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Abstract

By taking into account various food components in the ecosystem, the research
intends to develop a set of difference equations to simulate a plant-herbivore
interaction of Holling Type Il. We determine the local stability of the equilibrium
points for the scenarios of extinction, semi-extinction (extinction for one species), and
coexistence using the Linearized Stability Theorem. For a suitable Lyapunov
function, we investigate theoretical findings to determine the global stability of the
coexisting equilibrium point. It is clear that the system exhibits both Flip and
Neimark-Sacker bifurcation under particular circumstances using the central manifold
theorem and the bifurcation theory. Numerical simulations are done by MATLAB
which are used to validate our conclusions.

Keywords: Plant-herbivore model; Discrete systems; Stability theory ; Neimark-
Sacker and Flip bifurcation; Semi-Cycle and Periodic Behavior.
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1. Introduction

Mathematical modeling for biological problems and medicine are exciting research areas in
the discipline of applied mathematics. Many environmental phenomena were formulated
mathematically to explain the dynamical behavior of the constructed models [1-8]. It is well-
known that the Lotka-Volterra predator-prey model is one of the fundamental population
models that is expanded to many biological models. The predator-prey interaction model was
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established firstly by two well-known pioneers in biomathematics; Lotka and VVolterra [9]. Later
on, Liu and Xiao considered a predator-prey model in discrete time to analyze the local stability
and the bifurcation solutions around the positive equilibrium point [2]. Both Kangalgil and
Kartal worked on a host-parasite model as a piecewise constant argument system to study the
Flip and Neimark-Sacker bifurcation [4]. However, to explain the environmental phenomena
in the prey-predator interaction, more realistic studies were introduced by Holling, who
suggested three different types of functional responses for modelling the phenomena of
predation of species [10]. From [11 — 14], it was found that Holling Type Il functional response
is the most effective and essential functional response in explaining the interaction between two
species in the habitat.

It is well known that prey refuge significantly influences the co-existence among both
predator and prey populations. So, prey refuge effects on the interaction of the predator-prey
dynamics are seen as an attractive research study. Many researchers [15—19] proved that the
prey refuge stabilizes the dynamic of the predator-prey system and that prey biomass can be
controlled and saved from extinction due to predation. Considering the prey refuge proportional
to the biomass shows a more realistic biological system since the prey refuge affects both the
prey and predator species. Incorporating an additional different food into the predator-prey
population’s habitat might reduce the prey's pressure since the predator species has another
alternative of intake to survive. This additional food is an essential component of most
predators’ diet, although they receive less attention than basal prey. The role of alternative prey
(other food) in sustaining predator populations has been reported in laboratory studies and
theoretical studies [20—21]. Predation by golden eagles (Aquila chrysaetos) has decimated three
resident fox populations in the Channel Islands by nearly 95 percent. According to the review
report, these predators are mostly supported by overabundant alternative prey species. [22]. In
prey-predator models, the effects of various foods on predators have recently been explored
[23-25]. Srinivasu et al. [24] studied the effect of quality and quantity of additional food on the
prey-predator system dynamics in the presence of other food for predators. Discrete-time
models are critical for comprehending complex ecosystems, especially for univoltine species,
which have just one generation each year [29-31]. Because of the non-overlapping form, the
species emerging the previous year is a discrete function of the population the next year.[27].
These dynamics apply to a variety of organisms in temperate and boreal climates, such as
insects. In its most northern range, the speckled wood butterfly (Pararge aegeria) is univoltine.
Adult butterflies emerge in late spring, mate, and deposit eggs before dying. After that, their
young mature until pupation, at which point they undergo diapause in preparation for the winter.
The following year, new adults emerge, resulting in a single generation of butterflies per year
[28]. As a result, maps can accurately depict the structure of species interactions, and some
investigations have provided experimental proof for the suggested dynamics [26-28].

Further theoretical investigations that included spatial dynamics greatly broadened the scope

of chaotic behavior as a possible result of discrete population dynamics [32, 33]. In continuous
[34] and discrete [35] time models including evolutionary dynamics and genotype mutational
exploration quickly lead to chaotic attractors. In the discrete multi-species models with victim-
exploiter dynamics, the so-called homeochaos have been identified[36, 37].
This paper develops a discrete-time predator-prey model and considers the Mondal and
Samanta [38] model to represent the prey population's growth, equivalent to the continuous-
time logistic growth, prey refuge, and supply of additional food for the predator. To study the
effects of predation, we have used Holling Type Il functional response, we studied the impacts
of supplying additional food to the predator.
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2. Model Formulation

