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Abstract

In this paper, the Adomian decomposition method (ADM) is successfully applied

to find the approximate solutions for the system of fuzzy Fredholm integral
equations (SFFIEs) and we also study the convergence of the technique. A
consistent way to reduce the size of the computation is given to reach the exact
solution. One of the best methods adopted to determine the behavior of the
approximate solutions. Finally, the problems that have been addressed confirm the
validity of the method applied in this research using a comparison by combining
numerical methods such as the Trapezoidal rule and Simpson rule with ADM.

Keywords: System of fuzzy Fredholm integral equations; Fuzzy Solution; Adomian
decomposition method; Adomian polynomials.
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1. Introduction

Fuzzy integral equations are critical for understanding and solving a major number of
problems in many areas of applied mathematics, particularly in fuzzy control. Many of the
parameters in our problems are usually represented as fuzzy numbers rather than crisp states
in many applications, thus it is critical to design mathematical models and numerical methods
that can handle and solve generic fuzzy integral equations [1,2].
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Most scientific problems and phenomena are in nonlinear forms, such as the flow of
fluids, it is not easy to find a linear formula to solve, so finding the approximate or analytical
solution is very complex, so we resort to developing non-linear formulas and finding the
analytical or approximate solution to this type of problems, among the appropriate and most
effective methods to finding approximate solutions are smooth in dealing with linear and
non-linear problems is the Adomian decomposition method (ADM) [3].

In the literature, solving linear Fredholm fuzzy integral equations of the second kind is
based on two m-sets of triangular functions [1]. Solve the non-linear ordinary differential
equations by variational iteration method (VIM), Homotopy perturbation method (HPM), and
ADM are introduced and applied to solve the steady three-dimensional flow of Walter’s B
fluid in a vertical channel. Authors discussed the convergence of the Adomian method when
applied to a class of non-linear Volterra integral equations [4]. The Homotopy analysis
method (HAM) for solving linear and non-linear integral equations of the second kind is
applied in [5]. The collocation method solved systems of non-linear Fredholm integral
equations in terms of continuous Legendre multi-wavelets on the interval [0, 1) [6].

Two main goals are worked in this research, the first goal is to study the convergence of
the fuzzy ADM and to treat the sufficient condition for convergence. For the second goal, we
use the standard ADM to solve non-linear system of fuzzy Fredholm integral equations
(SFFIEs). Also, we display a comparison of the numerical results applying the ADM with the
numerical solution for the iterations of the given SFFIEs with the Trapezoidal rule (ADM-
TRAP) and the Simpson rule (ADM-SIMP) obtained with the minimum amount of
computation are compared with the exact solutions to show the efficiency of the ADM. The
two goals are successfully achieved.

2. Basic Concepts

Fuzzy numbers are classic generalized real numbers. We can define them as an ambiguous
subset of the real line, in the sense that it refers not to a single value but to a continuous set of
possible values, where each possible value weights 0 and 1. This weight is called the
membership function. Thus, the fuzzy number is a special case of the convex set of the real
line. The concept of the fuzzy number is essential for fuzzy analysis and fuzzy integral
equations, as well as it is a useful tool in a variety of applications of the fuzzy set. The basic
definitions of fuzzy numbers are given as follows:

Definition 1 [7,8]: In a fuzzy set, an element can belong to a certain extent of the fuzzy set
X ={(t, txw) t € A} where py(y is the membership function of fuzzy set X is defined by
Uty A = [0,1], and the value of p, ) is called the membership degree X.
Definition 2 [9,10]: A map @i: R — [a, b] is called a fuzzy number if it satisfies the following
1- i is an upper semi-continuous function.
2- ©(t) = 0 outside some interval [a, d].
3- There are real numbers b,c sucha < b < c < d.
i) #(t) is a function monotonic increasing on [a, b].
i)  @i(t) is a function monotonic decreasing on [c, d].
i) @) =1vtelb,c].

Definition 3 [11-15]: A fuzzy number & = (u, %) is called a parametric form of functions
u(a),u(a),0 < a < 1; if it satisfies the following requirements.
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1) u(a) is bounded and left continuous function monotonic increasing.
2) u(a)is bounded and left continuous function monotonic decreasing.
3 ula) <u(a),0<a<l.
In Banach space, we represent a crisp number x by (g(a),ﬁ(a)) =(x,x),0<a<1. By
appropriate definitions, the fuzzy number space {u(a) < u(a)} becomes convex if it is
isometric and isomorphic.
Let i = (g(a),ﬂ(a)), 7= (g(a),v(a)), 0<a<1,andk € R Then
if f w(@) = v(@), @Wa) = ().
= (g(a) + v(a),u(a) + v(a) )
= (u(a) = v(a),u(a) — v(a) ).
(kw, kw),k =0
4) kit =4
(kw, ku ),k <0
Definition 4 [16,17,18]: Let E be the set of all fuzzy numbers on R, we denote [u]* a —
level set of a fuzzy numberu € E,0 < a < 1, if it is a mapping between close interval [0,1]
to the power set of R, where.

[a(a),b(a)], a €[0,1]
[ul* = {

<

3
+ 1
X! QY

1)
2)
3)

€N

<

cl(supp(u), a=0
[u]® is the closed and bounded interval [u(a),u(a)] where u(r) denotes the left-hand
endpoint of [u]* and u(a) denotes the right-hand endpoint of [u]*since each u € R can be
lift=u
Oift+u’
where cl(supp(u)) = closure of support u and supp(u) = {t: u(t) > 0}.

observed as defined by & = {

Definition 5 [19]: Letu = (g(a),ﬁ(a)),v = (g(a),?(a)),o < a < 1 be two any arbitrary
fuzzy numbers, and k is scalar, we define the operation of a fuzzy number by the following

) @)@ = (w@ +vn)), W)@ = (@) + ().

) (=)@ = (ul@) - 7)), @-v)(@) = (#a) - v(@)).

 ((kut@, ku(@) k2 0

t {(k (@), ku(@)),k <0

P {U_V(a) = max{u(a)v(a), u(@)v(a), u(a) v(a), u(a)v(a)},

ww(a) = min{u(@)v(a), u(a)v(a), i() v(a), W(a)v(v)}.

