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Abstract  

     The goal of this paper is to construct the linear code, and its dual which 

corresponding to classification of  projective line PG(1,31), we will present Some 

important results of coding theory, the generator matrix of every linear code in 

PG(1,31) is found,  A parity check  matrix is  also found . The mathematical 

programming language GAP was a main computing tool . 
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 PG(1,31) بناء الرموز الخطية على الخط الاسقاطي 

 
 نجم عبد الزهرة مخرب السراجي, احمد خلف عيسى * 

 المستنصرية, بغداد, العراق الجامعة  العلوم,  كلية  الرياضيات, قسم 
 

  الخلاصة 
الخط الإسقاطي       يقابل تصنيف  الذي  الكود  ، وثنائي  الخطي  الكود  بناء  الورقة هو    PGالهدف من هذه 

( ، سوف نقدم بعض النتائج المهمة لنظرية الترميز ، كما تم إيجاد المصفوفة المولدة لكل كود خطي في  1،31) 
أداة    GAPلغة البرمجة الرياضية  ( ، كما تم أيضًا ايجاد مصفوفة تحقق التكافؤ. كانت  1،31الخط الاسقاطي ) 

 حسابية رئيسية.
 

1. Introduction 

     Coding theory is a part of mathematics established in 1948. In its beginnings, the related to 

projective geometry were not known, the important advances between them were discovered in 

the late twentieth century, often good codes come from interesting structures in projective 

geometries. 

 

     A code is a mapping from a vector space of dimension over a finite field into a vector space 

of higher dimension over the same field. In general, codes are often denoted by the letter C. 

The length of  a code is n and the rank is k. 

A linear code of length n and rank k is a linear subspace with dimension k of the vector space 

𝐹𝑞
𝑛 where   𝐹𝑞 is the finite field. 
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     As a historical background, Hirschfeld [1]  studied the construction the linear code on 

PG(1,q) for q = 2,3,4,5,7,9,11,13; when q =16 studied by Al-Seraji [2] , then Al-Seraji and 

Hirschfeld [3] showed the result for q=17, Hirschfeld J W P and Al-Zangana [4] discussed the 

matter when q=19. 

 

     In this paper, we will show the relationship between the coding theory and the sets of size k 

, k = 3,...,16 in the projective line of order 31, the linear code corresponds to the k-set of 

PG(1,31) and its dual code are constructed. 

 As well as we provide some important definitions and basic properties. 

 

2. Definitions and basic properties 

     The following definitions and theorem are important to the area of the research. 

 

Definition 2.1.[6]: The number of different coordinates for 𝑥, 𝑦 ∈ (𝐹𝑞)
𝑛

: that is, if  𝑥 =

𝑥1𝑥2 …𝑥𝑛 , 𝑦 = 𝑦1𝑦2 …𝑦𝑛 , then 𝑑(𝑥, 𝑦) = |{𝑖; 𝑥𝑖 ≠ 𝑦𝑖}| is called  Hamming distance. 

 

 Definition 2.2.[5]: A linear [𝑛, 𝑘, 𝑑]𝑞-code C over a finite field is a subspace of dimension  k 

of the n- dimensional vector space V(n,q)=𝐹𝑞
𝑛 such that any two distinct vectors in C  are 

different in at least of d places. The elements of the code are called codewords. Also, the 

parameters n,k and d are called length, dimension, and minimum distance of C, respectively. 

 

Definition 2.3.[6]: For any two codes word, the minimum distance (Hamming distance) 

between 𝑐1 and 𝑐2 is denoted by 𝑑(𝑐1, 𝑐2) and  is defined to be the number of positions in which 

the corresponding coordinates are different. The minimum distance of C is 𝑑(𝐶) =
min{𝑑(𝑐1, 𝑐2); 𝑐1, 𝑐2 ∈ 𝐶, 𝑐1 ≠ 𝑐2}. 
 

Definition 2.4.[5]: A maximum distance separable (MDS) is an [𝑛, 𝑘, 𝑑, 𝑞] – code where 𝑑 =
𝑛 − 𝑘 + 1. 

 

Definition 2.5.[5] : The weight 𝑤(𝑥) of 𝑥 ∈ 𝑉(𝑛, 𝑞) is 𝑤(𝑥) = 𝑑(𝑥, 0); that is, 𝑤(𝑥) is the 

number of non-zero elements in x. 

 

Definition 2.6.[6]: Let C be a linear [𝑛, 𝑘, 𝑑]𝑞  -code and 𝐴𝑖 be the number of codewords of 

weight i in  code C, the list 𝐴𝑖 for 0 ≤ 𝑖 ≤ 𝑛 is called the weight distribution of C. 

 

Definition 2.7[5]: Two linear codes 𝐶1 and 𝐶2  in 𝑉(𝑛, 𝑞) are equivalent if 𝐶1 can be obtained 

from 𝐶2  by permuting coordinates and by multiplying coordinates by non-zero elements of  𝐹𝑞. 

 

Definition 2.8.[5]: A generator matrix of a linear [𝑛, 𝑘, 𝑑]𝑞 -code C is 𝑘 × 𝑛 matrix over finite 

field a whose rows form a basis of C ; it is denoted by G; thus, if 𝜆 = (𝜆1, … , 𝜆𝑘 ) ∈ 𝐹𝑞
𝑛\{0} 

and 𝑐1,…,𝑐𝑛 are the columns of G, then 𝑥 ∈ 𝐶↔ x=(∑ 𝜆𝑖𝑐1, … ,𝑘
𝑖=1 ∑ 𝜆𝑖𝑐𝑛

𝑘
𝑖=1 ). 