The origin of the plant-herbivore interactions is generally derived from the predator-prey
systems [29, 30], which are considered in various studies using discrete and continuous-time
[3-6]. This paper has developed a two-species prey-predator (plant-herbivore) model with plant
protection behavior to stabilize the habitat. It is assumed that the plant grows logistically in the
absence of herbivores. Therefore, the herbivore is provided with constant biomass A, distributed
uniformly among the habitat. The number of encounters per predator (herbivore) with other
food is proportional to the other food's biomass. This constant characterizes the ability of the
predator to identify the different food. A refuge protecting nx (where n € (0, 1]) of the prey
has been considered in this model.
According to the above assumptions, Mondal and Samanta [38] have developed the following
model

dx(t) _ _ @ _ a(1-n)x(t)y(t)
at rx(t) (1 K ) b+anA+(1-n)x(t)
dy() _ ca(A-mx+na)y(®) _
ac b+anA+(1-n)x(t) dy(t)
where x(t) and y(t) denote the prey (plant) and predator (herbivore) density, respectively. The

term —2A—WXOYO _ o6 the functional response of the predator, where 74 is the additional
b+anA+(1-n)x(t)

food level in the habitat. The parameter a denotes the quality of the different food. It is noted
that if n = 1, i.e., the total prey population is a refuge, then the predator biomass is grown up
in the presence of the additional food only.

(2.1)

To derive the discrete plant-herbivore model at time ¢, let

ax _ Xt+1—Xt ay _ Ye+1=Vt

at = e and a = T (22)
where x; and y, are densities of the plant and herbivore population in a non-overlapping
generation for a discrete-time t. Moreover, let us consider that h - 1 and d = 1. Then we have
for the (n + 1)™ generation of the plant-herbivore population the difference equation system of
order one, such as

x? a(1-n)xtye
xt+1 —_ (r+ 1)xt _T__—_
k b+anA+(1-n)x; (23)

ca((1-n)x+nA)ye
b+anA+(1-n)xs
The parametric values are described for our model as follows:

Table 1: Parametric description of the discrete system
Parameters Parametric Description

The intrinsic growth rate of the plant
Carrying capacity of the plant
The per capita herbivore consumption rate
The half-saturation constant in the absence of additional food and refuge
The death rate of the herbivore
The conversion rate of the plant
Quality of additional food
Effectual additional food level

YVi+1 =

3. Fixed Points and Stability Analysis
System (2.3) has the following possible equilibrium points which are;
(a)The extinction equilibrium point E, = (0, 0).
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(b) Semi-extinction (extinction for one population group) E; = (k, 0).
(c) Co-existing equilibrium point E* = (x*, y*), where
x _ b+anA—-canA and y* _ ca(b+nA(a—-1)){k(1-n)(ca-1)(r+1)+r(b+anA-canA)}-k(1-n)(ca—1)?
(1-n)(ca-1) ka(1-n)?(ca—1)? )

3.1)
The positive equilibrium point E* = (x*, y*) exists if the following conditions hold:
ca(b+nA(a—1){k(1 —n)(ca—1D)(r+1)+r(b+anld —cand)} > k(1 —
n)(ca — 1)?, (3.2)
0<nA<canA<b+anA (3.3)

To consider the dynamic behavior of system (2.3), the Jacobian matrix has been evaluated at
any fixed point (x, y), which is given by

_2r a(b+anA)(1-n)y . a(l-n)x
_ r+1 k X (b+anA+(1-n)x)? b+anA+(1-n)x 34
JCey) = cay(b+nA(a—1))(1-n) ca((1-n)x+n4) (3.4)
(b+anA+(1—-n)x)? b+anA+(1-n)x

To discuss the dynamic behavior of any fixed point, the following lemma is needed [39].

Lemma 3.1. Let F(1) = A2 + A1 + B. Suppose that F(1) > 0, A, and A, are the roots of
F(A) = 0. Then

o] <1and|A,| < 1lifandonlyif F(—1) > 1and B < 1.

e|A;| >1and|1,| < lifandonlyif F(—1) < 1.

e|A;] >1and|A,| > 1ifandonlyif F(—1) > 1and B > 1.

|| =—1and |A,| # 1ifandonlyif F(—1) =1and A # 0, 2.

Theorem 3.1. Let E, = (0,0) be the extinction equilibrium point of (2.3). The following
statements hold.

(i) The equilibrium point E; is a saddle point if r > 0 and cand < b + anA.