==

3)

!

4)

Definition 6. Fuzzy Riemann integral [20]:

1- i(t) is a fuzzy valued function if ii: X - F.

2- 1i(t) is a closed fuzzy valued function if @i: X - F;.
3- 7i(t) is a bounded fuzzy valued function if @i: X — F,.

We denote 4, = [ff fik(s)ds, f: ag(s)ds]. If ©i(t) is a fuzzy valued function on [a, b] that
is closed and bounded, then the fuzzy Riemann integral ff fi(s)ds is a closed fuzzy number.
Furthermore, the[u]* set of f; fi(s)ds is

<j bﬁ(s)ds) - U ak(o)as, J "y (S)dsl.
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3. Systems of Fuzzy Fredholm Integral Equations
We consider the following system of fuzzy Fredholm integral equations (SFFIES) of the
second kind and system [12,21 23]

i;(x,a) = fi(x, ) + Z/’luf Ki;(t, $)F; (s, @))ds, (1)

where 4;; # 0,i = 1,2, ...,m are real constants, (s, a) = (&, (s, @), ..., Uy (s, a))T, a<
s<b, a<x<b, i;(x,a) are unknown functions, f;(x,a) and the kernels K;;(t,s) are
analytical functions, Fij (a(s, a)) are linear and non-linear of the unknown functions ; (x, ).
Under the appropriate conditions f;(x,a) and K;j(t,s), the SFFIEs (1) has a unique

continuous solution #; (x, ) on the interval [a, b].
The parametric form of the given SFFIEs (1) can be written as:

|( (x a) +Z/1Uj K;(t, s)F;j (u(s a))
(2)
u;(x,a) = f (x,a) + Eluf K (t, s)F;;(u(s, a))ds.

4. Applied ADM to SFFIEs

The ADM includes decomposing the unknown function ; (x, a)for any equation to the
sum of the infinite numbers of the basic elements known as the series of analysis, it usually
converges to the closed-form solution. The unknown functions @; (x, @) = [Ei (x, a), u; (x, a)]
given by [17,24] as follows:

[0e]

u;(x,a) = Z U (x,a), wlxa)= Z U (x,a), i=12,..,m (3)

n=0 n=0

and decomposing of the non-linear functions F;;(%i(t, @)) = [I_TU (g(t, a)) JFy(uct, a))], as

(o]

(@)= A, Fy@e) =) Ay, @
n=0

n=0

where /L-j,n = [éij,n, Zij_n] [21,22] are polynomials which is called Adomian polynomials
of ;o (¢, a) ﬁll(t @), ..., 1; ,(t, @) and given by

1
Aijjn = —lam o7 <Z Ay (8, a)) )

r A=0 >0 (5)
Zij,n = E aﬂn <Z /Puu k(t, a))

We apply Adomian’s technique in SFFIES (2), substituting Equations (3) and (4) into the
SFFIEs (2) yields

3510



Younis and Al-Hayani Iragi Journal of Science, 2023, Vol. 64, No. 7, pp: 3507- 3530

o)

>

n=0

m b [ee]
Ui, @) = i)+ Y Ay [ Ky(65) ) Ay
j=1 a =0
- o, " (6)
Z Ui n(x, @) = fl.(x, a) + Z Aij f Kii(t,s) ) Ajjnds.
j=1 a n=0

n=0

Using the fuzzy ADM, according to Equation (6), the lower iterations (L) are then
determined in the following recursive way [8]:

(Uio(x, @) = fi(x, @),

(P )
Uins1 (X, ) = Z/lijf K;j(t,s)Aijnds, n =0,
j=t ¢
and the upper iterations (U) are
(ﬁi,O(x' a) = fl(x' a)'
_ N, (° - (8)
ui,nﬂ(x, a) = 2/11]] Kij(tl S)Aij’nds, n=0,
j=1 "¢
Thus, all  components (T, (x, @) = [wn(x @) un(xa)]) of w@xa)=

[w; (x, @), u;(x, @)] can be calculated once the 4;;,, and 4;;, are given. Then, we define the

n-term approximants to the solution ; (x, @) = [w;(x, a), ;(x, a)] by
n-1

Ginfwilx, )] = z u; (x, @), with 7111_{?0 Pinfwix, )] = wi(x, a),
e (9)

n-—1
Ginlui(x, @)] = Z u; i (x, @) , with 111_1)‘{)10 dinlui(x, @)] = u;(x, a).

k=0

5. Convergenc of fuzzy ADM for SFFIEs

Theorem 1. The SFFIEs (1) has continuous fuzzy solution ; (x, @) if |A| <

and 0 < x < 1 that is obtained by the fuzzy ADM , where

A =max{Ay1, 12, 221, 422} and

M = max{D(Ky1,0),D(K12,,0),D(Kz1,,0), D(Ks3,,0)}.

1
2M(b—a)

on [a,b]

Proof. To prove the convergence of the approximate solution for the linear SFFIEs (1), let
ty0(x, ) = f1(x, @) and U, o(x, @) = f>(x, @)

r b b
ﬁ1,n(x; a) = Aqq f K4 (x, t)ﬁl,n—1(t» a)dt + Aq; f Kip(x, 1) ﬁ2,n—1(t' a)dt,
$ ‘4 “ ,n>1

Ty n(x, @) = A4 j Ky 1 (%, )Ty 51 (¢, @)dt + A5, J Koo (x, ) Uy 1 (t, a)dt .
\

a a
The first iteration (n = 1) is
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.