 

Definition 2.9.[5]: A linear code for which two columns of a generator matrix are linearly 

independent is called a projective code. 

 

Definition 2.10.[5]: The dual code of an [𝑛, 𝑘, 𝑑]𝑞  -code C is 𝐶⊥ = {𝑥 ∈  𝐹𝑞
𝑛 |< 𝑥. 𝑦 >= 0 ,for 

all y ∈C}.  which is [𝑛, 𝑘, 𝑑]𝑞-code . 
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Definition 2.11.[5]: A parity check  matrix of a linear [𝑛, 𝑘, 𝑑]_𝑞 -code C is defined to be (n-

k)×n generator matrix of a dual code 𝐶⊥ and denoted by H. Thus if  𝑥 = (𝑥1, … , 𝑥𝑛) ∈ 𝐹𝑞
𝑛 

and 𝑐1, … , 𝑐𝑛 are the columns of H, then 𝑥 ∈ 𝐶 ↔ 𝑥 = 𝑥𝐻𝑇 = 0 or equivalently  

𝑥1𝑐1, … , 𝑥𝑛𝑐𝑛 = 0 . 

Definition 2.12.[5]: The covering radius of linear [𝑛, 𝑘, 𝑑]𝑞 code C is the smallest 

 𝛼 = 𝛼 (C) such that ∪𝑥∈𝐶 𝑆(𝑥, 𝛼) = 𝐹𝑞
𝑛. 

 

Theorem 2.13.[6] : 

There exists a projective [𝑛, 𝑘, 𝑑, 𝑞]-code if and only if there exists an (𝑛; 𝑛 − 𝑑)-K-set in 

𝑃𝐺(𝑘 − 1, 𝑞).  
  

3. The Main Results 

3.1. The algorithm to construct the linear coding  

The steps by which the linear code is found are summarized as follows 

• Choosing K- set of PG(1,31) where K= 3, 4,….,16; 

• Construct generator matrix ; 

• Determine the minimum distance of linear codes, weight and covering radius; 

• Finding the dual code for every linear code; 

•  
Theorem 3.2: In the PG(1,31) ,we have the following results 

1. The set of size 3 gives the projective (3,2,2,31) – code. 

2. The set of size 4 gives the projective (4,2,3,31) – code. 

3. The set of size 5 gives the projective (5,2,4,31) – code. 

4. The set of size 6 gives the projective (6,2,5,31) – code. 

5. The set of size 7 gives the projective (7,2,6,31) – code. 

6. The set of size 8 gives the projective (8,2,7,31) – code. 

7. The set of size 9 gives the projective (9,2,8,31) – code. 

8. The set of size 10 gives the projective (10,2,9,31) – code. 

9. The set of size 11 gives the projective (11,2,10,31) – code. 

10. The set of size 12 gives the projective (12,2,11,31) – code. 

11. The set of size 13 gives the projective (13,2,12,31) – code. 

12. The set of size 14 gives the projective (14,2,13,31) – code. 

13. The set of size 15 gives the projective (15,2,14,31) – code. 

14. The set of size 16 gives the projective (16,2,15,31) – code. 

 

Proof: 

By Theorem (2.13), (𝑛; 𝑛 − 𝑑)- set of size K in 𝑃𝐺(𝑘 − 1, 𝑞) is equivalent to a projective [𝑛,
𝑘, 𝑑, 𝑞] - code : 

1- Let A ={(1,0),(0,1),(1,1)} with its stabilizer group: 

{(
1 0
0 1

) , (
30 0
1 1

) , (
0 30
30 0

) , (
0 1
30 30

) , (
30 30
1 0

) , (
1 1
0 30

)} 

= {X, 30X + 1,
1

X
,

30

 X+30
,
30X+1

30X
,

X

 X+30
} ≅ 𝑆3= < (

30 0
1 1

) , (
0 1
30 30

) > = <   30𝑋,
30

 𝑋+30
 >  

 gives the linear [3,2,2,31] – code defined by generator matrix G2×3 .                                                                                                                                             

G = [
1 0 1
0 1 1

]  

𝑑 =2 with 𝑒 = ⌊(𝑑 − 1) 2⁄ ⌋= 0 , Weight distributions (𝐴0, 𝐴1, 𝐴2, 𝐴3) = (1,0,60,900), 𝐴0 =
1 , 𝐴2 = 60, 𝐴3 = 900. 

Then 𝑀 = 𝐴0 + 𝐴2 + 𝐴3 = 961 =  312 = 𝑞𝑘 and covering radius 𝛼 = 3. 
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2- Let B ={(1,0),(0,1),(1,1),(2,1)} with its stabilizer group: 

 {(
1 0
0 1

) , (
30 0
2 1

) , (
0 30
29 0

) , (
0 1
29 29

) , (
1 1
0 30

) , (
1 1
29 30

) , (
29 30
2 0

) , (
29 30
2 2

)} 

 

= { X, 30X + 2,
29

30X
 ,

29

 X+29
,

X

 X+30
,
X+29

X+30
,
29X+2

30X
,
29X+2

30X+2
}  

≅ 𝐷4= < (
1 1
0 30

) , (
0 1
29 29

) > = <  
X

 X+30
,

29

 X+29
 >  gives the linear [4,2,3,31] – code defined 

by generator matrix G2×4 .                                                                                                                                             

G =[
1 0 1 2
0 1 1 1

]  

𝑑 =3 with 𝑒 = ⌊(𝑑 − 1) 2⁄ ⌋= 1, Weight distributions (𝐴0, 𝐴1, 𝐴2, 𝐴3, 𝐴4) = (1,0,0,60,900), 

𝐴0 = 1 , 𝐴3 = 60, 𝐴4 = 900. 

