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Abstract  

     This manuscript presents a new approach to accurately calculating exponential 

integral function that arises in many applications such as contamination, groundwater 

flow, hydrological problems and mathematical physics. The calculation is obtained 

with easily computed components without any restrictive assumptions 

. 

     A detailed comparison of the execution times is performed. The calculated results 

by the suggested approach are better and faster accuracy convergence than those 

calculated by other methods. Error analysis of the calculations is studied using the 

absolute error and high convergence is achieved. The suggested approach out-

performs all previous methods  used to calculate this function and this decision is 

based on the getting results.  

 

Keywords: Theis well function, Exponential integral, Chebyshev approximation, 

Rational approximation, Exponential integral. 

 

 ةسيدالة أاسلوب جديد لحساب تكامل 
 

 2اسيل هشام خماس , *1لمى ناجي محمد توفيق

 ابن الهيثم, جامعة بغداد, بغداد, العراق  ، قسم الرياضيات, كلية التربية للعلوم الصرفة  1
 قسم علوم المختبرات السريرية, كلية الصيدلة, الجامعة المستنصرية, بغداد, العراق 2

 
 الخلاصة    

ظهر في تطبيقات عديدة مثل التلوث,  ت ي  تبدقة و ال  ة دالة اسيتكامل  لحساب    يتضمن البحث اسلوب جديد     
جريان المياه الجوفية, مشاكل الموارد المائية و الرياضيات الفيزيائية. الحسابات حصلت بحساب المركبات بسهولة  

تم عمل مقارنة تفصيلية للزمن المستغرق في الحساب. النتائج المحسوبة بالأسلوب    دون قيود فرضيات للمعالجة.  
اسرع تقارب مقارنة بتلك المحسوبة بطرق اخرى . تحليل الخطأ للحسابات درس باستخدام    المقترح احسن دقة و 

يختلف عن اداء جميع الطرق السابقة التي استخدمت  الخطأ المطلق و حصلنا على تقارب عالي. الاسلوب المقترح  
 لحساب هذه الدالة و هذا القرار مستند على النتائج التي تم الحصول عليها  
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1. Introduction 

     The exponential integral is an important integral because it is used in many physical 

problems such as groundwater flow models, reactor physics and others [1]. In addition, many 

integrals and complex functions can be represented by exponential integrals. The important 

point is how to estimate this function which denoted (well function), W(u) = - Ei(-u). Theis [2] 

was the beginning of the appearance of exponential integration in groundwater models. 

Properly calculating the well function is very important in the calculations of the pumping tests 

which is used to determine the coefficients of confined or leakage aquifers. Formerly, the well 

function are based on the approximate values in the form of tables for small values or used  

numerical integrations. Recently, approximations of the well function are valid for the entire 

range of arguments that have been proposed for both confined and leaky aquifers by Swamee 

and Ojha see [3-5]. Finding an analytical solution for exponential integration is not possible, so 

numerical methods must be used. Our purpose in this paper is to find a reliable and easy 

implementation approximate for E1(u). This approximate is appropriate for the aquifer systems, 

such approximate will be involved only common mathematical functions and be less 

computationally intensive to evaluate as well as simple and quick to program, it will also 

involve errors that are less than would occur in hydrological data sets such that using the 

formula does not consist any additional errors. 

 

     The importance of the calculated exponential integral function is appeared in solving Theis 

equation which studied the groundwater flow model in confined aquifers in the unsteady state 

case and it is defined as follows [6-8]:   

       𝑠𝑟 =
𝑄

4𝜋𝑇𝑟
 ∫

𝑒−𝜏

𝜏
𝑑𝜏

∞

𝑢
= 

𝑄

4𝜋𝑇𝑟
 𝑊(𝑢) 

    where Q is discharge or volume flow rate, Tr is the transmissivities in the r direction. 

 

     This article has been arranged as follows: In section 2, we present the exponential integral 

function. In section   3, we briefly review the most approximate methods. A suggested approach 

with implementation and discussions for the results will be given in section 4. Finally, the 

conclusion is given in section 5. 