\

a
The second iteration (n = 2) is
b

b b

iy (x,a) = 244 f K1 (x, )il o(t, a)dt+1,, f Kip(x, t) iy 0(t, @)dt,

a a

b b

T, 1(x,a) = Ayq f Ky (x, )14 0(t, @)dt + 25, f Ky (x, t) iy 0(t, @)dt .

a

b

Ty ,(x, ) = A44 f Ky (x, t)1iy 1 (¢, a)dt + Aq; f Kip(x,t) i, 1 (t, @)dt,

a_

b

=M1 f Ki1(x,t)

a
b

+ 412 f Kip(x,t)

a

b ¢ b
11 f Ki1(x, )1y (¢, @)dt +24, f Ki2(x, 1) Uiy (t, a)dt | dt
a a
b b

A1 j K1 (x, £)4 0 (8, @)dt+2,, J K2 (x, 1) 10 (t, a)dt | dt,

a a

b b
=2t [ [ K00 atae
a a

b b

+211212 f f Kll(x, t) K12 (x, t)ﬁzlodtdt
a a

b b

+A12421 f j K17 (x, t) Ky (x, )Ty o (t, a)dtdt

a a
b b

+A1242, j ] K17 (x, t) Ky, (x, )Ty o (t, @) dtdt,

a a
and

b

b

Ty (x, ) = Ay ] Ky (x, )14 1 (¢, a)dt + 2, j Koo (x, t) iy 4 (¢, @)dt,

a -

b

=121JK21(X, t)

a
b

+/122fK22(x, t)

a
b b

a
b b

M ] K1 (x, )Ty (¢, a)dt +44; J K1, (x,t) Tip0(t, a)dt| dt

a a
b b

/121f1(21(x, )ty o(t, a)dt+/122f1(22(x, t) i, o (t, a)dt| dt,

a a

= 111 j j Ky (x, t) K11 (x, )Ty o (t, a)dtdt

+A21112

UQ\‘G‘Q

b

b
f K1 (%, t) K12(x, 1)Uz 0 (¢, a)dtdt
a

+/122/121JJK22(X, t)Kp1 (x, )y o (t, ) dtdt
a a
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Z, f f K%, (t, )iy o (t, @)dtdt,
a a

etc.
LetR, = Sup{ﬁl,o}, R, = Sup{az,o}

Since,
2 b
Z/’lzj f Kij(x, Ol -1 (¢, @)dt,
~ ~ '=1
D (ui,n(x; a)) ui,n—l(x; a)) S D J 2 ab ,

Z’lif f Kij (e, )8 2 (8, @)dt
Jj=1 a

b b b on b b b B
<A"M"D<2f f f o(t, @) dtdt - dt + —f f f ﬁzo(t,a)dtdt---dt,0>,
“b b
< A"M"2""1p (le f fdtdt dt+R2f f fdtdt -dt, 0)

= A"M"2" (R (b —a)™ + R,(b — a)™),
= A"M"2""1(b — a)"(R; + R,).
Therefore,

(2aM(b - a))" < 1,

21AIM(b —a) < 1,

M <77,
2 2M(b — a)

the above inequality is a sufficient condition to get the solution of linear SFFIES (1).
Note: This theorem is true where the unknown functions inside the integral sign Fij(u(t)) is
non-linear functional because we take the condition Ry = sup{fiyo}, R, = sup{ii,o}.
Which completes the proof.

Theorem 2. The speed of the convergence of the solution SFFIEs (1) on [a,b] has the
following cases:

1.IfA- ZM(Z , then the SFFIEs (1) is linear convergence.
2. If 1 - ZM(b and nearst to 0, then the SFFIEs (1) is Q-super linearly convergence.
3. If1> ZM(b then the SFFIEs (1) is divergent.
Proof:

b b

filx,a) + A1 | Ki(x, )i (t, a)dt + A4, f Kip(x,t) Ul;  (t, a)dt,
D (fiar (6, @), Ty, @)) = D “, @
file, @) + Ay | Kig (x, O (¢, @)dt+2,, j Kip (x, ) 1;(t, @)dt,
a a
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b b
mf&mmmmm@m+m Koy (x, ©) iy n (6, a)dt

a a
=D b b ’

\ /1i1fKi1(x; O)U;(t, a)dt + A | Kip(x, t) (¢, a)dt,

a a
b b

2 f Kix (x, )11 (6, @) e+ f Kip(x, ) @ n (6, @)t
a

_ a
=D b Y ,

AfKil(x; )1, (¢, a)dt+/1fKi2(x, t) @; (¢, @)dt,
a

a
b
<2 f D (K“(x' D)t (¢, a)dt + Kip (X, O 5 (8, a)dt.)
- K1 O, )T (8, a)dt + Kip (x, )1, (¢, a)dt
a

b - ~
B f D(Ki1(x, ),0)8; , (¢, @)dt + D(Ki5 (x, ), 0)i; (¢, @) dt,

D(Ki1(x,t),0)i;(¢, @)dt + D(K;5 (x, ), 0); (¢, a)dt,
Where A = maX{/lll,/llz,Az:l,/lzz}.
Since D € R*and M = max{D(K1;,0), D(K12,,0),D(K21,0), D(Kz,,0)}. Therefore,
b

D (s (x, @), W (x, @) ) < AM f D (2 (t, @), 20,(t, @) ) dlt,
a
b
< 2M f D (ai,n(t, ), il (t, a:)) dt,
a

b
< 22M sup D (fin(t, @), (¢, @) J dt,
a

ast<b

< 2AM(b — @) sup D (i (t, @), T(t, @),

ast<b

D (T (@), 8 (x, 0))
lim
n=e p (ﬁiln(x, a), i; (x, a))

< 2AM(b — a).

When 1 — L :
2M(b—-a)

Q-super linearly.
If 1> ZM(Z_a), the SFFIEs (1) have no solution, because the sequence of the solution is

divergent. Which completes the proof.

the sequences are linear convergent, and when A — 0 is convergent to

Corollary: The Adomian solution of the SFFIEs (1) converges to the exact solution under the
condition:

D(A[tl;0, Tip, ) i), 0) < D(A[T0, i 1, ---,aj,n], 0). i
Proof. From Theorem 1, we get D(%;,41(x, @),0) < D(@l;,(x,@),0), ¥ n € N U {0} when
we have solution to the SFFIEs (1). On the other words, if we define for every i € N U {0},
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D (@i n+1(x, @), 0)
Bin = D(ﬁi,n (x, @), 6) ’
0, D(%n(x,@),0) =0
Then the series solution ¢, ,,[#; (x, @)] converges to the exact solution i; (x, @), when
0<Bin<1, VieNuU{0}. Which completes the proof.