Then 𝑀 = 𝐴0 + 𝐴3 + 𝐴4 = 961 =  312 = 𝑞𝑘 and covering radius = 4 . 

 

3- Let C ={(1,0),(0,1),(1,1),(2,1),(3,1)} with its stabilizer group: 

{(
1 0
0 1

) , (
30 0
3 1

)} = {X, 30X + 3}  

≅ Z2 =< (
30 0
3 1

) > =  < 30X + 3 >  

gives the linear [5,2,4,31] – code defined by generator matrix G2×5 .                                                                                                                                             

G =[
1 0 1 2 3
0 1 1 1 1

]  

𝑑 = 4 with 𝑒 = ⌊(𝑑 − 1) 2⁄ ⌋= 1, weight distributions (𝐴0, 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5) =
(1,0,0,0,60,900), 𝐴0 = 1 , 𝐴4 = 60, 𝐴5 = 900. 

Then 𝑀 = 𝐴0 + 𝐴4 + 𝐴5 = 961 =  312 = 𝑞𝑘 and covering radius 𝛼 = 5. 

 

4- Let E = {(1,0),(0,1),(1,1),(2,1),(3,1),(4,1)} with its stabilizer group: 

     {(
1 0
0 1

) , (
30 0
4 1

) , (
29 30
2 2

) , (
2 1
25 9

)} = {X, 30X + 4,
29X+2

30X+2
,
2X+25

X+9
}  

 

≅ 𝑍2×𝑍2= < (
30 0
4 1

) , (
29 30
2 2

) > = < 30X + 4,
29X+2

30X+2
 > 

gives the linear [6,2,5,31] – code defined by generator matrix G2×6 .                                                                                                                                             

G =[
1 0 1 2 3 4
0 1 1 1 1 1

]  

𝑑 = 5 with 𝑒 =2 weight distributions (𝐴0, 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5, 𝐴6) = (1,0,0,0,0,60,900), 𝐴0 =
1 , 𝐴5 = 60, 𝐴6 = 900. 

Then 𝑀 = 𝐴0 + 𝐴5 + 𝐴6 = 961 =  312 = 𝑞𝑘 and covering radius = 6 . 

 

5- Let F= {(1,0),(0,1),(1,1),(2,1),(3,1),(4,1),(5,1)} with its stabilizer group: 

{(
1 0
0 1

) , (
30 0
5 1

)} = {X, 30X + 5 }  

≅ Z2 =< (
30 0
5 1

) > =  < 30X + 5 > ,  

gives the linear [7,2,6,31] – code defined by generator matrix G2×6 .                                                                                                                                             

G =[
1 0 1 2 3 4 5
0 1 1 1 1 1 1

]  

𝑑 = 6 with 𝑒 =2, weight distributions (𝐴0, 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5, 𝐴6, 𝐴7) = (1,0,0,0,0,0,60,900), 

𝐴0 = 1 , 𝐴7 = 60, 𝐴8 = 900. 

Then 𝑀 = 𝐴0 + 𝐴6 + 𝐴7 = 961 =  312 = 𝑞𝑘 and covering radius = 7 . 

 

6- Let M={(1,0),(0,1),(1,1),(2,1),(3,1),(4,1),(5,1),(6,1)} with their stabilizer groups: 
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{(
1 0
0 1

) , (
30 0
6 1

)} ={X, 30X + 6 }  

≅ Z2 =< (
30 0
6 1

) > =  < 30X + 6 > , this gives the linear [8,2,7,31] – code defined by 

generator matrix G2×8 .  

G = [
1 0 1 2 3 4 5 6
0 1 1 1 1 1 1 1

] 

 

𝑑 = 7 with 𝑒 =3, weight distributions (𝐴0, 𝐴1, … , 𝐴8) = (1,0,0,0,0,0,0,60,900), 𝐴0 = 1 , 𝐴7 =
60, 𝐴8 = 900. 

Then 𝑀 = 𝐴0 + 𝐴7 + 𝐴8 = 961 =  312 = 𝑞𝑘 and covering radius = 8 . 

 

7- Let N={(1,0),(0,1),(1,1),(2,1),(3,1),(4,1),(5,1),(6,1),(7,1)}with its stabilizer group: 

{(
1 0
0 1

) , (
30 0
7 1

)} = {X, 30X + 7 }  

≅ Z2 =< (
30 0
7 1

) > =  < 30X + 7 >, 

gives the linear [9,2,8,31] – code defined by generator matrix G2×9 

G=[
1 0 1 2 3 4 5 6 7
0 1 1 1 1 1 1 1 1

] 

𝑑 = 8 With 𝑒 = 3,  weight distributions (𝐴0, 𝐴1, … , 𝐴9) = (1,0,0,0,0,0,0,0,60,900), 𝐴0 = 1 , 
𝐴8 = 60, 𝐴9 = 900. 