 

 2. Exponential Integral Function 

      The exponential integral function is also called Theis function or First order E1(u) which is 

applying to confined aquifers, it is denoted by W(u) and defined as follows [9-11]: 

𝑊(𝑢) = 𝐸1(𝑢) = −𝐸𝑖(−𝑢) = ∫
𝑒−𝑦

𝑦
𝑑𝑦

∞

𝑢

,        𝑢 > 0                         (1) 

     Where u is a dimensionless variable and y is a dummy variable. The integral in eq. (1) is a 

function of the lower integration limit u. This function tends to be infinity, thus it fails to be 

defined when u approaches zero. The integral in eq. (1) can be expanded in a convergent series 

that is given in most groundwater textbooks.   

  Lebedev (1965) see [12] and Van der Laan and Temme (1984) see [13] discussed this integral 

in complex  domain, for 𝑢 =
r2δ

4Ττ
  , where : transmissivity,  : storativity, r : radial distance, 

and  : the time.  

 

     As we mentioned earlier, the well function cannot be analytically solved. Therefore, 

different methods and techniques have been used to approximate this function which varies 

according to the required of accuracy. For u < 1, we can use the Maclaurin series to the 

exponential function in equation (1) and then integrate this series term by term to get: 
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𝐸1(𝑢) = −𝛾 − ln(𝑢) +∑
(−1)𝑛+1𝑢𝑛

𝑛. 𝑛!

∞

𝑛=1

                                         (2) 

  where  = 0.5772156649015328606 is the Euler constant. There are some efficient approaches 

that have been successfully used to calculate Euler constant such as those was suggested by 

Lebedev (1965) see [14-16] and Andrews (1985) see [17-19]. But the accurate value of this 

constant is up to 50 decimal places proposed by Murnaghan and Wrench (1963) see [20-23].  
 

     Here by using MATLAB code, the authors calculate the value of well function for any 

number of the series terms in equation (2). In the interval (0, 1], it is found that the values of 

the function are matching with 50 decimal places when calculated for 20 or more terms of the 

series in equation (2). Table 1 illustrates the matching of the values when calculating the 

function with 20-terms and 200-terms for different values within the interval (0, 1]. Therefore, 

we will approximate the following function instead of approximate equation (2) 

 

𝐸1(𝑢) = −𝛾 − ln(𝑢) +∑
(−1)𝑛+1𝑢𝑛

𝑛. 𝑛!

20

𝑛=1

  , 𝑢 ∈ (0,1]                         (3) 

 

Table 1: The values of exponential integral function with n= 20 and n= 200 
u n= 20 n= 200 

