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 Abstract 

     This paper concentrates on employing the 𝑞-difference equations approach                         

to prove another generating function, extended generating function, Rogers            

formula and Mehler’s formula for the polynomials ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1), as well                     

as the generating functions of Srivastava-Agarwal type. Furthermore, we              

establish links between the homogeneous 𝑞-difference equations and           

transformation formulas. 

 

Keywords: 𝑞-difference equation, generating function, Rogers formula, Mehler’s 
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,�̃�(𝑥للمؤثر  q- معادلة الفرق 𝑎; 𝜃)  ا لمتعددات الحدود وتطبيقاتهℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1)  

  

 * 2حسام لوتي سعد ،1محمود عبد الواحد عارف
 لعراق ا  ، لبصرة ا ،جامعة البصرة ،تربية للعلوم الصرفةل كلية ا ،قسم الرياضيات1

 2قسم الرياضيات ،  كلية العلوم ،  جامعة البصرة ،   البصرة، العراق 
 

 الخلاصة 
دالة مولدة أخرى، وتوسيع الدالة المولدة،  في برهان    q-استخدام اسلوب معادلة الفرق ركز هذا البحث على  ي    

,𝒉𝒏(𝒂دود  حوصيغة روجرز وصيغة ملر لمتعددات ال 𝒃, 𝒙|𝒒−𝟏)  ،  الدالة المولدة من  برهان  بالأضافة الى ذلك
   المتجانسة وصيغ التحويل.  q-الفرق ، نقوم بإنشاء روابط بين معادلات  اروال. علاوة على ذلكجأ-سريفستافانوع  

 
Introduction  

     Through this paper, we will employ the same concepts and terminologies as in [1], assuming 

that |𝑞| < 1. 

        The 𝑞-shifted factorial is given by the following:  

(𝑎; 𝑞)𝜏 = {
1,  𝑖𝑓  𝜏 = 0,

(1 − 𝑎)(1 − 𝑎𝑞) ⋯ (1 − 𝑎𝑞𝜏−1),  𝑖𝑓  𝜏 = 1,2,3, ⋯ .
 

 and  
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(𝑎; 𝑞)∞ = ∏

∞

𝜏=0

(1 − 𝑎𝑞𝜏). 

     For consecutive 𝑞-shifted factorials, the following notations will be used:  

(𝑎1, 𝑎2, … , 𝑎𝑚; 𝑞)𝑛 =   (𝑎1; 𝑞)𝑛(𝑎2; 𝑞)𝑛 ⋯ (𝑎𝑚; 𝑞)𝑛, 
(𝑎1, 𝑎2, … , 𝑎𝑚; 𝑞)∞ = (𝑎1; 𝑞)∞(𝑎2; 𝑞)∞ ⋯ (𝑎𝑚; 𝑞)∞. 

     The basic hypergeometric series  𝑟𝜙𝑠 is stated as:  

  𝑟𝜙𝑠 (
𝑎1, … , 𝑎𝑟

𝑏1, … , 𝑏𝑠
; 𝑞, 𝑥) =   ∑

∞

𝜅=0

(𝑎1; 𝑞)𝜅 ⋯ (𝑎𝑟; 𝑞)𝜅

(𝑞; 𝑞)𝜅    (𝑏1; 𝑞)𝜅 ⋯ (𝑏𝑠; 𝑞)𝜅
  [(−1)𝜅𝑞

(
𝜅
2

)
]

1+𝑠−𝑟

𝑥𝜅 , 

 where 𝑞 ≠ 0 when 𝑟 > 𝑠 + 1 . Meanwhile  

  𝑟+1𝜙𝑟 (
𝑎1, … , 𝑎𝑟+1

𝑏1, … , 𝑏𝑟
; 𝑞, 𝑥) = ∑

∞

𝑛=0

(𝑎1, … , 𝑎𝑟+1; 𝑞)𝑛

(𝑞, 𝑏1, … , 𝑏𝑟; 𝑞)𝑛
𝑥𝑛,    |𝑥| < 1. 

     The 𝑞-binomial coefficients are given by  

[
𝑛
𝜅

] =
(𝑞; 𝑞)𝑛

(𝑞; 𝑞)𝜅(𝑞; 𝑞)𝑛−𝜅
. 

     The Cauchy identity is given by [2] 

∑

∞

𝜅=0

(𝑎; 𝑞)𝜅

(𝑞; 𝑞)𝜅
𝑥𝜅 =

(𝑎𝑥; 𝑞)∞

(𝑥; 𝑞)∞
,    |𝑥| < 1.                                         (1.1) 

 Also, the following the Euler identity can be deduced as a special case of (1.1) as follows [3]:                               

∑

∞

𝜅=0

(−1)𝜅𝑞
(

𝜅
2

)

(𝑞; 𝑞)𝜅
𝑥𝜅 = (𝑥; 𝑞)∞.                                                    (1.2) 

     Chen and Liu [4] recalled the operator 𝜃, which is found in the work of Roman [5] as: 

  

Definition 1.1[4,5,6,7] The operator θ is defined as:                                 

𝜃{𝑓(𝑎)} =
𝑓(𝑎𝑞−1) − 𝑓(𝑎)

𝑎𝑞−1
.                                                       (1.3) 

     In 1998, Chen and Liu [4] introduced the 𝑞-exponential operator 𝐸(𝑏𝜃), influenced by the 

Euler identity (1.2), as:                  

𝐸(𝑏𝜃) = ∑

∞

𝜅=0

𝑞
(

𝜅
2

)
(𝑏𝜃)𝜅

(𝑞; 𝑞)𝜅
. 