(if) The equilibrium point E is non-hyperbolic if r = 0 and cand = b + anA.

canA
b+anA’
Thus, A, = 1 for all its cases. That means it is impossible to have |4,| < 1. Therefore, if r >
0, we obtain the trivial fixed point unstable, while for r = 0, we have 1, = 1. Besides, if
canA < b + anA, we have |1,]| < 1, which means that we have a saddle point if » > 0 and
canA < b + anA, while for canA = b + anA we get |1,| = 1 that leads to a non-hyperbolic
trivial fixed point.o

Proof. The eigenvalues of the Jacobian matrix at E, = (0,0) are A, =r+1and 1, =

Theorem 3.2. Let E; = (k, 0) be the semi-extinction point of system (2.3)and 0 < n < 1. The
following statements hold.
(i) The equilibrium point E; is stable (attractor) if
0<r<2andO <ca((1—n)k+r]A) <b+anA+ (1 —-n)k.
(if) The equilibrium point E; is unstable if one of the following statements holds;
(@ r>2 and ca((1 —n)k +7nA) > b+ anA + (1 — n)k for an unstable node.
(b) 0<r<2 and ca((1—n)k+nA) > b+ anA + (1 — n)k for a saddle point
or
r>2 and 0 < ca((1 —n)k +nA) < b + anA + (1 — n)k for a saddle point.
(iii) The equilibrium point E; is non-hyperbolic if one of the following statements holds;
@ r=2.
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(b) 0<r<2 and ca((l—n)k+nA) =b+and+ (1 —n)k.

(c) r>2 andca((1—n)k+nA)=b+anAd+ (1-n)k.

Proof. The eigenvalues of the Jacobian matrix at E; = (k,0) are 4, = —r+1 and 1, =
ca((1-n)x+n4)
b+anA+(1-n)k’
follows;

(i) From |A;] < 1,weobtain 0 < r < 2, while |1,| < 1if0<ca(l1 —n)k+nA < b+ anl +
(1 — n)k. This completes the proof of this part.

(ii)

(@) The equilibrium point is unstable if both eigenvalues are |A,| > 1 and |A,| > 1, which
holds for

Therefore, the dynamical behavior of the semi-trivial equilibrium point is as

r > 2and ca((1 —n)k +nA) > b+ and + (1 — n)k.
(b) The semi-trivial equilibrium point shows a saddle point if the absolute value of one of the
eigenvalues is less than one while the absolute value of the other eigenvalue is greater than
one;
[A;] < 1and|A,] > 1or|A;] >1and|41,| < 1.

The conditions hold if

0<r< 2andca((1—n)k+nA) >b+anA+ (1 —n)k
or

r>2and0<ca((1—n)k+nA) <b+anA+ (1 —n)k,
which completes the proof of this part.
(i) The equilibrium point E; is non-hyperbolic if at least one of the absolute values of the
eigenvalues is equal to one; |A;| = 1 or |A,| = 1. This condition holds if we have
ar=2
b)0<r<2 andca((l—n)k+nA) =b+and+ (1 —n)k.
c)r>2 and ca((l —n)k + nA) =b+anA + (1 —n)k.
This completes the proof.o

Now, we will discuss the local stability around the co-existing equilibrium point E* = (x*, y*).
The positive equilibrium point E* is stable if the following conditions hold [8];

1+ Tr(J(E")) + Det(J(E")) > 0,
1-Tr(J(E")) + Det(J(E")) > 0, (3.5)
1 - Det(J(E")) > 0.

To show the calculations in a more straightforward form, we will present the following

quantities as
. r(b+ anA)[k(1 —n)(ca—1) — b + anA — canA]

kca(b +nA(a —1))(1 —n)

and
p b+ anA
" b+ anA —cand’
which are positive provided the existence of (3.2)-(3.3).
The characteristic form of the Jacobian matrix J around the co-existing equilibrium point
(x*,y™) can be written as

F(2) =22 —=Tr(J(E))A+ Det(J(E™)), (3.6)
where
Tr(J(E))=r+2— 2£x* - H
and
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Det(J(E"))=r+1-— 2£x* -H+ZH
We notice that 1 + Tr(J(E™)) + Det(J(E™)) > 0, provided that
k(r+ ZH) < 2rx* + kH < %k(Zr + 4+ ZH) (3.7)

and 1—Tr(J(E*)) + Det(J(E*)) > 0 provided that (3.2) and (3.3) hold and 1-—
Det(J(E*)) > 0, if we have (3.7).

Thus, the local stability of the positive equilibrium point is given as follows;

Theorem 3.3. Let E* = (x*,y*) be the co-existing equilibrium point of the system (2.3).
Furthermore, assume that (3.2)-(3.3) hold. The conditions for the stability analysis are obtained
as follows;
M The equilibrium point is an attractor if and only if (3.7) hold.
(i) The equilibrium point shows an unstable behavior if and only if

2rx* + kH < k(r + ZH). (3.8)
(ili)  The equilibrium point is non-hyperbolic if and only if we have

k(4 + 2r + ZH) = 4rx™ + 2kH,

where k(r +4) #rx*+ H # k(r + 2) , and

1

r+2-25x —H<2(r+2-25x" —H+ZH)". (3.9)

