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Abstract  

     This research is concerned with the set of functions in ordered Banach algebra 

values that links up between functional analysis and measure theory. We generalized 

the concept of integration by using the measure  space (ℵ, Γ,ℳ) and the measurable 

function θ: ℵ
           
→  𝒲 where 𝒲 is an ordered Banach algebra by using the integration 

of a simple measurable function with values in an ordered Banach algebra space 

(represented by an indicator function that has values in an ordered Banach algebra) 

and the integral of a non-negative measurable function that has values in an ordered 

Banach algebra. The aim of this research is to define the integration of functions by 

using the measure ℳ in the ordered Banach algebra space. This study generalized the 

definition of integration for the measurable function with values in   the ordered 

Banach algebra space. 
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1. Introduction 

     The functional analysis and measure are two of mathematical analysis branches (in which 

they are two different subjects and each one of them has its own pathway). This research is a 

subject about functional analysis but the tools used are from the measure subject, and the main 

concept taken from the measure subject which will be focused on, is the set function.                                 

Many authors have studied measure like: A.N. Kolmogoroff (1933) [1], Halmos (1950) [2], G. 

Choquet (1954) [3],  M. Sugeno (1974) [4], L.A. Zadeh (1978) [5], Capinski and Kopp (1998) 

[6], Dudley (2004) [7] and B. Liu (2007) [8]. In the classical theory of integration on ℝ, 

∫ θ(ℓ) dℓ
b

a
  is defined as a limit of Riemann sum, which are integral of functions that 

approximate θ and are constant on subintervals of [a, b], [9-11]. Therefore, the theory has been 

developed by using the measure space (ℵ, Γ,ℳ) where θ: ℵ
           
→   ℝ̅ [12], [13]. 

•  In this study, whenever we mention Banach algebra space, we mean that it is a space with 

identity element e. 

 

2. Representation of the measurable simple function by the use of indicator function 

Definition 2.1 

      Let Λ be a subset of a set ℵ. A function  IΛ: ℵ
           
→   𝒲, where 𝒲 is an algebra space defined 

by  

               IΛ(ℓ) = {
e ,             ℓ ∈ Λ
0 ,             ℓ ∉ Λ

 

is called the indicator (or characteristic) of Λ. Note that  I∅ = 0,  Iℵ = e. 
Theorem 2.2: 

      Let Λ and B be subsets of the set ℵ, then: 

1- Λ = B  iff  IΛ = IB.   
2- Λ ⊆ B  iff  IΛ ≼ IB.  

3- IΛ∩B =IΛ . IB 

4- IΛ∪B =IΛ + IB − IΛ∩B. 

5- IΛc = e − IΛ. 
 

Proof: 

1- Suppose Λ = B  , IΛ(ℓ) = {
e ,        ℓ ∈ Λ
0 ,        ℓ ∉ Λ

    = {
e         , ℓ ∈ B
0         , ℓ ∉ B

  = IB(ℓ) ⟹ IΛ(ℓ) =

IB(ℓ)  for all ℓ ∈ ℵ ⟹ IΛ = IB .  
Conversely, suppose that  IΛ = IB, let  ℓ ∈ Λ ⟹ IΛ(ℓ) = e, but IΛ = IB  ⟹  IB(ℓ) = e ⟹ ℓ ∈
B ⟹  Λ ⊆ B . Similarly, to prove B⊆ Λ ⟹  Λ = B.    
2- Let  Λ ⊆ B.  If  ℓ ∉ Λ, then IΛ(ℓ) = 0 ≼ IB(ℓ) and if ℓ ∈ Λ, then IΛ(ℓ) = 𝑒 = IB(ℓ).  
Conversely, suppose that  IΛ ≼ IB, hence  IΛ(ℓ) ≼  IB(ℓ) for all ℓ ∈ ℵ, thus Λ ⊆ B.                              
3- Let ℓ ∈ ℵ , if  ℓ ∈ Λ ∩ B ⟹ IΛ∩B(ℓ) = e , ℓ ∈ Λ  and  ℓ ∈ B ⟹ IΛ(ℓ) = e and  
IB(ℓ) = e ⟹ IΛ(ℓ). I B(ℓ) = e ⟹  IΛ∩B(ℓ) = IΛ(ℓ). IB(ℓ). If  ℓ ∉ Λ ∩ B ⟹ IΛ∩B(ℓ) =
0 , ℓ ∉ Λ  & ℓ ∉ B  ⟹ IΛ(ℓ) = 0  &  IB(ℓ) = 0 ⟹ IΛ(ℓ). IB(ℓ) =  0 ⟹  IΛ∩B(ℓ) =
 IΛ(ℓ). IB(ℓ), so IΛ∩B(ℓ) = IΛ(ℓ). IB(ℓ) for all ℓ ∈ ℵ ⟹ IΛ∩B =IΛ . IB .  
4- Let ℓ ∈ ℵ, if  ℓ ∈ Λ ∪ B ⟹ IΛ∪B(ℓ) = e , ℓ ∈ Λ  or  ℓ ∈ B, then there are three cases: 

i.ℓ ∈ Λ  and  ℓ ∈ B ⟹ IΛ(ℓ) = e , IB(ℓ) = e , IΛ∩B(ℓ) = e                                                  ⟹
IΛ(ℓ) + IB(ℓ)−  IΛ∩B(ℓ) = e. 

ii.ℓ ∈ Λ  and  ℓ ∉ B ⟹ IΛ(ℓ) = e , IB(ℓ) = 0 , IΛ∩B(ℓ) = 0 ⟹ IΛ(ℓ) + IB(ℓ) − IΛ∩B(ℓ) = e. 
iii.ℓ ∉ Λ  and  ℓ ∈ B ⟹ IΛ(ℓ) = 0 , IB(ℓ) = e , IΛ∩B(ℓ) = 0 ⟹ IΛ(ℓ) + IB(ℓ) − IΛ∩B(ℓ) = e 
⟹ IΛ∪B(ℓ) = IΛ(ℓ) + IB(ℓ)−  IΛ∩B(ℓ). 
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Now, if ℓ ∉ Λ ∪ B ⟹ IΛ∪B(ℓ) = 0 , ℓ ∉ Λ , ℓ ∉ B and ℓ ∉ Λ ∩ B ⟹ IΛ(ℓ) = 0,                          

IB(ℓ) = 0 ,  IΛ∩B(ℓ) = 0 ⟹ IΛ(ℓ) + IB(ℓ)−  IΛ∩B(ℓ) = 0, so IΛ∪B(ℓ) = IΛ(ℓ) + IB(ℓ) −
IΛ∩B(ℓ) for all ℓ ∈ ℵ ⟹ IΛ∪B =IΛ + IB − IΛ∩B . 

5- Let ℓ ∈ ℵ, If ℓ ∈ Λc⟹ IΛc(ℓ) = e , IΛ(ℓ) = 0 ⟹ e − IΛ(ℓ) = e .If ℓ ∉ Λ
c  ⟹

IΛc(ℓ) = 0 , IΛ(ℓ) = e ⟹ e − IΛ(ℓ) = 0, so  IΛc(ℓ) = e − IΛ(ℓ)  for all  ℓ ∈ ℵ ⟹ IΛc = e −
IΛ 

 

Theorem 2.3: 

      Let (ℵ, Γ) be a measurable space, Λ ⊂ ℵ and IΛ is an ordered algebra valued function, then 

IΛ is a measurable function if and only if  Λ ∈ Γ .  
Proof: 

Suppose Λ is a measurable function, since {e} ∈ β(𝒲)⟹ IΛ
−1({e}) ∈ Γ, but  IΛ

−1({e}) = Λ ⟹
Λ ∈ Γ.  
Conversely, let Λ ∈ Γ, a ∈ 𝒲  

{‖IΛ − a‖ ≻ r} = {

ℵ ,            0, e ∈ Br
c(a)

Λ ,                e ∈ Br
c(a)

∅ ,            0, e ∉ Br
c(a)

, thus {‖IΛ − a‖ ≻ r} ∈ Γ ⟹ IΛ is a measurable 

function. 