     In 2010, Liu [8] discovered the solution to the 𝑞-difference equation and expressed it in 𝑞-

operator form.  

 

Theorem 1.2 [8]. In a neighborhood of (a, b) = (0,0) ∈ C2, if f(a, b) is a two variables 

analytic function and the following q-difference equation holds: 

                               (𝑏 − 𝑎)𝑓(𝑎𝑞, 𝑏𝑞) = 𝑏𝑓(𝑎, 𝑏𝑞) − 𝑎𝑓(𝑎𝑞, 𝑏).                                          (1.4) 

Then  

𝑓(𝑎, 𝑏) = 𝐸(𝑏𝜃){𝑓(𝑎, 0)}. 
      According to Liu’s work [8], the 𝑞−1-Rogers-Szegö polynomials are given as follows:                           

  ℎ𝜅(𝑎, 𝑏|𝑞−1) = ∑

𝑛

𝜅=0

[
𝑛
𝑘

] 𝑞𝜅2−𝑛𝜅𝑎𝜅𝑏n−𝜅 .                                          (1.5) 

Theorem 1.3 [8]. In a neighborhood of (a, b) = (0,0) ∈ C2, if f(a, b) is a two variables 

analytic function such that the q-difference equation (1.4) holds and f(a, 0) has the following 

expansion  
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𝑓(𝑎, 0) = ∑

∞

𝜅=0

𝑐𝜅𝑎𝜅 , 

 where 𝑐𝜅 is independent of 𝑎. Then  

𝑓(𝑎, 𝑏) = ∑

∞

𝜅=0

𝜇𝜅ℎ𝜅(𝑎, 𝑏|𝑞−1). 

 He derived Mehler’s formula for the polynomials ℎ𝜅(𝑎, 𝑏|𝑞−1) by using the 𝑞-difference 

equation technique. 

 

 Theorem 1.4 [8]. Let ℎ𝜅(𝑎, 𝑏|𝑞−1) be defined as in (1.5), then           

∑

∞

𝑛=0

(−1)𝑛𝑞
(

𝑛
2

)
ℎ𝑛(𝑐, 𝑑|𝑞−1)ℎ𝑛(𝑎, 𝑏|𝑞−1)

𝑡𝑛

(𝑞; 𝑞)𝑛
=

(𝑎𝑐𝑡, 𝑎𝑑𝑡, 𝑏𝑐𝑡, 𝑏𝑑𝑡; 𝑞)∞

(𝑎𝑏𝑐𝑑𝑡2/𝑞; 𝑞)∞
,         (1.6) 

 provided that |𝑎𝑏𝑐𝑑𝑡2/𝑞| < 1.  
     In 2021, Arif and Saad [9] presented the homogeneous 𝑞-shift operator that �̃�(𝑎, 𝑏; 𝜃) as 

follows:  

�̃�(𝑎, 𝑏; 𝜃) = ∑

∞

𝜅=0

𝑞
(

𝜅
2

)
(𝑎; 𝑞)𝜅

(𝑞; 𝑞)𝜅
(𝑏𝜃)𝜅 . 

 Also, they defined                     

ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1) = ∑

𝑛

𝜅=0

[
𝑛
𝑘

] 𝑞𝜅2−𝑛𝜅𝑎𝜅𝑏𝑛−𝜅(𝑥, 𝑞)𝜅 .                                 (1.7) 

     The operator �̃�(𝑎, 𝑏; 𝜃) demonstrates suitability for responding with the polynomials  

ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1):      

                           �̃�(𝑥, 𝑎; 𝜃){𝑏𝑛} = ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1).                                                (1.8)                               

 

On the other hand, Arif and Saad [9] have used operator representation to introduce the 

generating function and its extensions, Roger's formula and Mehler’s formula for 

ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1). 

 

     In 2022, Saad and Reshem [10] used the q-Gospers algorithm [11,12] to verify that the 

function 𝑓(𝑎, 𝑏, 𝑐) satisfies the q-difference equation. 

 

     This paper is structured as follows: Two theorems that will be utilized in the following 

sections, are presented and proved in Section 2. Section 3 focuses on using the representation 

(1.8) and the method of the 𝑞-difference equations to construct another generating function, 

extended generating function, Rogers formula and Mehler’s formula for ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1). 

Section 4 will be interested in contracting the generating function of Srivastava-Agarwal type 

by using the representation (1.8). Finally, Section 5 is concerned with establishing a 

transformational identity involving generating functions for ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1) by implementing 

the 𝑞-difference equations approach. 

 

 

 

 

2.  𝒒-Difference Equations for the 𝒒-Shift Operators 
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     This section is interested in establishing and proving two theorems, which are essentially in 

proving some results in the next sections. By supplying special values to parameters, two 

theorems were established by Liu [8] .  

 

Lemma 2.1 [13]. A complex-valued function f is analytic for any open set D ⊂ ℂn when it is 

analytic for all variables in D, separately.  