Then 𝑀 = 𝐴0 + 𝐴8 + 𝐴9 = 961 =  312 = 𝑞𝑘 and covering radius = 9 . 

 

8- Let O = {(1,0),(0,1),(1,1),(2,1),(3,1),(4,1),(5,1),(6,1),(7,1),(8,1)} with its stabilizer group: 

     {(
1 0
0 1

) , (
30 0
8 1

)} = {X, 30X + 8}  

≅ Z2 =< (
30 0
8 1

) > =  < 30X + 8 >, this gives the linear [10,2,9,31] – code defined by 

generator matrix G2×10 

G=[
1 0 1 2 3 4 5 6 7 8
0 1 1 1 1 1 1 1 1 1

] 

 

𝑑 = 9 with 𝑒 = 4 and weight distributions (𝐴0, 𝐴1, … , 𝐴10) = (1,0,0,0,0,0,0,0,0,60,900), 𝐴0 =
1 , 𝐴9 = 60, 𝐴10 = 900. 

Then 𝑀 = 𝐴0 + 𝐴9 + 𝐴10 = 961 =  312 = 𝑞𝑘 and covering radius 𝛼 = 10. 

 

9- Let P ={(1,0),(0,1),(1,1),(2,1),(3,1),(4,1),(5,1),(6,1),(7,1),(8,1),(9,1)} with its stabilizer 

group: 

{(
1 0
0 1

) , (
30 0
9 1

)} = < X, 30X + 9 >  

≅ Z2 =< (
30 0
9 1

) > = < 30X + 9 >, this gives the linear [11,2,10,31]–code defined by 

generator matrix G2×11 

G=[
1 0 1 2 3 4 5 6 7 8 9
0 1 1 1 1 1 1 1 1 1 1

] 

   𝑑 = 10 with 𝑒 = 4 and weight distributions (𝐴0, 𝐴1, … , 𝐴11) = (1,0,0,0,0,0,0,0,0,0,60,900), 

  𝐴0 = 1 ,      𝐴10 = 60, 𝐴11 = 900. 

    Then 𝑀 = 𝐴0 + 𝐴10 + 𝐴11 = 961 =  312 = 𝑞𝑘 and covering radius 𝛼 = 11. 

10- Let Q ={(1,0),(0,1),(1,1),(2,1),(3,1),(4,1),(5,1),(6,1),(7,1),(8,1),(9,1),(10,1)} with its 

stabilizer group: 

{(
1 0
0 1

) , (
30 0
10 1

)} = {X, 30X + 10 } 
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≅ Z2 =< (
30 0
10 1

) > = < 30X + 10 >, this gives the linear [12,2,11,31]–code defined by 

generator matrix G2×12 

G=[
1 0 1 2 3 4 5 6 7 8 9 10
0 1 1 1 1 1 1 1 1 1 1 1

] 

    𝑑 = 11 with 𝑒 = 5 and weight distributions (𝐴0, 𝐴1, … , 𝐴12) =
     (1,0,0,0,0,0,0,0,0,0,0,60,900), 𝐴0 = 1 , 𝐴11 = 60, 𝐴12 = 900. 

Then 𝑀 = 𝐴0 + 𝐴11 + 𝐴12 = 961 =  312 = 𝑞𝑘 and covering radius 𝛼 = 12. 

 

11- Let R= {(1,0),(0,1),(1,1),(2,1),(3,1),(4,1),(5,1),(6,1),(7,1),(8,1),(9,1),(10,1),(11,1)} with its 

stabilizer group: 

     {(
1 0
0 1

) , (
30 0
11 1

)} = {X, 30X + 11 } 

≅ Z2 =< (
30 0
11 1

) > =  < 30X + 11 >, this gives linear [13,2,12,31] – code defined by 

generator matrix G2×13 

G=[
1 0 1 2 3 4 5 6 7 8 9 10 11
0 1 1 1 1 1 1 1 1 1 1 1 1

] 

   𝑑 = 12 with 𝑒 = 5 and weight distributions (𝐴0, 𝐴1, … , 𝐴13) =
(1,0,0,0,0,0,0,0,0,0,0,0,60,900),  

      𝐴0 = 1 , 𝐴12 = 60, 𝐴13 = 900. 

Then 𝑀 = 𝐴0 + 𝐴12 + 𝐴13 = 961 =  312 = 𝑞𝑘 and covering radius 𝛼 = 13. 

 

12- Let S = {(1,0),(0,1),(1,1),(2,1),(3,1),(4,1),(5,1),(6,1),(7,1),(8,1),(9,1),(10,1),(11,1),(12,1)} 

with its stabilizer group: 

 {(
1 0
0 1

) , (
30 0
12 1

)} =  {X, 30X + 12 }  

≅ Z2 =< (
30 0
12 1

) > =  < 30X + 12 >, this 

gives linear [14,2,13,31] – code defined by generator matrix G2×14 

G=[
1 0 1 2 3 4 5 6 7 8 9 10 11 12
0 1 1 1 1 1 1 1 1 1 1 1 1 1

] 

 

𝑑 = 13 with 𝑒 = 6 and weight distributions(𝐴0, 𝐴1, … , 𝐴14) =
(1,0,0,0,0,0,0,0,0,0,0,0,0,60,900), 𝐴0 = 1 , 𝐴13 = 60, 𝐴14 = 900. 

