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Abstract

The transverse magnetic electron scattering form factors of °O and ?!Na exotic
nuclei were studied in the plane wave Born approximation (PWBA). The shell model
calculations with three sd-shell interactions, USDA, USDB, and Wildenthal, were
carried out for the ground and low-lying excited states. The exact center of mass
correction in the Born approximation picture through the translation-invariant shell
model (TISM) was included to modify the transverse form factors. The measured
magnetic dipole moments were well reproduced with the core polarization (CP) effect
introduced through the effective g-factors. The occupancies percentage with respect
to the valence nucleons was also calculated.

Keywords: Shell model, Exotic nuclei, Electro-magnetic transition, Magnetic dipole
moment.
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1. Introduction

Electron-nucleus scatterings are the main probes to gain very good information about the
nuclear structure of stable and unstable nuclei. The key benefits of using electrons as probes
are attributed to the electromagnetic interaction properties, which are accurately represented by
quantum electrodynamics—QED [1]. Elastic magnetic electron scattering is widely used to study
the valence structure of the nuclei near the stability line [2].

The magnetic moment is very sensitive to the single-particle orbits occupied by the unpaired
nucleons. Consequently, this quantity may also give the means to distinguish between spherical
and deformed states [3,4]. The investigation of the properties of exotic nuclei becomes one of
the most important goals in nuclear physics [5].

The latest developments in radioactive beams have opened up many new avenues in the
physics of exotic nuclei. Simultaneously, it becomes increasingly important to establish
theoretical models that can aid in data interpretation [6]. The study of exotic nuclei is at the
forefront of research in nuclear physics because it cannot only discover new nuclear properties
and thereby enrich our knowledge of atomic nuclei but also allows the understanding of the
nucleosynthesis origin of chemical elements [7]. Jakubassa-Amundsen [8] calculated
differential cross-sections and polarization correlations for the scattering of relativistic spin-
polarized leptons from the unpolarized ground state of sodium (Na) nuclei within the distorted-
wave Born approximation (DWBA). Various nuclear ground state charge distributions were
probed. Besides, potential scattering, electric C2, and magnetic M1 and M3 transitions were
taken into account. Sarriguren et al. [9,10] determined the form factors of the elastic magnetic
electron scattering from odd-A nuclei in plane-wave Born approximation using a Skyrme
HF+BCS method. The calculations have been carried out on several stable nuclei. Their results
for deformed formalism improved the agreement with the experiment in deformed nuclei.
Hudan et al. [11] presented the above-barrier fusion cross sections for an isotopic chain of
oxygen isotopes with A = 16-19 incident on a *2C target. Experimental data have been compared
with both static and dynamic microscopic calculations. Their results suggest for neutron-rich
nuclei existing time-dependent Hartree-Fock calculations underpredict the role of dynamics at
near-barrier energies.

In the present work, three sd-shell interactions; USDA, USDB, and Wildenthal were used to
calculate the magnetic transitions matrix elements and dipole moments of the ground and
excited states of °0 and ?!Na exotic nuclei.

Wildenthal Interaction USD Hamiltonian [12] has provided realistic sd-shell wave functions
for use in models of nuclear structures, nuclear spectroscopy, and nuclear astrophysics. Also,
Brown and Wildenthal [13] formulated the USD interaction for the sd-shell composed of three
orbits: 1dss, 2512, 1d3r. Two interactions; universal sd-hell interaction A (USDA) and universal
sd-shell interaction B (USDB), have been acquired by Brown and Richter [14]. For USDA 30
linear combinations of one- and two-body matrix elements were varied, while the remaining 36
linear combinations were fixed at a renormalized G-matrix value. For USDB, 56 linear
combinations were varied with 10 fixed at values of G-matrix. They have utilized three sd-shell
Hamiltonians (USD, USDA, and USDB) to study observables including M1, E2 moments, and
transitions matrix elements, Gamow Teller (GT) S-decay matrix elements, and spectroscopic
factors between ground states [15].