 

Lemma 2.2 [14]. If 𝑓(𝑥1, 𝑥2, . . . , 𝑥𝜅) is analytic at (0,0, . . . ,0) ∈ ℂ𝜅, then it has an absolutely 

convergent power series expansion in the following form:         

𝑓(𝑥1, 𝑥2, . . . , 𝑥𝜅) = ∑

∞

𝑛1,𝑛2,...,𝑛𝜅=0

𝛼𝑛1,𝑛2,...,𝑛𝜅
𝑥1

𝑛1𝑥2
𝑛2 . . . 𝑥𝜅

𝑛𝜅                         (2.1) 

Theorem 2.3  In the neighbourhood of (0,0,0) ∈ ℂ3, if 𝑓(𝑥, 𝑏, 𝑎) is a three-variable analytic 

function which satisfies the equation  

𝑞−1𝑏[𝑓(𝑥, 𝑏, 𝑎) − 𝑓(𝑥, 𝑏, 𝑎𝑞)] = 𝑎[𝑓(𝑥, 𝑏𝑞−1, 𝑎𝑞) − 𝑓(𝑥, 𝑏, 𝑎𝑞)]    
                                +𝑎𝑥[𝑓(𝑥, 𝑏, 𝑎𝑞2) − 𝑓(𝑥, 𝑏𝑞−1, 𝑎𝑞2)],                               (2.2)                

then                      

                           𝑓(𝑥, 𝑏, 𝑎) = �̃�(𝑥, 𝑎; 𝜃𝑏){𝑓(𝑥, 𝑏, 0)}.                                                   (2.3)                              

Proof.  Taking the Lemmas 2.1 and 2.2 into account, we suppose                       

𝑓(𝑥, 𝑏, 𝑎) = ∑

∞

𝜏=0

𝐴𝜏(𝑥, 𝑏)𝑎𝜏.                                                      (2.4) 

Now, when (2.4) is substituted for (2.2), we obtain  

  𝑞−1𝑏 [∑

∞

𝜏=0

𝐴𝜏(𝑥, 𝑏)𝑎𝜏 − ∑

∞

𝜏=0

𝐴𝜏(𝑥, 𝑏)(𝑞𝑎)𝜏] 

= 𝑎 [∑

∞

𝜏=0

𝐴𝜏(𝑥, 𝑞−1𝑏)(𝑞𝑎)𝜏 − ∑

∞

𝜏=0

𝐴𝜏(𝑥, 𝑏)(𝑞𝑎)𝜏] 

                       +𝑎𝑥 [∑

∞

𝜏=0

𝐴𝜏(𝑥, 𝑏)(𝑞2𝑎)𝜏 − ∑

∞

𝜏=0

𝐴𝜏(𝑥, 𝑞−1𝑏)(𝑞2𝑎)𝜏].        

    𝑞−1𝑏 ∑

∞

𝜏=0

(1 − 𝑞𝜏)𝐴𝜏(𝑥, 𝑏)𝑎𝜏 

= 𝑎 [∑

∞

𝜏=0

[𝐴𝜏(𝑥, 𝑞−1𝑏) − 𝐴𝜏(𝑥, 𝑏)](𝑞𝑎)𝜏 − 𝑥 ∑

∞

𝜏=0

[𝐴𝜏(𝑥, 𝑞−1𝑏) − 𝐴𝜏(𝑥, 𝑏)](𝑞2𝑎)𝜏] 

= ∑

∞

𝜏=0

𝑞𝜏(1 − 𝑥𝑞𝜏)[𝐴𝜏(𝑥, 𝑞−1𝑏) − 𝐴𝜏(𝑥, 𝑏)]𝑎𝜏+1. 

By equating the coefficients of 𝑎𝜏 to both sides of the above equation, one can have  

𝑞−1𝑏(1 − 𝑞𝜏)𝐴𝜏(𝑥, 𝑏) = 𝑞𝜏−1(1 − 𝑞𝜏−1𝑥)[𝐴𝜏−1(𝑥, 𝑞−1𝑏) − 𝐴𝜏−1(𝑥, 𝑏)] 

                          𝐴𝜏(𝑥, 𝑏) =
𝑞𝜏−1(1 − 𝑞𝜏−1𝑥)

(1 − 𝑞𝜏)

[𝐴𝜏−1(𝑥, 𝑞−1𝑏) − 𝐴𝜏−1(𝑥, 𝑏)]

𝑞−1𝑏
 

                    =
𝑞𝜏−1(1 − 𝑞𝜏−1𝑥)

(1 − 𝑞𝜏)
  𝜃𝑏{𝐴𝜏−1(𝑥, 𝑏)}, 

where 𝜃𝑏 is the operator 𝜃 acts on the variable 𝑏. 

     By iteration, we get  
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𝐴𝜏(𝑥, 𝑏) =
𝑞(𝜏

2)(𝑥; 𝑞)𝜏

(𝑞; 𝑞)𝜏
  𝜃𝑏

𝜏{𝐴0(𝑥, 𝑏)}. 