  

Example 2.4: 

     Let (ℵ, Γ) be a measurable space; Λ1, Λ2, … , Λn be mutually disjoint sets in ℵ and 

α1, α2, … , αn ∈ 𝒲, where 𝒲 is an ordered Banach algebra space, then the function 

η: ℵ
           
→   𝒲 defined by η(ℓ) = ∑ αi. IΛi(ℓ)

n
i=1   is measurable. Since {‖η − a‖ ≻ r} =

(⋃ Λii:αi≻a
) ∈ Γ ⟹ η is measurable.  

 

Definition 2.5: 

      Let (ℵ, Γ) be a measurable space and 𝒲 be an ordered Banach algebra with identity. A 

function θ: ℵ
           
→   𝒲  is said to be simple if it takes only many finitely distinct values, i.e. the 

range of  θ is a finite set of distinct values {α1, α2, … , αn}. 
 

Remark 2.6: 

      Let Λi = {ℓ ∈ ℵ: θ(ℓ) = αi} for  i = 1, 2, 3, … , n ⟹ Λi = f
−1{αi} where Λi ∩ Λj = ∅, and  

∪i=1
n Λi = ℵ. Since  IΛi(ℓ) = {

e ,       ℓ ∈ Λi
0 ,       ℓ ∉ Λi

 , we can write θ(ℓ) = α1 IΛ1(ℓ) + α2 IΛ2(ℓ) +

⋯+ αnIΛn(ℓ) = ∑ αi IΛi(ℓ)
n
i=1 , thus, a function θ: ℵ

           
→   𝒲 is a simple function if it can be 

expressed as θ(ℓ) = ∑ αi IΛi(ℓ)
n
i=1 , where n ≽ 1 , αi ∈ 𝒲   for 1, 2, 3, … , n; Λi = {ℓ ∈

ℵ: θ(ℓ) = αi}, thus, a simple function is one which takes a constant value αi on the set Λi, 
where Λi are disjoint sets, i = 1, 2, 3, … , n. 

 

Theorem 2.7: 

 

      Let (ℵ, Γ) be a measurable space and 𝒲 be an ordered Banach algebra, a simple function 

θ: ℵ
           
→   𝒲 is measurable if and only if Λi ∈ Γ for all i = 1, 2, 3, … , n . 

Proof: 

θ: ℵ
           
→   𝒲 is a simple function, if it can be expressed as θ(ℓ) = ∑ αi IΛi(ℓ)

n
i=1 , where n ≽

1, αi ∈ 𝒲  for i = 1, 2, 3, … , n, Λi = {ℓ ∈ ℵ: θ(ℓ) = αi}. Suppose Λi ∈ Γ ⟹  IΛi is a 

measurable function for all i = 1, 2, 3, … , n;  then we have  αi IΛi is a measurable function for 
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all i = 1, 2, 3, … , n and α1 IΛ1 + α2 IΛ2 +⋯+ αnIΛn is a measurable function, thus θ is a 

measurable function. 

Conversely, suppose that θ is a measurable function, since {αi} ∈ β(𝒲) and θ is a measurable 

function, then θ−1({αi} ) ∈ Γ, but θ−1({αi} ) = Λi⟹ Λi ∈ Γ for all i = 1, 2, 3, … , n.  
• It is clear to show that, if ℵ is a finite, then any ordered algebra measurable function on ℵ is 

simple. 

 

Theorem 2.8: 

      Let (ℵ, Γ) be a measurable space and 𝒲 be an ordered Banach algebra. Then, the sum, 

difference and product of two measurable simple functions is a measurable simple function. 

Proof: 

Let θ, η be two ordered Banach algebra valued measurable simple functions on a measurable 

space (ℵ, Γ), θ(ℓ) = ∑ αi IΛi(ℓ)
n
i=1  and  η(ℓ) = ∑ βj IBj(ℓ)

m
j=1 , then the sets  Cij = Λi ∩ Bj, i =

1, 2, 3, … , n  ;   j = 1, 2, 3, … ,m are in Γ form a partition of ℵ,  that is (θ + η)(ℓ) =
∑ ∑ (αi + βj)

m
j=1

n
i=1 IΛi∩Bj   (ℓ) , and  (θη)(ℓ) = ∑ ∑ (αi βj)

m
j=1

n
i=1  IΛi∩Bj(ℓ). 

  

Theorem 2.9:  

      Let θ be an ordered Banach algebra valued function defined on a set ℵ. Then there exists a 

sequence {θn} of ordered Banach algebra valued simple functions on ℵ such that {θn}
           
→    θ 

(i.e., the sequence {θn} converges to θ). 

Proof: 

For all n ≽ 1, we define θn: ℵ
           
→   𝒲  by θn = ∑

k

2n
IΛnk + nIBn

n2n−1
k=1   where  Λnk =

{ℓ ∈ ℵ: 
k

2n
≼ ‖θ(ℓ)‖ ≺

k+1

2n
} and  Bn = {ℓ ∈ ℵ: n ≼ ‖θ(ℓ)‖}, it is clear to show that {θn} is a 

sequence of ordered Banach algebra valued simple functions and θn
           
→   θ . 

• If θ is an ordered algebra measurable function on a measurable space (ℵ, Γ), then {θn} may 

be chosen to be a sequence of measurable functions. 

Λnk = θ
−1 (B 1

2n+1
(
2k+1

2n+1
)) = {ℓ ∈ ℵ: ‖θ(ℓ)‖ ∈ [

k

2n
,
k+1

2n
)} and  Bn = θ

−1 (Bn
c
(0))  

• If 0 ≼ θ(ℓ), then {θn} may be chosen to be an increasing sequence, i.e. 0 ≼ θ1 ≼ ⋯ ≼
θ ,  θn ↑ θ .  
Note: The fundamental idea of integration is to measure the area between the graph of a function 

and the abscissa. For a simple function θ, if θ = ∑ αi IΛi
n
i=1 , then ∑ αi ℳ(Λi)

n
i=1  should be the 

ℳ area enclosed by the graph and the abscissa. 

 

Theorem 2.10: 

      Let (ℵ, Γ,ℳ) be a measure space and θ be an ordered Banach algebra valued measurable 

simple function on (ℵ, Γ). If θ has a different representation ∑ αi IΛi
n
i=1  and ∑ βj IBj

m
j=1 , then: 

1- θ = ∑ ∑  λij
m
j=1

n
i=1   IΛi∩Bj   where λij = αi = βj ∈ 𝒲. 

2- ∑ αi ℳ(Λi)
n
i=1 =∑ βjℳ(βj).

m
j=1  

Proof: 

1- Since  Λi ∈ Γ for all i = 1, 2, 3, … , n  and βj ∈ Γ for all  j = 1, 2, 3, … ,m ⟹ Λi ∩ Bj ∈ Γ  for 

all i = 1, 2, 3, … , n  and for all j = 1, 2, 3, … ,m. 

Since Λi ∩ Λr = ∅  for all i ≠ r and Bj ∩ Bs = ∅  for all j≠ s ⟹ (Λi ∩ Bj) ∩ (Λr ∩ Bs) = ∅, 

it follows that the Λi ∩ Bj's are pairwise disjoint, and ⋃ ⋃ (Λi ∩ Bj)
m
j=1

n
i=1 = ℵ . 