0.00001 10.935719800043694149849216046277433

6338043212890625 

10.935719800043694149849216046277433633804321

2890625 

0.00006 9.1440103299406523262859991518780589

10369873046875 

9.1440103299406523262859991518780589103698730

46875 

0.0001 8.6332247045747028124651478719897568

225860595703125 

8.6332247045747028124651478719897568225860595

703125 

0.0006 6.8419651478585929993414538330398499

965667724609375 

6.8419651478585929993414538330398499965667724

609375 

0.001 6.3315393641361490395524924679193645

7157135009765625 

6.3315393641361490395524924679193645715713500

9765625 

0.006 4.5447711568390625203051058633718639

6121978759765625 

4.5447711568390625203051058633718639612197875

9765625 

0.01 4.0379295765381142402361547283362597

2270965576171875 

4.0379295765381142402361547283362597227096557

6171875 

0.06 2.2953069181437828483183238859055563

80748748779296875 

2.2953069181437828483183238859055563807487487

79296875 

0.1 1.8229239584193903667141967162024229

7649383544921875 

1.8229239584193903667141967162024229764938354

4921875 

0.2 1.2226505441838926291353573105880059

301853179931640625 

1.2226505441838926291353573105880059301853179

931640625 

0.3 0.9056766516758464335978828785300720

4830646514892578125 

0.9056766516758464335978828785300720483064651

4892578125 

0.4 0.7023801188656624283623841620283201

33686065673828125 

0.7023801188656624283623841620283201336860656

73828125 

0.5 0.5597735947761607322448185186658520

2515125274658203125 

0.5597735947761607322448185186658520251512527

4658203125 

0.6 0.4543795031894021785312531847011996

43313884735107421875 

0.4543795031894021785312531847011996433138847

35107421875 

0.7 0.3737688432335092292291278681659605

3540706634521484375 

0.3737688432335092292291278681659605354070663

4521484375 

0.8 0.3105965785455429006844951800303533

67328643798828125 

0.3105965785455429006844951800303533673286437

98828125 

0.9 0.2601839393259996469076611447235336

52722835540771484375 

0.2601839393259996469076611447235336527228355

40771484375 

1.0 0.2193839343955202858538200416660401

9701480865478515625 

0.2193839343955202858538200416660401970148086

5478515625 
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3. Approximate Methods           

      There is various approximation methods have been used and developed to approximate the 

exponential integral because their nonanalytic nature, each one of them is suitable in some range 

for the values of u. It will be beneficial to have a simple and handy algorithm for occasional 

use Barry et al., 2000, see [24]. In the following, most of these methods are reviewed briefly. 

 

3.1. Series expansion 

     The power series in equation (2) is converging with any 𝑢 < 1, that is 

       

 

{
 
 

 
 𝐸1(𝑢) = −𝛾 − ln(𝑢) +∑

(−1)𝑛+1𝑢𝑛 

𝑛. 𝑛!
   < ∞                    𝑖𝑓 𝑢 < 1

∞

𝑛=1

 

𝐸1(𝑢) = −𝛾 − ln(𝑢) +∑
(−1)𝑛+1𝑢𝑛

𝑛. 𝑛!

∞

𝑛=1

   𝑑𝑖𝑣𝑒𝑟𝑔𝑒                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

        

}
 
 

 
 

 

 

     But for large values of u, the rate of convergence becomes slow. For example, in 1942, 

Coulson and Duncanson see [25-26] showed to compute up to 75 terms to get accuracy with 

two significant figures, we need to take u = 20. Therefore, Harris in 1957, see [27] showed that 

equation (2) is valid if "u < 4", or preferably if "u < 1" (Cody and Thacher, 1968; Stegun and 

Zucker, 1974, see [28, 29]). But, if "u < 0.01" Cooper and Jacob, in 1946, see [30] used the 

approximation 𝑤(𝑢) ≅ −𝛾 − ln(𝑢) for the practical pump-test problems. 

 

3.2. Rational Chebyshev approximation 

   This method is suggested by Cody and Thacher in 1968, see [31] and the idea of the method 

is based on Chebyshev approximation polynomial to find a new formula for evaluation 𝐸1(𝑢)as 

follows: 

𝐸1(𝑢) ≅ − ln(𝑢) + 
∑ 𝑝𝑠
𝑛
𝑠=0 𝑢𝑠

∑ 𝑞𝑠
𝑛
𝑠=0 𝑢𝑠

  , 𝑢 ∈ (0,1]               (4) 

and the suitable result when n = 6 is got in [32]. 

  

3.3. Asymptotic expansion  

     Integration by parts can be used to equation (1) to get the following asymptotic expansion 

of the exponential integral (1): 

𝐸1(𝑢) ≅
𝑒−𝑢

𝑢
∑

(−1)𝑛 𝑛!

𝑢𝑛

∞

𝑛=0

                                   (5) 

Coulson and Duncanson in 1942 [33] used equation (5) to approximate E1(u) when u >15 , 

while Harris in 1957, see [34] used equation (5) when u >50. Bleistein and Handelsman in 1975 

see [35] got the best approximation of equation (5) if n (greatest integer) ≤ u.  

 

3.4. Continued Fraction 

     Gautschi and Cahill in 1964 see [36] suggest another useful representation of E1(u) which 

was the continued fraction as: 

𝐸1(𝑢) = 𝑒
−𝑢 (

1

𝑢 +

1

1 +

1

𝑢 +

2

1 +

2

𝑢 +
…)                  (6) 
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     Van der Laan and Temme in 1984 see [37] discussed the properties of this representation in 

detail. The generalized of En(u) when u > 1 has been approximated as the even form of the 

continued fraction by Stegun and Zucker in 1974. Stegun and Zucker in 1974 see [38] showed 

that the continued fraction converges more rapidly than the asymptotic expansion for large u.  