 Note that 𝐴0(𝑥, 𝑏) = 𝑓(𝑥, 𝑏, 0). Hence                  

   𝐴𝜏(𝑥, 𝑏) =
𝑞(𝜏

2)(𝑥; 𝑞)𝜏

(𝑞; 𝑞)𝜏
  𝜃𝑏

𝜏{𝑓(𝑥, 𝑏, 0)}.                                           (2.5) 

 When we substitute (2.5) for (2.4), we obtain 

𝑓(𝑥, 𝑏, 𝑎) = ∑

∞

𝜏=0

𝑞(𝜏
2)(𝑥; 𝑞)𝜏

(𝑞; 𝑞)𝜏
  𝜃𝑏

𝜏{𝑓(𝑥, 𝑏, 0)}𝑎𝜏 

          = �̃�(𝑥, 𝑎; 𝜃𝑏){𝑓(𝑥, 𝑏, 0)}.                                                                    □        

                   

Theorem 2.4  In the neighbourhood of (0,0,0) ∈ ℂ3, if f(x, b, a) is a three-variable analytic 

function verifying (2.2). Also, f(x, b, 0) possess the following expression:                     

𝑓(𝑥, 𝑏, 0) = ∑

∞

𝑛=0

𝜇𝑛𝑏𝑛,                                                              (2.6) 

 where 𝜇𝑛 is independent of 𝑏. Then                     

𝑓(𝑥, 𝑏, 𝑎) = ∑

∞

𝑛=0

𝜇𝑛ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1).                                       (2.7) 

Proof. From equations (2.3) and (2.6), we get    

𝑓(𝑥, 𝑏, 𝑎) = �̃�(𝑥, 𝑎; 𝜃𝑏){𝑓(𝑥, 𝑏, 0)}                  

= �̃�(𝑥, 𝑎; 𝜃𝑏) {∑

∞

𝑛=0

𝜇𝑛𝑏𝑛}                                                     

                                 = ∑

∞

𝑛=0

𝜇𝑛�̃�(𝑥, 𝑎; 𝜃𝑏){𝑏𝑛} 

                                                                          = ∑

∞

𝑛=0

𝜇𝑛ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1).       (by using (1.8))     

     □ 

     • Setting 𝑥 = 0 and exchanging 𝑎 with 𝑏 in Theorem 2.3 and Theorem 2.4, we get   

       Theorem 1.2 and Theorem 1.3 obtained by Liu [8]. 

  

3. The 𝒒-Difference Equations and their Applications for 𝒉𝒏(𝒂, 𝒃, 𝒙|𝒒−𝟏) 

This section focuses on using the techniqueof the  𝑞-difference equations  to verify some 

identities for ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1). 

 

3.1 Generating Function for 𝒉𝒏(𝒂, 𝒃, 𝒙|𝒒−𝟏) 

In this subsection, we will illustrate another generating function and the extended generating 

function for ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1) is a direct application of Theorem 2.3. 

 

Theorem 3.1  Suppose that max{|𝑠𝑏|, |𝑞𝑎/𝑏|} < 1, we have       

∑

∞

𝜅=0

ℎ𝜅(𝑎, 𝑏, 𝑥|𝑞−1)
(𝑟/𝑠; 𝑞)𝜅𝑠𝜅

(𝑞; 𝑞)𝜅
=

(𝑟𝑏; 𝑞)∞

(𝑠𝑏; 𝑞)∞
  2𝜙2 (

𝑥, 𝑟/𝑠
𝑞/𝑠𝑏, 0

; 𝑞, 𝑞𝑎/𝑏).               (3.1) 

 Proof. Assume that  

             𝑓(𝑥, 𝑏, 𝑎) =  𝑅𝐻𝑆  𝑜𝑓  (3.1) 
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=
(𝑟𝑏; 𝑞)∞

(𝑠𝑏; 𝑞)∞
  2𝜙2 (

𝑥, 𝑟/𝑠
𝑞/𝑠𝑏, 0

; 𝑞, 𝑞𝑎/𝑏).                       

Because 𝑓(𝑥, 𝑏, 𝑎) satisfies equation (2.2), we have  

𝑓(𝑥, 𝑏, 𝑎) = �̃�(𝑥, 𝑎; 𝜃𝑏){𝑓(𝑥, 𝑏, 0)}   

                                                                      

                           = �̃�(𝑥, 𝑎; 𝜃𝑏) {
(𝑟𝑏; 𝑞)∞

(𝑠𝑏; 𝑞)∞
}                                                          

                           = �̃�(𝑥, 𝑎; 𝜃𝑏) {∑

∞

𝜅=0

(𝑟/𝑠; 𝑞)𝜅(𝑠𝑏)𝜅

(𝑞; 𝑞)𝜅
}      (by using (1.1))  

                           = ∑

∞

𝜅=0

(𝑟/𝑠; 𝑞)𝜅𝑠𝜅

(𝑞; 𝑞)𝜅
�̃�(𝑥, 𝑎; 𝜃𝑏){𝑏𝜅}                                         

                       = ∑

∞

𝜅=0

ℎ𝜅(𝑎, 𝑏, 𝑥|𝑞−1)
(𝑟/𝑠; 𝑞)𝜅𝑠𝜅

(𝑞; 𝑞)𝜅
.        (by using (1.8))                     

    

Hence, the proof of  Theorem 3.1  is completed.                                                                       □  

      

• When we put 𝑥 = 0 in the equation (3.1), we obtain:  

 

     Corollary 3.1.1 For 𝑚𝑎𝑥{|𝑠𝑏|, |𝑞𝑎/𝑏|} < 1, we have  

              ∑

∞

𝜅=0

ℎ𝜅(𝑎, 𝑏|𝑞−1)
(𝑟/𝑠; 𝑞)𝜅𝑠𝜅

(𝑞; 𝑞)𝜅
=

(𝑟𝑏; 𝑞)∞

(𝑠𝑏; 𝑞)∞
  1𝜙1 (

𝑟/𝑠
𝑞/𝑠𝑏

; 𝑞, 𝑞𝑎/𝑏). 