Let ℓ ∈ ℵ, there exists a unique (i, j) such that ℓ ∈ Λi ∩ Bj, then we have  η(ℓ) = αi = θ(ℓ), it 

follows that η = θ . 
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2- Since Λi ∩ Λj = ∅ ,⋃ Λi
n
i=1 = ℵ  and Bi ∩ Bj = ∅,⋃ Bj

m
j=1 = ℵ, we have 

Λi = ⋃ (Λi ∩ Bj)
m
j=1  , ∀ i = 1, 2, 3, … , n   and  Bj = ⋃ (Λi ∩ Bj) , ∀ j = 1, 2, 3, … ,m

n
i=1  ⟹

ℳ(Λi) = ℳ(⋃ (Λi ∩ Bj)
m
j=1 ) = ∑ ℳ(Λi ∩ Bj)

m
j=1   for all i = 1, 2, 3, … , n. 

∑ αi ℳ(Λi)
n
i=1 = ∑ αi  ∑ ℳ(Λi ∩ Bj)

m
j=1 = ∑  ∑ αi ℳ(Λi ∩ Bj)

m
j=1

n
i=1

n
i=1 … . . (1)       Similarly, 

we have ∑ βj ℳ(Bj)
m
j=1 = ∑  ∑ βjℳ(Λi ∩ Bj)

m
j=1

n
i=1 ………… . . . (2) 

If  Λi ∩ Bj = ∅, then  ℳ(Λi ∩ Bj) = ℳ(∅) = 0 ⟹ αiℳ(Λi ∩ Bj) = βjℳ(Λi ∩ Bj). 

Or  Λi ∩ Bj ≠ ∅, there exists  ℓ ∈  Λi ∩ Bj , ℓ ∈  Λi , ℓ ∈ Bj⟹ θ(ℓ) = αi , θ(ℓ) = βj   

αiℳ(Λi ∩ Bj) = βj ℳ(Λi ∩ Bj) , and we conclude from (1) and (2) that ∑ αi ℳ(Λi)
n
i=1 =

∑ βj ℳ(Bj).
m
j=1  

 

3. Integral of ordered Banach algebra valued measurable simple function 

     We are going to explain the integral of ordered Banach algebra valued measurable simple 

function and some properties of this integration: 

 

Definition 3.1: 

      Let (ℵ, Γ,ℳ) be a measure space and θ be an ordered Banach algebra valued measurable 

simple function on (ℵ, Γ). We define the integral of θ with respect to  ℳ as the sum, which is 

denoted  by ∫ θ dℳ
ℵ

 and, is defined by ∫ θ dℳ
ℵ 

= ∑ αiℳ(Λi)
n
i=1 . 

 

• If Λ ∈ Γ, we define ∫ θ dℳ
Λ 

= ∫ IΛ θ dℳℵ 
. Hence ∫ θ dℳ

Λ 
= ∑ αi ℳ(Λi ∩ Λ).

n
i=1 

• If ℳ(Λ) = 0, then ∫ θ dℳ
Λ 

= 0. 

When θ is an ordered Banach algebra valued measurable simple functions on a measurable 

space (ℵ, Γ), If  θ(ℓ) = ∑ αi IΛi
n
i=1 (ℓ), where n≽ 1 , αi ∈ 𝒲  and Λi ∈ Γ for all i = 1, 2, 3, … , n 

,  Λi = {ℓ ∈ ℵ: θ(ℓ) = αi} then we have ( θ IΛ )(ℓ) = ∑ αi IΛi∩Λ(ℓ)
n
i=1 , where Λi ∩ Λ ∈ Γ, 

and from theorem (2.8), we have θ IΛ as an ordered algebra measurable simple function on 
(ℵ, Γ). Since  Λi ∩ Λj = ∅  and ⋃ Λi

n
i=1 = ℵ , it follows that ⋃ (Λi ∩ Λ)

n
i=1 ∪ Λc = ℵ . 

Hence,  θ IΛ = ∑ αi IΛi∩Λ
n
i=1 + 0 ×  IΛc  . By Definition 3.1, we have  

∫ θ dℳ
Λ 

= ∑ αi ℳ(Λi ∩ Λ)
n
i=1 + 0 ×  ℳ(Λc) = ∑ αiℳ(Λi ∩ Λ)

n
i=1 .       

 

Theorem 3.2:  

      Let (ℵ, Γ,ℳ) be an ordered algebra vector measure space. Then, ∫ dℳ
Λ 

=ℳ(Λ) for all 

Λ ∈ Γ.  

Proof: 

Define θ: ℵ
           
→   𝒲 by θ(ℓ) = e for all ℓ ∈ ℵ, then θ is a simple function and n = 1 , Λ1 = ℵ , 

α1 = e.  Then, ∫ dℳ
Λ 

= ∑ αi ℳ(Λi ∩ Λ)
n
i=1 = α1 ℳ(Λ1 ∩ Λ) = ℳ(ℵ ∩ Λ) = ℳ(Λ).     

Example 3.3: 

 

      Let ℵ = ℝ, Γ = β(ℵ), and ℳ is the Lebesgue measure 

1- If θ: [a, b]
           
→   ℝ  be a function, defined by θ(ℓ) = {

2 ,      ℓ ∈ ℚ⋂[a, b]  

5 ,      ℓ ∈ ℚc⋂[a, b]
 , then 

α1 = 2,       Λ1 = ℚ⋂[a, b],         ℳ(Λ1) = 0 
α2 = 5,       Λ2 = ℚ

c⋂[a, b],       ℳ(Λ2) = b − a 
∫ θ dℳ
ℵ 

= ∑ αi ℳ(Λi)
n
i=1 = α1 ℳ(Λ1) + α2 ℳ(Λ2) = 2 × 0 + 5 × (b − a) = 5(b − a). 

2- ∫  dℳ
ℚ 

=ℳ(ℚ) = 0. 

3- ∫ dℳ
3

1
= ∫  dℳ

[1,3] 
= ℳ([1,3]) = 3 − 1 = 2. 
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Theorem 3.4: 

      Let (ℵ, Γ,ℳ) be a measure space, and θ, η be two ordered Banach algebra valued 

measurable simple functions on (ℵ, Γ).  
1- ∫ (aθ + bη)dℳ

ℵ 
= a∫ θ dℳ

ℵ 
+ b∫ η dℳ

ℵ 
  for all a, b ∈ ℝ. In special cases 

i.If a = 1 , b = 1 , then  ∫ (θ + η)dℳ
ℵ 

= ∫ θ dℳ
ℵ 

+ ∫ η dℳ
ℵ 

.      

ii.If b = 0 , then ∫ aθ dℳ
ℵ 

= a∫ θ dℳ.
ℵ 

  

2- ∫ (aθ + bη) dℳ
Λ 

= a∫ θ dℳ
Λ 

+ b∫ η dℳ
Λ

  for all Λ ∈ Γ and for all a, b ∈ ℝ. 

3- If a, b ∈ 𝒲 so that Λ ∩ B = ∅, then ∫ θ dℳ
Λ∪B 

= ∫ θ dℳ
Λ

+ ∫ θ dℳ
B 

. 

4- If  θ ≽ 0,then ∫ θ dℳ ≽ 0 
Λ 

 for all  Λ ∈ Γ. 

5- If θ ≼ η, then∫ θ dℳ ≼
Λ 

∫ η dℳ
Λ 

 for all Λ ∈ Γ. 

6- If a ≼ b, where a, b ∈ 𝒲 , then aℳ(Λ) ≼ ∫ θ dℳ
Λ 

≼ b ℳ(Λ).  