D(ii;., (x,a),0) #0
(i (x, @),0) ) n=01.2,.. (10)

6. Applications and Numerical Results

In this section, we apply fuzzy ADM to obtain an approximate solution for linear and non-
linear SFFIEs are displayed in the following two problems. To show the high accuracy of the
solution results compared with the exact solution, the maximum errors are defined as:

Lyla,b] = ”yExact(xi; a) — q)n(xi; @) |l o

LZ ) a, b Z(:VExact (xu CZ) ¢n (xl: CZ))

b
LZ,f [a,b] = \/] (YExact(x; a) — dn(x, a))zdx:

where n = 1,2, ... represents the number of iterations. Moreover, giving the error residual.
The computations associated with the problems were performed using the Maple 18 package
with a precision of 20 digits.

Problem 1. Consider the non-linear SFFIEs of the second kind
1

[ﬁl (x,a) = fi(x, @) +/11J [T, (t, @) + 1, (t, a)]dt

0 (11)

ii, (x, @) = f,(x, @) +/12J [12(t, a) + 1, (t, a)]dt

0

where f; (x, @) = |f,(x, @), F, (. )] and fo(x, @) = [f(x, @), F, (x, @) | are given by
f1(x a) = <—§+2 )Al+2x—ax

72a 1

f (x,a) = (—E—Z>/11+ 2x+2x

3¢ a? 11 a 5
fa(x, @) = <——?—?>/12—Ex +§x )
_ a’? a 1
f,(xa) = <_E_§_ 12)12 + ax?
The fuzzy exact solutions of the SFFIEs (11) are

_ (a+1)

wp(x,a) =2-ax, wp(x,a) = 5 X,
Uyp(x, @) = (6_4—26Z)x2, Uy (x, a) = ax?.

The parametric form of the given SFFIEs (10) can be written as
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1

(@) = filr, @) + 4 [ o +w o),
- 0
1

() = F, (o @) + 4 f [@ (6, @) + Ty(6, )]dt,
{ o (12)
w(x,a) = f(x,a) + 1, f [uf (t, @) + u,(t, @)]dt,

0
1

W (x,0) = f,(x, Q) + 1 f [4; (t, @) + W, (t, @)]dt .
0

\

Operating by the same way proceeding Equations (2)—(6) as above on the SFFIEs (12), and
applying the fuzzy ADM, the lower iterations (L) are then determined in the following
recursive way:

{El,O(xl a) = fl(x' a);

EZ,O(x' (l) = E(x’ (l),
1

(El,n+1(xr CZ) = Al f [El,n (t’ a) + Uon (t: d)]dt )

ot

1
Up i1 (X, @) = 2, f [éLn + Uz (2, a)]dt,
0+

>0 (13)
and the upper iterations (U) are

{ﬂl,O(x! (X) = 71 (t! a),

EZ,O(x! (X) = 72 (t! a),

1
T (x,@) = Ay f [Gon(t, @) + Ton(t, @)]dt,
0
n

1
Uy i1 (X, @) = 2, f [Al,n + Uy, (2, “)]dt-
0

>0 (14)
For the non-linear terms defined by

-2 —
Ein(tf a) = Z él,n ) ul,n (t, a) = Z Al,n
n=0 n=0

the corresponding Adomian polynomials [4, ,, A; | are as follows:

n n
él,n = Z Uiy n—i Al,n = Zal,ial,n—i , nzi, n=0
i=0 . ] i?O ]
Thus, the approximate solutions in a series form are
n—1 n—-1
$in(x,a) = Z wr(x,a), ¢,,(xa)= Z u(x,a), i=12
k=0 k=0

In Tables 1-4, 10-13 display a comparison with the fuzzy exact solutions (ﬁiE (x, a)), the

numerical results applying the fuzzy ADM (gl?l-,n(x, a)) and the numerical solution of Eqgs.

(13), (14) with the Simpson rule (ADM-SIMP) and the Trapezoidal rule (ADM-TRAP) on the
interval [0,1]. Twenty points have been used in the Simpson and trapezoidal methods. In
Tables 5-8, 14-17, 19-22, we present the maximum errors on the interval [0,1], where n
represents the number of iterations.
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Case 1. In this case, if we take 4, = 4, = é by Theorem (2) the approximate solution fuzzy

ADM (<.5i,5(x, a)) of the SFFIEs (11) is Q-super linearly convergence with the fuzzy exact

solutions (fiz (x, @)) forall 0 < a < 1 as in Tables 1-9.

Table 1: Numerical results for @i, (x, «) Problem 1 when a = 0.3

0.2

0.4

0.6

0.8

1.0

[en B oo B o B oI o B o BN e B o i e B o

Exact @, (x, @)

0.34
0.13
0.68
0.26
1.02
0.39
1.36
0.52
1.70
0.65

ADM ¢,5(x, )

0.334270404
0.129982841
0.674270404
0.259982841
1.014270404
0.389982841
1.354270404
0.519982841
1.694270404
0.649982841

ADM-TRAP

0.334457904
0.129996730
0.674457904
0.259996730
1.014457904
0.389996730
1.354457904
0.519996730
1.694457904
0.649996730

ADM-SIMP

0.334270404
0.129982841
0.674270404
0.259982841
1.014270404
0.389982841
1.354270404
0.519982841
1.694270404
0.649982841

Table 2: Numerical results for i, (x, @) Problem 1 when a = 0.3

ADM-TRAP

[en BN o e B o e B o B e B o e B o

Exact t,z(x, @)

0.054
0.012
0.216
0.048
0.486
0.108
0.864
0.192
1.350
0.300

ADM a’z,s (x, a)

0.053753412
0.011985753
0.215753412
0.047985753
0.485753412
0.107985753
0.863753412
0.191985753
1.349753412
0.299985753

0.053949708
0.012019202
0.215949708
0.048019202
0.485949708
0.108019202
0.863949708
0.192019202
1.349949708
0.300019202

ADM-SIMP

0.053753412
0.011985753
0.215753412
0.047985753
0.485753412
0.107985753
0.863753412
0.191985753
1.349753412
0.299985753
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Table 3: Numerical results for @, (x, @) Problem 1 when a = 0.9
Exact t;;(x, @)

ADM (7’1,5 (x, )