• If we set 𝑟 = 0 in equation (3.1), then the following corollary holds: 

  

     Corollary 3.1.2 For 𝑚𝑎𝑥{|𝑠𝑏|, |𝑞𝑎/𝑏|} < 1, we have  

         ∑

∞

𝜅=0

ℎ𝜅(𝑎, 𝑏, 𝑥|𝑞−1)
𝑠𝜅

(𝑞; 𝑞)𝜅
=

1

(𝑠𝑏; 𝑞)∞
  1𝜙1 (

𝑥
𝑞/𝑠𝑏; 𝑞, 𝑞𝑎/𝑏). 

Theorem 3.2  For 𝑘 ∈ 𝑁, we have               

∑

∞

𝑛=0

ℎ𝑛+𝜅(𝑎, 𝑏, 𝑥|𝑞−1)
(−1)𝑛𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑛
   

= 𝑏𝜅(𝑏𝑡; 𝑞)∞ ∑

∞

𝑛=0

(𝑞−𝜅, 𝑥, 𝑞/𝑏𝑡; 𝑞)𝑛(𝑎𝑡)𝑛

(𝑞; 𝑞)𝑛
  1𝜙1 (

𝑥𝑞𝑛

0
; 𝑞, 𝑎𝑡).                                 (3.2) 

   

Proof. Assume that 𝑓(𝑥, 𝑏, 𝑎) denote the right-hand side of equation (3.2).           

𝑓(𝑥, 𝑏, 𝑎) = 𝑏𝜅(𝑏𝑡; 𝑞)∞ ∑

∞

𝑛=0

(𝑞−𝜅, 𝑥, 𝑞/𝑏𝑡; 𝑞)𝑛(𝑎𝑡)𝑛

(𝑞; 𝑞)𝑛
  1𝜙1 (

𝑥𝑞𝑛

0
; 𝑞, 𝑎𝑡).                    (3.3) 

We can check that (3.3) meets (2.2), and we have  

 

𝑓(𝑥, 𝑏, 𝑎) = �̃�(𝑥, 𝑎; 𝜃𝑏){𝑓(𝑥, 𝑏, 0)}                                                         
                                       = �̃�(𝑥, 𝑎; 𝜃𝑏){𝑏𝜅(𝑏𝑡; 𝑞)∞}                                                                        

                                             = �̃�(𝑥, 𝑎; 𝜃𝑏) {𝑏𝜅 ∑∞
𝑛=0

(−1)𝑛𝑞(𝑛
2)(𝑏𝑡)𝑛

(𝑞;𝑞)𝑛
}     (by using (1.2))             
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= �̃�(𝑥, 𝑎; 𝜃𝑏) {∑

∞

𝑛=0

(−1)𝑛𝑞(𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
𝑏𝑛+𝜅} 

= ∑

∞

𝑛=0

(−1)𝑛𝑞(𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
�̃�(𝑥, 𝑎; 𝜃𝑏){𝑏𝑛+𝜅}                                          

                   = ∑

∞

𝑛=0

ℎ𝑛+𝜅(𝑎, 𝑏, 𝑥|𝑞−1)
(−1)𝑛𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑛
    (by using (1.8))  

                                         =  𝐿𝐻𝑆  𝑜𝑓  (3.2).                                                                   □                                             

  

     • Setting 𝑘 = 0 in (3.2), we get the generating function for ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1)     

∑

∞

𝑛=0

ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1)
(−1)𝑛𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑛
= (𝑏𝑡; 𝑞)∞  1𝜙1 (

𝑥
0

; 𝑞, 𝑎𝑡)                 (3.4) 

         obtained by Arif and Saad [9]. 

  

3.2  Rogers Formula for 𝒉𝒏(𝒂, 𝒃, 𝒙|𝒒−𝟏) 

      The goal of this subsection is to validate Rogers formula for ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1) using the 𝑞-

difference equations method. 

Theorem 3.3  Let the polynomials hn(a, b, x|q−1) be defined as in (1.7), then   

∑

∞

n=0

∑

∞

m=0

ℎ𝑛+𝑚(𝑎, 𝑏, 𝑥|𝑞−1)
(−1)𝑛𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑛

(−1)𝑚𝑞(𝑚
2 )𝑠𝑚

(𝑞; 𝑞)𝑚
                                                                      

= (𝑏𝑡, 𝑏𝑠; 𝑞)∞ ∑

∞

𝑛=0

(−1)𝑛𝑞(𝑛
2)(𝑥; 𝑞)𝑛(𝑎𝑠)𝑛

(𝑞; 𝑞)𝑛
  2𝜙1 (

𝑥𝑞𝑛,
𝑞

𝑏𝑠
0

; 𝑞,
𝑎𝑡𝑏𝑠

𝑞
).                                   (3.5) 

Proof. Assume that  

        𝑓(𝑥, 𝑏, 𝑎) =  𝑅𝐻𝑆  𝑜𝑓 (3.5)               

                       = (𝑏𝑡, 𝑏𝑠; 𝑞)∞ ∑

∞

𝑛=0

(−1)𝑛𝑞(𝑛
2)(𝑥; 𝑞)𝑛(𝑎𝑠)𝑛

(𝑞; 𝑞)𝑛
  2𝜙1 (

𝑥𝑞𝑛,
𝑞

𝑏𝑠
0

; 𝑞,
𝑎𝑡𝑏𝑠

𝑞
).        (3.6) 