The present work aims to investigate the role of the center of mass correction on the
transverse electron scattering form factors of *°0 and ?!Na exotic nuclei. The calculations of
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this correction were based on the Translation Invariant Shell Model (TISM). The exact center-
of-mass correction of Mihaila-Heisenberg [16] was adopted to generate the transverse form
factors. The center of mass correction that was used in other previous works was also taken into
account for comparison. The core polarization (CP) effects are included through the effective
g-factors to reproduce the observable values of magnetic moments. The sensitivity of the
transverse magnetic form factors and magnetic moments of the ground and low-lying states of
10 and #Na were re-examined to the three sd-shell interactions; USDA, USDB, and
Wildenthal (W).

2. Theoretical Formalism
The transverse form factor of multipolarity J as a function of momentum transfer in spin-
isospin spaces can be expressed as [17]:

2
, . Tf—Tzf Te T T
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The notation 7 represents the transverse (T) electric El or magnetic M. J;and J; are the

total angular momentum of the initial and final states, respectively. T ’(q) is the electron

scattering multipole operator, and <||| |||> is the reduced matrix elements in both spin and

isospin spaces.
The bracket ( ' ] denotes the 3-j symbols. Since TZf =T, for electron scattering, then

M+ = 0. Since the Hamiltonian in the shell model is, in general, not translation invariant [18],
q2b2

the center-of-mass correction is given by [19]: F, . =e ** , Where b is the oscillator length

parameter, and A is the nuclear mass number. The free nucleon correction due to the finite size

-2
of the nucleon takes the form [20]: F, . (a) - {1 (w2 } .
4.33

The reduced matrix elements of the magnetic operator T,7 between the final and initial

many nucleon states of the system including the configuration mixing can be written as the
product sum of the one-body density matrix (OBDM)elements times the single-nucleon matrix
elements [21]:

)

Sy @|o)

The sum extends over all pairs of single-nucleon states (a,b). The OBDM (AT) is defined in the
second quantization notation as [22]:
)
@)

. ~ (3,AT)

<f m [a(a) ® a, ]
J (23 +1) (2T +1)

The operators a* and a are the creation and annihilation operators of a neutron or proton

(according to the value of t;) in the single states a and b, respectively.

OBDM (J, a,b, f,i,AT) =
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The average occupation numbers in each sub-shell | are given by [23]:
2 j+1 (4)
2J;+1

occ#(j,1,)= > OBDM(a,b,t,, J=0)
a,b

The reduced single-nucleon matrix element of the magnetic operator T,75 is given by [24]:

la

Where: uy =

er?tz H b) = iy [9| ()07 (@,b) + g5 (t;) 8} (a b)] )

, =0.1051 e.fm is the nuclear magneton, with the proton mass mp. g, (t,) and
mpuC
p

g, (t,) are the orbital and spin-free nucleon g-factors, respectively. ge (1/2) = 1, gs (1/2) =5.585
for proton, and g¢ (-1/2) = 0, gs (-1/2) = -3.826 for neutron. Also:

OF (a,b) =Py (M,1,,1,) Cy (ias i) Ay (ias )

D S (| L @nlng,)

ST (a.0) = [3Q +31* C, (. J) P, (M1, 1)
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The coefficients C;, Py, and A; are given by:

17/. .
o jat5 [ @ia+D@I+D@ip+n 2] 12 I b @
CJ(Ja,Jb):(_l)
4r 1 4 1
2 2
1 Ia+lb+J+1
B(a,b):2+ D(ja’la)+D(jb’|b) (9)
With,D(j,1)=j (j+1)—1(1+1)—3/4
The magnetic dipole moment 4 of a state of total angular momentum j is given by [21,24]:
/4;r J. 1 7, no,
= = J. O,(m1) | J. 10
H 3[_Ji 0J,j<l|;k()| |> ()

¢

2.1. The Exact Center of Mass Correction in Translation Invariant Shell Model (TISM)

The Translation Invariant Shell Model (TISM) provides a proper description of the electron
scattering process, the wave function factorizes into the center of mass wave function being a
Gaussian and an intrinsic wave function of relative coordinates. This allows calculating the
form factor in the form [16]:

Zn:(ﬁk(ml)

Ji>: 3 ()T (_TT‘ ; TTJ OBDM (a,b, J =1,T)<a |6 m1 \Hb> (11)

a,bT z
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The calculation usually gives the form factor of one-body density labeled F(q), whereas the
experiment requires the form factors with respect to the center of mass, labeled Fint (q). The
form factor at momentum transfer g in Born approximation is given by [16,19]:

