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Abstract

In this work, injective semimodule has been generalized to almost -injective
semimodule. The aim of this research is to study the basic properties of the concept
almost- injective semimodules. The semimodule M is called almost N -injective
semimodule if, for each subsemimodule A of V" and each homomorphism &: A— M,
either there exists a homomorphism ¢ such that{i= &. Or there exists a
homomorphism y: M —Y such that y¢ = r, where Y is nonzero direct summand of
N, and misthe projection map. A semimodule M is almost injective semimodule if
it is almost injective relative to all semimodules. Every injective semimodule is almost
injective semimodule, if M is almost ' —injective semimodule and NV is simple,
then M is V-injective. In addition, some related concepts it have been studied and
investigated as well.
Key words: Semimodule, injective semimodule, almost injective semimodule.
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1.Introduction
In 1989 Baba introduced the concept “almost N-injective module” and he explained some
properties of this concept, some related concepts were discussed in [1].

Lately, Singh 2016 , some conditions have been set under which U is almost V- injective
module [2], which is generalization of the Baba’s result. As regards semimodule, in 1998 Huda
Althani gaves an equivalent definition of injective semimodules, which reduces to that in
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module theory. Also she studied some characterization of injective semimodules[3], later other
authors discussed some generalizations of injective semimodules [4 ], [ 5] and [6]. In this
work, the concept of injective semimodule has been extended to generalization, almost—
injective semimodule. Some characterizations of this notion and some concepts related to it will
be discussed. Also, the conditions which want to get properties and attributes similar or related
to the case in modules will be discussed.

By this paper, R will be denote a commutative semiring with identity 1£0. M will be a
semimodule over R. Almost N- injective semimodule was introduced and investigated.

This paper has been organized as follows: Section 2, The main contributions have been
introduced. In Section 3, The concluding remarks of this work are given.

Firstly, some definitions will be defined, properties and remarks that related to the work will
be discussed. A semiring is nonempty set R together with two operations addition and
multiplication such that the following conditions hold;(1) (R, +) is a commutative monoid with
identity element Or.(2) (R, .) is a monoid with identity element 1r=0. (3) r (r'+r"”) = rr'+ rr”
and(r'+r")yr=r'r+r'r;vr,r',r"eR.(4)0r=0=r0, vr € R. [7]. A semiring R is commutative
if the monoid (R, .) is commutative. A semiring R is said to be semidomain if rs= 0, then either
r=0or s=0wherer,sinR[8]. A left R-semimodule is a commutative monoid (M, +)
with additive identity 0,, and a function Rx M — M denoted by (r, m) = r m which is called
scalar multiplication, such the following conditions hold, v r, r ', r"e Rand m , m'e M.(1) (r
rym=r(rm).@rm+rm)=rm+rm’.(3) (r+r)ym=rm+r'm.(4)r0, =0, =0rm.The
semimodule M is called unitary if the condition 1m = m, for all m in M,[7]. A nonempty subset
U of a left R-semimodule M is called subsemimodule if U is closed under addition and scalar
multiplication, denoted by U< M, [7]. A subsemimodule U of M is called subtractive
subsemimodule if for each x, y € M, that x+ y , x € U impliesy € U. A semimodule M is
called subtractive semimodule if it has only subtractive subsemimodules [7]. A semimodule M
is said to be semisubtractive, if for any x, y € M there is z € M such that x+ z =y or some t
€ M such that y + t = x [4]. An element m of left R-semimodule M is called cancellable if
m+ x=m +y implies that x=y. The R-semimodule M is cancellative if and only if every element
of M is cancellable [9]. A semimodule M is said to be direct sum of subsemimodules K and L
denoted by M =K@L if each m € M uniquely written as m =k +| where x € K and | € L, then
K and L are said to be direct summand of M, denoted by K <g M [6]. An R-semimodule V'
is called M-injective (JV is injective relative to M ) if for every subsemimodule U of M and
any R-homomorphism from U to V' can be extended to V. The semimodule JV is said to be
injective if it is injective relative to every left R-semimodule [4]. A nonzero R- semimodule M
is called simple if M has no nonzero proper subsemimodule[10]. A subsemimodule U of M is
called large (essential) if Un K 0 for every nonzero subsemimodule K of M, denoted by
U<, M [11]. A subsemimodule L of R-semimodule M is called fully invariant if for each
endomorphism f : M’ — M, then f(L)< L[10]. An R-semimodule M is called uniform if any
subsemimodule L of M is essential in M [6]. A semimodule M is said to be indecomposable
if it is nonzero and the direct summands of it are only {0} and it self, [6]. A subsemimodule U
of M is called closed if it has no proper essential extension in M, [6]. Let M be an R-
semimodule, U and V are subsemimodules of M, U is called intersection complement (shortly,
complement) of V if UNV=0 and U is maximal with respect to this property. U and V are
said to be mutually complement if they are complement of each other [6]. It is clear that K is
closed subsemimodule if and only if K is a complement in M'[6]. An R-semimodule M is
called CS-semimodule if every subsemimodule of M is large in direct summand of M,
equivalently, every closed subsemimodule of M is direct summand of it [12]. Let M be an R-
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semimodule and L be a subsemimodule of M, then M is said to be maximal essential extension
of L if V is proper extension of M, then IV is not essential extension of L [6]. An R-
semimodule V' is said to be injective hull of semimodule M, if V' is injective and it is
essential extension of M [6].