 One can easily check that (3.6) satisfies (2.2), then we get  

  𝑓(𝑥, 𝑏, 𝑎) = �̃�(𝑥, 𝑎; 𝜃𝑏){𝑓(𝑥, 𝑏, 0)}     

                     = �̃�(𝑥, 𝑎; 𝜃𝑏){(𝑏𝑡, 𝑏𝑠; 𝑞)∞}             

               = �̃�(𝑥, 𝑎; 𝜃𝑏) {∑

∞

𝑛=0

(−1)𝑛𝑞(𝑛
2)(𝑏𝑡)𝑛

(𝑞; 𝑞)𝑛
∑

∞

𝑚=0

(−1)𝑚𝑞(𝑚
2 )(𝑏𝑠)𝑚

(𝑞; 𝑞)𝑚
}       (by using (1.2))                     

                = �̃�(𝑥, 𝑎; 𝜃𝑏) {∑

∞

𝑛=0

∑

∞

𝑚=0

(−1)𝑛𝑞(𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛

(−1)𝑚𝑞(𝑚
2 )𝑠𝑚

(𝑞; 𝑞)𝑚
𝑏𝑚+𝑛}          

                = ∑

∞

𝑛=0

∑

∞

𝑚=0

(−1)𝑛𝑞(𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛

(−1)𝑚𝑞(𝑚
2 )𝑠𝑚

(𝑞; 𝑞)𝑚
�̃�(𝑥, 𝑎; 𝜃𝑏){𝑏𝑚+𝑛} 

   = ∑

∞

𝑛=0

∑

∞

𝑚=0

ℎ𝑚+𝑛(𝑎, 𝑏, 𝑥|𝑞−1)
(−1)𝑛𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑛

(−1)𝑚𝑞(𝑚
2 )𝑠𝑚

(𝑞; 𝑞)𝑚
.       (by using (1.8))             

        

 This corresponds to the LHS of (3.6).                                                                                     □ 
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3.3  Mehler’s Formula for 𝒉𝒏(𝒂, 𝒃, 𝒙|𝒒−𝟏) 

     The aim of this subsection is to concentrate on showing how Theorem 2.3 and Theorem 2.4 

combine togathor to give Mehler’s formula for ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1). The next theorem is known as 

the Mehler’s formula for ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1). 

 

Theorem 3.4  Let the polynomials ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1) be defined as in (1.7) , then  

∑

∞

𝑛=0

(−1)𝑛𝑞(𝑛
2)ℎ𝑛(𝑐, 𝑑, 𝑦|𝑞−1)ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1)

𝑡𝑛

(𝑞; 𝑞)𝑛
 

              = (𝑏𝑑𝑡; 𝑞)∞ ∑

∞

𝑘=0

∑

∞

𝑛=0

(−1)𝑘+𝑛𝑞(𝑘
2)+(𝑛

2)
(𝑦; 𝑞)𝑘(𝑥; 𝑞)𝑛

(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑛
(𝑏𝑐𝑡)𝑘(𝑎𝑑𝑡)𝑛 

                            ×   3𝜙2 (
𝑞−𝑘, 𝑥𝑞𝑛, 𝑞/𝑏𝑑𝑡

0,0
; 𝑞, 𝑎𝑑𝑡).                                                             (3.7)  

 

Proof. Let 𝑓(𝑥, 𝑏, 𝑎) be the right-hand side of equation (3.7).  

𝑓(𝑥, 𝑏, 𝑎) = (𝑏𝑑𝑡; 𝑞)∞ ∑

∞

𝑘=0

∑

∞

𝑛=0

(−1)𝑘+𝑛𝑞(𝑘
2)+(𝑛

2)
(𝑦; 𝑞)𝑘(𝑥; 𝑞)𝑛

(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑛
(𝑏𝑐𝑡)𝑘(𝑎𝑑𝑡)𝑛 

                            ×   3𝜙2 (
𝑞−𝑘, 𝑥𝑞𝑛, 𝑞/𝑏𝑑𝑡
0,0

; 𝑞, 𝑎𝑑𝑡).                                                     (3.8) 

One can easily check that (3.8) satisfies (2.2), then we get  

           𝑓(𝑥, 𝑏, 0) = (𝑏𝑑𝑡; 𝑞)∞ ∑

∞

𝑘=0

(−1)𝑘𝑞(𝑘
2)(𝑦; 𝑞)𝑘

(𝑞; 𝑞)𝑘
(𝑏𝑐𝑡)𝑘                                      

                           = (𝑑(𝑏𝑡); 𝑞)∞  1𝜙1 (
𝑦
0

; 𝑞, 𝑐(𝑏𝑡))                    

= ∑

∞

𝑛=0

ℎ𝑛(𝑐, 𝑑, 𝑦|𝑞−1)
(−1)𝑛𝑞(𝑛

2)(𝑏𝑡)𝑛

(𝑞; 𝑞)𝑛
      (by using (3.4))                                 

= ∑

∞

𝑛=0

ℎ𝑛(𝑐, 𝑑, 𝑦|𝑞−1)
(−1)𝑛𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑛
  𝑏𝑛.                                                                    

 From (2.6), we have  

𝑓(𝑥, 𝑏, 0) = ∑

∞

𝑛=0

𝜇𝑛𝑏𝑛. 

