 Io—H
E—ge g =0 (13)

Therefore, the maximum likelihood estimator for the parameter (1) in an extreme-value model
IS it:
Aye =In(M)G + 74 (14)

The distribution of parameter b can be inferred through the conditional distribution of the
variable S = }}iL; t; conditional on the number of incidents n, the reason is that the observations
in the potential function of the nonhomogeneous Poisson process only comes from n, YiL; t;.
In order to find the maximum likelihood estimator for parameter b, we need to find the
probability distribution for it, which represents the conditional distribution of the variableS =
Y.iv, ti, conditional on the number of events n. To get the probability distribution of the variable
S conditioned by the number of incidents n, this is done by dividing the potential function of
the nonhomogeneous Poisson process in the formula (8) as follows [2]:
n![,—ine_%zi1=1ti

to n
eo

L[S|IN(t) =n] = , 0% 0 (15)

The log-likelihood function for formula (15) is expressed as follows:
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lnL=ln(n!)—nln0+§2{‘=1ti—n7t° ,0%#0 (16)
The derivative of the logarithm of the possible function concerning the parameter ¢ is found

o as follows:

dlnL

n 1 n nty
= = —ot Z2xihtt

o2

c*0 a7

As much as possible for the parameter ¢ it can be found by solving the following equation:
JdlnL -0 (18)

0o lg=5
n 1 n nty _
——+ SXinati+—5=0

1 n
—(ntg — XL ty) =~
Therefore,

1
= (nty —XiLit) =n.

Therefore, the estimator of the maximum likelihood for parameter ¢ using the method of
maximum likelihood is:

OmLE = %(nto — it ) (19)
From formulas (14) and (19), we will get:
fuie = to — In(n) - (nto — LI, ;) (20)

A program has been prepared in the programming language MATLAB/R2019b to find the
maximum possible estimators for the parameters o, u of the time rate of occurrences of the
Extreme-value stochastic process.

2.2 Estimation of Extreme-value Process by using ABC

In this section, extreme-value process parameters o,u that represent the parameter for the
time rate of occurrences is estimated using ABC algorithm. For the estimation process, an
algorithm, Algorithm (1), is proposed; it is described as follows:

Algorithm (1)
Stepl: input parameter (N=50) and the number of iterations with i,,,, = 100.
Step2: defining objective & Fitness function is the MPE, in which MPE = 19X [|Si — §;|/Si]
Step3: Generate an initial population
Step4: Perform Employed and Onlooker phases
Select variable and partner
Generate New Solution X,.,, = X + 0(X — X,,) ,0 € [-1,1];
Calculate new fitness.
Perform Greedy Selection
Step5: Memorize the best solution
Step6: Perform the Scout phase
Step7: Plot the result

2.3 Parameters Estimation of Extreme value Process using Moment of Method (MM)
The process {x(t); t > 0} represents the extreme value process rate of time in the equation

(9). The first sample moment m,is calculated by[13]:

1
m; =- ?:1 t; (21)
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To calculate the first population moment for an extreme process, we need to find the
E (X)which is denoted by the u,that can be easily written as:

e = BT = oo o7 FM¥ [ yTk em0 ey (22)

In particular cases, namely r=1 and r=2, we get after computation and simplification:
Un = E(X™) = nu + noy (23)

The mean of the Ext can be obtained by putting n=1 in formula (23), we get:
w=EXY)=u+oy (24)

By equating the first sample moment with the first population moment, we obtain the
parameter of the Ext process:

Uy =my .
ptoy ==Yt

p=r3loti— oy (25)
The second sample moment m,is calculated by:

m; = %Z?:o t; (26)
If n=2 substitute in the formula (23), we get:

Yo = 2p + 4oy

2u + 4oy = % i=o i

1
= - Ylot? - 20y 27

By equating the second sample moment with the second population moment, we obtain the

parameter of the extreme process. We equal two equations (25) and (27) we will get:

1syn — 1 2
Si=oli = OV = - di—oli” — 20Y

1(1 1
Tmm = ?{5 ot =y ?=0ti} (28)
And substitute formula (28) in formula (25), we will get:

1 1 1
Umm = ;2?:0 t; — {gZ?:o t;® — - i=o i } (29)

Where, y = 0.577215.

3. Simulation

Simulation, which is a computer-based methodology that enables experimentation on a valid
digital representation, is considered one of the best methods used for generating random
variables from specific distribution functions; it is a flexible methodology characterized by
showing the ability to conduct experiments and tests via repeating the process many times by
easily changing the inputs of the estimation processes. The importance of the simulation lies in
using simulated random numbers to estimate some parameters. The random numbers used in
the first experiment are independent of those used in the second experiment and so on. The
most common simulation method used in statistical analysis is the Monte Carlo simulation
method used to estimate parameters or statistical measures, and examine the properties of the
estimates. In this section, a comprehensive simulation study was conducted to compare the two
estimation methods to reach the best estimate for the EVP parameters. The following four stages
represent a description of the design simulation experiments [14].