Then 𝑀 = 𝐴0 + 𝐴13 + 𝐴14 = 961 =  312 = 𝑞𝑘 and covering radius 𝛼 = 14. 

  

13- Let T= 

{(1,0),(0,1),(1,1),(2,1),(3,1),(4,1),(5,1),(6,1),(7,1),(8,1),(9,1),(10,1),(11,1),(12,1),(13,1)} with 

their stabilizer groups: 

{(
1 0
0 1

) , (
30 0
13 1

)} =  {X, 30X + 13 } 

≅ Z2 =< (
30 0
13 1

) > =  < 30X + 13 >, this gives linear [15,2,14,31] – code defined by 

generator matrix G2×15 

 

G=[
1 0 1 2 3 4 5 6 7 8 9 10 11 12 13
0 1 1 1 1 1 1 1 1 1 1 1 1 1 1

] 

 

𝑑 = 14 with 𝑒 = 6 and weight distributions (𝐴0, 𝐴1, … , 𝐴15) =
(1,0,0,0,0,0,0,0,0,0,0,0,0,0,60,900), 𝐴0 = 1 , 𝐴14 = 60, 𝐴15 = 900. 

Then 𝑀 = 𝐴0 + 𝐴14 + 𝐴15 = 961 =  312 = 𝑞𝑘 and covering radius 𝛼 = 15. 
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14- Let U= 

{(1,0),(0,1),(1,1),(2,1),(3,1),(4,1),(5,1),(6,1),(7,1),(8,1),(9,1),(10,1),(11,1),(12,1),(13,1),(14,1)

} with their stabilizer groups: 

{(
1 0
0 1

) , (
30 0
14 1

)} = {X, 30X + 14 }  

≅ Z2 =< (
30 0
14 1

) > =  < 30X + 14 >, this gives linear [16,2,15,31] – code defined by 

generator matrix G2×16 

 

G=[
1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

] 

 

𝑑 = 15 with 𝑒 = 7 and weight distributions (𝐴0, 𝐴1, … , 𝐴16) 

= (1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,60,900), 𝐴0 = 1 , 𝐴15 = 60, 𝐴16 = 900. 

Then 𝑀 = 𝐴0 + 𝐴15 + 𝐴16 = 961 =  312 = 𝑞𝑘 and covering radius 𝛼 = 16. 

Theorem 3.3: In the PG(1,31), we have the following results 

1-The set of size 3 gives the dual projective (3,1,3,31)–code. 

2- The set of size 4 gives the dual projective (4,2,3,31)–code. 

3- The set of size 5 gives the dual projective (5,3,3,31)–code. 

4- The set of size 6 gives the dual projective (6,4,3,31)–code. 

5- The set of size 7 gives the dual projective (7,5,3,31)–code. 

6- The set of size 8 gives the dual projective (8,6,3,31) – code. 

7- The set of size 9 gives the dual projective (9,7,3,31) – code. 

8- The set of size 10 gives the dual projective (10,8,3,31) – code. 

9- The set of size 11 gives the dual projective (11,9,3,31) – code. 

10- The set of size 12 gives the dual projective (12,10,3,31)–code. 

11- The set of size 13 gives the dual projective (13,11,3,31) – code. 

12- The set of size 14 gives the dual projective (14,12,3,31) – code. 

13- The set of size 15 gives the dual projective (15,13,3,31) – code. 

14- The set of size 16 gives the dual projective (16,14,3,31) – code. 

 

Proof:  

1. The set of size 3 gives the dual linear [3,1,3,31] – code defined by parity-check matrix 𝐻1×1 

, since 

𝐺 = [
1 0 1
0 1 1

] = [𝐼𝑘𝐴] 

where 𝐼𝑘 is the 𝑘 × 𝑘 identity matrix and 𝐴 is a 𝑘 × (𝑛 − 𝑘) matrix; so the parity-check matrix 

is 𝐻=[−𝐴𝑇𝐼𝑛−𝑘], that is: 

                                                                                                                                            

𝐻 = [−1 − 1    1] 
    = [30   30   1]  
2- The set of size 4 gives the dual linear [4,2,3,31] – code defined by parity-check matrix  

H = [
−1 −1     1    0
−2 −1      0     1

] 

                                                                    = [
30 30     1    0
29  30     0    1

] 

with 𝑒 = 1,  

 Weight distributions (𝐴0, 𝐴1, 𝐴2, 𝐴3, 𝐴4), 𝐴0 = 1 , 𝐴1 = 0 , 𝐴2 = 0 , 𝐴3 = 60 , 𝐴4 = 900. 