 

3.5. Polynomial, Rational and Chebyshev polynomial approximations 

      Polynomials are one of the most common methods of approximating functions in a given 

interval. Nevertheless, the optimal rational function, which is the ratio of two polynomials, is 

able to achieve higher accuracy than the optimal polynomial with the same number of 

coefficients. The best rational approximation is difficult to be obtained using easy methods; 

therefore, many techniques have been proposed based on minimizing some measure of errors 

(Hamming, 1973, see [39]). The widely used rational approximation of functions is the so-

called minimax or Chebyshev approximation, which minimizes the maximum error. Many 

authors used this technique to approximate the exponential integral; Gautschi and Cahill in 1964 

see [40] approximated E1(u) for u[0, 1] by a polynomial of degree five. Rational functions 

with the same degree in numerator and denominator have been developed to approximate the 

expression "ueu El(u)"  in the Chebyshev sense by Hastings in 1955, see [41]. Cody and Thacher 

in 1968 see [42] introduced rational Chebyshev approximations in three intervals, later in 1969 

see [43]; they used the method to approximate the exponential integral in four intervals.  

 

 3.6. Other Approximate Methods      

     There are some other methods used to approximate the exponential integral such stehfest 

algorithm of the inverse Laplace transform, finite difference and numerical quadrature formulas 

such as trapezoidal, Simpson, and Gauss-Laguerre. Moreover, Prodanoff et al., in 2006 see [44] 

and Nadarajah in 2007 see [21] used smoothing techniques to approximate the well function 

which is employed whenever the integrand gradient is high around a point, or even when it is 

singular. Some approximations of Theis' solution are reviewed and compared with the 

numerical evaluation of the exponential integral by means of a short FORTRAN code suggested 

by Giao, in 2003, see [45]. While Swamee with Ojha, in 1990, see [41] and Vatankhah in 2014 

see [24] proposed full-range approximations valid for all values but got the result with less 

accuracy.  

     The results obtained by previous methods were even less accurate than required, so we 

suggest the following approach. 

 

4. Suggested Approach          

     Here, we suggest the following algorithm to approximate equation (3) based on optimal 

rational Chebyshev approximation and to compute the best approximation. 

 

4.1. Suggested Algorithms    

Let g(u) be a continuous function in [a, b]  which is defined as follows:  

𝑔(𝑢) =
𝑝0 + 𝑝1𝑢 +⋯+ 𝑝𝑛𝑢

𝑛

1 + 𝑞1𝑢 +⋯+ 𝑞𝑚𝑢𝑚
                                           (7) 

Now, we have to find p0 , p1, … , pn ; q1, … , qm ; by using Chebyshev polynomial  to minimize:  
𝑚𝑎𝑥 |𝐸1(𝑢) − 𝑔(𝑢)|

[𝑎, 𝑏]  
                                                              (8) 

That is:                                 minimize  |𝐸1(𝑢) − 𝑔(𝑢)|[𝑎,𝑏]
max                                      (9) 

Attained N+2 times, N = n + m, so that the suggested algorithm is stated as follows: 
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i.Choose an initial set of N + 2  ordered points {𝑢𝑖
(1)
}, i =1, …, N + 2 in [a, b] so that 

                       𝑎 ≤ 𝑢1
(1) < 𝑢2

(1) < ⋯ < 𝑢𝑁+2
(1) ≤ 𝑏. 

ii.We get the system of N+2 equations and N+1 unknown coefficients as:  

𝐸1(𝑢𝑖
(1)) − 𝑔(𝑢𝑖

(1)) = −1𝑖𝑟                                          (10) 

This can be solved for a function g(1)(u) and r = |𝐸1(𝑢) − 𝑔(𝑢)|[𝑎,𝑏]
max  is constant. 

iii.Each of the points  𝑢𝑖
(1)

, i = 1, …, N + 2 is replaced by a nearby point at which 

|𝐸1(𝑢) − 𝑔
(1)(𝑢)| has an extremum.  

iv.Repeat steps (ii) and (iii) at the kth time using the set of points {𝑢𝑖
(1)
}. 