2. Almost Injective Semimodules
In this section, the concept M is almost N -injective semimodule will be presented as
generalization of injective semimodule as well as investigating some properties of this notion.

Definition 2.1. Let M and V' be two left R-semimodules. A semimodule M is called almost
N -injective semimodule if, for each subsemimodule 4 of ' and each R-homomorphism ¢:
A— M , either there exists an R-homomorphism ¢ such that the diagram(i) commutes

A—Z>N A l ZN=Y®
3 . fl "
M %

) (ii)

Or there exists a homomorphism y: M’ —Y such that the diagram (ii) commutes, where 0 #Y
<@ N, and m is the projection map.
An R-semimodule M is almost injective semimodule if M is almost injective relative to every
R-semimodules B.

Examples 2.2.

(1)Every almost injective module is almost injective semimodule(since every module is
semimodule).

(2)Every injective semimodule is almost injective semimodule.

(3)Every semisimple semimodule is almost injective semimodule.

(4)Q as N-semimodule is almost injective semimodule.

(5)A semimodule N/pN over itself is almost injective semimodule.

The following proposition is a characterization of almost )V -injective semimodule.

Proposition 2.3. A semimodule M 1is almost N -injective if and only if for each R-
homomorphism &: V= M has no extension from V' to M where V is subsemimodule of IV,
there exists decomposition N'=Y @Z with Y# 0 and R-homomorphism w: M —Y such that
w é()=mn(v) forany vin V', where m: ' = Y is a projection with kernel Z.

Proof: The definition implies to the condition is clear. Conversely, let §: K— M be an R-
homomorphism where K is subsemimodule of V', if § can be extended to IV , it is done,
otherwise let /"' be maximal subsemimodule of V" containing K such that &: V= M is extension
of §, by assumption there exists decomposition N'=Y@®Z with ¥ # 0 and R-homomorphism w:
M — Y such that w ¢(v) = m(v) for any v in V. Therefore M is almost IV -injective semimodule.
Remark 2.4.

Let M be almost N —injective semimodule, if V" is indecomposable semimodule, then either
M is V' -injective, or &: A— M is monomorphism.
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Proof: Assume that M is not JV'-injective semimodule, then there exists a subsemimodule 4
of V' and homomorphism ¢ : 4— M cannot be extended to V. Hence there exists an R-
homomorphism y: M — N ( since V' is indecomposable, then it has no proper direct
summand) such that y = i. Assume that &(a) = é(a’), where a,a’ € A = y é(a) =y &(a’) = i(a)
=i(a"y = a=a’, then & is one to one.

Remark 2.5. Let M’ and V' be any two semimodules. If for any homomorphism §: X— M,
X <V with no extension a: Z— M , X < Z < V', there exists a decomposition N =Y @L with
Y # 0, and an R-homomorphism n: M — N such that n §(X) = m(x), where m: " - Y is a
projection via L, then M is almost V" -injective.

Proof: Let : U - M be an R-homomorphism where U < 2V, if it cannot be extended to N
by hypothesis the condition (ii) of the definition is satisfied. Therefore M is almost V-
injective semimodule.