Fie (4) = <¢o > f(@®)e " ¢o> (13)

Where: ¢, is the translation-invariant ground state, T,” is the distance from the center of

mass to the k™ "point” nucleon, (F/= ¥, —R, ), k = 1, 2,...A-1, and fi(g?) is the nucleon form
factor which takes into account the finite size of the nucleon k. For an approximate model wave
function ®" | the decomposition can be obtained [26]:

OM (F, Fyy F) =€ T gM (B F) L) (14)

Which is almost correct to the extent that the motion of the intrinsic coordinates and the center
of mass is not correlated. Then only the following factorization is possible [16]:

F (a) = Fem. () Fint (0) (15)

Assuming that the TISM can provide a good description of the internal structure of the
nucleus (@, = ® ) with that approximation, Eq. (15) is valid with [27,28]:

Fo(d) = <d>§” >t (g?) e o > (16)
k

iG.Re.m.

And F.. ()= <c1>§”

e

oV > (17)

The form factor given in Eq. (16) can be calculated by carrying out an expansion in terms
of many-body operators [26]:

Fo (G) = 2 f(@®) <e“”“ | e‘”””’A> (18)

m=k

Each exponential in Eq. (18) can be expressed in terms of the one-body operator which can be
defined by [16]:

f(G.F,)=¢9"™-1 (19)
With this, Eqg. (18) can be written as:
Fue (G) = > fi(a) <e“”““)“\ H[1+f*(q-Fm/A)]> (20)
k m=k

The many-body expansion for the form factor Fin: takes the following form:

F.(4) = Z fk(qz) <eiq-ﬂ (A-1)/A >
IR ACDD I CEE R N CRAYY)

m==k

+1f(0%) Y (ARG JA)) X (AT S A)+
k

m,n=k
(21)
With the exact value of the center of mass correction introduced in TISM, the form factor
given in Eq. (1) becomes:
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In the present work, Fint (q) was calculated from Eq. (21) and can be computed completely
up to the third order in many-body expansion. More details were performed by Mihaila and
Heisenberg [16]. The present calculations were carried out by use of the OXBASH shell model
code [29].

3. Results and Discussion

The present study includes reexamining the center of mass correction (cm corr.) for the
transverse form factors. The many-body expansion of Mihaila and Heisenberg [16] for the
center of mass correction was applied to the case of Harmonic Oscillator (HO). The shell model
calculations with sd-model space, and different interactions were performed for the ground and
excited states of *°0 and ?!Na exotic nuclei. According to the multi-nucleon shell model with
mixed configuration, the °0 and ?!Na isotopes are considered the core of 1O plus three and
five residual nucleons divided over 1dsp, 2S12, and 1dsp, respectively. Three sd-shell
interactions, USDA, USDB, and Wildenthal, were used to calculate the magnetic transitions
matrix elements and dipole moments for the nuclei under consideration. The core-polarization
effects were included through the effective g-factors. The magnetic dipole moments for the
ground and excited states of 1°0 and ?*Na exotic nuclei are listed in Table 1. The typical values

|4

of Richter et al. [15] were adopted with g’ = 1.15. gJ' = —0.15.g§ = 0.85 g-free.

The occupation numbers of the valence nucleons were also determined. The single-particle
wave functions of HO potential with the size parameter b were used. The size parameter b for
exotic nuclei was obtained from the global formula for the HO length [22]:

b= |—— ;ho=45A""-25A"" where M, is the proton mass.

3.1 %0 nucleus (J*T = 5/2*3/2, 112 = 27 )