ADM-TRAP

ADM-SIMP

0.2

0.4

0.6

0.8

1.0

[en B o RN o B o = oo R e B o R e B o

0.22
0.19
0.44
0.38
0.66
0.57
0.88
0.76
1.10
0.95

0.219923867
0.189945504
0.439923867
0.379945504
0.659923867
0.569945504
0.879923867
0.759945504
1.099923867
0.949945504

0.219972478
0.189987171
0.439972478
0.379987171
0.659972478
0.569987171
0.879972478
0.759987171
1.099972478
0.949987171

0.219923867
0.189945504
0.439923867
0.379945504
0.659923867
0.569945504
0.879923867
0.759945504
1.099923867
0.949945504

Table 4: Numerical results for i, (x, «) Problem 1 when @ = 0.9

Exact i,z (x, @) ADM ¢, 5(x, @) ADM-TRAP ADM-SIMP
0.2 M# 0.420 0.041920704 0.042025333 0.041920704
U 0.036 0.035946686 0.036030135 0.035946686
0.4 [B" 0.168 0.167920704 0.168025333 0.167920704
U 0.144 0.143946686 0.144030135 0.143946686
0.6 WP 0.378 0.377920704 0.378025333 0.377920704
U 0.324 0.323946686 0.324030135 0.323946686
0.8 MF 0.672 0.671920704 0.672025333 0.671920704
U 0.576 0.575946686 0.576030135 0.575946686
1.0 " 1.00 1.049920704 1.050025333 1.049920704
U 0.900 0.899946686 0.900030135 0.899946686
Table 5: Norm Error for i, (x, «) Problem 1 when a = 0.3
n i L.[0,1] L,5[0,1] Ly [0,1]
3 L 8.434E-03 2.797E-02 8.434E-03
U 1.595E-03 5.290E-03 1.595E-03
4 L 2.301E-03 7.634E-03 2.301E-03
U 3.368E-04 1.117E-03 3.368E-04
5 L 6.599E-04 2.188E-03 6.599E-04
U 7.486E-05 2.482E-04 7.486E-05
6 L 1.953E-04 6.477E-04 1.953E-04
U 1.715E-05 5.690E-05 1.715E-05
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Table 6. Norm Error for 1,(x, @) Problem 1 when a = 0.3
n i L.[0,1] L,5[0,1] Ly [0,1]

3 L 1.228E-02 4.073E-02 1.228E-02
0) 1.436E-03 4.765E-03 1.436E-03
L 3.637E-03 1.206E-02 3.637E-03
0) 3.368E-04 1.117E-03 3.368E-04
L 1.097E-03 3.640E-03 1.097E-03
0) 7.956E-05 2.638E-04 7.956E-05
(& L 3.370E-04 1.117E-03 3.370E-04
0) 1.901E-05 6.305E-05 1.901E-05

Table 7:Norm Error for i, (x, @) Problem 1 when a = 0.9

n i L,,[0,1] Ly5[0,1] L,([0,1]
3 L 4.535E-03 1.504E-02 4.535E-03
U 3.629E-03 1.203E-02 3.629E-03
4 L 1.106E-03 3.668E-03 1.106E-03
U 8.515E-04 2.824E-03 8.515E-04
5 L 2.854E-04 9.468E-04 2.854E-04
U 2.118E-04 7.025E-04 2.118E-04
6 L 7.613E-05 2.525E-04 7.613E-05
U 5.449E-05 1.807E-04 5.449E-05

Table 8: Norm Error for ii,(x, @) Problem 1 when a = 0.9

n i L,,[0,1] Ly5[0,1] L,([0,1]
3 L 5.420E-03 1.797E-02 5.420E-03
U 4.034E-03 1.338E-02 4.034E-03
4 L 1.463E-03 4.852E-03 1.463E-03
U 1.054E-03 3.498E-03 1.054E-03
5 L 3.997E-04 1.325E-03 3.997E-04
U 2.786E-04 9.240E-04 2.786E-04
L 1.108E-04 3.675E-04 1.108E-04
U 7.458E-05 2.473E-04 7.458E-05

Table 9: Computing g; , for Problem 1

Uy (x, a) U, (x, o)
a a
0.6 0.9 1.0 0.3 0.6 0.9 1.0
0.204 0.2432 0.2877 0.3049 0.3253 0.2984 0.2662 0.2554
0.2580 0.2861 0.3017 0.3049 0.3222 0.2737 0.2583 0.2554
0.6647 0.6153 0.5838 0.5771 0.6126 0.5960 0.5550 0.5358
0.4786 0.5310 0.5670 0.5771 0.6136 0.5580 0.5393 0.5358
0.7536 0.7289 0.6996 0.6885 0.7802 0.7553 0.7258 0.7148
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. U 06285 06574 0.6814  0.6885 0.6522  0.6832 0.7076  0.7148

In the following Figures 1-4, we present the contour plot in 2D on the (x, @) — plane for
the exact solutions (i (x, @)) and the ADM (cﬁi,s(x, a)). We represent the exact solutions

with a continuous line and the ADM with the symbol o.
3 o 2 1 o

02 04 08 08 0.2 04 06 08 1
X X
Figure 1: The contour plot in (x,a)— Figure 2: The contour plot in (x,a)—
plane for the exact solution u,z(x,a) and plane for the exact solution u,z(x, a), and
the ADM ¢, 5(x, @) the ADM ¢, . (x, @)

04

0.2

08 T 1 02 04 06 08 1

02 04 06
X X
Figure 3: The contour plot in (x,a)— Figure 4: The contour plot in (x,a)—
plane for the exact solution u,z(x, ) and plane for the exact solution u,g(x, a), and
the ADM ¢, 5(x, @) the ADM ¢, . (x, a)

Case 2. In this case, if we take 1, = 1, = % by Theorem 2, the approximate solution fuzzy
ADM (¢, 15(x, @) = Xito @, (x,a)) of the SFFIEs (11) is linearly convergent with the
fuzzy exact solutions (f;z(x, @)) for all 0 < a < 1 as in Tables 10-18.
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Table 10. Numerical results for 1, (x, a) Problem 1 when a = 0.3