Proof: 

1- Since θ and η are two simple functions on a measurable space (ℵ, Γ), θ(ℓ) =
∑ αI IΛi(ℓ)
n
i=1  and η(ℓ) = ∑ βj IBj(ℓ)

m
j=1  where Λi = {ℓ ∈ ℵ: θ(ℓ) = αI } = θ

−1({αI}) , i =

1, 2, 3, … , n ;  and  βj = {ℓ ∈ ℵ: η(ℓ) = βj } = θ
−1({βj}) , j = 1, 2, 3, … ,m. Λi ∩ Λj =

∅ ,⋃ Λi
n
i=1 = ℵ  and Bi ∩ Bj = ∅ ,⋃ Bj

m
j=1 = ℵ. Take Cij = Λi ∩ Bj   , i = 1, 2, 3, … , n  ;   j =

1, 2, 3, … ,m. 
Cij ∩ Cst = (Λi ∩ Bj ) ∩ (Λs ∩ Bt ) = (Λi ∩ Λs ) ∩ (Bj ∩ Bt ) = ∅ ∩ ∅ = ∅ 

⋃ Cij
n,m
i,j = ⋃ ⋃ Cij

m
j=1 =n

i=1 ⋃ ⋃ (Λi ∩ Bj )
m
j=1 =n

i=1 ⋃ Λi
n
i=1 ∩ ⋃ Bj = ℵ ∩ ℵ = ℵ 

m
j=1  Then the 

sets Cij = Λi ∩ Bj, i = 1, 2, 3, … , n ;  j = 1, 2, 3, … ,m form a partition of ℵ. That is (aθ +

bη)(ℓ) = ∑ ∑  (aαi + bβj
m
j=1

n
i=1 )  IΛi∩Bj(ℓ) ∫ (aθ + bη)dℳℵ 

= ∑ (aαi + bβj) ℳ(Cij)
n,m
i,j=1 =

∑ ∑  (aαi + bβj
m
j=1

n
i=1 )ℳ(Λi ∩ Bj ) = a∑ ∑  αi

m
j=1

n
i=1  ℳ(Λi ∩ Bj ) + b∑ ∑  βj

m
j=1

n
i=1  ℳ(Λi ∩

Bj ) = a∑ αi(∑ ℳ(Λi ∩ Bj )
m
j=1 )n

i=1 + b∑ βj(∑ ℳ(Λi ∩ Bj )
n
i=1 ).m

j=1  

Since ∑ ℳ(Λi ∩ Bj)
m
j=1 =ℳ(Λi ∩ B1 ) +ℳ(Λi ∩ B2 ) + ⋯+ℳ(Λi ∩ Bm ) = ℳ (Λi ∩

 ⋃ Bj
m
j=1  

) =     ℳ(Λi ∩  ℵ ) = ℳ(Λi) and ∑ ℳ(Λi ∩ Bj)
n
i=1 = ℳ(Bj), then ∫ (aθ +ℵ 

bη)dℳ = a∑ αi ℳ(Λi)
n
i=1 + b∑ βj ℳ(Bj)

m
j=1 = a∫ θ dℳ

ℵ 
+ b∫ η dℳ.  

ℵ 
 

2- Since θ and η are simple and measurable functions on (ℵ, Γ), then θ IΛ  and η IΛ are simple 

and measurable functions on (ℵ, Γ). 
∫ (aθ + bη)dℳ
Λ 

= ∫ (aθ + bη) IΛ  dℳℵ 
= ∫ (aθ IΛ + bη IΛ )dℳℵ 

  

                                               = a ∫ θ IΛ  dℳℵ 
+ b∫ η IΛ  dℳℵ 

= a∫ θ dℳ
Λ

+ b∫ η dℳ
Λ 

. 

3- Since Λi ∩ (Λ ∪ B) = (Λi ∩ Λ) ∪ (Λi ∩ B) and Λ ∩ B = ∅, then (Λi ∩ Λ) ∩ (Λi ∩ B) = ∅. 
Therefore ℳ(Λi ∩ (Λ ∪ B)) = ℳ((Λi ∩ Λ) ∪ (Λi ∩ B)) = ℳ(Λi ∩ Λ) +ℳ(Λi ∩ B) 

∫ θ dℳ
Λ∪B 

= ∑ αi ℳ(Λi ∩ (Λ ∪ B))
n
i=1 = ∑ αi(ℳ(Λi ∩ Λ) +ℳ(Λi ∩ B))

n
i=1   

                                     = ∑ αi ℳ(Λi ∩ Λ)
n
i=1 + ∑ αi ℳ((Λi ∩ B))

n
i=1 = ∫ θ dℳ

Λ 
+ ∫ θ dℳ.

B 
  

4- Since θ is a simple function, then θ(ℓ) = ∑ αi
n
i=1  IΛi , and θ ≽ 0 ⟹ αi ≽ 0  for  i =

1, 2, 3, … , n  and ℳ(Λi ∩ Λ) ≽ 0  for  i = 1, 2, 3, … , n ⟹ αi ℳ(Λi ∩ Λ)  ≽ 0  for  i =
1, 2, 3, … , n ⟹ ∑ αi ℳ(Λi ∩ Λ) ≽ 0 

n
i=1 ⟹ ∫ θ dℳ

Λ 
≽ 0.              

5- Let h = η − θ, since θ ≼ η ⟹ h ≽ 0, by using (4) we have ∫ h dℳ
Λ

≽ 0 ⟹

∫ (η − θ)dℳ
Λ 

≽ 0 ⟹ ∫ η dℳ
Λ 

− ∫ θdℳ
Λ 

≽ 0 ⟹ ∫ θ dℳ
Λ 

≼ ∫ η dℳ
Λ 

.  

6- Since a ≼ θ ≼ b, by using (5) we have ∫ a dℳ ≼
Λ 

∫ θ dℳ ≼ ∫ b dℳ ⟹
Λ Λ 

a ∫ dℳ ≼
Λ

∫ θdℳ ≼ b∫ dℳ
Λ Λ

 ⟹  a ℳ(Λ) ≼ ∫ θ dℳ ≼ b
Λ 

ℳ(Λ).  
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Theorem 3.5: 

      Let  (ℵ, Γ,ℳ) be a measure space, Λ ∈ Γ and θ be an ordered Banach algebra valued 

measurable simple function on (ℵ, Γ). Define λ: ℵ
           
→   𝒲  by λ(Λ) = ∫ θ dℳ

Λ
  for all Λ ∈ Γ, 

then 

1- λ is a signed measure. 

2- If θ ≽ 0, then λ is a measure. 

3- If Λn ↑ Λ , where Λ, Λn ∈ Γ, n ≽ 1, and θ ≽ 0, then ∫ θ dℳ ↑ ∫ θdℳ
Λ 

.
Λn

 

Proof: 

1- Let {Λn} be a sequence of disjoint sets in Γ ⟹ λ(⋃ Λn  ) =
∞
n=1 ∫ θ dℳ =

⋃ Λn 
∞
n=1

∑ ∫ θ dℳ = ∑ λ(Λn  )
∞
n=1  

Λn

∞
n=1 ⟹ λ is a signed measure. 

2- Since θ ≽ 0 ⟹ IΛθ ≽ 0 ⟹ ∫ IΛ θ dℳℵ 
≽ 0 ⟹ ∫ θ dℳ

Λ 
≽ 0 ⟹ λ(Λ) ≽ 0       ⟹  λ is 

a measure. 

3- Since Λn ↑ Λ  and  λ  is a measure on Γ, then λ(Λn) ↑ λ(Λ), and since λ(Λ) = ∫ θ dℳ
Λ 

 for 

all Λ ∈ Γ, then ∫ θ dℳ
Λn 

 ↑ ∫ θ dℳ
Λ

.  