3060



Hassen et al. Iragi Journal of Science, 2023, Vol. 64, No. 6, pp: 3054-3065

3.1 Stage of Assigning Virtual Values
This stage is considered as a basis for the other stages, in which the required virtual values
are specified for generating random numbers; they are:

1- Sample Size (n)

To obtain efficient and accurate results, the size of the sample plays an important role. For this
study, for generating random numbers, different sizes were practiced; a small-sized sample with
(N=20), a middle-sized sample with (N=50), and a large-sized sample with (N=100).

2- Parameter Values for EVP

To determine an estimate for EVP parameters, the probability distribution function for
Extreme-value function is used to generate the extreme-value random variables using different
uniform random numbers assuming values for ¢ = 0.5, 0.8 ;{i =0.8.
3- Sample Repetition Size (i)

To get high homogenous, the experiments were repeated (i = 50) once for each experiment.

3.2 Generating random variables

Random variables are generated from the extreme-value distribution function based on each
value of the virtual parametric values and the assumed sample size N as follows:
1- Generate random numbers that follow continuous uniform distribution over [0,1].
2- Change the generated uniform data into data that follow the extreme-value probability
distribution by using the cumulative density function and according to the inverse transform
method; this method is one of the simplest simulation techniques and the most important
methods to get random variables from continuous and discrete distributions. The algorithm of
the inverse transform method for generating random variables from the extreme-value
distribution.
3- From the cumulative probability function for the extreme-value distribution, which is
defined as:

-5

F(¥)=1-¢® (30)
Since U = m(7) .
u=1- e‘e_(T)
e 5) 1y

By taking the natural logarithm of both sides, the following is obtained:

—e (%) =1 -
Again, we will take the natural logarithm of both sides, the following is obtained:
(?) = In(—In(1 — u))
The random generator for the extreme-value process is represented by the following
equation:
1 =%+4In(In(1 - ) (31)
Hence, by implementing the inverse transform Method, various random variables from
the Extreme-value function are obtained using the MATHLAB program:
Therefore:
(i) = p+ olog(log(1 — u(i))) ;for i =1,2,..N (32)
Where U(i) ~U(0,1)

3.3 Comparison Stage
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After finding the model parameters estimator using different methods, a comparison is made
between two different methods by using the Root Mean Squares Error (RMSE), according to
the following form [15] :

Q (»_.n2
RMSE = Zizl(gl Y)
7, + Represents the value of the parameter estimated in iteration i.
y : Represents the real parameter value.
Q : Represents the number of iterations.

(33)

3.4 Numerical Computations

The following results are shown in Table 1, which represents the results of performing a
simulation to generate different random variables from the stochastic extreme-value process
using different sample sizes (n=20,50,100), for two values for extreme-value process
parameters u, o (o =0.5 ,0.8 and p=0.8) for the three methods, MLE, MM and the proposed
intelligent ABC method.

Table 1: The Simulated RMSE for the ML, MM and ABC Estimator for the parameters

u, o for Extreme-value process.
u o n Methods RMSE (i) RMSE (o)

0.5 0.8 20 MLE 4.2036 1.9352

ABC 0.3648* 1.2411*

MM 5.4824 5.0873

50 MLE 2.6586 1.2239

ABC 0.2307* 07749*

MM 3.4674 3.2175

MLE 1.8799 0.8654

100 MM 2.4518 2.2751

ABC 0.1631* 0.5550*

MLE 4.0770 1.8817

20 ABC 0.7467* 1.3864*

MM 5.7726 5.2153

08 MLE 2.5785 1.1901
' 50 ABC 0.4723* 0.8768*
MM 3.6509 3.2984

MLE 1.8233 0.8415

100 MM 2.5816 2.3324

ABC 0.3340* 0.6200*

From the table above, the numerical results show that the ABC method is better than the MLE,
MM methods for estimating the Extreme-value process parameters.

4. Application

To evaluate the applicability of the two methods, real data from Badush Cement Factory is
used. The new Badush Cement Factory in Nineveh Governorate is one of the most important
factories for the General Cement Company in the north of Iraq; it is the main source for cement
production for the governorates of Irag in general and Nineveh Governorate in particular. The
data represent the successive operating periods in days between two successive stops for the
cement production during the period from 1/4/2018 to 31/1/2019. To ensure the adequacy fit of
data, a test of goodness of fit is needed; it is explained below.