The ground state of the 1O (neutron-rich) nucleus can be considered as a core of 1°0 with
three additional neutrons distributed over 1dsy, 2s1/2, and 1dss orbits. The ground state of 1°0
has the configurations of (1s)*, (1psr2)®, (1pa2)*inert core, with USDA interaction [15], as shown
in Figure (1). This state is specified by J*T = 5/2*3/2 with a half-life of 1 = 27 s [30]. No
experimental data are available for neutron-rich nuclei. The elastic transverse form factors with
the brms = 1.833 fm were calculated for USDA, USDB, and W-sd-shell interactions. Figure (2)
shows the sd-shell model space (MS) form factors for USDA interaction with g-free (black
solid curve). The contributions of M1 (dashed curve) and M3 (dashed-dot curve) components
are also indicated. The contributions of EO and E2 were negligibly small. The inclusion of the
center of mass correction (green curve) increased the total form factors at a high range of g
value. The M1 component has a first diffraction minimum at g~0.9 fm™ and at g~2.1 fm™, while
the M3 component dominated along the momentum transfer range (0.5 < q < 1.7) fm™ and has
a diffraction minimum at g~1.9 fm™. The magnetic form factors for three sd-shell interactions
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were similar, with a small difference in diffraction minimum, as shown in Figure (3). There
was some dependence of the calculated form factors on the interaction. The interactions of
USDB (grass green dashed curve) and W (orange curve) were identical, but USDA interaction
(green curve) varied slightly in diffraction minimum. The core polarization effects were
included through the effective g-factors with the typical values [15]: gF = 1.15. gJ' =
—0.15. g¥ = 4.748. g = —3.252. This inclusion is displayed in Figure (4) for different
interactions; USDA (black curve), USDB (blue curve), and W (magenta curve). The measured
magnetic moments zexp. = 1.53195(7) nm [30] were very well reproduced with g-free for all
dependent interactions in magnitude with opposite sign, especially with USDB interaction, the
values uuspa = -1.51395 nm, uuspe = -1.53167 nm and uw = -1.56795 nm, as tabulated in Table
1. The inclusion of the core polarization effect enhanced the calculated values to be puspa = -
1.60237 nm, pusps = -1.61673 nm and pw = -1.64615 nm.

10'3’,,,,_,,,_,,,_,” T
60 - 190 190 nucleus
Three neutrons (5/%;(4 1+M 53/)2+)
outside the core
10 | USDA
g-free
50 |- s
oL/ ™ - ]
S e "
Laf ¥ / \ MS(g, J+em. corr
2
E o
: G
£ -
2 ]
=
b
o 7
107 F
20k
10°
10 -
0 4’—‘7 10°

Order of orbits

(1) 1d3p=1, 1dsp=2, 2512=0 (4) 1ds2=0, 1ds2=2, Flgure 2 The transverse form factors

2ozl for 1°0 ground state calculated in sd-

(2) 1dsp=1, 1dsp=1, 2s12=1 (5) 1ds2=0, 1ds2=3, g )

281=0 model space (black solid curve) and
2512, and 1da orbits outside the 20 of M1 and M3 are shown.

core of the considered *°O nucleus.
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Figure 3: Comparison between the total Figure 4: Comparison between the
form factors of 0O nucleus with total form factors of °O nucleus with
Qfree)+c.m. corr. for USDA (green curve), defiy) for the USDA (black curve),
USDB (grass green dashed curve), and USDB  (blue curve), and W-
W-interaction (orange curve). interaction (magenta curve).

3.2 %0 nucleus (J*T = 3/2*3/2, 112 = 1.37 5)

The excited state (Ex = 0.096 MeV) of the °0 nucleus (neutron-rich) is described by J*T
3/2*3/2, with a half-life of 11, = 1.37 s [30], so there is very little experimental data on this state.
Figure (5) (solid curve) shows the calculated inelastic transverse form factors for sd-shell model
space (MS) with b = 1.833 fm using universal sd-shell interaction A (USDA). The individual
components M1 (dashed curve), M3 (dashed-dot curve), and the contribution of the center of
mass correction (green curve) were indicated. It is interesting to note that the contributions of
E2 and E4 were marginal in the total form factors. As shown in Figure (6) (green curve), the
inclusion of the cm corr. increased the magnetic form factors at g > 1.7 fm™. The M3 component
dominated the region around g~1.1 fm™ with a diffraction minimum around g~2.0 fm™, while
the M1 component was marginally moved backwards with the first diffraction maximum
position around g~0.5 fm™? and two diffraction minima at gq~1.0 fm?* and g~2.6 fm¥,
respectively. The inelastic magnetic form factors with g-free and with the exact cm corr. are
displayed in Figure (6) for the different interactions: USDA (green curve), USDB (grass green
dashed curve), and W (orange curve). The inclusion of the exact cm corr. led to a visible
enhancement in the form factors at high g-region. The results of USDA and USDB were similar
with minor differences for the W result. The contributions of the effective g-factors with the
typical values of Richter et al. [15] are depicted in Figure (7) for USDA (black curve), USDB
(blue curve), and W-interaction (magenta curve). These interactions gave essentially the same
results for the form factors. The calculated magnetic moments with g-free for three sd-shell
interactions (uuspa = 0.23 nm, uyusps = 0.23714 nm and uw = -0.18129 nm,) underestimated the
measured value uexp. = -0.72(9) nm [30] by a factor of about 3.1. The discrepancy increased
with gerr.to be uuspa = 0.18669 nm, uusps = 0.19224 nm and pw = -0.14206 nm. The sign was
correctly reproduced only for W-interaction (see Table 1).
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Figure 6: Comparison between the
total form factors of °O nucleus with
Ofreeytc.m. corr. for USDA (green
curve), USDB (grass green dashed
curve), and We-interaction (orange
curve).