Theorem 3.4. Let E* = (x*,y") be the positive equilibrium point of the system (2.3) and
assume that the conditions in Theorem 3.3./(i) hold. The co-existing equilibrium point is global
asymptotic stable, if

(b+77A(Ca+a)+(1—n)(ca+1)xt){2(xt;tx*)+r(1_%)}

x, > x* and y* > 2atio , (3.10)
where
(b+anA+(1—n)xt)r(1—%) (b+anA+(1—n)xt){2(xt;tx )+r(1—%)}
a(1-n) <Ve < a(1-n) ’ (3'11)
Proof. Let V, be a suitable Lyapunov function which is as follows:
Vt = (Xt' Yt) = [ut - u*]z fOf t = 0, 1, 2, ey (3.12)

where u; = (x¢, y:) and u* = (x*,y").
From (3.12), we can write
AV = Vi = Vi = [uge —u')? = [u, —u']?
= (Usr — Ue) (Uggr +up — 2u7).

(3.13)
From the second equation of the system (2.3), we have
_ AY, = (J’t+1__ V) Ves1 + Ve — 2Y7). (3.14)
Computations show that we obtain
_ _ca((1-n)xe+nA)y; _ _ ca((1-n)x¢+nA) _
Yer1 =Vt = b+anA+(1-n)x; t Tt {b+a11A+(1—n)xt 1} >0,
if
ca((1-n)x +nA) _ b+anA-canA
b+anA+(1-n)x; 1>0= Xe > (1—n)(ca—-1) - (3'15)

*

Moreover, we get
« ca((1-n)xg+nA)y
Yerr + Ve —2y" = bﬁanm;_n)}&t +ye — 2y

_ ca((1-n)x¢+nA) A
= Ve {b+anA+(1—n)xt t1-2 J/t} <0
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< 2y*(b+anA+(1-n)xs)
Yt b+nA(ca+a)+(1-n)(ca+1)x
By considering (3.15) and (3.16), we have AY; < 0. This implies that tlim Ye =y~

(3.16)

On the other side, from the first equation of the system (2.3), we have
AXy = (xpp1 — X0) (Xpgq + X0 — 2X7). (3.17)
From (3.17), we get

2

Xt a(1-m)xeye
Xegr — X = (r+ Doy —r—t — ————L
t+1 = )X k  b+anA+(1-n)x;

=u{r(1-3) - mmaras) <O

if
(b+anA+(1—n)xt)r(1—%)
preE— < Y. (3.18)
Besides, computations show that
2 —
Xepr + X —2x" =(r+ 1)xt—rx—t—M+xt—2x*

k b+a17A+(1—n)xt( :
— ¥ 1—
=5 {2(55) 47 (1-3) ~ i) >

e )

Xt

Ve < preE (3.19)
From (3.8) and (3.19), we get AX; < 0, which implies that gl_)rg Xy = x".
Moreover, from the inequalities in (3.16), (3.18), and (3.19), we obtain
(b+ana+(1-n)x)r(1-3L) < (b+“’7"‘+(1‘”)xt){z(xt;tx*)”(l‘%)} 2y* (b+anA+(1-n)xy)
a(1-n) Ye < a(1-n) b+nA(ca+a)+(1-n)(ca+1)x;

(3.20)

which holds for

(b+nA(ca+a)+(1-n) (ca+1)xt){2 (xt;tx*)+r(1_%)}

2a(1-n)

<y".
This completes the proof.o

4. Semi-Cycle and Periodic Behavior of the Positive Solutions in System (2.3)

In this section, we introduce a study on the periodic solutions of the system (2.3). We show
the monotone increasing and decreasing behavior of the system and the conditions of period
two solutions.

Theorem 4.1. Let {(x;,y;)}i=, be a positive solution to the system (2.3). The following
statements hold.

(i) If
x*<x, <k and y, < T(k_xt)(ZZZ"_An:(l_n)xt) , (4.1)
then all positive solutions of (2.3) are increased monotonically.
(i) If
" r(k—x¢)(b+anA+(1-n)xg)
X <x*<k and y;, > prE— , (4.2)

then all positive solutions of (2.3) are decreased monotonically.

