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Abstract

In this article, we introduce a two-component generalization for a new
generalization type of the short pulse equation was recently found by Hone and his
collaborators. The coupled of nonlinear equations is analyzed from the viewpoint of
Lie’s method of a continuous group of point transformations. Our results show the
symmetries that the system of nonlinear equations can admit, as well as the
admitting of the three-dimensional Lie algebra. Moreover, the Lie brackets for the
independent vectors field are presented. Similarity reduction for the system is also
discussed.
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1. Introduction
The short pulse equation appears in many fields of sciences, and it becomes a source of interest in

nonlinear optics, among others. The derivation of the equation came out in the differential geometry in
the work of [1, 2]. The equation is given by
Uye = U+ (1) (1)
where u is a function of two independent variables x and t, and the subscripts denote to the partial
derivatives regarding independent variables. Sakovich [3] brought in a generalized version of equation
(1), and later he gave a generalization for the generalized equation [4]. The super extensions of
equation (1) are inspected in [5]. Pietrzyk el al. [6] suggested a vector generalization of the short pulse
type equation, which is later studied in [7]. A long the same line, Mastsuno [8] came up with a multi-
component type of equation (1), and the author also succeeded in getting some type of solutions. Feg
[9] also derived an integrable coupled short pulse equations, and the multi-component generalization
of modified type of equation (1) that obtained as a reduction of Feg’s system is considered in [10]. The
Lax representations of Mastuno’s and Feg’s systems were examined by Popowicz [11]. More recently,
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Hone el al. [12] classified a general form of partial differential equations of order two and they found a
new equation that generalizing equation (1). This is given by
Uy = u + (u? — 4uuy)y, (2)
where u is a field of one spatial dimension x plus time t. In the current work, we propose a
generalization for equation (2) to two-component system of nonlinear equations, that is

Uy = U + (VZ - 4V2ux)x y (3)
Vit =V + (uz - 4u2Vx)x y (4)

where u and v are two fields of one spatial dimension x plus time t. Clearly, the system consists of
six nonlinear terms vvy, vvyly, VZUuyy , Uy, Ul,Vy and u?vy,, and four linear terms uy,, u, vy, and v.
As far as we know, the two-component system (3)-(4) that generalizes the generalized type of the
short pulse equation that has introduced in the current work seen nowhere in the literature. We shall
look at the system, which represents the main problem, in the coming sections. The remaining of the
paper is lined up in such a way. In section two, the Lie group analysis is overviewed in order to make
the work is a self-contained. We proceed, in section three, to analyse the two-component system of
equations by Lie’s method of a continuous group of point transformations. Section four is stressed to
discuss the similarity reduction of the main problem. The conclusions are given in the last section.
2. Lie Symmetry Analysis

The Lie’s method of a continuous group of point transformations is a well-known approach that has
been applied to several types of differential equations. The start point of this approach goes back to
Sophus Lie, and from since the method has been noticed and developed. The approach can be briefly
summarized, following the same descriptions in [13] and also can be found in [14-18], as follows
Consider a system of equations

An(Xi, Up, up(il), up(iz), up(iliz), . up(iliz___ik)) = O, n= 1,2,3, . N (5)

where x;, i = 1,2,3,..,s are independent variables and uP,p = 1,2,3,..,r are dependent variables,
d p __0uP p _ okuP
and Way =gl Wiiizd) = 0 o
; it 0x,
derivatives regarding independent variables, N is the number of equations, and k is the number of the
highest derivatives. A general form of group of point transformations [13], reads
x¥ = Xi(x;, uP; ), (uP)* = UP(x;, uP; ), (6)
where the parameter a is considered to be too small a <« 1. The linearization of the Lie group around
the identity (« = 0) shapes the infinitesimals form of Lie group, this is given by [13],

,im =1,2,..,s for m =1,2,..,k refer to the partial

x{ = X;(x;, uP; ) ~ x; + a&;(x;, uP) + 0(a?), )
(uP)* = UM(x;, uP; a) =~ uP 4 an,(x;, uP) + 0(a?), (8)
and the infinitesimals & and n,, are therefore taken to be
dx} d(uPy*
o= HGpuP) and ==y (xuP),

with the initial conditions

&, (WP))]a=o = (x3,uP).
The infinitesimal generator of (6) is expressed by
d

0
Y= &(x;uP) Er Np (Xj, uP) ET

and the extension of the infinitesimal generator (the Prolongations) to include the derivatives is [13],

0 a k
Prdy = &(x;, uP) 7 T (i uP) ﬁng (i, uP, 0P gy, T
9] il
Mpsiniy.i (Xir U2 UP (i), UP ), P i) e WP iy ig0) 57—

(iig g
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) kD p I 2
Where M5 i = DilMpisis iy (Dikzi)u(iliz...ik_lj) and Dy = % + U P, +
p d
u,. . . ——f .
(ipiz.ix au?hiz---ik)
The groups (7)-(8) is admitted by (5) if the following hold [13],
K _
PrOOYAR (x;, UP, UP (), UP ), UP i o WP 1) (PP ) 8P i 1 )= 0

