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Abstract

We presented in this paper a new class W(a,b,c,y, ) containing analytic
univalent functions defined on unit disk. We obtained many geometric properties ,
like , coefficient inequality , distortion and growth theorems, convolution property,
convex set, arithmetic mean and radius of starlikness and convexity by using
Gaussian hypergeometric function for the class W (a, b, ¢, v, B).
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1. Introduction
Let M be the class of all analytic functions of the form:

f@)=z+Y,,a,2", (1.1)
And let W denoted the subclass of hgo of the form
f(z)=z+2anz" ,a, =0 (1.2)
In unit disk {z;|z|<1}. The convoluﬁgﬁ ( Hadamad product) f = g of f and g is defined by
F@ =2+ ) ayby" (1.3)
n=2

Where g(z) = z + Y- by z™.We must recall a Gaussian hypergeometric function ,F; (a, b, c; z) as

" (@)n(D)n "

2F1(a,b,c;z) = G

, lz| <1, (1.4)

n=
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Where

(@), = r(r?)n) , ¢c>b>0,andc >a+b,[1]. Therefore, the convolution z,F;(a, b, c; z) * f(z)
Which is denoted by F(a, b, ¢)f (z) as follows:

(@n-1(b)p-1 a
4 (On-1(n -1

where abceN ={1,2,..},c# z,,z€ U, Where U={z€e¢l|z|=r <1}
Now, we give a new definition which is using in main theorems.
Definition (1.1): A function f(z) in W is inthe class W (a, b, c,y,B) if it is satisfies the condition
z%(F(a,b,c)f(2))" + (F(a,b,c)f(2)) — z
<B, 0<y<1,0<B<1 1.6
- (@b of@D) o=y g (-6

For [2], f be univalent starlike of order §(0< § < 1) if

F(a,b,c)f(z) = z,F{(a,b,c;z) = f(2) = z", (1.5)

Re {ZZS)} > 6, f(z)#0forze U 1.7)
Also, f be univalent convex of order §(0 < 4§ < 1) if
Re {1 + zf”(z)} >d,z€ U. (1.8)
f'(@) '

Many authors were studied another classes defined on Hypergeomtric functions, like, Cho and Kim
[3], Dziok and Raina [4], Dziok and Srivastava [5, 6] , Juma and Zirar [7], Liu and Srivastava [8],
Raina and Srivastava [9] .

We study many geometric properties on our class as follows:

2. Coefficient inequality

Theorem (2.1): Let the function f defined by (1.2) . Then f € W(a, b,c,y,B) ifand only if

(@n-1(b)n-1

Where0<y<1,0<p8<1.
Proof: Assume the condition (2.1) is satisfied, then we want to show that

2%(F(a,b,0)f(2))" + F(a,b,0)f(2) — z| - B|(1 — ¥)(F(a,b,0)f (2))'| < 0.
By definition of F(a,b,c)f(z), we get

(@1 (B)yoq . ' @p1Br
Zz< mn(n—l)anz Z>+Z+;man2 —Z _B
(a)n 1(b)n 1 n—
(1- Y)<1+Z Onam= D" )
_ (a)n—l(b)n—l n (a)n 1(b)n 1
| v ) S 0| -

@a s
Y

(a)n 1(b)n 1 (n 1)an + Z (a)n 1(b)n 1

(C)n 1(1’1 1)! (C)n 1(11 1)! an ﬂ(l Y) - ﬂ(l Y)

(a)n—l(b)n—l na
= (C)n—l(n - 1)! "
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(a)n 1(b)n 1 (a)n l(b)n 1

n(n—1a, + a,— pA-y)+ pA-vy)
, ©ns(n— 1] Z ©nam— Do~ FA=V* FL=y
- (@1 (B)no
n=2mnan. Therefore,
C (@1 (B)no
L3 (O)n-1(n—1)!
Then by Maximum modules theorem, we get the result.
Conversely, if we have

R z?(F(a,b, c)f(z))” + F(a,b,c)f(z) — z
¢ 1 - Y)(F(ab,Of @)

[nMn-1)+1+BA—-y)nla,—pA—-y)<0.

<pB.
Thus

(a)n 1(b)p-1 (@n-1(b)pn-1
L, ©uam—Di " D +z<c)n L — 1)1

Z OISO I
©nam—DI" |

If we choose z on real axis and taking z — 1-, we get

Z"<pA-y)

(@n-1(b)n-1 Da,+ z @na®ht g —y) - paa-p)

2, @prm-Di """ @nam— 1!

o (@1 (B)ns
2, ©nr(m— D0 OO
n=2 (C)n—l(n - 1)!
Corollary (2.1): Let fe W(a,b,c,y,B) . Then

B -v)

a, < ¢

[n(n—1)+1+ (A -y)nla, < B —1y).

a,>00<y<1,0<B<1)

3. Distortion and growth property
Theorem(3.1): Let the function f € W(a, b, c,y, ). Then

If @D <r + A —p)r?

and

If@D)|=r—-pA —p)r?