Proof. From (2.3), we can write
Ye+1 _ Ca((l —n)x; + TIA) > 1
ye b+anA+ (A —-n)x,
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which holds for the inequality
b+ anA —canA

> 1-n)(ca—1) -

ca((1 —n)x, +nA) > b+ and + (1 — n)x, = x,

Similarly, from the first equation in system (2.3), we have
Xt+1 _ _ X a(l-n)y
x_t - (T‘ + 1) r k b+anA+(1-n)x;
which implies that
(r+1)k-7x;)(b+anA+(1-n)xp)—ak(1-n)y;
> 1
k(b+anA+(1—-n)xg)
= ((r + Dk — rxt)(b +anA+ (1 —n)x,) —ak(1 —n)y, > k(b + anA + (1 — n)x;)
= ((r + Dk — rxt)(b +anA+ (1 —n)x) —k(b+anA + (1 —n)x,) > ak(1 —n)y;
=rk—x)b+anA+ (1 —n)x) > ak(l—n)y;
r(k—x¢)(b+anA+(1-n)x¢) >
ak(1-n) Ve,
where x; < k. This completes the proof.
The second part of this theorem is similar to the proof, so that it is omitted.o

Theorem 4.2. Suppose that {(x;, v;)}i=, i a positive solution of system (2.3). Then,
() {y:}iZ, shows a period-2 behavior if x, = x*,
(i) {x;}i=, has a period-2 behavior if
2rlzc*)(b+a17A+(1—11)(;%*—w))(b+anA+(1—n)(x*—w))

a(1-n)(b+anA) ’
Proof. Assume that in (2.3), the second equation shows a periodic behavior of

e 0,0,0,0, ..., (4.4

where ¢ = y* +p, ¢ =y* —p and p denote the length of the solution to the equilibrium
point y*. Thus,
we have

(r+2-

(4.3)

_ca((1-n)xg+nA)¢ _ca((1-n)xg+nA)e
T b+anA+(1-n)x; and ¢ = b+anA+(1-n)xe (4'5)
Substracting the equations on both sides, we get
o ca((1-n)x +n4) _ _ _ ca((1-n)xe+nA))
4 d) - b+anA+(1-n)x; (¢ (P) = (<P d)) {1 b+anA+(1—n)xt} =0
_ ca((l—n)xﬁnA)}
b+anA+(1-n)x;

= 2p {1 ,
which holds for x; = x*.
On the other side, assume that in (2.3), the first equation shows a periodic behavior of

- EYE L, (4.5)
where Y = x* +w, & =x"—w and w denotes the length of the solution to the equilibrium
point x*. Computations show that from the system, we have

_ _ 8 _amE _ _ ¥
Y =(r+1)¢ " T brenar eVt and &=+ Dy T

a(1-n)yY
b+anA+(1-n)y Yo
(4.6)
then we obtain

—_ _ . rW-§+$) _ W—-&)(b+anA)
l/) B f h (T + 1)(1/) E) + k t a(l n)yt ((b+m7A+(1—n)f)(b+anA+(1—n)1,b))

_ r@+$) a(1-n)(b+anA)y: _
= (T + 1) + k + (b+anA+(1-n)é)(b+anA+(1—-n)y) =1
2rx* a(1-n)(b+anA)y;

=-(+1+ k + (b+anA+(1-n)(x*~w))(b+anA+(1-n)(x*-w)) =

(r+2—¥) (b+ana+(1-n)(x*-w))(b+and+(1-n)(x*-w))
a(1-n)(b+anA) '

=Vt =
This completes the proof.o
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5. Bifurcation Analysis at the Co-existing Equilibrium Point

In this section, we study the bifurcation types of the constructed system (2.3). We obtain
that the system undergoes period-doubling (PDB) and Neimark-Sacker bifurcation (NSB)
under specific conditions.

5.1. Period Doubling Bifurcation
In this case, one of the eigenvalues of the positive equilibrium point is 1; = 1 and the other
eigenvalue A, is neither 1 nor —1 which is presented in the following region;
Q={b,r,c,a,nakmnA) €ERY:k(4+2r+ZH) =4rx* + 2kH,k(r + 4) #rx* + H #
k(r+2)}. (6.1)
Here, we assume that the parameters are vary in a small neighborhood of a period-doubling
behavior. In studying the PDB, «a represents the bifurcation parameter.

Theorem 5.1. [40, 41] For system (2.3), one of the eigenvalues is —1, and the other eigenvalue
lies inside the unit circle if and only if

I{ 1+ Tr(J(E")) + Det(J(E")) > 0,
1-Tr(J(E") + Det(J(E)) =0,

5.2
1+ Det(J(E*)) >0, 6.2)
1—Det(J(E")) > 0.
Theorem 5.2, Let ¢ = S2nAYb—kU-m(ca )\ pare fp « M40 4
nA (1-n)(ca-1)
rk < 2rx*+kH <k(2+71) (5.3)
then the system (2.3) shows flip bifurcation.
Proof. From
1—Tr(J(E*)) + Det(J(E*)) =0 = ZH =0,
we get that
o = canA+b—kr(lZ—n)(ca—1)' (5.4)
canA+b * *
where k < === Moreover, 1+ Tr(J(E")) + Det(J(E")) > 0 shows that
k(r +2) > 2rx* + kH. (5.5)
Finally, both conditions 1 + Det(J(E*)) > 0 and 1 — Det(J(E*)) > 0 holds, if
rk <2rx*+kH < k(3 +71). (5.6)

