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Abstract
We introduce the class of analytic and univalent functions of the form
f@)=z+X7,a07 for zeA:={z:|z| <1} that satisfies
1 T r (14Lz)
1+ u{(s}‘f(z)) 1} < RESYEL ZEA,

such that L and M are fixed numbers where satisfy -1 <M < L < 1,
T=0,A>—1and p is arbitrary complex number. We denote this subclass by
Q" (t, A, L, M). In this paper, we determine coefficients estimates, distortion theorem
and maximization theorem for the new subclass Q" (t, A, L, M).

Keywords: Analytic function, Univalent, Sharp coefficient estimates, Distortion
theorem, Maximization theorem.

1. Introduction
Suppose p be the class of functions of the form

oo

p(z) = z ¢z, (1.1)
j=1
which are analytic in the unit disk A= {z: |z| < 1} and satisfying the conditions p(0) = 0 and
p(2)] < 1.

Our aim is to introduce new subclasses of univalent and analytic functions and study their
coefficients estimates and other geometric properties such as, distortion theorems and
maximization theorem.

Now, let the new subclass Q" (t, A, L, M) of functions of the form
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fz)=z+ z a; 77, (1.2)

which is analytic and univalent in A and satisfying the condition

1 , (1+Lz)
1+-{(S3 f(2) -1} < o LEA (1.3)

where L and M are fixed numbers such that, =1 <M <L <1 and p# 0 is arbitrary
complex number or, equivalently (1.3) can be rewritten as

S5/ @) ~ 1
u(L = M) ~M{(5F (@) -1}

<1, Z EA, (1.4)

where Sy is the generalized Jung-Kim-Srivastava integral operator [6] defined by
FrA+t+1) (?

T _ 1 _E 1
@ = Fr@rar 0, & (1 Z) f©®at,
_, 0Tt 1) F(A+j)
- A+ 1) Zr(x+r+,) (1.5)

for t > 0,A > —1, we observe that fort = 0, we have Syf(2) = f(2).
By giving specific values to p, t, L and M in (1.4), we obtain some subclasses that are previously
studied by several authors as follows;
(i) for T = 0, we obtain the subclass of functions f(z) satisfying the condition
’ f'(z) -1
w(L—M) - M{f"(z) — 1}

<1l zZ€eA

studied by Dixit and Pal in [3].

(ii) for u = e Mcosn and T = 0, we obtain the subclass of functions f(z) satisfying the
condition

e"{f'(2) - 1}
Meinf’(z) — (L cosn + iM sinn)

Z EA

studied by Dashrath in [2].

(iii) forpy=1,L = p,M = —p and T = 0, we obtain the subclass of functions f(z) satisfying
the condition

f(Z)—l‘ 2 €A

fl@)+1
where 0 < p < 1, studied by Caplinger and Causey in [1] and Padmanabban in [8].

(iv) forp=1,L=(1—-2p)6,M = —6 and t = 0, we obtain the subclass of functions f(z)
satisfying the condition
f(z) -1
frf@+1-2p

<0, zE€EA,

where 0 < p < 1,0 < 0 < 1, studied by Juneja and Mogra in [5].

(v) For p =1 and t = 0, we obtain the subclass of functions f(z) satisfying the condition
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fl(z) -1

L2 <1, zea
Mf'(z) — L z

studied by Goel and Mehrok in [4].

We refer the interested readers to [5,9,11] concerning study of certain subclasses of analytic
functions.

We state the following lemma that needed in our results.

Lemma 1.1 Keogh and Merkes [7]
Letp(z) = X554 cjzf be analytic with |p(z)| < 1 in A. Then for any complex number t
lc, — tcf| < max(1, |¢]).

The equality is obtained with the functions p(z) = z% and p(z) = z.

2. Coefficient Estimates
Theorem 2.1 Let the function f(z) given with (1.2) be in the class Q#(t, A, L, M), then
(TA+D)T(x+1+))) _
o] < j(F(T+A+1)F(A+j))( M)lul,

the estimates are sharp.
Proof. Let f € Q(t, A, L, M), then for an analytic function p(z) with p(0) = 0 and
|lp(2)| < 1 forall z €A, we have

1 ’ 1+Lp(2)
L+ @) — B =00 2 €4, (2.1)
from (2.1) we obtain
_ M\ g0 JTEHAHDIAH)) g _lgoe JT@+A+DI@A+) g
[(M L+ (u) J=2 T(A+DT(t+A+)) 42 ]p(z) - J=2 TA+1)I(T+A+])) Gz

which can be written as
My~ jTA+ 7+ DT(A 0,

(L_M)_<E>Z TA+ DI+ +)) [Z CJZ]]