Proposition 2.6. If M is almost V' —injective semimodule and Y is any summand of M then
Y is almost V' -injective.
Proof: Let Y be Sur"‘""‘""ld of M and consider the following diacrams:

i A =DOEN
A Iy :
T
¢ l /
Y
D
Y ¢
/1y lTn—y AY l/ 1D
M D

M 9

Where A< N and Ay:Y — M be the injection map, since M is alm____V —injective, either
there exists, T : N —» M such that Ti = A, & Define @: N — Y such that @ = my C, then
@i = my Ci = my Ay & =&. Or, there exists 9: M — D where D is nonzero direct summand of V'
such that 9 Ay &€ = . Define §:Y — D such that 6= 94, , we have 6¢ = 91, & = m. Then Y'is
almost V-injective.

Proposition 2.7. If M is almost V" —injective semimodule and Y'is fully invariant summand
of V', then M is almost Y -injective semimodule.

Proof: Suppose Y is summand of V' and M is almost N —injective semimodule. Consider the
diagrams:

. i i
i J A Y s =DOEN

4
_— D
. . M C . . M 9 _
Since M is it ' —injective, then either 3 (N - M . that =&or3v: M -D
where D is nonzero direct summand of N such that 9 ¢ = mji. Lo ov” =D @F , then Y =
YND @ YNE, we have the following diagram:

A : Y i

st Ty
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The blue diagram shows that M is almost Y-injective semimodule.

Proposition 2.8. Every semimodule which is isomorphic to M, where M is almost -
injective semimodule, is almost V' —injective.

Proof: Suppose M is almost V" —injective semimodule and ¢: M— M is an isomorphism where
M is any semimodule, assume that &: 4— M is homomorphism, since M is almost V'-injective,
then either there exists, {: N - M suchthat Zi = @&. Define @: ' > M suchthat @ = ¢ 1T,
then @i =p~1Ci= ¢ 1@ £=E&. Or, there exists y: M —» D where D is nonzero direct summand
of IV such that y @& = . Define §: M — D such that 6= y¢, we have 6§ = yp¢ = m. Then M

is almost M- i cive. As in the following diagrams:
A o |
§ l AV A : -DOEN
M ¢ g \l/”
-1
¢ lT(p M D
M
0 l 1
M

Proposition 2.9. Let M be almost V' -injective semimodule and N be any semimodule which
is isomorphic to V', then M is almost N —injective.

Proof: Let M is almost )V -injective semimodule and @: N° >N be an isomorphism where N
is any semimodule, assume &: 4— M is homomorphism, since M is almost " —injective, then
either there exists, { : ' -» M such that p~ti = €. Define @: N - M such that @ = (o1,
then @i =1 i = &. Or, there exists y: M’ — Y where Y is nonzero direct summand of V" such
that y £ = mp~1i. Define y': M — @(Y) where ¢(Y) is nonzero direct summand of N, such
that y'= 'j'y, we have y'§ = ')’ (y8) = ('@j Yo ™"i = pno~'i = n'| ,) hence M
is almost N-injective semimodule. As the following diagrams explain

i (P_l

A—> N—0 gy

N N
' @
1 ./ 77:
Y ]

Lemma M Let N=Y® Z be semimodule and K be subtractive fully invariant

subsemimodule of V', then N/K ~r+ K/K @zt K/K
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Proof: It is clear that, / K= Y+K / KT Z+K / k- Now, to prove the unique representation of
the elements of / - Since K is fully invariant, then K= (Y N K ) + (Z N K) , hence Vk €K,

k = k;+k, where ki€ Y N K, and szZnK.Assumethatn+KEN/K, andn+ K=( +z)+

K=(0"+z)+K...(*) wherey,) €Y + K and z, z' € Z + K it can be assumed that y, )’ €Y and
z,z €Z,then (y+z)+k=(Q"tz)+k'forsomek, k' €K by (*) k=ki+k> and k' = k'1+k'> such
that ki, 1€ YNK and ko, kK2 € ZNK, then y + k; =y'+ k'1, z+ k> = z' + k'> by unique
representation of the elements of Y @ Z, it follows y + k; =y'+ k';, z+ k> = 2" + k"> where k; ,

ki, k2, k> €K, theny + K="+ K and z + K=2' + K, therefore N /,, =Y + K/, @ 2+ K/,
Proposition 2.11. If M is almost ' —injective semimodule and K is fully invariant
subsemimodule of V', then M is almost V' /. —injective.