X

[l N el o el o e o e B o

Exact i,5(x, @)

0.34
0.13
0.68
0.26
1.02
0.39
1.36
0.52
1.70
0.65

ADM ‘7’1,15(% a)

0.326991077
0.129817710
0.666991077
0.259817710
1.006991077
0.389817710
1.346991077
0.519817710
1.686991077
0.649817710

ADM-TRAP

0.327178577
0.129859377
0.667178577
0.259859377
1.007178577
0.389859377
1.347178577
0.519859377
1.687178577
0.649859377

ADM-SIMP

0.326991077
0.129817710
0.666991077
0.259817710
1.006991077
0.389817710
1.346991077
0.519817710
1.686991077
0.649817710

Table 11: Numerical results for i, (x, «) Problem 1 when o = 0.3

[l N el R e N el = o

Exact i,z (x, )

0.540
0.012
0.216
0.048
0.486
0.108
0.864
0.192
1.350
0.300

ADM &2,15(3\% a)

0.037463092
0.011848498
0.199463092
0.047848498
0.469463092
0.107848498
0.847463092
0.191848498
1.333463092
0.299848498

ADM-TRAP

0.038051980
0.011948845
0.200051980
0.047948845
0.470051980
0.107948845
0.848051980
0.191948845
1.334051980
0.299948845

ADM-SIMP

0.037463092
0.011848498
0.199463092
0.047848498
0.469463092
0.107848498
0.847463092
0.191848498
1.333463092
0.299848498

Table

12: Numerical results for i, (x, a) Problem 1 when a = 0.9

Exact i1z (x, @)

ADM 651,15(75, a)

ADM-TRAP

ADM-SIMP

L
§)
L
§)
L
§)
L
§)
L
§)

0.22
0.19
0.44
0.38
0.66
0.57
0.88
0.76
1.10
0.95

0.217670179
0.188718915
0.437670179
0.378718915
0.657670179
0.568718915
0.877670179
0.758718915
1.097670179
0.948718915

0.217816012
0.188843915
0.437816012
0.378843915
0.657816012
0.568843915
0.877816012
0.758843915
1.097816012
0.948843915

0.217670179
0.188718915
0.437670179
0.378718915
0.657670179
0.568718915
0.877670179
0.758718915
1.097670179
0.948718915

Table 13: Numerical results for i, (x, «) Problem 1 when o = 0.9
Exact U,z (x, )

ADM $2,15(X, a)

ADM-TRAP

ADM-SIMP

IL

0.420
0.036

0.039573239
0.034748126

0.039887127
0.034998473

0.039573239
0.034748126
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n

L 0.168 0.165573239 0.165887127 0.165573239
U 0.144 0.142748126 0.142998473 0.142748126
L 0.378 0.375573239 0.375887127 0.375573239
U 0.324 0.322748126 0.322998473 0.322748126
L 0.672 0.669573239 0.669887127 0.669573239
U 0.576 0.574748126 0.574998473 0.574748126
L 1.050 1.047573239 1.047887127 1.047573239
U 0.900 0.898748126 0.898998473 0.898748126
Table 14:Norm Error for i, (x, «) Problem 1 when a = 0.3

i L., [0,1] L,5[0,1] Ly([0,1]

L 2.209E-02 7.326E-02 2.209E-02

U 5.591E-04 1.854E-03 5.591E-04

L 1.546E-02 5.127E-02 1.546E-02

U 2.636E-04 8.745E-04 2.636E-02

L 1.098E-02 3.642E-02 1.098E-02

U 1.264E-04 4.195E-04 1.264E-04

L 6.717E-03 2.227E-02 6.717E-03

U 4.308E-05 1.429E-04 4.308E-05

L 3.091E-03 1.025E-02 3.091E-03

U 7.524E-06 2.495E-05 7.524E-06

Table 15: Norm Error for i, (x, @) Problem 1 when a = 0.3

13

15

17

20

25

13

15

17

[en B o NN o E N ot B =1 oo R e B o R e B o

3.323E-02
5.900E-04
2.356E-02
2.831E-04
1.691E-02
1.377E-04
1.047E-02
4.768E-05
4.890E-03
8.491E-06

1.102E-01
1.957E-03
7.815E-02
9.391E-04
5.608E-02
4.568E-04
3.472E-02
1.581E-04
1.622E-02
2.816E-05

3.323E-02
5.900E-04
2.356E-02
2.831E-04
1.691E-02
1.377E-04
1.047E-02
4.768E-05
4.890E-03
8.491E-06

il el N el

5.027E-03
3.006E-03
2.998E-03
1.695E-03
1.817E-03

Table 16: Norm Error for i, (x, @) Problem 1 when a« = 0.9

1.667E-02
9.971E-03
9.943E-03
5.622E-03
6.026E-03

5.027E-03
3.006E-03
2.998E-03
1.695E-03
1.817E-03
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§) 9.717E-04 3.222E-03 9.717E-04
L 8.780E-04 2.912E-03 8.780E-04
§) 4.321E-04 1.433E-03 4.321E-04
L 2.739E-04 9.086E-04 2.739E-04
§) 1.175E-04 3.897E-04 1.175E-04

Table 17: Norm Error for i, (x, «) Problem 1 when @ = 0.9

n i Lo,[0,1] L,5[0,1] L,([0,1]
L 6.593E-03 2.186E-02 6.593E-02
U 3.750E-03 1.243E-02 3.750E-03
L 3.991E-03 1.323E-02 3.991E-03
U 2.148E-03 7.124E-03 2.148E-03
L 2.448E-03 8.120E-03 2.448E-03
U 1.246E-03 4.135E-03 1.246E-03
L 1.199E-03 3.979E-03 1.199E-03
U 5.627E-04 1.866E-03 5.627E-04
L 3.808E-04 1.262E-03 3.808E-04
U 1.557E-04 5.166E-04 1.557E-04

Table 18:Computing g; ,, for Problem 1

e i 0.3 0.6 0.9 1.0 0.3 0.6 0.9 1.0
Ty L 01290 024320 02877  0.3049 02302 02984  0.2662  0.2554
U 01163 02861 03017  0.3049 0.1783 02737  0.2583  0.2554
70| L 02259 06153 05838  0.5771 0.2628 05960  0.5550  0.5358
U 01698 05310 05670 0.5771 0.2278 05580  0.5393  0.5358
T L 03345 08098 07770  0.7646 03363 0.8145 07817  0.7693

0.2579 0.7288 0.7565 0.7646 0.2594 0.7334 0.7612 0.7693

Case 3. In this case, if we take A, = 4, = 1, by Theorem (2), the approximate solution fuzzy
ADM (ql?i,n(x, a)) of the SFFIEs (11) is divergent with the exact solutions (% (x, a)) for all
0 < a <1, whereas the maximum errors greater than 1, that is L,,[0,1] > 1, L,»[0,1] > 1,
and L, ; [0,1] > 1. Moreover, by corollary §;, > 1.