   
4. Integral of non-negative ordered Banach algebra valued measurable function 

     In this section, we will explain and show some properties of the integral of non-negative 

ordered Banach algebra valued measurable function: 

 

Definition 4.1: 

      Let (ℵ, Γ,ℳ) be a measure space and θ: ℵ
           
→   𝒲 be a non-negative ordered Banach 

algebra valued measurable function (θ(ℓ) ≽ 0 for all ℓ ∈ ℵ), we define ∫ θ dℳ
ℵ

=

sup{∫ h dℳ ∶ 0 ≼ h ≼ θ
ℵ

, h is a measurable simple function on (ℵ, Γ)}. 

 

Remark 4.2: 

      If Λ ∈ Γ, we define ∫ θ dℳ
Λ 

= ∫ θ IΛ dℳℵ 
. 

Hence, ∫ θ dℳ
Λ 

= sup{∫ h dℳ
Λ 

: 0 ≼ h ≼ θ , h is a measurable simple function on (ℵ, Γ)}.  

 

Theorem 4.3: 

      Let (ℵ, Γ,ℳ) be a measure space, and θ, η be two non-negative ordered Banach algebra 

valued measurable functions on (ℵ, Γ). 

1- ∫ θ dℳ ≽ 0
Λ 

 for all Λ ∈ Γ. 

2- If θ ≼ η  on  Λ ∈ Γ, then ∫ θ dℳ
Λ 

≼ ∫ η dℳ.
Λ 

 

3- If Λ, B ∈ Γ so that Λ ⊆ B, then ∫ θ dℳ
Λ 

≼ ∫ θ dℳ.
B 

 

4- If  λ ≽ 0 is an element in ℝ, then ∫ λ θ dℳ
Λ 

=  λ ∫ θ dℳ
Λ 

 for all Λ ∈ Γ. 

5- If Λ, B ∈ Γ such that Λ ∩ B = ∅, then ∫ θ dℳ
Λ∪B 

= ∫ θ dℳ
Λ 

+ ∫ θ dℳ.
B 

 

6- If a ≼ θ ≼ b, where a, b ∈ 𝒲, then aℳ(Λ) ≼ ∫ θ dℳ
Λ 

≼ bℳ(Λ) for all Λ ∈ Γ. 

Proof: 

1- Since ∫ θ dℳ
Λ

= sup{∫ h dℳ ∶ 0 ≼ h ≼ θ
Λ

, h is a measurable simple function on (ℵ, Γ)}. 

⟹ ∫ θdℳ
Λ 

≽ ∫ h dℳ
Λ 

  for every measurable simple function h such that 0 ≼ h ≼ θ . Since 0 

is a measurable simple function and 0 ≼ θ, then ∫ θ dℳ
Λ

≽ ∫ 0 dℳ
Λ

⟹ ∫ θ dℳ
Λ

≽ 0.  

2- Let h be a simple function on (ℵ, Γ) so that 0 ≼ h ≼ θ, since θ ≼ η ⟹  0 ≼ h ≼ η, since 

∫ η dℳ
Λ

= sup{∫ h dℳ ∶ 0 ≼ h ≼ η
Λ

, h is a measurable simple function on (ℵ, Γ)}, ⟹

∫ h dℳ
Λ 

≼ ∫ η dℳ
Λ 

, hence ∫ η dℳ
Λ 

 is an upper bound of all ∫ h dℳ
Λ 

, for simple function 



Yahya and Al-Mayahi                                  Iraqi Journal of Science, 2024, Vol. 65, No. 2, pp: 778- 790 

 

785 

on (ℵ, Γ) with  0 ≼ h ≼ θ. The integral ℳ being the smallest of such upper bound, we have  

∫ θ dℳ
Λ 

≼  ∫ η dℳ
Λ 

.  

3- Let h be a simple function on (ℵ, Γ) so that 0 ≼ h ≼ θ, h(ℓ) = ∑ αiIΛi
n
i=1 (ℓ) where Λi =

{ℓ ∈ ℵ: θ(ℓ) = αi}, αi ≽ 0, i = 1,2, … , n. Since Λ ⊆ B ⟹ Λi  ∩ Λ ⊆ Λi  ∩ B  ⟹ℳ(Λi  ∩
Λ) ≼ (Λi  ∩ B) ⟹ ∑ αi

n
i=1 ℳ(Λi  ∩ Λ) ≼ ∑ αi

n
i=1 ℳ(Λi  ∩ B) ⟹ ∫ h dℳ

Λ
≼ ∫ h dℳ

B
⟹

sup{∫ h dℳ ∶ 0 ≼ h ≼ θ
Λ

, h is a measurable simple function on (ℵ, Γ)} ≼ sup{∫ h dℳ ∶ 0 ≼
B

h ≼ θ, h is a measurable simple function on (ℵ, Γ)} ⟹ ∫ θ dℳ
Λ

≼ ∫ θ dℳ
B

. 

4- If we have 

i.   λ ≻ 0 and h is a simple function on (ℵ, Γ) so that 0 ≼ h ≼ θ, then 0 ≼ λh ≼ λθ. Since h is a 

simple function on (ℵ, Γ), so λh ⟹ ∫ (λh)dℳ
Λ 

≼ ∫ (λθ)dℳ
Λ 

. Since ∫ (λh)dℳ
Λ 

=

λ∫ h dℳ
Λ 

 ⟹ λ∫ h dℳ
Λ 

Λ∫ (λθ)dℳ.
A 

 Since λ ≻ 0, we have ∫ h dℳ
Λ

≼
1

λ
∫ (λθ)dℳ
Λ 

, 

hence  
1

λ
∫ (λθ) dℳ
Λ 

 is an upper bound of all  ∫ h dℳ
Λ 

, for h simple function on (ℵ, Γ) with 

0 ≼ h ≼ θ. The integral ∫ θ dℳ
Λ 

 being the smallest of such upper bound. We have ∫ θ dℳ
Λ 

≼
1

λ
∫ (λθ)dℳ
Λ 

, multiplying both sides by λ, we obtain that λ ∫ θ dℳ
Λ 

≼ ∫ (λθ) dℳ
Λ 

 . 

Similarly, since 
1

λ
≻ 0, we have 

1

λ
∫ (λθ)dℳ
Λ 

≼ ∫
1

λ
(λθ)dℳ

Λ 
, i.e. ∫ (λθ)dℳ

Λ 
≼ λ∫ θ dℳ

Λ 
, 

we conclude that ∫ (λθ)dℳ
Λ 

= λ∫ θ dℳ
Λ 

 

ii.   λ = 0, then λ ∫ θ dℳ
Λ 

= 0. Since 0 is an ordered algebra measurable simple function on 

(ℵ, Γ), we have ∫ 0 dℳ
Λ 

= 0, it follows that the equality ∫ (λθ)dℳ
Λ 

= λ∫ θ dℳ
Λ 

 is still true 

in the case when λ = 0.  
• The prove of 5 and 6 of this theorem is the same as 3 and 6 of the Theorem 3.4.  

 

Theorem 4.4: Monotone Convergence Theorem on ordered Banach algebra 

      Let (ℵ, Γ,ℳ) a measure space and {θn} be a sequence of non-negative ordered Banach 

algebra valued measurable functions on (ℵ, Γ) such that θn ↑ θ. Then ∫ θn dℳℵ 
↑ ∫ θ dℳ.