4.2. The Implementation and Results  

       To solve equation (3) by using the suggested algorithm, we use the following expression:  

𝐶(𝑢) =
𝑝0 + 𝑝1𝑢 +⋯+ 𝑝5𝑢

5

1 + 𝑞1𝑢 +⋯+ 𝑞5𝑢5
                                        (11) 

That is N = 10, [a, b] = [0, 1], and the coefficients pi, qi are constructed using Chebyshev 

polynomial with satisfies equation (9), and the results are given in Table 2. 

 

Table 2: The coefficients of suggested solution 

i pi qi 

0 -0.57721566490153275452712477999739 1 

1 0.75342730702452287427917099194019 0.4271760244371237691396459013049 

2 0.13059846136899322388558175589424 0.08069351873225091842378731143981 

3 0.024526138819311388977739696315439 0.0085391469049514896749730752389951 

4 0.001383473463582157985535259214771 0.00051562780995772692065742814904183 

5 0.000072309833121099711321193292956622 0.000014588900102092235892912303052427 

 

4.3. Discussion    

     From the previous studies, we note that the results obtained by using rational Chebyshev 

approximation which is suggested by Cody and Thacher, is the best compared with those 

obtained by using other methods which are studied in section three. However, the results of our 

proposed method are more accurate and have fewer calculations than others as illustrated in 

Figure 1 and Table 3.  
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Figure 1: Accuracy of our solution and Cody solution 

 

Table 3: The error|E1(u) − g
(1)(u)| in suggested solution and Cody solution 

u Suggest solution Cody solution 

0.000000 1.77636E-15 3.55271E-15 

0.000003 1.77636E-15 3.55271E-15 

0.000005 0 1.77636E-15 

0.000007 0 1.77636E-15 

0.000009 1.77636E-15 1.77636E-15 

0.00001 1.77636E-15 3.55271E-15 

0.00003 0 1.77636E-15 

0.00005 1.77636E-15 1.77636E-15 

0.00007 1.77636E-15 3.55271E-15 

0.00009 1.77636E-15 1.77636E-15 

0.0001 1.77636E-15 3.55271E-15 

0.0003 8.88178E-16 8.88178E-16 

0.0005 0 1.77636E-15 

0.0007 0 1.77636E-15 

0.0009 0 1.77636E-15 

0.001 0 1.77636E-15 

0.003 0 8.88178E-16 

0.005 0 1.77636E-15 

0.007 0 1.77636E-15 

0.009 0 8.88178E-16 

0.01 8.88178E-16 8.88178E-16 

0.03 0 1.33227E-15 

0.05 0 1.33227E-15 

0.07 4.44089E-16 8.88178E-16 

0.09 8.88178E-16 4.44089E-16 

0.1 0 1.33227E-15 

0.3 2.22045E-16 6.66134E-16 

0.5 1.11022E-16 0 

0.7 0 3.33067E-16 

0.9 5.55112E-17 3.88578E-16 

1 2.77556E-17 3.88578E-16 
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5. Conclusion  

      In this article, we present a comprehensive review and study of the numerical calculations 

for exponential integral function (also called the Theis well function) that is frequently 

appearing in well-hydraulic literature. We suggest an efficient approach to calculate this 

function. We see that all previous studies until now do not give the best approximations to 

exponential integral that are valid for the full range of u. The suggested method in this work 

achieves this aim. For small u, the series representation is still the most widely used technique 

among all these methods which is used to calculate E1(u). For large u, an effort and special 

techniques are required. The practical results show the suggested approach can be easily 

evaluated this value in software algorithms with acceptable accuracy. 

 
References 

[1] R.H., Prabha, R.D.S., Yadav, "Polynomial Expressions for Bickley and Exponential Functions". 

Ann. Nucl. Energy, vol. 23, no. 12, pp. 1021–1025, 1996. 

[2] C.V. Theis, "The relation between the lowering of the piezometric surface and the rate and duration 

of discharge of a well using groundwater storage," Trans. Am. Geophys. Union, vol. 16, pp. 519–

24, 1935. 