Proof: Let L be any subsemimodule of »V/, , ie. K < L< N and let ¢: L/, > M be

homomorphism . Consider the diagram where i and j are inclusion maps, m; and m, are natural
epimorphisms.

i
LN

nll ¢ l”z
J

L/K N/K
[

Vo

M

Since M is almost V' —injective, either there exists {: ' = M such that {i = ¢m,. Define
(D:N/K — M by @(n +k) = {(n), for each n +k € N/K’ then @(1 +k) = (1) = om (1) = @(l).
Or, there exists y': M = Y, where 0 # Y <g N and y'¢m; = m,i. Define, v:Y - Y+ K/K
byy - y+K andy: M - ¥ T K/, bymoy+K | suchthaty = vy’, where ¥ + K/, is direct
summand of N/K by Lemma 2.10. Then yo(I+ K) =ye(m, (1)) =v(y'o(m, (1)) =v(m,i (1)
= v (y) = y+ k =m3j(l+ K), ¥ I+ K € L/ such that y = m3j. Hence M is almost v/, —
injective. As the following diagram show<"

i

L N =vy&z

. Jm

L/K
/ Y+K/

It is well-known, every module over a ring has an injective hull, but this is not hold in
general, for semimodules over a semiring, [6].
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Remark 2.12. If M is uniform semimodule, then the injective hull of M if there exists is
indecomposable.

Proof: Suppose that E(M) = Mi1@® Mo, if M1#0, then 0£MiNn M <, M <, E(M). But (M1N
M) N M>=0= M>=0and E(M) = M, therefore E(M) is an indecomposable.

Proposition 2.13. Let M and V' be uniform semimodules having injective hulls E(M’) and
E(V) respectively, then M is almost V' —injective semimodule if and only if for every 9 €
Hom (E(V' ), E(M)), then either 9 (V) € M or ¥ is isomorphism and 9~ (M) € V.

Proof: Assume M is almost V" -injective and let 9 € Hom (E(V' ), E(M )) and X = {be V|
9 (b)e M }=N NY (M), let h=9|x: X—> M. Since M is almost V" -injective, then one of
the diagrams (i) or (ii) hold. If (i) holds, there exists w: ' = M which extends h to V.
Claim: Y ={x € E(M)| x + w(b)= 9Y(b) for some be V" }=0. Letxe M N Y, thenx+ w (b) =
IJ(b), then Y(b) € M. Hence be X, so 9(b)=h(b)= w(b), this impliesx =0and M N'Y =0. But
M is essential in E(M), so Y =0. Therefore, 9(b) = w(b) for all be IV, that is 9(NV') € M. If
(ii) holds , then there exists @ : M — IV such that @ h = 1x. Hence 9 is one to one (since ker
IIx =kerd NX=0= kerd n NV =0 but V' <, E(N), then ker 9 = 0 hence I is one to one).
Also 9 is onto because Im¥9 = E(V) and Im 9 is injective subsemimodule of E (M), but E
(M) is indecomposable from Remark (2.12), then Im 9 = E(M’) so ¥ is isomorphism ). Clearly
Blocy =9 Mowy---- (%)

Claim: Z={y e E(W)| 9 *(a)= y + @(a) forsome a € M }=0. Lety € N N Z, then 9 " (a)=
y + @(a), then 9 (a) € IV, apply 9 to both sides , we have then 9 9 * (a)= 9 (y) + 90(a)
from (*) we get 9 (y) =0, thenae 9 (X) andy =0, since IV is essential in E(V'), we have Z
=0and 9 ! (a)= @(a) forall a € M. Hence 9 (M) € V. The convers is clear.

Lemma 2.14. If U and V are semisubtractive, cancellative subsemimodules of M and a:U —
Nand B: V"= N are maps such that a(x) = B (x) for all x in UNV, then there is extension y: U
+V = N of both a and £.