Then 𝑀 = 𝐴0 + 𝐴3 + 𝐴4 = 961 =  312 = 𝑞𝑛−𝑘 and covering radius 𝛼 = 4 

3-The set of size 5 gives the dual linear [5,3,3,31] – code defined by parity-check matrix  
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H = [
−1 −1 1 0 0
−2 −1 0 1 0
−3 −1 0 0 1

] 

 

= [
30 30 1 0 0
29 30 0 1 0
28 30 0 0 1

] 

with 𝑒 = 1,  

 Weight distributions (𝐴0, 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5), 𝐴0 = 1 , 𝐴1 = 0 , 𝐴2 = 0 , 𝐴3 = 90 , 𝐴4 = 2700, 

𝐴5 = 27000 

Then 𝑀 = 𝐴0 + 𝐴3 + 𝐴4 = 29761 =  313 = 𝑞𝑛−𝑘 and covering radius 𝛼 = 5 

4-The set of size 6 gives the dual linear [6,4,3,31] – code defined by parity-check matrix  

 

H= [

−1 −1 1 0 0 0
−2 −1 0 1 0 0
−3 −1 0 0 1 0
−4 −1 0 0 0 1

] 

           

= [

30 30 1 0 0 0
29 30 0 1 0 0
28 30 0 0 1 0
27 30 0 0 0 1

] 

with 𝑒 = 1,  

 Weight distributions (𝐴0, 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐴5, 𝐴6), 𝐴0 = 1 , 𝐴1 = 0 , 𝐴2 = 0 , 𝐴3 = 120 , 𝐴4 =
5400, 𝐴5 = 108000 , 𝐴6 = 810000 

Then 𝑀 = 𝐴0 + 𝐴3 + 𝐴4 + 𝐴5 + 𝐴6 = 923521 =  314 = 𝑞𝑛−𝑘 and covering radius 𝛼 = 5 

5-The set of size 7 gives the dual linear [7,5,3,31] – code defined by parity-check matrix  

 

H= 

[
 
 
 
 
−1 −1 1 0 0 0 0
−2 −1 0 1 0 0 0
−3 −1 0 0 1 0 0
−4 −1 0 0 0 1 0
−5 −1 0 0 0 0 1]

 
 
 
 

 

           

= 

[
 
 
 
 
30 30 1 0 0 0 0
29 30 0 1 0 0 0
28 30 0 0 1 0 0
27 30 0 0 0 1 0
26 30 0 0 0 0 1]

 
 
 
 

 

𝑀 = 28629151 =  315 = 𝑞𝑛−𝑘 . 
6- The set of size 8 gives the dual linear [8,6,3,31] – code defined by parity-check matrix  

 

H= 

[
 
 
 
 
 
−1 −1 1 0 0 0 0 0
−2 −1 0 1 0 0 0 0
−3 −1 0 0 1 0 0 0
−4 −1 0 0 0 1 0 0
−5 −1 0 0 0 0 1 0
−6 −1 0 0 0 0 0 1]
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= 

[
 
 
 
 
 
30 30 1 0 0 0 0 0
29 30 0 1 0 0 0 0
28 30 0 0 1 0 0 0
27 30 0 0 0 1 0 0
26 30 0 0 0 0 1 0
25 30 0 0 0 0 0 1]

 
 
 
 
 

 

𝑀 = 887503681 =  316 = 𝑞𝑛−𝑘 . 
7- The set of size 9 gives the dual linear [9,7,3,31] – code defined by parity-check matrix  

 

                                           H= 

[
 
 
 
 
 
 
−1 −1 1 0 0 0 0 0 0
−2 −1 0 1 0 0 0 0 0
−3 −1 0 0 1 0 0 0 0
−4 −1 0 0 0 1 0 0 0
−5 −1 0 0 0 0 1 0 0
−6 −1 0 0 0 0 0 1 0
−7 −1 0 0 0 0 0 0 1]

 
 
 
 
 
 

 

           

                                             = 

[
 
 
 
 
 
 
30 30 1 0 0 0 0 0 0
29 30 0 1 0 0 0 0 0
28 30 0 0 1 0 0 0 0
27 30 0 0 0 1 0 0 0
26 30 0 0 0 0 1 0 0
25 30 0 0 0 0 0 1 0
24 30 0 0 0 0 0 0 1]

 
 
 
 
 
 

 

𝑀 = 27512614111 =  317 = 𝑞𝑛−𝑘 . 
8- The set of size 10 gives the dual linear [10,8,3,31] – code defined by parity-check matrix  

 

H= 

[
 
 
 
 
 
 
 
−1 −1 1 0 0 0 0 0 0 0
−2 −1 0 1 0 0 0 0 0 0
−3 −1 0 0 1 0 0 0 0 0
−4 −1 0 0 0 1 0 0 0 0
−5 −1 0 0 0 0 1 0 0 0
−6 −1 0 0 0 0 0 1 0 0
−7 −1 0 0 0 0 0 0 1 0
−8 −1 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 

 

           

= 

[
 
 
 
 
 
 
 
30 30 1 0 0 0 0 0 0 0
29 30 0 1 0 0 0 0 0 0
28 30 0 0 1 0 0 0 0 0
27 30 0 0 0 1 0 0 0 0
26 30 0 0 0 0 1 0 0 0
25 30 0 0 0 0 0 1 0 0
24 30 0 0 0 0 0 0 1 0
23 30 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 

 

𝑀 = 852891037441 =  318 = 𝑞𝑛−𝑘 . 
9- The set of size 11 gives the dual linear [11,9,3,31] – code defined by parity-check matrix  
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H= 

[
 
 
 
 
 
 
 
 
−1 −1 1 0 0 0 0 0 0 0 0
−2 −1 0 1 0 0 0 0 0 0 0
−3 −1 0 0 1 0 0 0 0 0 0
−4 −1 0 0 0 1 0 0 0 0 0
−5 −1 0 0 0 0 1 0 0 0 0
−6 −1 0 0 0 0 0 1 0 0 0
−7 −1 0 0 0 0 0 0 1 0 0
−8 −1 0 0 0 0 0 0 0 1 0
−9 −1 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 