Hence  

 𝜇𝑛 = ℎ𝑛(𝑐, 𝑑, 𝑦|𝑞−1)
(−1)𝑛𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑛
. 

From (2.7), we get  

𝑓(𝑥, 𝑏, 𝑎) = ∑

∞

𝑛=0

(−1)𝑛𝑞(𝑛
2)ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1)ℎ𝑛(𝑐, 𝑑, 𝑦|𝑞−1)

𝑡𝑛

(𝑞; 𝑞)𝑛
 

                                   =  𝐿𝐻𝑆  𝑜𝑓 (3.7).                                                                                 □ 

     

     • Setting 𝑥 = 𝑦 = 0 in (3.7), we retain equation (1.6) obtained by Liu [8].  
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4.  Srivastava-Agarwal Type Generating Functions  

     In this section, the representation (1.8) is used to construct the Srivastava-Agarwal type 

generating function for ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1) by employing the homogeneous 𝑞-difference equations 

strategy. 

     Al-Salam and Carlitz polynomials [15] (or Hahn polynomials [16,17]) are defined by  

               𝜓𝑛
(𝑎)

(𝑥|𝑞) = ∑

𝑛

𝜏=0

[
𝑛
𝜏

] 𝑞(𝜏+1
2 )−𝑛𝜏(−𝑎𝑥)𝜏(1/𝑎; 𝑞)𝜏.                                 (4.1) 

     The following generating function is called the Srivastava Agarwal type generating 

function:  

Lemma 4.1  For Al-Salam and Carlitz polynomials ψn
(a)

(x|q), one can get  

                          ∑

∞

  𝑛=0

(−1)𝑛𝜓𝑛
(𝛼)

(𝑥|𝑞)(𝜆; 𝑞)𝑛

𝑞(𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
   

    = ∑

∞

𝑛=0

(−1)𝑛𝑞(𝑛
2)(𝜆; 𝑞)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛
  2𝜙1 (

1

𝛼
, 𝜆𝑞𝑛

0

; 𝑞, 𝛼𝑥𝑡).                                   (4.2) 

Proof.  

    ∑

∞

𝑛=0

𝜓𝑛
(𝛼)

(𝑥|𝑞)(𝜆; 𝑞)𝑛

(−1)𝑛𝑞(𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
                                                                                 

            = ∑

∞

𝑛=0

∑

𝑛

𝑘=0

𝑞(𝑘
2)+𝑘−𝑛𝑘(−𝛼𝑥)𝑘(1/𝛼; 𝑞)𝑘(𝜆; 𝑞)𝑛(−1)𝑛𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑛−𝑘
      (by using (4.1)) 

            = ∑

∞

𝑘=0

∑

∞

𝑛=0

𝑞(𝑘
2)+𝑘−𝑛𝑘−𝑘2

(−𝛼𝑥)𝑘(1/𝛼; 𝑞)𝑘(𝜆; 𝑞)𝑛+𝑘(−1)𝑛+𝑘𝑞(𝑛+𝑘
2 )𝑡𝑛+𝑘

(𝑞; 𝑞)𝑘(𝑞; 𝑞)𝑛
 

            = ∑

∞

𝑛=0

(−1)𝑛
𝑞(𝑛

2)(𝜆; 𝑞)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛
∑

∞

𝑘=0

(1/𝛼; 𝑞)𝑘(𝜆𝑞𝑛; 𝑞)𝑘(𝛼𝑥𝑡)𝑘

(𝑞; 𝑞)𝑘
 

            = ∑

∞

𝑛=0

(−1)𝑛
𝑞(𝑛

2)(𝜆; 𝑞)𝑛𝑡𝑛

(𝑞; 𝑞)𝑛
  2𝜙1 (

1

𝛼
, 𝜆𝑞𝑛

0

; 𝑞, 𝛼𝑥𝑡).                                                            

                                                       

     • Setting 𝜆 = 0 in equation (4.2), we get 

∑

∞

𝑛=0

(−1)𝑛𝜓𝑛
(𝛼)

(𝑥|𝑞)
𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑛
=

(𝑡, 𝑥𝑡; 𝑞)∞

(𝛼𝑥𝑡; 𝑞)∞
,    |𝛼𝑥𝑡| < 1,                                (4.3) 

 

which obtained by Cao [18].  

 

Theorem 4.2.  If |αμtx| < 1, then one can obtain             

  ∑

∞

𝑛=0

(−1)𝑛𝜓𝑛
𝛼(𝑥|𝑞)ℎ𝑛(𝑎, 𝜇, 𝜆|𝑞−1)

𝑞(𝑛
2)𝑡𝑛

(𝑞; 𝑞)𝑛
                                                                             

         =
(𝜇𝑡, 𝜇𝑡𝑥; 𝑞)∞

(𝛼𝜇𝑡𝑥)∞
∑

∞

𝑛=0

(1/𝛼, 𝜆, 𝜇𝑡𝑞−𝑛; 𝑞)𝑛(𝑎𝛼𝑥𝑡)𝑛

(𝛼𝜇𝑡𝑥𝑞−𝑛, 𝑞; 𝑞)𝑛
  1𝜙1 (

𝜆𝑞𝑛

0
; 𝑞, 𝑎𝑡).           (4.4) 

 

Proof. Assume that 𝐻(𝑥, 𝛼, 𝜇, 𝜆, 𝑎) be the RHS of (4.4).  
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𝐻(𝑥, 𝛼, 𝜇, 𝜆, 𝑎) =
(𝜇𝑡, 𝜇𝑡𝑥; 𝑞)∞