ℵ 
 

Proof: 

Since θn ↑ θ ⟹ θn
           
→   θ and θn ≼ θn+1  for all n (in other word   sup

n≽1
 θn = θ )                 ⟹ 

∫ θn dℳℵ 
≼ ∫ θn+1 dℳℵ 

 for all n, then {∫ θn dℳℵ
} is a non-decreasing sequence and it 

converges to ∫ θ  dℳℵ
∈ 𝒲, i. e.   sup

n≽1
 ∫ θn  dℳℵ

= ∫ θ  dℳℵ
. Now, to prove 

∫ θn  dℳℵ

           
→   ∫ θ  dℳℵ

, ‖∫ θn  dℳℵ
− ∫ θ  dℳℵ

‖ = ‖∫ (θn − θ  )dℳℵ
‖ ≼ ∫ ‖θn − θ‖dℳℵ

= 0 

as n
           
→   ∞ ⟹ ∫ θn  dℳℵ

           
→   ∫ θ  dℳℵ

. Then ∫ θn dℳℵ 
↑ ∫ θ dℳ

ℵ 
.  

 

Theorem 4.5: 

      Let (ℵ, Γ,ℳ) be a measure space and let θ , η be two non-negative ordered Banach algebra 

valued measurable functions on (ℵ, Γ) 
1- If { θn } and { ηn } are two sequences of non-negative ordered algebra measurable functions 

on (ℵ, Γ) such that  θn ↑ θ   and ηn ↑ η, then  θn + ηn ↑ θ + η. 

2- ∫ (θ + η)  dℳℵ 
= ∫ θ   dℳℵ 

+ ∫ η   dℳℵ 
. 

3- ∫ (aθ + bη)  dℳℵ 
= a∫ θ  dℳℵ 

+ b∫ η  dℳℵ 
  for all a, b ∈ ℝ. 

Proof: 

1- Since the sequence { θn + ηn } is an increasing and ⋃ (θn + ηn)
∞
𝑛=1 = θ + η, then θn +

ηn ↑ θ + η. 
2- Since θ and η be non-negative measurable functions, then there exist two sequences    {θn} 
and {ηn} of ordered algebra simple functions on (ℵ, Γ) such that θn ↑ θ and ηn ↑ η. Thus  θn +
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ηn ↑ θ + η ,  θn + ηn  is a non-negative ordered algebra measurable simple function. From 

monotone convergence theorem, we have ∫ (θn  + ηn  )dℳℵ 
↑ ∫ (θ  + η  )dℳℵ 

, hence 

∫ (θ  + η  )dℳ ℵ 
= lim
n→∞

∫ (θn  + ηn  )dℳℵ 
= lim
n→∞

(∫ θn  dℳ +
ℵ 

∫ ηn  dℳℵ 
) = ∫ θ  dℳℵ 

+

∫ η  dℳℵ 
. 

3- This is an immediate application of (2) and part (4) of Theorem 4.3. 

  

Theorem 4.6: 

      Let (ℵ, Γ,ℳ) be a measure space and {θn} be a sequence of non-negative ordered Banach 

algebra valued measurable functions. Then ∫ (∑ θn  )dℳ
∞
n=1ℵ 

= ∑ (∞
n=1 ∫ θn  dℳ)ℵ 

 . 

Proof: 

Take θ = ∑ θn  
∞
n=1 , ηn = ∑ θk  

n
k=1 . Since ηn ↑ θ , from the monotone convergence theorem, 

we have ∫ ηn  dℳℵ 
↑ ∫  θdℳ

ℵ
. However, from Theorem 4.5, ∫ ηn  dℳℵ 

= ∑ (∫  θk  dℳℵ   

n
k=1 ). 

Hence, we see that the sequence ∑ (∫  θk  dℳℵ   

n
k=1 ) converges to ∫ θ   dℳℵ 

. In other words, we 

have ∫ (  ∑ θn  )dℳ
∞
n=1ℵ 

= ∑ (∞
n=1 ∫ θn  dℳ)ℵ 

.  

 

5. Generalization of the integral of ordered Banach algebra valued measurable function 

     We can extend the integral to general ordered Banach algebra valued measurable functions, 

using the positive part θ+and the negative part θ−of any function θ: ℵ 
           
→   𝒲. We will use the 

non-negative valued measurable function ⟦θ⟧ . 
 

Definition 5.1: 

      A norm Banach algebra on 𝒲 is a function ⟦ . ⟧:𝒲 
           
→   𝒲, where                    

⟦ℓ⟧ = {
ℓ           ℓ ≽ 0
−ℓ          ℓ ≺ 0  

= max{ℓ,−ℓ} .  

⟦ℓ⟧ having the following properties: 

1- ⟦ℓ⟧ ≽ 0 for all ℓ ∈ 𝒲. 
2- ⟦ℓ⟧ = 0  if  ℓ = 0.   
3- ⟦ℓ + 𝓅⟧ ≼ ⟦ℓ⟧ + ⟦𝓅⟧  for all ℓ, 𝓅 ∈ 𝒲.  
4- ⟦λℓ⟧ = |λ|⟦ℓ⟧ for all ℓ ∈ 𝒲 and for all λ ∈ F. 
5- ⟦ℓ𝓅⟧ ≼ ⟦ℓ⟧ ⟦𝓅⟧  for all ℓ, 𝓅 ∈ 𝒲. 
Proof: 

1- ⟦ℓ⟧ = max{ℓ,−ℓ} ≽ 0 , ∀ ℓ ∈ 𝒲. 

2- It is clear. 

3- ⟦ℓ + 𝓅⟧ = max{ℓ + 𝓅,−(ℓ + 𝓅)} 
If ⟦ℓ + 𝓅⟧ = ℓ + 𝓅 ⟹ ⟦ℓ + 𝓅⟧ ≼ ⟦ℓ⟧ + ⟦𝓅⟧ 
If ⟦ℓ + 𝓅⟧ = −(ℓ + 𝓅) ⟹ ⟦ℓ + 𝓅⟧ = − ℓ + (−𝓅) ≼ ⟦ℓ⟧ + ⟦𝓅⟧ ⟹ ⟦ℓ + 𝓅⟧ ≼ ⟦ℓ⟧ + ⟦𝓅⟧ . 
4- ⟦ℓ𝓅⟧ = max{ℓ𝓅, −(ℓ𝓅)} 
If ⟦ℓ𝓅⟧ = ℓ𝓅 ⟹ ⟦ℓ𝓅⟧ ≼ ⟦ℓ⟧⟦𝓅⟧ 
If ⟦ℓ𝓅⟧ = −(ℓ𝓅) ⟹ ⟦ℓ𝓅⟧ = (−ℓ)𝓅 ≼ ⟦ℓ⟧⟦𝓅⟧ ⟹ ⟦ℓ𝓅⟧ ≼ ⟦ℓ⟧⟦𝓅⟧.  
5- By the same way for 4.  

• The Banach algebra 𝒲 over a field F together with ⟦ . ⟧ is called a normed Banach algebra 

space and is denoted by (𝒲 , ⟦ . ⟧). 
• Every closed subalgebra of Banach algebra is also a Banach algebra. 

 

Definition 5.2: 

      Let (ℵ , Γ,ℳ) be a measure space and θ: ℵ 
           
→   𝒲 be a measurable function. We say that 

θ is ℳ-integrable (or simply integrable if ℳ is understood) if ∫ ⟦θ⟧
ℵ

dℳ exists, 
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where  ⟦θ(ℓ)⟧ = {
θ(ℓ)         θ(ℓ) ≽ 0

−θ(ℓ)        θ(ℓ) ≺ 0  
 

• The set of all ℳ-integrable functions denoted by L1(ℵ , Γ,ℳ). Note that L1(ℵ , Γ,ℳ) is a 

subspace of the space of all measurable functions on (ℵ , Γ), i.e. if θ, η ∈ L1(ℵ , Γ,ℳ) and ∝,
β ∈ ℝ, then ∝ θ + βη ∈ L1(ℵ , Γ,ℳ), indeed: 

Since ⟦∝ θ + βη⟧ ≼ |∝|⟦θ⟧ + |β|⟦η⟧, we have ∫  ⟦∝ θ + βη⟧dℳ ≼ |∝|
ℵ

∫ ⟦θ⟧
ℵ

dℳ +

|β| ∫ ⟦η⟧
ℵ

dℳ. We conclude that  ∝ θ + βη ∈ L1(ℵ , Γ,ℳ). 