Problem 2. Consider the non-linear SFFIEs of the second kind:

1

i, (x, ) = f1(x, @) +Alf In(xt)[@?(t, a) + 15 (¢, @)]dt,
° (15)

1

i, (x, @) = f,(x, @) +Azf In(xt)[#2(t, @) — 5(t, @)]dt,
0

where f, (x, @) = [il(x, a), f,(x, a)] and f,(x, a) = [;_fz(x, a), f,(x, a)] are given by
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6a? 31a+ 22a® 1la
19 16 45 6

27
ﬁ(x,a) =a+l + — —9) ln(x)+7l/11

+(“+1)z () +1
) ) nx ,

— a [11la? 19a? 29a 47
fl(x,a)=—§+[ 3~ a+<— 3 +T—7>ln(x)+34lll+
a 11 11
(~15+ 30) 0 + 5
a 12a? 9« 4a’> « 64
]_‘é(X,(X) :E-I_[ 49 —H+<—T—%+8>IH(X)—?1/12
a 19 19
(=35~ 20) 0 + 15
— 18a? 43a (7a? 4la
f,(a)=—a+|- z + > ( 3 "3 +19>ln(x)—31]12

(% — %) In(x) + 3,

The fuzzy exact solutions of the SFFIEs (14) are
(w(x @), % (x,@)) = [(05a + 0.5)(2 + Inx), (1.1 — 0.1a)(2 + Inx)],

(220 @), (x, @) = [(0.05 + 0.95)(2 — Inx), (1.5 — 0.50) (2 — Inx)].

In the same way, we proceed equations (2)-(6) as above, and applying the fuzzy ADM, the

lower iterations (L) are then determined in the following recursive way:
{21,0(95' (l) = il(x' a)'

EZ,O(x; (l) = ]_Cz(x, (l),

1
e (6 @) = Ay j In(xt) (Arn + Az n)dt,
0

1 n=0
s (6.0 = 25 [ InG0) (A = An)
and the upper iteratio(r)ms (V) are
{31,0(95; a) = ]_Cl (x, ),
Uz o(x, @) = ]_cz (x, “);1
Up (%, @) =44 ] In(xt) (Ayn + Azp)dt,
0 n=0

1
a2,n+1(x: a) =1, j In(xt) (Al,n - Az,n)dt-
0

For the non-linear terms are defined by

(e} (o]
2 —
Ein(tr a) = Z él,n y Uin (t,a) = Z Al,n ’
n=0 n=0

[ee] [ee]
-2 —
E%,n(tJ a) = Z AZ,n ) u2,n(t' (I) = Z AZ,n )
n=0 n=0

the corresponding Adomian polynomials [A; ,, A; | and [A5 ,,, A5, ] are given by
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n n

A = 221,&1,11—1' , Aip = Eﬂl,iﬂl,n—i , n=i, n=0
i=0 i=0
n n

Az,n = zﬂz,iﬂz,n—i , AZ,n = Z ﬁ2,iﬁ2,n—i , n=2i, n=0
i=0 i=0

Thus, the approximate solutions in a series form are
4 4

P50 @) = Y wp(t®), Bgl@ = Y Tp(n@), i=12

In this problem, if we take 1, = 4, = Hlo then by Theorem (2), the approximate solution

fuzzy ADM (431-,5(96, a)) of the system (14) is Q-superlinear convergence with the exact

solutions (@ (x,a)) for all 0 <a <1 as in Tables 19-26. Tables 19-22 display a
comparison with the fuzzy exact solutions (f;z(x,)) the numerical results applying the
fuzzy ADM and the numerical solution of Egs. (16), (17) with the Simpson rule (ADM-
SIMP) and the Trapezoidal rule (ADM-TRAP) on the interval [0,1]. Twenty points have been
used in the Simpson and trapezoidal methods. In Tables 23-26 we present the maximum
errors on the interval [0,1], where n represents the number of iterations.

Table 19: Numerical results for i, (x, @) Problem 2 when a = 0.3

Exact (15(x, @)) ADM ¢, 5(x, @) ADM-TRAP ADM-SIMP

L 0.253865356 0.254260619 0.234901094 0.253162174

U 0.417901433 0.420624590 0.379433162 0.416695596

L 0.704411024 0.704727092 0.686941562 0.703752279

U 1.159568916 1.161752542 1.124144328 1.158414796

L 0.967963344 0.968233087 0.951368285 0.967330593

U 1.593416582 1.595284602 1.559772434 1.592292713

L 1.154956691 1.155193565 1.138982031 1.154342384

U 1.901236400 1.902880494 1.868855494 1.900133995

L 1.300000000 1.300211379 1.284506558 1.299399998

U 2.140000000 2.141470404 2.108598941 2.138914244

Table 20: Numerical results for i, (x, a) Problem 2 when a = 0.3

Exact (T,z(x, @)) ADM ¢, 5(x, @) ADM-TRAP ADM-SIMP

0.2 P 3.483107585 3.482896193 3.497719035 3.483591564
U 4.872741181 4.871126502 4.899358348 4.873272514

0.4 9 2.814220556 2.814059248 2.827773806 2.814681826
U 3.936992488 3.935761849 3.961785008 3.937569187

0.6 WP 2422946726 2422814716 2.435880970 2.423394713
U 3.389614592 3.388608602 3.413339763 3.390217830

0.8 W 2.145333527 2.145222304 2.157828578 2.145772088
U 3.001243794 3.000397195 3.024211668 3.001865861

1.0 W% 1.930000000 1.929904900 1.942154387 1.930431251
U 2.700000000 2.699277034 2.722380469 2.700636672
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Table 21: Numerical results for @i, (x, @) Problem 2 when a = 0.9
i Exact (i15(x, @))