]F(A +74+ DA +j)

ﬁ S T+ DI +17+))

ajz’ 7t (2.2)

By equating coefficients in (2.2). Then for j > 2, (2.2) can be expressed as
_ _ n-1 ]F()L+1:+1)F(/1+])
_1lyn JF(7L+T+1)F(7L+J) Zi=1 71
T u“IEZ TA+ DT (A+T+)) az" "+ Z] =n+1 WjZ" * (2.3)

this leads to
|1 = M) — (/) 3 TEEEEDTOD 1|
> £ RS ot el @9
squaring both sides of (2.4) and integrating round |z| = r for 0 < r < 1, we have
(L= MY+ i T o

Iul2
1 on  J2TA+T+D)T(A+)))? 2.2j-2 - 2.2j2
|z &= ' 2 e (Wilfr2I T2,
= w2 eI=2 TA+1)T(A+14+)))? | 1| +Z]—n+1| ]|

we assume r — 1, then we obtain

2 4 n-1 J2C@A+T+DI@A+))? | 12
(L —M)"+ lu |2 J=2  (T(A+1)T(A+1+)))? |91
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1 on AOGHTHOTA+H))? o
= u2 U2 TA+1)TA+T+)))? |91

or
_ n— 1 JT@A++Dr@A+))? | 2 J2(CA+T+1)T(A+)))? 2
(1 M) Z (TA+D)T(A+T+)))2 |la JI (TA+D)TA+T+)))2 I Jl
_ < (L—M)?ul?, (2.5)
since —1 < M < 1, then (2.5) can be expressed as;
J2TA+T+1D)T(A+)))? 2 2012
(TA+DT(A+7+)))2 |a;|” < (L = M)~|ul”,
this leads to

(T(A+DT(A+T+))) =23

191 < St arernrary &~ ML J

The sharpness of the theorem “the equality of coefficients |a;|" is obtained for the function
FTA+Dr(A+t+j)

z (L—Mpz™?
A A
Fo = [ 1+ SR dz
FA+ DT+ +)) |
T Tarcrora+y oMk (26)

with j > 2 and z €A.

Theorem 2.2 Suppose the analytic function f(z) given asin (1.2). Then f € Q*(z, A, L, M) if

o T'(A+T+1)T(A+)) .
ez m(l + [MDjla;| < (L = M)]ul, (2.7)

where —1 < M < L < 1. The result is sharp.
Proof. Let (2.7) is given, then we obtain for |z] < 1

151 ()" = 1] = |u(L — M) — M{(S; f(2))' = 1}

S TA+T+ DTA+)) S TA+T+ DA +))
=ZJ( T+ DI( {)ajzj_l—,u(L—M)—Mz]( T+ DI( {)ajzj_l
— FTA+1DIrA+t+)) —~ FA+1DrA+t+))

S T+ 7+ DT+ ) .
<Z TA+ DI +7+)) |laj|r/=t = |ul(L — M)

TA+t+DIr(A+j .
+|M|Z] ( LS
FTA+ DA +1t+))
]F(7L+T+1)F(/1+J) JTA+T+ DI A+)) |
<Z] =2 TA+1T(A+T+)) | jl Il — M) + |M|ZJ 2 TA+1)T(A+7t+)) | 1|
o JTA+T+1)T(A+))
n=j T(A+DT(A+7+)) ( + |M|)|a]| - (L - M)llll < 0, by (27)
Then we have

| Sif(z)'-1
u(L=M)-M{(S; f(2))' -1}
Then we deduced that f € Q#(z, A, L, M).
The sharpness is obtained for the function
_ (L M)u[‘(/1+1)l“(/1+r+j)
f(z) = JAHMPT At T+ DI+ )) ~ =z

| <1,z €EA.