[3] N.A. Hussein and L.N.M. Tawfiq, "New Approach for Solving (1+1)-Dimensional Differential 

Equation", Journal  of Physics: Conference Series, vol. 1530, no. 012098, pp. 1-11, 2020. 

[4] P.K., Swamee, and C.S.P. Ojha., "Pump test analysis of confined aquifer," Journal of Irrigation 

and Drainage Engineering, vol. 116, no. 1, pp. 99-106, 1990. 

[5] C.G., Van der Laan, N.M., Temme," Calculation of Special Functions: the gamma function, the 

exponential integrals and error-like functions'" Mathematisch Centrum, Amsterdam, The 

Netherlands, pp. 231, 1984. 

[6] F. F., Ghazi and L.N.M. Tawfiq, "New Approach for Solving Two Dimensional Spaces PDE", 

Journal of Physics:  Conference Series, vol. 1530, no. 012066, pp. 1-10, 2020. 

[7] L.C., Andrews, "Special Functions for Engineers and Applied Mathematicians". Macmillan Pub. 

Co., New York, NY, pp. 357, 1985. 

[8] W.J., Cody, and H.C. Thacher, Jr., Rational Chebyshev approximations for the exponential integral 

E~(x), Math. Comp., vol. 22,  pp. 641-649,1968. 

[9] H.H. Cooper, Jr., and C.E., Jacob, "A generalized graphical method for evaluating formation 

constants and summarizing well field history," Trans. Amer. Geophys. Union, vol. 27, pp. 526-

534,1946. 

[10] H.J. Jamil, M.R.A., Albahri, et al, "Hookah Smoking with Health Risk Perception of Different 

Types of Tobacco",  Journal  of Physics: Conference Series, vol. 1664, no. 012127,  pp. 1-12, 2020. 

[11] W.J., Cody, H.C. Thacher, Jr., Chebyshev approximations for the exponential integral Ei(x), Math. 

Comp., vol. 23,  pp. 289-303,1969. 

[12] L. N. M. Tawfiq and M. H. Ali, "Efficient Design of Neural Networks for Solving Third Order 

Partial Differential Equations", Journal of Physics: Conference Series, vol. 1530, no. 012067, pp. 

1-8, 2020. 

[13] H. Salih and L.N.M. Tawfiq, "Solution of Modified Equal Width Equation Using Quartic 

Trigonometric-Spline Method", Journal of Physics: Conference Series, vol. 1664, no. 012033, pp. 

1-10, 2020.  

[14] N. A. Hussein, and L.N.M. Tawfiq, "New Approach for Solving (2+1)-Dimensional Differential 

Equation", Journal   of Physics: Conference Series, vol. 1818, no. 012182, pp. 1-13, 2021. 

[15] L.N.M. Tawfiq and A.H. Khamas, "New Coupled Method for Solving Burger’s Equation", Journal 

of Physics: Conference Series, vol. 1530, pp. 1-11, 2020. 

[16] D.A. Barry, J.-Y. Parlange, and L. Li, Approximations for the Exponential Integral (Theis 

well function). J. Hydrol. 227, pp. 287–291, 2000. 

[17] N. Bleistein and R.A. Handeisman, Asymptotic Expansions of Integrals, Dover Pubs., New 

York, NY, pp. 425, 1975. 

https://www.scopus.com/authid/detail.uri?authorId=8833543600
https://www.scopus.com/authid/detail.uri?authorId=57211586411


Tawfiq and Khamas                                Iraqi Journal of Science, 2023, Vol. 64, No. 8, pp: 4034- 4042 

4042 

[18] L.N.M. Tawfiq and Y.A.Oraibi, "Fast Training Algorithms for Feed Forward Neural Networks", 

Ibn Al-Haitham Journal for Pure and Applied Science, vol. 26, no.1, pp. 275-280, 2017. 

[19] Z.H. Kareem and L.N.M. Tawfiq, "Solving Three-Dimensional Groundwater Recharge Based on 

Decomposition Method", Journal of Physics: Conference Series, vol. 1530, no. 012068, pp. 1-8, 

2020. 