 

           

= 

[
 
 
 
 
 
 
 
 
30 30 1 0 0 0 0 0 0 0 0
29 30 0 1 0 0 0 0 0 0 0
28 30 0 0 1 0 0 0 0 0 0
27 30 0 0 0 1 0 0 0 0 0
26 30 0 0 0 0 1 0 0 0 0
25 30 0 0 0 0 0 1 0 0 0
24 30 0 0 0 0 0 0 1 0 0
23 30 0 0 0 0 0 0 0 1 0
22 30 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 

 

𝑀 = 26439622160671 =  319 = 𝑞𝑛−𝑘 . 
10- The set of size 12 gives the dual linear [12,10,3,31] – code defined by parity-check matrix  

 

H= 

[
 
 
 
 
 
 
 
 
 
−1 −1 1 0 0 0 0 0 0 0 0 0
−2 −1 0 1 0 0 0 0 0 0 0 0
−3 −1 0 0 1 0 0 0 0 0 0 0
−4 −1 0 0 0 1 0 0 0 0 0 0
−5 −1 0 0 0 0 1 0 0 0 0 0
−6 −1 0 0 0 0 0 1 0 0 0 0
−7 −1 0 0 0 0 0 0 1 0 0 0
−8 −1 0 0 0 0 0 0 0 1 0 0
−9 −1 0 0 0 0 0 0 0 0 1 0
−10 −1 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 

 

           

= 

[
 
 
 
 
 
 
 
 
 
30 30 1 0 0 0 0 0 0 0 0 0
29 30 0 1 0 0 0 0 0 0 0 0
28 30 0 0 1 0 0 0 0 0 0 0
27 30 0 0 0 1 0 0 0 0 0 0
26 30 0 0 0 0 1 0 0 0 0 0
25 30 0 0 0 0 0 1 0 0 0 0
24 30 0 0 0 0 0 0 1 0 0 0
23 30 0 0 0 0 0 0 0 1 0 0
22 30 0 0 0 0 0 0 0 0 1 0
21 30 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 

 

𝑀 = 819628286980801 =  3110 = 𝑞𝑛−𝑘 . 
11- The set of size 13 gives the dual linear [13,11,3,31] – code defined by parity-check matrix  
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H= 

[
 
 
 
 
 
 
 
 
 
 
−1 −1 1 0 0 0 0 0 0 0 0 0 0
−2 −1 0 1 0 0 0 0 0 0 0 0 0
−3 −1 0 0 1 0 0 0 0 0 0 0 0
−4 −1 0 0 0 1 0 0 0 0 0 0 0
−5 −1 0 0 0 0 1 0 0 0 0 0 0
−6 −1 0 0 0 0 0 1 0 0 0 0 0
−7 −1 0 0 0 0 0 0 1 0 0 0 0
−8 −1 0 0 0 0 0 0 0 1 0 0 0
−9 −1 0 0 0 0 0 0 0 0 1 0 0
−10 −1 0 0 0 0 0 0 0 0 0 1 0
−11 −1 0 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 
 

 

 

                                             = 

[
 
 
 
 
 
 
 
 
 
 
30 30 1 0 0 0 0 0 0 0 0 0 0
29 30 0 1 0 0 0 0 0 0 0 0 0
28 30 0 0 1 0 0 0 0 0 0 0 0
27 30 0 0 0 1 0 0 0 0 0 0 0
26 30 0 0 0 0 1 0 0 0 0 0 0
25 30 0 0 0 0 0 1 0 0 0 0 0
24 30 0 0 0 0 0 0 1 0 0 0 0
23 30 0 0 0 0 0 0 0 1 0 0 0
22 30 0 0 0 0 0 0 0 0 1 0 0
21 30 0 0 0 0 0 0 0 0 0 1 0
20 30 0 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 
 

 

𝑀 = 25408476896404831 =  3111 = 𝑞𝑛−𝑘 . 
12- The set of size 14 gives the dual linear [14,12,3,31] – code defined by parity-check matrix  

 

H= 

[
 
 
 
 
 
 
 
 
 
 
 
−1 −1 1 0 0 0 0 0 0 0 0 0 0 0
−2 −1 0 1 0 0 0 0 0 0 0 0 0 0
−3 −1 0 0 1 0 0 0 0 0 0 0 0 0
−4 −1 0 0 0 1 0 0 0 0 0 0 0 0
−5 −1 0 0 0 0 1 0 0 0 0 0 0 0
−6 −1 0 0 0 0 0 1 0 0 0 0 0 0
−7 −1 0 0 0 0 0 0 1 0 0 0 0 0
−8 −1 0 0 0 0 0 0 0 1 0 0 0 0
−9 −1 0 0 0 0 0 0 0 0 1 0 0 0
−10 −1 0 0 0 0 0 0 0 0 0 1 0 0
−11 −1 0 0 0 0 0 0 0 0 0 0 1 0
−12 −1 0 0 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 
 
 

 

           



Al-Seraji  and Easa                                    Iraqi Journal of Science, 2023, Vol. 64, No. 6, pp: 3022-3035 

 

3033 

= 

[
 
 
 
 
 
 
 
 
 
 
 