4.1 Test of the Homogeneity of Extreme-value Process

The extreme-value process is A nonhomogeneous process because the time rate of accidents
varies with change time (t), That means, it is affected by time t in its behavior. It is noted that
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the parameter p is coupled to time t, and so the Extreme-value process is homogeneous in the
case 4 = 0, and nonhomogeneous in the case u # 0,To conduct the test process, whether the
process is homogeneous or nonhomogeneous, the following hypothesis is tested [16]:
Hy:pnu=20

Hi:p#0

which can be tested through the following statistics:

n 1
i=1Ti— 3M7%0

7 = (34)

ntg?

12
Where, Y, 7; is the sum of the accident times for a period (0, 7,],

n represents the number of accidents that occur in a period (0, 7,].

4.2 The consistency test of the data under study

The homogeneity of the data under study was tested using the statistical laboratory in the
formula (32. We use a program prepared for this purpose in MATLAB/R2019b. The calculated
value has been obtained |Z|=74.4596. It is more than its corresponding tabular value of 1.96 at
a morale level of 0.05 Therefore, the null hypothesis is rejected and the alternative hypothesis
is accepted. This means the process under study is heterogeneous.

4.3 Estimation of the rate of occurrence of Extreme-value process: for Raw Material Mill
Runtimes

To evaluate the performance of the ABC method for estimating Extreme-value Process
Parameters, the parameters of the process under study, then we compare it with the traditional
MLE and MM the real data, which represent the number of days for operating periods between
two successive stops and the times of occurrence, is used. The data is raw materials for a
laboratory of the new Badush cement factory in Mosul in Iraq. The programming language
MATLAB/R2019b is used to run the algorithm for the estimation process.

Table 2: Estimating of Extreme-value process parameters applied to real data representing

OEerating Eeriods in dazs for raw materials mill.

Parameter estimation @i Parameter estimation &

-117.8811 62.4340
-13.5889 6.4639
-2.8524 1.4539

Table 2 shows the estimation of the extreme-value process parameters for the operating periods
between two consecutive stops in days for the mill for raw materials using the proposed
estimation methods ABC, MOM and MLE; several runs were conducted in the estimation
process and different values for the parameters were used. Then, the best estimated values for
the T, G were obtained based on the following values: Consecutive operating periods between
two successive stops of the raw materials mill in days during the extended period of time from
1/4/2018 to 31/1/2019Which represent 53 runs / day are:
t=[382411231111323111235652114143131172512113316123
31321]

4.4 Discussion of Results

To compare the used methods for estimating the parameters of the Extreme-value process,
the criterion for the error of the greatest proportion was used MPE by formula (30), By using
the program that is prepared for this purpose in the programming language MATLAB\R2019b,
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the expected number of consecutive operating periods between two successive stops was
obtained for the raw materials mill for the new Badush Cement Factory during the period under
study. Standard was calculated MPE between the real and the estimated values of the average
plant shutdown time as in the following table:

Table 2: MPE values for the method used to estimate Extreme-value process parameters

Methods
MLE

MM
ABC

It is noted from Table 3 that the value of the MPE method capabilities ABC is less than the
value of the maximum likelihood method and MM in appreciation, this indicates the efficiency
of the smart method in the estimation of Extreme-value Process Parameters. The following
figure represents the Extreme-value process function estimated using conventional and
intelligent estimation methods used in the research, compared with the real cumulative values
that represent the successive operating periods between two successive stops of the raw
materials mill for the new Badush Cement Factory:

Extrem-value process
T T T

140

Real data
ML S
120 MM yd 7

ABC

100

80 [

60 [

Rate of occuerrence

40 -

0 ,_/,’—/—f—/_‘/_/_./_/_./
0 10 20 30 40 50 60
number of interval

Figure 1: Estimated functions for the cumulative number of successive operating periods
between two successive mill stops using different methods.

Figure 1 shows the estimated functions of the cumulative number of successive operating
periods between two successive mill stops raw materials for the new Badush cement plant using
estimation methods. Using estimation methods for the operating periods between two stops and
been noticed the ABC method was the closest to the real data, which indicates the efficiency of
this method of estimation compared with the maximum likelihood method and MM for search
data.

5. Conclusions

In this paper, ABC was used as a tool for estimating the EVVP parameters and compared
with MLE and MM. The results show that the ABC is a powerful technique that performs which
is better than the MLE and MM for estimating a value for the parameter of the distribution. In
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addition, this model was applied to real data representing the operating periods of two
successive stops for the raw materials factory from the General Company for Northern Cement;
it was examined graphically that the extreme value function fits the data. Finally, it is
recommended to use ABC approach to estimate parameters for other distribution functions that
represent NHPP such as Weibull, exponential or many others.
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