Proof: Let f(z) be a function in W (a, b, c,y, B) of the form (1.2).Hence

(@)n-1(b)n-1 o (@n1(B)n1 =,
@)= '”Z@n D " |Z|+|Z(c)n_ ey "

, @) zzan.

(©)1 ~

707

(2.2)

(3.1)



Jassim Iraqgi Journal of Science, 2016, Vol. 57, No.1C, pp: 705-712

Since \P1(B)1 Z a, < Z (@n-1(b)n-1 [n(n—1) + 1+ B —y)nla, < B(1 —y),

()1 (©)n-1(n—1)!
Then
(@)1(h)1 N
W; a, <p1-y).
Thus

If@)| <r +pA—p)r?

Similarly, we get

If@)| =r—-p-y)ir?

Corollary (3.1): Let the function f € W(a, b, c,y, ). Then

IF@| <1 +28A-py)r
And

If @|=1-280-y)r (3.2)
4. Convex set
Theorem (4.1): The class W (a, b, c,y, B) is convex set.
Proof. Let functions f and g be in the class W(a, b, c,y, ). Then for every 0< m < 1, we must
show that
(1-m)f(z) + mg(z) e W(a,b,c,y,B). 4.2)
We have

1-m)f(z)+mg(z) =z+ z (1 —m)a,, + mb,] z"

éo, by theorem (2.1) we get

(a)n—l(b)n—l

=Zm [n(n - 1) +1+ B(l - y)n] [(1 - m)an + mbn]

(a)n 1(b)n 1 C (a)n—l(b)n—l
)z@)n T P R

[n(n—1) +1+ B —y)n]b,

<A-mpA-y)+mpA-y)=pA-y).

5. Arithmetic mean
Theorem (5.1): Let f;(2), f1(2), ..., fr(z) defined by

fizm)=z+ Z a,;z" (5.1)

n=2

Where ( ap; >0, i=1,2,...,r) be in the class W(a,b,c,y,B) . Then arithmetic mean of
fi(2) (i = 1,2, ...r) defined by
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h@ =Y fil2) (5.2)
i=1

Is also in the class W (a, b, c,v, B).
Proof. By equations (5.1) and (5. 2) we can wrlte

h(z) = Z(z+ Z a,;z") =z + Z(—Zam)z

Since ﬁeW(abcyﬁ) for every (1 12 ..,r) then by usmg Theorem (2.1), we get

(a)n—l(b)n—l
s - D MM DL EA=pn] (_Z)

(a)n-1(b) 1%
z (Z L2 (0~ 1) + 1+ B0~ Pnlay) < - Y BA-1) = A ).
£y (Op1(n— 1) r L

6. Convolutlon Property

Theorem (6.1):Let f(z) =z+Xp,an,z" and g(z)=z+ Xy, b,z" are in the class
W(a,b,c,y, B), then the hadamard product f * g is in the class W (a, b, ¢, y, @), where

(1 - ) 2tBhet an— 1) + 1)

= > (6.1)
Proof: We must find a smallest @ such that
o —((:)li'i‘ll(glb)_“ﬁ, nn-1)+1+a(l-y)n]
nz:; 21— a,b, <1.
For functions f and g in the class W(a, b, c,y, ) , we get
® —((c‘)l)"‘ll(glb)_"ii, [nn—1)+1+ B —-y)n]
n— ' < 1
; B(1-v) =
and
2, Dt Bt [nn— 1) +1+ B - )]
n- ' b, <1,
nZZ B(1—7) "
by using theorem (2.1) .By Cauchy — Schwartz inequality, we get
@, Bt Bt fun— 1) +1+ g0 - )]
n=2
To prove our theorem, we have to show that
—((c‘;)"‘lcgb)_"ii, [nn—1)+1+a(l-y)n] —((Cc)l)"'l(glb)_"ii, [n(n—-1)+1+pA—-y)n]
n—1 : a,b, < n-1 : a,b,
a(l—y) B -vy)

So, this inequality to have be shown
a (a)n—l(b)n—l

(©Onam— D)
V@nby < 5@y (),
©Onam—1D1

[n(n—1) +1+ (1 —y)n]

[nMn—-1)+1+a(1—y)n] .
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From (6.2) , we get

— p1-vy)
= @By w141+ - p
(©On-1(m—1)! 4
It is sufficient to show

B a St Bt (nn — 1) +1+ B1 - p)nl

Ot =D+ 1+ -l pS e a1+ 1+ al - pnd

(6.3)