30 30 1 0 0 0 0 0 0 0 0 0 0 0
29 30 0 1 0 0 0 0 0 0 0 0 0 0
28 30 0 0 1 0 0 0 0 0 0 0 0 0
27 30 0 0 0 1 0 0 0 0 0 0 0 0
26 30 0 0 0 0 1 0 0 0 0 0 0 0
25 30 0 0 0 0 0 1 0 0 0 0 0 0
24 30 0 0 0 0 0 0 1 0 0 0 0 0
23 30 0 0 0 0 0 0 0 1 0 0 0 0
22 30 0 0 0 0 0 0 0 0 1 0 0 0
21 30 0 0 0 0 0 0 0 0 0 1 0 0
20 30 0 0 0 0 0 0 0 0 0 0 1 0
19 30 0 0 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 
 
 

 

𝑀 = 787662783788549761 =  3112 = 𝑞𝑛−𝑘 . 
13- The set of size 15 gives the dual linear [15,13,3,31] – code defined by parity-check matrix  

 

                             H= 

[
 
 
 
 
 
 
 
 
 
 
 
 
−1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0
−2 −1 0 1 0 0 0 0 0 0 0 0 0 0 0
−3 −1 0 0 1 0 0 0 0 0 0 0 0 0 0
−4 −1 0 0 0 1 0 0 0 0 0 0 0 0 0
−5 −1 0 0 0 0 1 0 0 0 0 0 0 0 0
−6 −1 0 0 0 0 0 1 0 0 0 0 0 0 0
−7 −1 0 0 0 0 0 0 1 0 0 0 0 0 0
−8 −1 0 0 0 0 0 0 0 1 0 0 0 0 0
−9 −1 0 0 0 0 0 0 0 0 1 0 0 0 0
−10 −1 0 0 0 0 0 0 0 0 0 1 0 0 0
−11 −1 0 0 0 0 0 0 0 0 0 0 1 0 0
−12 −1 0 0 0 0 0 0 0 0 0 0 0 1 0
−13 −1 0 0 0 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 
 
 
 

 

           

                                = 

[
 
 
 
 
 
 
 
 
 
 
 
 
30 30 1 0 0 0 0 0 0 0 0 0 0 0 0
29 30 0 1 0 0 0 0 0 0 0 0 0 0 0
28 30 0 0 1 0 0 0 0 0 0 0 0 0 0
27 30 0 0 0 1 0 0 0 0 0 0 0 0 0
26 30 0 0 0 0 1 0 0 0 0 0 0 0 0
25 30 0 0 0 0 0 1 0 0 0 0 0 0 0
24 30 0 0 0 0 0 0 1 0 0 0 0 0 0
23 30 0 0 0 0 0 0 0 1 0 0 0 0 0
22 30 0 0 0 0 0 0 0 0 1 0 0 0 0
21 30 0 0 0 0 0 0 0 0 0 1 0 0 0
20 30 0 0 0 0 0 0 0 0 0 0 1 0 0
19 30 0 0 0 0 0 0 0 0 0 0 0 1 0
18 30 0 0 0 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 
 
 
 

 

𝑀 = 24417546297445042591 =  3113 = 𝑞𝑛−𝑘 . 
 

14- The set of size 16 gives the dual linear [16,14,3,31] – code defined by parity-check matrix  
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H= 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
−1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
−2 −1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
−3 −1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
−4 −1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
−5 −1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
−6 −1 0 0 0 0 0 1 0 0 0 0 0 0 0 0
−7 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
−8 −1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
−9 −1 0 0 0 0 0 0 0 0 1 0 0 0 0 0
−10 −1 0 0 0 0 0 0 0 0 0 1 0 0 0 0
−11 −1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
−12 −1 0 0 0 0 0 0 0 0 0 0 0 1 0 0
−13 −1 0 0 0 0 0 0 0 0 0 0 0 0 1 0
−14 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 
 
 
 
 

 

           

                                = 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
30 30 1 0 0 0 0 0 0 0 0 0 0 0 0 0
29 30 0 1 0 0 0 0 0 0 0 0 0 0 0 0
28 30 0 0 1 0 0 0 0 0 0 0 0 0 0 0
27 30 0 0 0 1 0 0 0 0 0 0 0 0 0 0
26 30 0 0 0 0 1 0 0 0 0 0 0 0 0 0
25 30 0 0 0 0 0 1 0 0 0 0 0 0 0 0
24 30 0 0 0 0 0 0 1 0 0 0 0 0 0 0
23 30 0 0 0 0 0 0 0 1 0 0 0 0 0 0
22 30 0 0 0 0 0 0 0 0 1 0 0 0 0 0
21 30 0 0 0 0 0 0 0 0 0 1 0 0 0 0
20 30 0 0 0 0 0 0 0 0 0 0 1 0 0 0
19 30 0 0 0 0 0 0 0 0 0 0 0 1 0 0
18 30 0 0 0 0 0 0 0 0 0 0 0 0 1 0
19 30 0 0 0 0 0 0 0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 
 
 
 
 
 
 

 

𝑀 = 756943935220796320321 =  3114 = 𝑞𝑛−𝑘 . 
 

Conclusion 

     From the projective line of order 31, we constructed the linear code which corresponding to 

the K-Set of PG(1,31), where K= 3,4,….,16,and find its dual code. The minimal distance of 

linear code, weight and covering radius and the elements of code and its dual are founded. 
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