3.32!Na nucleus (J*T = 3/2*1/2, 112=22.55)

Figure 7: Comparison between the
total form factors of °0 nucleus with
gefr) for the USDA (black curve),
USDB (blue curve), and W-interaction
(magenta curve).

The ground state of the exotic 2!Na nucleus was characterized by J*T, 3/2*1/2, with a half-

life of 1

22.5 s [30]; experimental data are scarce for this state. The ground state of the 2!Na

nucleus can be regarded as a core of 10 with five nucleons distributed over 1dss2, 2s1/2, and
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1ds/2 orbits. The configurations used to describe the ground state of the 2!Na nucleus are (1s)*,
(1p3r2)8, (1par)*inert core, with USDA interaction [15] are shown in Figure (8). The calculated
magnetic form factors of the sd-shell model space (MS) with b = 1.845 fm are presented in
Figure (9) (black solid curve) for USDA interaction. The individual components M1 (dashed
curve) and M3 (dashed-dot curve) are shown. It is worth noting that EO and E2 components
have negligibly small total form factor contributions. The M3 component dominated the q~1.2
fm™ region, while the M1 component moved backwards with the diffraction maximum location
around g~0.5 fm™. In the region of (0.5 < q < 2.0) fm™, the total magnetic form factor was
almost totally M3 transition. For the M1 component, two diffraction minima appeared at g~1.1
fm* and g~2.5 fm™, respectively; while the M3 component has just one diffraction minimum
at g~2.15 fm*. The contribution of the exact center of mass correction increased the transverse
magnetic form factors at (q > 1.9) fm™ region, as illustrated in Figure (9) (green curve). There
was some dependence of the calculated magnetic form factors with the exact center of mass
correction and g-free on the interactions USDA, USDB, and W along the region of momentum
transfer (2.3 < g < 3.0) fm, as shown in Figure (10). The typical values of the effective g-
factors [15] showed a small dependence of the magnetic form factors on the interaction.
Comparison is shown in Figure (11) for the interactions; USDA (black curve), USDB (blue
curve), and W (magenta curve). While ges. has a good role in the magnetic moment values. The
calculated magnetic moments with g-free puspa = 2.47923 nm, uusps = 2.48911 nm and uw =
2.55426 nm were close to the measured value pexp. = 2.38630(10) nm [30] with some
enhancement. With effective g-factors, the calculated value was very well reproduced for all
interactions as tabulated in Table 1, uuspa = 2.35474 nm, pusps = 2.36209 nm and uw = 2.42534
nm.

30
21 102 :
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Five nucleons [ (B/2+ v 3/24)
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g-free
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E — Ml
20 [ \( S — - M3 i
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e ’
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Figure 8: The occupation numbers percentage
for the ground states of 1d5/2, 2s1/2, and 1d3/2
orbits outside the 160 core of the considered
12Na nucleus.
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Figure 11: Comparison between
the total form factors of 2!Na
nucleus with gesr) for the USDA
(black curve), USDB (blue curve),
and  We-interaction  (magenta
curve).