Proof: Definey: U+V' > Nbyy (U+v)=a(u)+ B(v) whereu € U, v € V. It is well-defined.
Ifu+v=u+v'..(*),u,ueUand v, v €V, by semisubtractive, there is X € U such that
eitheru+x=u’'oru=x+u'andthereisy € Vsuch that v +y=v'or v'+y=v, we have four
cases:

Case(1): Ifu=x+u'and v+y=v"applying (*) x+u +v =u '+ v +y by cancellative we have
X=y=XYEUNYV,then aX)+au)=a@)and f (V) +B)=L(v)= B () +B
Wta)=ak) + au )+B(v' )= B () + B W*+a )= aly) + au ) +B(v")by
cancellative we have a(u) + B (v )=a(u") + B(v') (sincey € U N V and by hypotheses S (y)=
a(y).

Case(2): Ifu=x+u’and v'+y=vapplying (*) = x + u'+ v'+y = u'+ v' by cancellative x +
y=0=x,yeUNV,thena(X)+a(u)=a(u)and B (v)+B)=L(v)= B )+t a(u)=
au') +a(x) +B(y)+B(v) = B () a(w)=a’) +a(x) +a (y)+B(v)(sincex +y=
0and x,y € UN V and by hypotheses a, 8 are agree on U V' ) we have a (u )+ S(v)= a(u’
) +B (V).

Case(3): Ifu'=x+uand v +y =v'similar to case (2).

Case(4): If u'=x+uand v'+y = v similar to case (1).

Lemma 2.15. Let NV =Y®Z and M be two semimodules and 9: L— M be an R-
homomorphism such that L< V', has no extension §: X—» M with L< X < V. Then, 9;=9|
yNL ,then 9; has no extension : E-> M withYNL <E<Y.

Proof. Suppose an extension Y': E-> M of 9, exists where Y N L < E < Y. It is clear that EN
L=YNLand L< L+E. Now for a € EnL,9(a) = 9,(a) =¢¥'(a). By Lemma 2.14 the
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mapping w: L +E > M, u(l +e) =9(1) + ¢'(e) , L € L, e € E is well defined. On the other
hand, pis an extension of 9 to L+E with L< L+E, we have a contradiction.

Proposition2.16: Let M be semisubtractive, cancellative almost JV'-injective semimodule,
where V is any semimodule, and &: U— M be R-homomorphism has no extension from V" to
M, where U is subsemimodule of V', let N =Y @®Z with Y+ 0 and R-homomorphism w:
M — Y such that w é(u) = m(u) for any u in U, where m: V' — Y is a projection map with kernel
Z. Then :

(1) ¢ is monomorphism on U N Y and (U N Y) is closed subsemimodule in M .

(2) ker(w) is complement of (U N Y) in M.

B3)&UNZ) S ker(w) .

(4) If M is CS semimodule, then (U N Y) and ker(w) are summands of M.

Proof: (1) Since w é(u) = u for any u € UN Y, which gives E(UN Y)N ker(w) =0 [ if y €
EWUNY)N ker(w), this mean w(y) =0 and é(a) =y forsomea € UN Y, wé(a)=w (y) =0,
but w £(a) = a, hence y =0 ], we have a complement K of ker(w) containing (U N Y). Then
w|x 1s monic and UN Y€ w(K) € Y. Define v: w (K) = K, vw(k) =k for any k € K. Then v
extends £|uNy. By Lemma 2.15 w (K) =U N Y which proves that £(U N Y) =K. Hence £(UN
Y) is closed subsemimodule of M and then is complement of ker(w).

(2) From (1) £(UN Y) is a complement of ker(w) in M. Let V' be a complement of £(U N Y)
containing ker(w), if W < V and WnN ker(w) = 0, then( (U N Y) + W) N ker(w) = 0 implies
that E(UN Y)+ W)=&UN Y), then W= 0 and hence ker(w) is essential in V. Now ,if vE V
and v € ker(w), there exists 7 € R such that 0 #ru € w X (UN Y)N V (since w1 (UN Y) N
V<, V) implies 0 # w(rv) EUN YsincewéE(UNY)=UN Y, thereisa € & (UN Y)such
that w(rv) = w(a), since M is semisubtractive , there exists m € M and two cases :

Case( 1) w=a+m= w(v)= w(a)+ w(m) by cancellative w(m)=0 = m € ker(w)
Case(2) a = m+ rv, similar to case (1) implies that m € ker(w) € V and a€ V( by
semisubtractive) but a € w (UN Y),thena € & (UN Y)N V=0 this contradiction = V =
ker(w) and hence ker(w) is complement of £ (U N Y).