(𝛼𝜇𝑡𝑥)∞
∑

∞

𝑛=0

(1/𝛼, 𝜆, 𝜇𝑡𝑞−𝑛; 𝑞)𝑛(𝑎𝛼𝑥𝑡)𝑛

(𝛼𝜇𝑡𝑥𝑞−𝑛, 𝑞; 𝑞)𝑛
  1𝜙1 (

𝜆𝑞𝑛

0
; 𝑞, 𝑎𝑡)     (4.5) 

Assume that the variable 𝜇 is influenced by the operator 𝜃. Since (4.5) is achieved (2.2), by 

using (2.3) one can get   

 𝐻(𝑥, 𝛼, 𝜇, 𝜆, 𝑎) = �̃�(𝜆, 𝑎; 𝜃𝜇){𝐻(𝑥, 𝛼, 𝜇, 𝜆, 0)}               

                             = �̃�(𝜆, 𝑎; 𝜃𝜇) {
(𝜇𝑡, 𝜇𝑡𝑥; 𝑞)∞

(𝛼𝜇𝑡𝑥; 𝑞)∞
}                                                                                         

                             = �̃�(𝜆, 𝑎; 𝜃𝜇) {∑

∞

𝑛=0

(−1)𝑛𝜓𝑛
(𝛼)

(𝑥|𝑞)
𝑞(𝑛

2)(𝜇𝑡)𝑛

(𝑞; 𝑞)𝑛
}              (by using (4.3) 

                             = ∑

∞

𝑛=0

(−1)𝑛𝜓𝑛
(𝛼)

(𝑥|𝑞)
𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑛
�̃�(𝜆, 𝑎; 𝜃𝜇){𝜇𝑛} 

= ∑

∞

𝑛=0

(−1)𝑛𝜓𝑛
(𝛼)

(𝑥|𝑞)ℎ𝑛(𝑎, 𝜇, 𝜆|𝑞−1)
𝑞(𝑛

2)𝑡𝑛

(𝑞; 𝑞)𝑛
.             (by using (1.8))            

                          =  𝐿𝐻𝑆  𝑜𝑓  (4.4).                                                                                                                                                            
      • Setting 𝜇 = 0 and 𝑎 = 1 in equation (4.4), we get (4.2).  

      • Setting 𝜇 = 1 and 𝑎 = 0 in equation (4.4), we get (4.3).  

 

5.  A Transformative Identity Consisting of Generating Functions for  

      𝒉𝒏(𝒂, 𝒃, 𝒙|𝒒−𝟏) 
     This section is devoted to deriving a transformational identity by using the homogeneous 𝑞-

difference equation strategy, which involves the generating functions for ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1).  

Theorem 5.1  If        

∑

∞

𝜏=0

𝐴(𝜏)𝑏𝜏 = ∑

∞

𝜏=0

𝐵(𝜏)(𝑏𝑡𝑞𝜏; 𝑞)∞,                                                (5.1) 

is convergent, then         

∑

∞

𝜏=0

𝐴(𝜏)ℎ𝜏(𝑎, 𝑏, 𝑥|𝑞−1) = ∑

∞

𝜏=0

𝐵(𝜏)(𝑏𝑡𝑞𝜏; 𝑞)∞  1𝜙1 (
𝑥
0

; 𝑞, 𝑎𝑡𝑞𝜏),                      (5.2) 

 assuming (5.2) is convergent.  

Proof. Let 𝑓(𝑥, 𝑏, 𝑎) be the RHS (5.2), that is: 

𝑓(𝑥, 𝑏, 𝑎) = ∑

∞

𝜏=0

𝐵(𝜏)(𝑏𝑡𝑞𝜏; 𝑞)∞  1𝜙1 (
𝑥
0

; 𝑞, 𝑎𝑡𝑞𝜏).                              (5.3) 

 One can easily check that (5.3) satisfies (2.2) and by (2.3) get  

          𝑓(𝑥, 𝑏, 𝑎) = �̃�(𝑥, 𝑎; 𝜃𝑏){𝑓(𝑥, 𝑏, 0)} 

= �̃�(𝑥, 𝑎; 𝜃𝑏) {∑

∞

𝜏=0

𝐵(𝜏)(𝑏𝑡𝑞𝜏; 𝑞)∞}                                                                            

= �̃�(𝑥, 𝑎; 𝜃𝑏) {∑

∞

𝜏=0

𝐴(𝜏)𝑏𝜏}     (by using (5.1))                                                       

= ∑

∞

𝜏=0

𝐴(𝜏)�̃�(𝑥, 𝑎; 𝜃𝑏){𝑏𝜏}                                                                                            
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= ∑

∞

𝜏=0

𝐴(𝜏)ℎ𝜏(𝑎, 𝑏, 𝑥|𝑞−1).      (by using (1.8))                                                      

Thus, we get the LHS of (5.2).  
  
Conclusion 

     In this work, the 𝑞-difference equations approach  is employed to prove somegenerating 

functions, namely the extended generating function, Rogers formula, Mehler’s formula for the 

polynomials ℎ𝑛(𝑎, 𝑏, 𝑥|𝑞−1) and the generating functions of Srivastava-Agarwal type. Also, a 

connection between the homogeneous 𝑞-difference equations and transformation formulas is 

established. Finally, some important properties and results are discussed and studied. 
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