 

Definition 5.3: 

      Let ℵ be any set and θ: ℵ 
           
→   𝒲 be an ordered Banach algebra valued function, we define 

the positive and negative parts, θ+ and  θ−, by 

θ+ = max{θ, 0}  and  θ− = −min{θ, 0} = max{−θ, 0} 

i. e.   θ+(ℓ) = {
θ(ℓ)          θ(ℓ) ≽ 0
0                θ(ℓ) ≺ 0

      and    θ−(ℓ) = {
−θ(ℓ)          θ(ℓ) ≼ 0
 0                   θ(ℓ) ≻ 0

 

It follows that θ+ and θ− are non-negative. 

 

Theorem 5.4: 

      Let ℵ be any set and θ: ℵ
           
→   𝒲 be an ordered Banach algebra valued function 

1- θ = θ+− θ− and ⟦θ⟧ = θ++ θ−. 

2- θ+ =
1

2
(⟦θ⟧ + θ) and θ− =

1

2
(⟦θ⟧ − θ). 

3- (−θ)+ = θ− and (−θ)− = θ+. 
4- If λ ≻ 0, then (λθ)+ = λθ+ and (λθ)− = λθ−. 
Proof: 

1- θ+− θ− = max{θ, 0} − max {−θ, 0} = max{θ, 0} + min{θ, 0} = θ + 0 = θ 
Let ℓ ∈ ℵ . If θ(ℓ) ≽ 0, then θ+(ℓ) = θ(ℓ) and θ−(ℓ) = 0 
If θ(ℓ) ≼ 0, then θ+(ℓ) = 0 and θ−(ℓ) = −θ(ℓ) 
In any case, θ+(ℓ) + θ−(ℓ) = ⟦θ⟧(ℓ). So ⟦θ⟧ = θ+ + θ−. 
2- From (1), we find that θ = θ+ − θ−and ⟦θ⟧ = θ+ + θ−,then θ + ⟦θ⟧ = 2θ+, therefore 

θ+ =
1

2
([θ⟧ + θ). 

3- Since θ = θ+ − θ−, hence −θ = −θ+ + θ−. 
4- θ = θ+ − θ−, thus c θ = c (θ+ − θ−) = c θ+ − c θ−.   
 

Theorem 5.5: 

      Let (ℵ, Γ,ℳ) be a measure space and θ: ℵ
           
→   𝒲 be an ordered Banach algebra  valued 

function. Then  

1- ⟦θ⟧ is a measurable function. 

2- θ is a measurable function if and only if  θ+ and θ− are measurable functions. 

3- If θ ∈ L1(ℵ, Γ,ℳ), then θ+, θ−, ⟦θ⟧ ∈ L1(ℵ, Γ,ℳ).  
Proof: 

1- ⟦θ⟧ = θ++ θ− = max{θ, 0} + max{−θ, 0}, then ⟦θ⟧ is a measurable function. 

2- Suppose that θ is measurable, then ⟦θ⟧ is measurable. 

It follows that 
1

2
(⟦θ⟧ + θ) and 

1

2
(⟦θ⟧ − θ) are measurable functions, but θ+ =

1

2
(⟦θ⟧ + θ) and 

θ− =
1

2
(⟦θ⟧ − θ), then  θ+ and θ− are measurable functions. 

Conversely suppose that θ+ and θ− are measurable functions, then θ+ − θ− is a measurable 

function, but θ = θ+ − θ−, then θ is a measurable function. 

3- ⟦θ⟧ = θ+ + θ−, then θ+ ≼ ⟦θ⟧ and θ− ≼ ⟦θ⟧, we have ∫ θ+
ℵ

dℳ ≼ ∫ ⟦θ⟧
ℵ

dℳ 

and ∫ θ−
ℵ

dℳ ≼ ∫ ⟦θ⟧
ℵ

dℳ ⟹ θ+, θ−, ⟦θ⟧ ∈ L1(ℵ, Γ,ℳ).  
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Definition 5.6: 

      Let (ℵ, Γ,ℳ) be a measure space and θ ∈ L1(ℵ, Γ,ℳ). We define the integral of θ with 

respect to ℳ, denoted by ∫ θ
ℵ
dℳ, as ∫ θ

ℵ
dℳ = ∫ θ+

ℵ
dℳ − ∫ θ−

ℵ
dℳ  

• The function θ is ℳ-integrable if ∫ θ
ℵ
dℳ exists, i.e. if ∫ θ+

ℵ
dℳ and ∫ θ−

ℵ
dℳ both exists. 

 

Remarks 

1- If Λ ∈ Γ, we define ∫ θ
Λ
dℳ = ∫ θIΛℵ

dℳ. Hence ∫ θ
Λ
dℳ = ∫ θ+

Λ
dℳ − ∫ θ−

Λ
dℳ. The 

function θ is said to be integrable over Λ if ∫ θ
Λ
dℳ exists, that is if ∫ θ+

Λ
dℳ and ∫ θ−

Λ
dℳ 

are both exists. 

2- The set of all integrable functions over Λ denoted by LΛ
1 (ℵ, Γ,ℳ). 

3- θ ∈ L1(ℵ, Γ,ℳ) if θ ∈ LΛ
1 (ℵ, Γ,ℳ) for all Λ ∈ Γ, indeed (θIΛ)

+ = θ+IΛ ≼ θ
+, (θIΛ)

− =
θ−IΛ ≼ θ

−. 
4- θ ∈ LΛ

1 (ℵ, Γ,ℳ) iff ∫ ⟦θ⟧
Λ

dℳ = ∫ θ+
Λ

dℳ + ∫ θ−
Λ

dℳ. 

The properties of the integral of non-negative functions extend to any, not necessarily non-

negative, integrable functions. 

 

Theorem 5.7: 

      Let (ℵ, Γ,ℳ) be a measure space and let θ, η ∈ L1(ℵ, Γ,ℳ). Then 

1- ∫ (θ + η)+
ℵ

dℳ + ∫ θ−
ℵ

dℳ + ∫ η−
ℵ

dℳ = ∫ (θ + η)−dℳ
ℵ

+ ∫ θ+
ℵ

dℳ + ∫ η+
ℵ

dℳ.  

2- ∫ (θ + η)dℳ
ℵ

= ∫ θ dℳ
ℵ

+ ∫ η dℳ.
ℵ

  

3- ∫ (−θ) dℳ
ℵ

= −∫ θ dℳ.
ℵ

  

4- ∫ (λθ)dℳ
ℵ

=λ ∫ θ dℳ
ℵ

 for all λ ∈ ℝ . 

5- If θ ≼ η , then ∫ θ dℳ
ℵ

≼ ∫ η dℳ.
ℵ

 

Proof: 

1- Take  h = θ + η , from h = h+ − h−, θ = θ+ − θ− and η = η+ − η−, we obtain that 

h+ + θ− + η− = h− + θ+ + η+, we have ∫ (h+ + θ− + η−)dℳ
ℵ

= ∫ (h− + θ+ + η+)dℳ
ℵ

, by 

Theorem 4.5,  we have  ∫ h+ dℳ
ℵ

+ ∫ θ− dℳ +
ℵ

∫ η− dℳ
ℵ

= ∫ h− dℳ
ℵ

+ ∫ θ+ dℳ
ℵ

+

∫ η+ dℳ
ℵ

, we conclude that ∫ (θ + η)+
ℵ

dℳ + ∫ θ−
ℵ

dℳ + ∫ η−
ℵ

dℳ = ∫ (θ + η)−
ℵ

dℳ +

∫ θ+
ℵ

dℳ + ∫ η+
ℵ

dℳ.  