When a group of symmetries acts upon a system of equations it maps it to another system of new
variables and the new system preserves the original system form as well as it maps its solutions; which
leads to getting a new solution from the known one. The similarity variables associated with the Lie
symmetries can be obtained by solving the characteristics equation [13],

dx, _dxg du' du®  duP

_T]p'

&2 Es M1 N2
and the general solution can be expressed as
El(XI' up) = Cy 22 (XI' up) =C2y ey ES (XI: up) = Cs, nl(XIr up) = Cs+1» nZ(XI' up) =
Cs+2 ---Jns+p—1(XI; uP) = Cs+p—1 7
where ¢'s are arbitrary constants. In the next section, we analyse the two-component system under
study by Lie symmetry analysis.
3. Lie symmetry analysis for the Main problem
We deal with the main problem (3)-(4) in this section. The Lie’s method of a continuous group of
point transformations is used to characterize all possible symmetry groups for the system of nonlinear
equations under consideration.
Consider the system of nonlinear equations (3)-(4), that reads
AW =AW (x t,u,v) = uy — (V2 — 4v2uy )y —u = 0, 9)
AP =A@ (x t,u,v) = vy — (U2 — 4u?v,), —v =0, (10)
we start off by setting group of infinitesimals for the system above as
x* = x+ a&; (x, t,u,v),
t* =t+af,(x, t,u,v),
u? = u+ any(x, t,u, v),
v = v+ an,(x, t,u,v),
where the parameter a « 1, and &;,%,,1; and n, are functions of x,t, u and v are taken to be

dx* de*
azil(x,t,u,v), EZEZ(x,t,u,v),
du? dv#
= tuv),  —=nxtuv),

subject to the conditions
(c* % u®, v | gm0 = (2, t,u, V),
and the corresponding infinitesimals generator is the linear first order differential operator
Y=¢(x tuv)ox+E&(xtuv)ot+n,(xtuv)du+n,(xtuv)dv (12)
and the extended of transformation to include derivatives is

Pr@y =y + ngt) du; + ngt) ovy + ngx) duy + ngx) vy + n&xx) Ouyy + ngxx) Ovyy + n&Xt) Ouy,

(xt)
+n, 0vy.  (12)
From acting the second prolongation (12) on the system of equations (9)-(10), this is written by
PrAY(AM(x,t,u,v)) =0 whenever  A®(x,t,u,v) =0,
PrOY(4A@(x,t,u,v)) =0 whenever  A®(x,t,u,v) =0,
one can obtain the following nonlinear partial differential equations

nf(t) — 21, Vg — 2VT]§X) + 4V2n§XX) + 8N, vy, + Bngx)vxux + 8115)()vuX + 8VVX11§X) —-1. =0,
(13)

NS — 2n3uy — 2un$? + 4uZn$™ + 8njuuy vy + 80P uvy + 81y + 8uum(® —n, =0,
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where 13,12, 100, 0% 90 00 109 160 and &Y are the coefficients of the second

prolongation (12), and they are given by
Th(t) = Dc(my) — uxD(§1) — uDe(Ey),
T]z(t) = Dc(m2) — vxD¢(&1) — v¢D(&2),
Tl1(X) = Dx(nl) - uxDx(El) - uth(EZ):
T]Z(X) = DX(T]Z) - VXDX(El) - Vth(EZ):

Th(RX) = Dx(nl(R)) - quDX(El) - uRth(EZ):

T]z(RX) = DX(WZ(R)) - VRXDX(El) - VRth(EZ):
the R's are alternated by x's and t's, and
Dy = 0x +uy 0y + Uy 0y, + Uy Oy, + -+ Vg Oy + Vg Oy + Uy Oy, + -

and

and
Dy =0¢+ug 0y + Uy 0y + U 0y, + -+ Vi Oy + Vi Oy, + Vi Oy, + o
Simplifying equations (13)-(14) with the benefit of equations (9)-(10), and due to the tremendous
calculations, the computer software Maple 18 and the Desolvll package [19] on a PC with Cor i7 Intel
3.6 GHz and 32M RAM is used, to get the following twenty-one overdetermined equations
EZ,X = El,u = Ez,u = El,v = EZ,V = Or
Niv = N2u = Nyuu = Nyxu = N2ww = N2xv = 0,
V8t — V&t + VN, + 1M =0,
4unyx +unyy — My — ungy — u§y =0,
8nyu + 4UZEz,t - 4UZE1,X —§.:=0,
—MN2 = V& x — V&t + NMaxe t+ 4ulez,xx + gy —2un x =0,
Nov + 8unyx — 4UZE1,xx —&xt =0,
8n,v + 4VZEz,t - 4VZELX —§,:=0,
Uy —ug;c+ung, +n, =0,
—VNgy + Mgy + 4V x — V& — My =0,
N1,tu + 8Vn2,x - 4‘VZELXX - El,xt = O'
-, + MN1xt + unqgy — uzz,t + 4’Vznl,xx - ZVT]Z,X - uzl,x =0,