This completes the proof.o

To compute the coefficients of the normal form, we use the perturbation of a*(Ja* « 1]) to
consider the new perturbated model as follows;
_ _ ﬁ _ a(1-n)xeye
Xeyr = (1 + Dxe =7 k  b+(a+ta)nA+(1-n)x;
ca((1-n)xe+nA)y: N
b+(a+a*)nA+(1-n)x; g(xt' Yo & ).
If u; = x;, —x* and v, = y, — y*, then the equilibrium point E* is transformed to the origin
and further expanding f and g as the Taylor series at (u;, v¢, a*) = (0,0, 0) to the third order,
the system (5.2) becomes
U1 = PqUe + UV + #11“? + tuUe Ve + pyzura” + ppsviat + .ulllut3 + #112“?%
+ #113”1,?“* + piasugvea” + O((luel, lvel, || )4)
Viy1 = PrlUs + P + pllu? + p1oUL Ve + pr3uUa” + ppzvia’ + P111ut3 + P113u?“*
+ p12sueve@” + O((luel, lvel, la*])*)

= f(xt' YVt (Z*)
(5.7)

Yi+1 =
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(5.8)

where
= B 0) = 125 — S
e = x',y,0) = — oo
iy = fuex',y,0) = 214 LAt )
iz = foy (377,00 = — LS
s = fear (", 0) = KRS
Has = fyoe (2", 77,0) = <b+Zfo(+1(_11i)nx);*)2’
H111 = fexy(xy",0) = — ii?;:jiiﬁti?ﬁ;*
iz = o (51 20) = G
H113 = frxa (x5, y7,0) = 2a(l;;ili}::_—;)(:;fnfl))
U123 = fxya* (x*y%,0) = anA(é;?,;Z:?fi:)i;:)x*)
= ey 0) = St
pe = gy cy0) = S
P11 = Gur (6", y5,0) = CanA(l_n)zx*y*JEZi(L(Zji(ll__nr;),z;;CanA(l_n)(b+a)'
P1z = Guy(x*,y",0) = C?;i;:l?;ﬁ%;x),
P13 = Gy (x*,y%,0) = CanA(l—(rlb)ii;;t(wz)jc;)—;::anfl))y*’
P22 = Gyy(x",y",0) =0,
prs = Gya-(',y',0) = GRS
Prss = G, 0) = EEHCY e300
pr13 = Gxxar (Y7, 0) = an("A)z(1EZK};?S;%?BUA(I_”)),
pizs = Guyar (", y",0) = ST Comr et
P223 = Gyya (", ¥",0) = 0.
We define

r= (—1M—2 " il ,11)' (5.9)

where it is evident that T is non-singular. According to the transformation

U\ (%
(Vt) =T ()71:) (5.10)
the system (5.7) becomes
{ftﬂ =%+ & Je, ")

y X % V. o 5.11
Vev1 = X + 91(X, P, ). ( )

The functions f; and g, refer to the terms in system (5.8) in the variables (u;, v, a* ) of the
order two or more. Considering the center manifold theorem, we know that there is a central
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manifold W.(0, 0, 0) of the form (5.8) at (0, 0) in a small neighborhood of a* = 0, which can
be roughly characterized as follows;

We ={(x, 5, a") € R*: Jry1 = % + fpXea” + 0((1%] + [a* D)}, (5.12)
where

~ _ M2lQ+p)pgatpapin]  AHp)[Ha2(1+01) 1 P12]

Hi= 1-22 1-22 '

~  _ (+p)[p23(A+pi+p2p23)]  (A+pa) a3 +H2p13]

H2 = pa (1422)? (1+1,)2

The following formula is the model (5.8) that is restricted to the center manifold W.(0, 0, 0):

~ ~ ~ ~ ~ ~ 2 ~ ~ _ ~
Xpp1 = =X + 01X2 + v %,a" + v3X2a" + v Xea™ + vsX + 0((|1%] + |a*])3) = F(%, a¥),
(5.13)
where
_ H[(Ap=Ti)du11—Tizp11]  (A+HE) (A=) 12~ Tizp12]
171 - - ’
1+1, 1+,
— (A2—F1)p13—H2013 _ (A+0) A2 =T ) o3~z 23]
2 144, fiz(1+12) ’
_ H23p2sfis(Aa—p1)? | (Ap—pu)Hapiz—p1p13+i2l(A2—p) 113 —H2p113] | MaBal(A2—pa)pa1—p1p14]
V3 = + + +
1+1, 1+1, 1+2,
(A+u)[(A2—p1) 113 —H2P123] + Tal(A2—p1) 12— U2012](A2—1-2p14)
1+, 142, !
_ Pa[(Az—p1) 13— p2p13] [((A2=p1) a3 —t2p23] (A2 —p1)liz 20 [(A2— 1) 11— U2 011]
Uy = + + +
1+AZ ﬂz(l"‘lz) 1+AZ
Pal(Ao—p1)p12—p2012](A2—1-2p4)
1421, !
Ve = 2ua i [(Az =) 11— p2p11 1+ B2 (A2 — ) 11— 2 p14] + [(A2—p)p11—U1p11](A2—1-2p1) Ty _
5 142, 142,
Pa(1+p)[(A2—p1) U112 —H2P112]
1+2, '