2- Since θ, η, θ + η ∈ L1(ℵ, Γ,ℳ), then all six integrals in part (1) of this theorem exist. 

It follows that ∫ (θ + η)+
ℵ

dℳ − ∫ (θ + η)−
ℵ

dℳ = ∫ θ+
ℵ

dℳ − ∫ θ−
ℵ

dℳ + ∫ η+
ℵ

dℳ −

∫ η−
ℵ

dℳ.  We conclude that ∫ (θ + η)
ℵ

dℳ = ∫ θ
ℵ
dℳ + ∫ η

ℵ
dℳ. 

3- Since (−θ)+ = θ− and (−θ)− =
θ+                                                                                                                                                                                                                                                                                                                                                                                                             
∫ (−θ)
ℵ

dℳ = ∫ (−θ)+
ℵ

dℳ − ∫ (−θ)−
ℵ

dℳ = ∫ (θ)−
ℵ

dℳ − ∫ (θ)+
ℵ

dℳ = −∫ θ
ℵ
dℳ.  

4- If λ ≽ 0, then (λθ)+ = λθ+ and (λθ)− = λθ−.  

∫ (λθ)dℳ
ℵ

= ∫ (λθ)+ dℳ
ℵ

− ∫ (λθ)−dℳ
ℵ

= ∫ λ(θ)+ dℳ
ℵ

− ∫ λ(θ)−dℳ
ℵ

= λ(∫ θ+
ℵ

dℳ −

∫ θ−
ℵ

dℳ) = λ∫ θ
ℵ
dℳ. If λ ≼ 0, then −λ ≽ 0, we have ∫ (−λθ)dℳ

ℵ
= −λ∫ θ dℳ

ℵ
 but by 

using (3), we have ∫ (−λθ)dℳ
ℵ

= −∫ (λθ)dℳ
ℵ

  we conclude that ∫ (λθ)dℳ
ℵ

= λ∫ θ dℳ.
ℵ

 

5- Since θ ≼ η, then θ+ ≼ η+ and θ− ≽ η−⟹ θ+ + η− ≼ θ− + η+. By linearity for 

non−negative   function, we obtain ∫ θ+
ℵ

dℳ + ∫ η−
ℵ

dℳ ≼ ∫ θ−
ℵ

dℳ + ∫ η+
ℵ

dℳ ⟹

∫ θ+
ℵ

dℳ − ∫ θ−
ℵ

dℳ ≼ +∫ η+
ℵ

dℳ − ∫ η−
ℵ

dℳ. We conclude that ∫ θ
ℵ
dℳ ≼ ∫ η

ℵ
dℳ.  

Corollary 5.8: 
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      Let (ℵ, Γ,ℳ) be a measure space, θ, η ∈ L1(ℵ, Γ,ℳ) and α, β ∈ ℝ. Then ∫ (αθ +
ℵ

βη) dℳ = α∫ θ
ℵ
dℳ + β∫ η

ℵ
dℳ. 

 

Theorem 5.9: 

      Let (ℵ, Γ,ℳ) be a measure space and θ, η ∈ L1(ℵ, Γ,ℳ). Then ⟦∫ θ
ℵ
dℳ⟧  ≼ ∫ ⟦θ⟧ 

ℵ
dℳ.  

Proof: 

Since −⟦θ⟧ ≼ θ ≼ ⟦θ⟧ so by theorem (5.7), we have −∫ ⟦θ⟧
ℵ

dℳ ≼ ∫ θ
ℵ
dℳ ≼ ∫ ⟦θ⟧

ℵ
dℳ, 

hence ⟦∫ θ
ℵ
dℳ⟧ ≼ ∫ ⟦θ⟧

ℵ
dℳ.  

Theorem 5.10: 

      Let (ℵ, Γ,ℳ) be a measure space and θ be a measurable function. If Λ, B ∈ Γ such that Λ ∩
B = ∅, then ∫ θ

Λ∪B
dℳ = ∫ θ

Λ
dℳ + ∫ θ

B
dℳ. 

Proof: 

Since Λ ∩ B = ∅⟹ IΛ∪B = IΛ + IB, then ∫ θ
Λ∪B

dℳ = ∫ IΛ∪Bℵ
θ dℳ = ∫ (IΛ + IB)ℵ

θ dℳ =

∫ (IΛθ + IBθ)ℵ
dℳ = ∫ IΛℵ

θ dℳ + ∫ IBℵ
θ dℳ = ∫ θ

Λ
dℳ + ∫ θ

B
dℳ. 

  

Corollary 5.11: 

      Let (ℵ, Γ,ℳ) be a measure space and θ be a measurable function. If {Λn} is a sequence of 

disjoints set in Γ, then  ∫ θ
⋃ Λn
∞
n=1

dℳ = ∑ (∫ θ
Λn

dℳ)∞
n=1 . 

 

Theorem 5.12: 

      Let (ℵ, Γ,ℳ) be a measure space and θ, η be measurable functions 

1- If θ = 0 almost everywhere, then ∫ θ
ℵ
dℳ = 0. 

2- If θ ∈ L1(ℵ, Γ,ℳ) and θ = η almost everywhere, then η ∈ L1(ℵ, Γ,ℳ) and ∫ θ
ℵ
dℳ =

∫ η
ℵ
dℳ. 

3- If θ ≽ 0 and ∫ θ
ℵ
dℳ = 0, then θ = 0 almost everywhere. 

Proof: 

1- If θ is a simple function, θ(ℓ) = ∑ αi
n
i=1 IΛi(ℓ) where n ≽ 1, αi ∈ 𝒲, and Λi ∈ Γ for i =

1, 2, … , n. Since θ = θ+ − θ− and if θ = 0 almost everywhere, then θ+ = 0 almost everywhere 

and θ = 0 almost everywhere. Hence ∫ θ+
ℵ

dℳ = 0 and ∫ θ−
ℵ

dℳ = 0, so ∫ θ
ℵ
dℳ =

∫ θ+
ℵ

dℳ − ∫ θ−
ℵ

dℳ = 0. 

2- Let Λ = {ℓ ∈ ℵ: θ(ℓ) = η(ℓ)}, B = Λc, then θ = θIΛ + θIB and η = ηIΛ + ηIB = θIΛ +
θIB. Since θIB = ηIB = 0 almost everywhere (because IB = 0, this ℳ(B) = 0), by part (1), we 

have ∫ θIBℵ
dℳ = ∫ ηIBℵ

dℳ = 0, then ∫ θ
ℵ
dℳ = ∫ θIΛℵ

dℳ + ∫ θIBℵ
dℳ = ∫ θIΛℵ

dℳ and 

∫ η
ℵ
dℳ = ∫ θIΛℵ

dℳ + ∫ ηIBℵ
dℳ = ∫ θIΛℵ

dℳ. Hence, ∫ θ
ℵ
dℳ = ∫ η

ℵ
dℳ. 

3- Let B = {ℓ ∈ ℵ: θ(ℓ) ≻ 0}, Bn = {ℓ ∈ ℵ: θ(ℓ) ≽
1

n
} ⟹⋃ Bn

∞
n=1 = B and Bn ⊆ Bn+1 for all 

n ⟹ Bn ↑ B. ℳ(Bn) = ℳ ({ℓ ∈ ℵ: θ(ℓ) ≽
1

n
}) ≼ n∫ θ

ℵ
dℳ = n × 0 = 0.   Since Bn ↑ B ⟹

ℳ(Bn)
           
→   ℳ(B) ⟹ ℳ(B) = 0.  
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