0.371033983
0.394467708
1.029523804
1.094546360
1.414715657
1.504066119
1.688013626
1.794625013
1.900000000
2.020000000

ADM ¢,5(x, @)

0.371483696
0.395082806
1.029885823
1.095041565
1.415026378
1.504491191
1.688287951
1.795000324
1.900246093
2.020336714

ADM-TRAP

0.348542832
0.369356853
1.008854280
1.071469953
1.395111716
1.482179788
1.669165728
1.773583053
1.881738534
1.999612985
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ADM-SIMP

0.370174935
0.393518554
1.028721830
1.093659378
1.413947068
1.503215506
1.687268725
1.793800203
1.899273472
2.019195204

02 ¥
U
04 P
U
0.6 WP
U
0.8 P
U
1.0 ¥
U
Table 22

0.2

0.4

0.6

0.8

1.0

[l i el o e e = o e o

3.591390722
3.789909808
2.901709278
3.062105268
2.498271495
2.636366904
2.212027833
2.334300728
1.990000000
2.100000000

ADM ¢25(x, @)

3.591147133
3.789572290
2.901525082
3.061849967
2.498122042
2.636159697
2.211903030
2.334127643
1.989894317
2.099853382

: Numerical results for i, (x, «) Problem 2 when a« = 0.9
Exact (T,z(x, @))

ADM-TRAP

3.604586295
3.804510274
2.914014043
3.075725657
2.510055171
2.649413986
2.223441790
2.346941041
2.001127180
2.112324798

ADM-SIMP

3.591785413
3.790329011
2.902091372
3.062514975
2.498646221
2.636771057
2.212397331
2.334700939
1.990365443
2.100397153

Table 23: Norm Error for i, (x, @) Problem 2 when « = 0.3

[eol i el o N el o N e i o

1.098E-02
4.024E-02
2.047E-03
9.751E-03
4.744E-04
3.262E-03
9.522E-05
8.791E-04

2.277E-02
8.382E-02
4.280E-03
2.055E-02
9.871E-04
6.818E-03
1.988E-04
1.848E-03

7.971E-03
2.929E-02
1.493E-03
7.152E-03
3.450E-04
2.379E-03
6.942E-05
6.436E-04
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Table 24: Norm Error for i, (x, ) Problem 2 when a = 0.3
n i L,[0,1] L,5[0,1] L, [0,1]

3 L 2.929E-02 1.683E-02 6.020E-03
0) 3.202E-02 6.267E-02 2.243E-02
L 1.599E-03 3.115E-03 1.117E-03
0) 8.638E-03 1.674E-02 6.019E-03
L 2.614E-04 5.072E-04 1.822E-04
0) 1.998E-03 3.870E-03 1.392E-03
6 L 4.229E-05 8.081E-05 2.923E-05
0) 5.002E-04 9.572E-04 3.460E-04

Table 25: Norm Error for @i, (x, «) Problem 2 when a = 0.9

n i L,,[0,1] Ly5[0,1] L,([0,1]
3 L 1.208E-02 2.531E-02 8.828E-03
U 1.491E-02 3.124E-02 1.089E-02
4 L 2.105E-03 4.484E-03 1.554E-03
U 2.715E-03 5.788E-03 2.006E-03
5 L 5.374E-04 1.129E-03 3.935E-04
U 7.349E-04 1.545E-03 5.382E-04
6 L 1.049E-04 2.225E-04 7.725E-05
U 1.504E-04 3.193E-04 1.108E-04

Table 26: Norm Error for i, (x, @) Problem 2 when a = 0.9
n i L.[0,1] L,5[0,1]

3 L 9.116E-03 1.773E-02 6.365E-03
) 1.127E-02 2.193E-02 7.873E-03
4 L 1.838E-03 3.526E-03 1.273E-03
) 2.410E-03 4.622E-03 1.669E-03
5 L 3.029E-04 5.802E-04 2.096E-04
) 4.197E-04 8.042E-04 2.905E-04
6 L 5.469E-05 1.027E-04 3.745E-05
) 8.101E-05 1.524E-04 5.551E-05

In the following Figures 5-8, we present plot of the exact solutions (ﬁiE(x, a)) and the
ADM ((/51-,5(x, a)) when a = 0.3. We represent the exact solutions with a continuous lines
and the ADM with the symbol o.
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0.5 o .

0.5

-1.57

Figure 5: Plot the exact solution u,z(x, @) Figure 6: Plot the exact solution u,z(x, a),

and the ADM ¢, 5 (x, @) when a = 0.3 and the ADM ¢, (x, @) when a = 0.3
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Figure 7: Plot the exact solution u,z(x, a) Figure 8: Plot the exact solution u,z (x, @),
and the ADM ¢, 5(x, @) when a = 0.3 and the ADM ¢, . (x, @) when a = 0.3

7. Conclusion and discussion

Two main goals were worked in this research, firstly, the convergence of the fuzzy ADM
and to treat the sufficient condition for convergence are studied. Second, we use the fuzzy
ADM to obtain the approximate solutions for the non-linear SFFIEs. Also, a comparison of
the numerical results applies the ADM with the numerical solution for the iterations of the
given SFFIEs with the Trapezoidal rule (ADM-TRAP) and the Simpson rule (ADM-SIMP)
obtained with the minimum amount of computation are compared with the exact solutions to
show the efficiency of the ADM. From the tables of the numerical results, the ADM-SIMP is
converge to the exact solutions and the ADM is better than the ADM-TRAP.

In Figures 1-4, has been presented the contour plot in 2D on the (x, a) — plane for the
exact solutions (aiE(x, a)) and the ADM (qSl-,S(x, a)), and in the figures 5-8, has been

presented plot of the exact solutions (#i;z (x, ) ) and the ADM ((ﬁi_s(x, a)) when a = 0.3.
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