To achieve the presence of flip bifurcation, we obtained the quantities &; and &, nonzero,

0°F 1 9%F 103F 102F\2
6 = (57w * 330077) o 452 = (ga—fﬁ (:5%) ) 00 (5.14)

Keeping the above information in view, we can give the following theorem.o

Theorem 5.3. If & # 0 and &, # 0, then model (2.3) undergoes period-doubling bifurcation
(Flip Bifurcation) at E* = (x*,y*). Moreover, if &, > 0 (&, < 0), then the bifurcation shows a
stable (unstable) behavior.

5.2. Neimark-Sacker Bifurcation
This section discusses the existence of Neimark-Sacker bifurcation, where

1
Q= {(b,r,c,a,n,a,k,n,A) ERY:r+2 —2£x* —H< (r+2 —2£x* —H+ZH)2}.

The eigenvalue assignment is similar to Theorem 5.3. and will be omitted. We will consider
only the existence of Neimark-Sacker Bifurcation in using Theorem 5.4.

Theorem 5.4. [40, 41] For the system in (2.3), a pair of complex-conjugate roots are on the
unit circle if and only if
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1+ Tr(J(E?) + Det(J(E™)) > 0,
1—Tr(J(E")) + Det(J(E")) > 0,
1+ Det(J(E*)) >0,
1—Det(J(E")) = 0.

(5.15)

A+b—-k(1- -1 A+b
can (1-n)(ca )’ where < can

Theorem 5.5. Let ¢ > —_—
nA (1-n)(ca-1)

ZH < 4.1f

. Moreover, assume that 0 <

k(ZH+r—-H) _k(4+2r+ZH-2H
o= K ) k¢ )

- (5.16)

4r
then the eigenvalue assignment of Theorem 5.4 holds, and the system undergoes Neimark-
Sacker bifurcation.
Proof. Considering both 1+ Tr(J(E*)) + Det(J(E*)) >0 and 1-Tr(J(E))+

Det(J(E*)) > 0, we obtain that

k(2r+4+ZH) > 4rx* + 2kH (5.17)
and
ZH>0=a > C“”A”"";;‘”)““‘”, (5.18)
where k < %. Besides, 1 + Det(J(E*)) > 0, if
k(r+2+ZH) > 2rx* + kH. (5.19)

Considering both (5.17) and (5.19), we obtain

" k(4+2r+ZH-2H)

x < AR AR 2H) (5.20)

ar
Finally, from 1 — Det(J(E*)) = 0, we have
« _ k(ZH+r—H)

, (5.21)
2r
which holds with (5.20) if ZH < 4. This completes the proof.
It is seen that the Jacobian has the complex eigenvalues
- —. L L. 2
hy = (r+2-27x —H)+l\/4(r+2—2Ex —H+ZH)-(r+2-27x"~H) (5.22)

2
Moreover, for (3.11), the eigenvalues become |/11,2| = 1 as seen in Theorem 3.3.00

6. Numerical Simulations

The numerical simulations of the system (2.3) is verified using MATLAB 2019. For the
parameter values, a=1,c=15n=02,b=0.2,a=15n1n=06,A4A=08k=10 and
r = 1.5, the initial conditions are given as densities in the habitat such as x(0) = 0.025 and
y(0) = 0.02.

In Figure 1, the quality of the additional food is high, and therefore the herbivore population
increases according to time. It is also expected that the plant population increases since mainly
the herbivore species consume additional food. However, after the plant density reaches a
carrying capacity in the habitat and on the other side, when the additional food is not enough
for the herbivore species, and they start to consume also from the plant, both population
densities show after that a stable behavior.
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plot of x(t) and y(t)

plot of x(t) and y(t) 14

0 .
8 10 12 14 16 18 20
time t

Figure 2: The plant-herbivore interaction at

Figure 1: The plant-herbivore interaction at
timetforr =3

timetforr = 1.5

Figure 2 shows the unstable behavior of the plant population if we change the growth rate
to r = 3 and keep the remaining parametric values the same as in Figure 1. In this case, it is
clear that the plant population exceeds the carrying capacity in the habitat and shows an unstable
structure. The additional food for the herbivore species avoids any adverse effects from the
plant compartment. Therefore, it is preferred to see a variation in alternative foods for any
herbivore species, if the habitat faces a problem like drought, flood, or diseases that affect the

plant compartment.