Therefore, from (6.3) we get
n-1(D)n_
B*(1-7) —((531_11(511 Dirm -1 +1]
(@1 By \* (@-1(B)y_1
(6,5t =1) =D+ 1+ B —yonl? = 2 G5 (4 -
So, the proof is done.
Theorem (6.2): Let the functions f; (j=1,2) defined by (1.2) be in the class W (a, b, c,y, B).Then the
function h defined by

h(2) =2+ ) ((@nn)? + @2)))2", (6.4)
n=2

Belong to the classW (a, b, c, v, €), where

2B%2(1—y) —((c(;k_ll(z(zbznii! n(n-1)+1]

€ =
D Oy, [ Dot Ot i — 1) 414 (1~ p)n? - 2021 - 1)2)

Proof: We must find a smallest e such that

(@)n-1(b)n_1
o n-1%n-1 p(n—1)+1+e(1—y)n]
z (©On-1(n— 1)! ) ((an1)? + (an2)?) < 1.
2

Since f; € Wn(=a, b,c,y,B) (j = 1,2),we get
® —((c‘)l)"‘l(%bz"ﬁ, [n(n—-1)+1+ A —y)n] 2
z el - (an,l)z

p1-vy)

n=2

® —((C‘;)"‘l(glb)_"ﬁ, nM(n—-1)+1+ 1 —y)n] 2
<| Y e Gy (@) | <1 (6.5)
n=2
And
2
@, (ButBhnet pyn— 1) + 1+ g1 - y)n] 2
nZZ B(l — )/) (an,Z)
(@)1 (b)y_y :
© e mn —1) + 1+ (1 — y)n]
< <Z (C)n—l(n 1)! B(l — y) (an,2)> <1. (6.6)
n=2
Combining the inequalities (6.5) and (6.6), gives
© —((C‘;)n-l(g’)_nﬁ, (= 1)+ 1+ 81—yl
P — a7 ((@n1)* + (an2)*) < 1. (6.7)
n=2
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Buth € W(a,b,c,v,e€) ifand only if

- ((c‘;)n 11(5117)“15. [nn—-1)+1+e(1—y)n]
Z = e(1-7) ((an1)? + (ay2)») < 1. (6.8)

The mequallty (6.8) will be satisfied if

2

—((Si’i‘ll(glb)_"ﬁ, [nn-1D+1+e(1-y)n] 4 —((C(ﬁ':l(glb)_"ﬁ, nMn-1)+1+ (1 —y)n]
e(1—7v) =2 B(1—7)

n=23,..), (6.9)

So that,

2B%2(1—y) —((c‘;zi‘ll(i(lbz"i;! n(n-1)+1]

€=
Dt gy, [ Dot Ot iy — 1) 414 p (1~ p)n? - 2021 - 1)2)

This completes the proof.
7. Radii of starlikeness and convexity

The following results giving the radii of starlikeness and convexity of the functions
f(@) € W(a,b,c,y,p).
Theorem (7.1): If f € W(a, b, c,y,B) , then f is univalent starlike function of order p(0 < p < 1) in
the disk |z|<ry, where
1

r1(4, k,p) = inf (7.1)

B —-y)(n—-p)

Proof: It is sufficient to show that
zf'(2)
-1{<1-p, (0<p<1),
f@ P P
For |z|<r (A, k, p).
Therefore,
2f'(2) 1’ _ @~ f@)| _ [Ewananz" ~ i, anz"| _ | S Da, 2"
f(2) f(2) Z+ Yo, anZ" |z + Xn=z anz™ |

n=2(n — 1)ay|z"|
1- Z;?:z an |Zn| -

The last expression must bounded by 1 — ~p if
ne2(M — p)an IZ"I
1-p

The last inequality will be true if

(=) O — D + 146G - pnl

] 1=p 171= B1-vy)
ence,
1
(@yq (B "
e W[n(n -1 +1+pA-y)n]1-p)

BA—-y)(n—p)

Putting |z|=14, we get the result.
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Theorem (7.2): If f € W(a, b, c,y,B), then f is univalent convex function of order p(0 < p < 1) in
the disk |z|<r,, where

B —y)n(n-p)

1

ro(4, k,p) = inf (7.2)

Proof: It is sufficient to show that

IO, zpen
For |z|<r, (A, k, p).
Therefore,
zf"(2)| _|zf"(@)| |Zmean(n—Da, 2"t Yy ,nn - Da,z"!|
f@| |Ff@| | 1+X%,na,zv1 | |1+ X2 ,na,z" 1|

Yo nn—1a,|z|® !
I Z:Lo=2 nan|z|"—1
The last expression must bounded by 1 — p if
® ,(n(n—1) +n—np)a, |z" !
n=2 (1 ) p)an | | < 1. Therefore,

1-p 1-p
The last inequality will be true if

Sran(n = p)ay |21 _

1.

(@n-1(b)n—1

Oram=nime -1 +1+p1 -yl

p(1—-vy)

n(n—p)
1-p

12"t <

Hence,
1

%[n(n—lﬂlw(l—ﬂ"m‘m "

B —y)n(n-p)

|z| <

Putting |z|=r>, we get the result.
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