2 2
‘Z—i‘ ) Nig = %, Eiop = aacr;lp :Gg;, for i=12and o,p=
t, X, v,u, Solving then the last equations to gain
g =cXx+cy, & =—cit+c3, Ny =cu and n, = v,

where c;,i = 1,2,3 are arbitrary constants; that give Lie algebra of three dimensions. The Lie

algebra of point symmetry generators is spanned by the three vector fields
Y, =x0y—td;+udy, +vdy,, Y,=04, Y;=0 (15)

and the Lie bracket (or Commutator) is given by [20], [Yi,Y;] = Y;¥;—Y;Y; , i,j=1,2,3. The
Commentator of the Lie algebra is listed in Table-1.

where &, = and nj g, =

Table 1-The Commentator table of the Lie algebra

Y Y, Y3
Y, 0 -Y, Y,
Y, Y, 0 0
Y, ~Y, 0 0

The transformed point that comes from the entries is exp(aY;) (x, t,u, v) = (x*,t#,u®, v*), and
the groups of symmetries of the one parameter for the system (9)-(10) is therefore written by

If(xt,u,v) » (x+a,t,u,v), space translation,
O (x t,u,v) = (6t + a,u,v), time translation,
I (x, t,u,v) - (e%x, e *t, e“u, e*v), scaling.
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Based on the relations[15], Ad[(exp(aY;)]Y; = X% - (ad YD'Y; , and ad; ly, = [Y;, Yil =
—[Y;, Yj], 1,j = 1,2,3. The adjoint construction for the Lie algebra is listed in Table-2

Table 2- The adjoint table of the Lie algebra

Ad Y, Y, Y3
Y, Y; e* Y, e %Y
Y, Y, — aY, Y, Y;
Y3 Y: + aYs Y, Y3

We are now at the position to state the following, if {u(x,t), v(x,t)} is a solution for the two-
components system of equations (3)-(4) then

I u(x,t) = u*(x* — a, t%), Tf.v(xt) = v** —at?),

Ifulx,t) =u*(x*t" —a), T&v(xt) =viEhtf — ),

& u(x, t) = u* (e *x*,e%t"), T& v(x,t) = v¥(e ¥ et?),
are also solutions. To clarify that, suppose that {u(x,t) = f(x,t), v(x,t) = g(x, t)} is a solution for
the two- component system (3)-(4) then the new solutions {u®(x*,t%),v*(x#,t*)} follow from
groups I'*,i = 1,2,3 actions, as follow
From x# =x+aq andt? =¢ thatgives x = x* —a,t =t* and u*(x* t*) = u(x,0) = f(x,0) =
fx* —a,t*) and v (x*,t%) = v(x,t) = g(x, t) = g(x* — a,t¥).

From x* =x and t* =t+a that gives x=x" t=t"—a and u*(x* t*) =u(xt) =
flx,0) = fF(x*,t* — @) and v* (x*, t") = v(x,0) = g(x,t) = g(x",t* — a).
From x* = e% and t* = e™%t that gives x = e %" , t = e“t" and u¥(x* t#) =e%u(x,t) =

e%f(x,t) = e*f(e %" et and v¥(x#,t%) = e%v(x, t) =e%g(x,t) = e®*g(e x*, e*t"),
are also solutions satlsfy the system of equations (3)-(4).
4. Similarity reduction of the main problem

We focus, in this section, on the reduction of the main problem (3)-(4) relying on similarity

variables; these variables come from solving characteristics equations, and as a result a coupled of
ordinary differential equations are formed.

In order to gain similarity variables related to the Lie symmetries (15) we solve the characteristics

equations
dx _ dt du dv

X -t u v

Take % = f—t and solve it to have ¢ = xt. In the same way, one can have ut =49 and vt = ¢, and

that implies u = %8(() and v = %(p((). Substituting into the coupled of nonlinear partial differential
equations (9)-(10) (or (3)-(4)) one can get the following nonlinear system of equations as a reduction

d29

2
where 9y =, 9 = . @; = —“’ and @g = dzz . That leads to state the following, if

d(
{9(0), ©(0)} is a solution for the nonllnear equations (16)-(17) then {u(x,t),v(x,t)} is a solution for
nonlinear equations (3)-(4).
5. Conclusions

To sum up, in the present work, we have proposed two-component generalization of a generalized
the short pulse equation. The system of nonlinear equations have introduced here does not appear to
have been considered before in the literature. Based on the Lie analysis we have characterized all
possible symmetry groups that the two-component system of equations can admit; in terms of the
space translation, the time translation and the scaling. The symmetry algebra of the two-component
system of nonlinear equations is generated by the three vector fields. The Lie brackets for the vector
fields are given. The similarity variable is used to get the reduction of the main problem to the coupled
of nonlinear ordinary differential equations. To be clear, the main problem results are settled in
sections three and four.
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We would like to pinpoint that exact solution for the two-component system is an open problem
needs to be explored. Studying the behaviour of solutions in a long and short period of time for the
two fields is a good task one can carry on. In addition, the searching for Lax representation for the
two-component system also needs to be considered. The integrability of nonlinear equations in terms
of Painlevé analysis is an interesting piece of work we intend to examine in the near future.
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