6 plot of x(t) and y(t)
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Figure 4: Dynamical behavior of plant-

Figure 3: The plant-herbivore interaction in
species for the low quality of additional food

herbivore timetforr = 2

For the parameter values, a = 0.9,c = 1.5, n =0.2,b =0.2,a =9,n = 0.6,A = 0.8,k =
5and r = 2, the initial conditions are given as densities in the habitat such as x(0) = 0.025
and y(0) = 0.02. Figure 3 shows a non-hyperbolic behavior in the plant-herbivore interaction.
Since the quality of the additional food for the herbivore species is acceptable, the herbivore

compartment does not show the same effect as the plant species.

Hereafter, we want to establish a different scenario that assumes that the additional food is
not enough and the quality is not as expected. We mainly want to avoid the herbivore species
from the plant population; in other words, we want to interfere with the magnificent cycle of
the habitat. Therefore, we choose the parameter values as a = 0.201,c =7,n=0.2,b =
0.145,a¢ = 0.3, = 0.2,A = 0.2,k = 0.0231 and where € [2, 3] , while the initial conditions
are the same; x(0) = 0.025 and y(0) = 0.02. Figure 4 shows the dynamic behavior of system
(2.3). The red graph denotes the herbivore population while the blue one the plant population.
For a specific density, the supplemental food and the plant species are enough for the herbivore
population to exist and expand; however, when the plant species are avoided from the
herbivores to increase to a carrying capacity, the supplemental food is not enough anymaore for
the herbivore species to exist. Thus, they decrease to a low positive density. Figure 5
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emphasizes that the herbivore species depends on both additional food and the plant population
to exist.

In Figure 6, we consider the fitness shown in each species in the environmental cycle, where
we discovered the breakdown of the non-overlapping herbivore existence. Therefore, we
humans actually may destroy a food cycle in a habitat, interfering with the species’ existence.

0035 009
003
0025 F .

0.02 . 4

Plant Species

0.015 ™ Pyt

*x(H1)/x(1) and y(t+1)fy(t)

||||||

pat o« ) iy,
N : S
oS 001t . AR i
i ‘i.gf-g?-' e ST

0 001 002 003 004 005 006 007 008 009 0.4 0.5 06 07 0.8 0.9 1 1.1
Herbivore species x(t) and y(t)

Figure 5: Herbivore-Plant dynamic behavior  Figure 6: Per capita of the plant-herbivore
species

7. CONCLUSION

In this paper, a plant-herbivore model of Holling Type Il is established. The herbivore is
provided with additional functional food to stabilize the habitat and protect the plant
population’s logistic growth. The discrete model shows the environmental dynamical system of
non-overlapping species on seasonal changes.

The linearized stability theorem is used to analyze the local stability of the extincted point,
the semi-extinction case, and the co-existing equilibrium points. Theorem 3.1. shows that the
extinction equilibrium point is always unstable for both populations in the habitat. However,
the food quality and the effectual additional food level for the herbivore and the plant
population’s logistic growth are significant in the non-hyperbolic case. Thus, if the plant
population’s density stops growing and the additional food quality for the herbivore population
is not sufficient good, the habitat for both species reaches a non-hyperbolic scenario.

In the stability analysis of the semi-extinction point, the plant population's growth rate
should reach a significant level considering the environment's carrying capacity. Moreover, the
half-saturation constant in the absence of the additional food, including the quality of the food,
shows a critical role in the stability of the equilibrium point E, (see both Thereom 3.2 and Table
2).

The local and global stability of the co-existing equilibrium point showed that both species'
habitats could exist if there is a positive equilibrium point for the plant species. Two control
parameters, namely, the growth rate of the plant population, which is given as r, and the
carrying capacities which is denoted by k. These parameters lead to the herbivore population's
density even if there is a different food to keep the equilibrium point the herbivore species
positive. The per capita herbivore consumption rate and the quality of additional food
supplements keep asymptotic stability in the habitat. This shows that the dynamical stability
cycle of a plant-herbivore interaction needs various food supplements for the herbivore
population to avoid extinction of the plant population.
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The plant-herbivore population's semi-cycle and periodic behavior have been considered.
The considering both species' non-overlapping seasonal effects. Finally, the system undergoes
Flip and Neimark-Sacker bifurcation under specific conditions are obtained. It was mainly seen
that the quality of the additional food supplement for the herbivore species was an essential
parameter that affected the plant density directly.
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