3.4?!Na nucleus (J*T = 5/2*1/2, T12 = 6.9 ps)

The excited state of the 2!Na exotic nucleus (Ex = 0.332 MeV) was characterized by J*T =
5/2*1/2 with a half-life of ty = 6.9 ps [30], so there is no experimental data for this state. The
calculated transverse form factors for sd-shell model space (MS) with gfee and USDA
interaction are shown in Figure (12) (black solid curve). The individual components M1 (dashed
curve), M3 (dashed-dot curve), and the effect of the exact center of mass correction (green
curve) are displayed. There was no contribution for E2 and E4 components. The M1 component
has two diffraction minima located at g~1.0 fm™ and g~2.1 fm, respectively, while the M3
component has only one diffraction minimum at g~3 fm™X. The magnetic form factor was totally
M1 at g < 0.7 fm™. In the region of ¢ along (0.8 < g < 2.2) fm™%, the magnetic total form factor
is attributed to M3 contribution with some percentage of M1 contribution. The inclusion of the
exact cm corr. (green curve) enhanced the total magnetic form factors along the range of
momentum transfer for g > 1.5 fm™. The dependence of the magnetic form factors with the
exact cm corr. (green curve) on these different interactions are shown in Figure (13). The result
of USDA interaction (green curve) distinctly differed from that of USDB (grass green dashed
curve) and W (orange curve), which were identical. The core polarization effects are shown in
Figure (14) for the different interactions: USDA, USDB, and W. The effective g-factor had a
minor dependence on the form factors and played a significant role in the magnetic moment
values compared with that of the g-free. The calculated magnetic moments with g-free foruuspa
-0.8944 nm, uuspe = -0.79442 nm and pw = -0.79444 nm underestimated the measured value
texp. = 3.7(3) nm [30] by a factor of 4.1 with an opposite sign. The discrepancy increased with
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gef.to be puspa = -0.70802 nm, uusps = -0.70624 nm and uw =-0.70167 nm. The comparison of

Iragi Journal of Science, 2024, Vol. 65, No.3, pp: 1342-1356

the calculated and measured magnetic moments with other results is tabulated in Table 1.
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Figure 12: The transverse form factors for!Na
excited state calculated in sd-model space
(black solid curve) and with gree)+c.m. corr.

(green curve). The

individual

multipole

contribution of M1 and M3 are shown.
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Figure 13: Comparison between
the total form factors of %Na
nucleus with g(ree)+ c.m. corr. for
USDA (green curve), USDB (grass
green dashed curve), and W-
interaction (orange curve).
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Table 1: The calculated magnetic dipole moments (x) of °0 and ?!Na nuclei are compared
with experimental data of Ref. [30] and with other results.

Hcalc. (nm)

Nuc I Ex Technig USDA UsDB W (nm) Other
leus (KeV) ue interactio  interactio  interactio  #®® results
n n n

g(free)  -151395  -1.53167  -1.56795

90 5/2 0 1.53195(7)
geff)®  -1.60237  -161673  -1.64615 -1.531[31]
g(free)  0.23 0.23714  -0.18129

90 32¢ 96 -0.72(9)

-0.945[31

gleff) 018669  0.19224  -0.14206 [31]
gfree) 247923 248911  2.55426

2Na 3/2° 0 2.38630(10) 3‘1‘23%}
gleff) 235474 236209  2.42534 :
g(free)  -0.8944  -0.79442  -0.79444

2Na 5/2* 332 3.7(3)
g(eff)  -0.70802  -0.70624  -0.70167 3.355[31]

@g(eff): g7 = 1.15. gj' = —0.15. g¥ = 4.748. g* = —3.252

4. Conclusions

The main conclusions for the current work can be drawn from the following:

1. The magnetic dipole moment did not depend on the size parameter b.

2. The exact center of mass correction did not affect the magnetic dipole moments, but some
enhancement was noticed for g-depend form factors.

3. Since 1°0 and #!Na are exotic nuclei near the stability line, all three sd-shell interactions gave
a similar description of the magnetic transition form factors.

4. The measured magnetic dipole moment of the ground state of °O was well reproduced with
USDB interaction by free g-factors, while that of ?!Na was well reproduced by the effective g-
factors.

5. The magnetic dipole moment of the excited state of °O underestimated the experimental
data but with the same sign.

6. Predictions of the magnetic dipole moments provide a discriminating test and can lead to
improving the wave functions.
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