B)ae E(UNnZ) = ¢&u)=aforsomeu eUNZ w(a)=wé(u)=m(u)=0(sinceu € Z
)= a € ker(w) = & (UN Z) S ker(w).

(4) Since M is CS-semimodule and both ¢ (U N Y) and ker(w) are complements hence closed
subsemimodules of M, then ¢ (U N Y) and ker(w) are summands of M.

A semimodule M is said to satisfy Cs-condition, if for any subsemimodules U,}"which are
direct summand of M such that UNF=0, then U@V is also a direct summand of M [6].

Proposition 2.17: Let M be semisubtractive, cancellative, quasi- continuous semimodule and
N be any semimodule. Then M is almost V' - injective semimodule if and only if for any R-
homomorphism &: U= M has no extension from NV to M, where U is subsemimodule of V',
then:

(1) There exist decompositions N =Y @Z, M = W @ U with Y # 0.

(2) ¢ is monomorphism on V'N Yand E(V'NY)=W.

B3)éEVnz)ycU.

@HTI7=FnYye(Vn2).

Proof: Assume that M is almost V' - injective semimodule. (1) By Proposition 2.16, there is

decomposition N' =Y @Z with Y # 0 and R-homomorphism w: M — Y such thaté is
monomorphism on VN Y, W=& N Y)and U = ker(w) are summands of M, and w &é(v) =
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m(v) for any vin V. As W and U are complements of each other and M satisfies C3-condition,
then M =W @ U, and w(M) = w(W).

(2) From Proposition 2.16.

(3) From Proposition 2.16 replace ker(w) by U.

(4) Let ve V. Then v=vi+v, where vi€ ¥, wE€ Z. Thenvi=w (V) E wo(M)=w (VN Y)=
V'NY,inthe same way w»€ VN Z.Hence V=(VNY)®(V N Z)

Conversely, suppose the four conditions hold. Define w: M — Y as follows. Let w € M, then
w = wi+ w2 where wi€ W, w2€ U, now wi=&(v) forsomev€E VN Y. Setw (w)=v.

Corollary 2.18: Let M be uniform semimodule and V' be any semimodule, then M is almost
N - injective if and only if any R- homomorphism &: V'— M has no extension from NV to M,
where V' is subsemimodule of V', then the following hold:

(1) There exists decomposition N =Y @Z such that E(V'N Y) =M, Z=ker (w) and V= (V' N
NS A
(2) There exists decomposition N =Y @Z such that ¢ is monomorphismon VN Y, é(V'NY)=
Mand V=(VnY) e ~Z
Proof: Since M is uniform semimodule, then it is quasi-continuous. (1) Suppose M is almost
NV~ injective semimodule. By proposition 2.17 N'=Y @Z with Y # 0, £ is monic on VN Y,
EVNY)y=M and E(V'NZ)=0,s0 &|yrNz=0, it can be extended from Z to M, then by Lemma
215VNnZ=2,V=(VNnY)® Z. Conversely, from Proposition 2.17.

(2) Suppose the condition is given, we get an R-homomorphism y: Z— V' N Y such that Vz €
Z, y(z)=y, whenever {(z) =&(y). Then X = {z € Z, z= £{(z) } € ker (¢) and V' =Y @X. After
then use (1) to get the result.

In [8] the concept total quotient semiring which is R-semimodule( quotient field) is studied
and discussed.

Corollary 2.19: Let D be a commutative semidomain and Q be quotient field, then D is almost
Op— injective semimodule.

Proof: Let &: = D has no extension from Q to D, where V is maximal subsemimodule of QOp,
then Q # D, since Op is injective, there exists u: Op = O pextension of &. Let Y= pu~1(D), then
Y = gD for some g € Q such that u(q) = 1. It is clear that V' € Y. u (¥Y) = D, By maximality V/
= Y and from Corollary 2.18 (1) we have D is almost O p— injective semimodule.

3. Conclusion

Semirings are moved from rings however at the same time there are important difference
between them. A semimodule M over semiring R is defined similarly in module over ring. Every
module over ring is semimodule over semiring but the converse not true. In this work, some
remarks and lemmas that help us to avoid some problems which are encountered were
developed and discussed by using some properties of semimodule.
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