2 and z EA.
3. Distortion Theorem
Theorem 3.1 If f(z) given as in (1.2) be in the class Q*(z, A, L, M), then
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, 1-LMr?Re(u)—M?r?Re(1—pu)—(L—M)|u|r
Re{(S;f(2))'} = YT

and
1-LM7?Re(u)—M?r?Re(1—u)+(L—M)|u|r

Re{(Sif(2))'} < Tz
The sharpness is obtained.
Proof. As f € Q*(z, A, L, M), we obtain for an analytic function p(z) with |p(z)| < 1and |z| <
1

L+ {(STf(2) — 1} = (h2 s, GB.1)
by setting
)= 1+ Lp(2)
Y@ =T M ()
which transforms the circle |p(z)| < r < 1 to the circle
—LMr?| _ (1-M)
o) - | < Lo, G2
then (3.1) became
1+ {(Sif@) - 1} = v(), (33)

then by equating (3.3) and (3.2) we have

T p_ LLMpr?4Miriu-1) - (L=M)lpir
|(S)Lf(z)) 1—M272 I = 1—-M2p2 °
Then
, 1-LMr2Re(u)—M?r?Re(1—p)—(L—M)|u|r
Re{(S;f(2))'} = PEyE
and
, 1-LMr2Re(u)—M?r?Re(1—p)+(L— M)|u|r
Re{(S;f(2))} < PEyE
The function
M+(L M)u (L-M)u i
Sif(2) = z— g log(1+ Mze'%)
where
io _ lul—Mzp
u=Mz|u|

satisfies the sharpness of this theorem.

Theorem 3.2 Let f(z) given as in (1.2) be in the class Q*(t, 4, L, M), then for any complex
number o

_ 2 |;L|(L—M)(/1+r+1)(/1+r+2) [4M(A+1)(A+T+2)+30u(L—M)(A+T+1)(A+2)
las —oa3| < 3G+ D(A+2) {1 2+ D(A+7+2) } (3.4)
The sharpness is obtained.
Proof. Letf € Q*(t, 4, L, M), then we obtain
1+Lp(z)
L+ i @) ~ B =15 (35)

for an analytlc function p(z) given with p(z) = X7, cjzj and defined with p(0) =0,

lp(z)| < 1 for z €A. Hence from (3.5) we obtain
ST -1
p(z) — ( Af(z))

H(L—M)-M{(S;f(2))' -1}
oo JT(A+T+1)T(A+)) 1
Xj=2 T+ Dr (At ce)) a;z)”

oo JT(A+T+1)T(A+))
MM e

2 jl"(l+‘r+1)l"(l+}) j-1
Jj=2 T+ DT A+t )) % [1 M o JTA+T+DI(A+)) j-14 ]

u(L—M) w(L-M)“J=2 TQ+DI(A+t+)) I
by equating coefficients of z and z2 on both sides, we obtain
2(A+1)
u(L-M)(A+T+1) 2

zJ—1

1=
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_ 3(A+1)(1+2) 4M(A+1)? 2
C2 = Lot nAr2) B T 2oz aere )z 2

Hence
_ BoM)(TD)
z 2(A+1) 1
and
3 = M(L—I\/;)(;7L++lr)4(r;1(2/1)+r+z) e, — Mclz].

Then

s - < USROG, - et I o

= #(L—I\/;)((TJL++1T)-I(-2(2);+T+2) cy — {M n 30;1(:(—/11\1)1()1(:::)2()7&2)} 12]’
then,

las — oa3| = '“'(L-f()l(ﬁ)r;)rﬁz) ¢, {M N 30#(:(—/1?1()3::;“2)} 12|_ (3.6)

Using Lemma 1.1 in (3.6) we have,
|1 (L=M)(A+T+1)(A+T+2) ax{l |4M(/1+T+2)(A+1)+3ou(L—M)(A+r+1)(/1+2)|}

_ 2
las — oaz| < 3(A+1)(A+2) 4(A+1)(A+T+2)

which is (3.4).

We found that the sharpness is obtained for the function

_ _ w CDMIZQtTHj-DIAL
f(@2) =z+pl =M X, JA+j=1)IA+7)! ’
[4M (A+T+2)(A+1)+30u(L—M)(A+T+1)(A+2)|
4A+1)(A+T+2)

where > 1.

Also, we found that the sharpness is obtained for the function

f(2) = A+D)A+2)+(A+T+1)(A+7+2)  (A+T+D)(A+7+2) J-z dt
- A+1)(A+2) A+1DA+2)  Jo 1+u@-mie?’
where [4M(A+T+2)(A+1)+30u(L-M)(A+1+1)(A1+2)| <1
4(A+1)(A+T+2)

4. Conclusion

We determined the coefficients estimates for the new subclass Q"(t,A, L, M). Also we
obtained the distortion theorem and maximization theorem for this new class. This study will
aid authors later to expand other analytic properties for this class.
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