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Abstract  

        In this paper, the necessary optimality conditions are studied and derived for a 

new class of the sum of two Caputo–Katugampola fractional derivatives of orders 

(α, ρ) and( β,ρ) with fixed the final boundary conditions. In the second study, the 

approximation of the left Caputo-Katugampola fractional derivative was obtained by 

using the shifted Chebyshev polynomials. We also use the Clenshaw and Curtis 

formula to approximate the integral from -1 to 1. Further, we find the critical points 

using the Rayleigh–Ritz method. The obtained approximation of the left fractional 

Caputo-Katugampola derivatives was added to the algorithm applied to the 

illustrative example so that we obtained the approximate results for the state variable 

x(t) and the control variable u(t) by assumed  α, β ∈ (0,1)  with different values for 

two periods of ρ > 0 (ρ∈ (0,1) , ρ∈ (1,2)). In both cases, the algorithm steps show the 

accuracy and efficiency of the approximate results of the proposed system. 

 

Keywords: Riemann–Katugampola and Caputo–Katugampola fractional 

derivatives, Sum two Caputo–Katugampola derivatives, Fractional optimal control 

problems, Chebyshev pseudo-spectral method.  

 

 كاتوجامبولا -كابوتو مشتقات من اثنين مجموع من صف وتقريب المثلى الضرورية الشروط دراسة
الكسرية المثلى السيطرة لمسائل  
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  الخلاصة 
في هذا البحث ، تمت دراسة واشتقاق الشروط المثلى الضرورية لصف جديد يتضمن مجموع اثنين من     

لمسائل  نهائية ثابتة حدودية( الكسرية  بشروط (β,ρو   (α,ρكاتوجامبولا  ذات الرتب ) -مشتقات كابوتو
 الايسر كاتوجامبولا الكسري  -تقريب مشتقة كابوتوالحصول على السيطرة المثلى. في الدراسة الثانية ، تم 

 1إلى  1-استخدام صيغة كلينشو وكيرتس لتقريب التكامل من و  المزاحة باستخدام متعدد حدود تشيبيشيف
كاتوجامبولا الكسري الايسر  -مشتقة كابوتوتمت إضافة  .ريتز - والعثور على النقاط الحرجة بطريقة رايلي

التي حصلنا عليها إلى الخوارزمية المطبقة على المثال التوضيحي بحيث حصلنا على النتائج التقريبية لمتغير 
 (ρ∈ (0,1) , ρ∈ (1,2)) بقيم مختلفة لفترتين من α, β ∈ (0,1) بافتراض u(t) السيطرة ومتغير x(t) لالح

 ρ> 0 في كلتا الحالتين ، توضح خطوات الخوارزمية دقة وكفاءة النتائج التقريبية للنظام المقترح. 
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1. Introduction 

       Fractional calculus deals with derivatives and integrals of arbitrary order real or complex 

order [1-3]. Recently, it has many applications in the fields of science and engineering such as 

bioengineering [4], viscoelasticity [5, 6] and the fractional logistic model with feedback 

control has been suggested and analyzed in [7].  

 

     Fractional optimal control (FOC) problems are the generalization of the optimal control 

problems with fractional dynamical systems, the solution of these problems for many natural 

systems is more accurate than the classical optimal control ones, so it has great importance.  

Several fractional derivatives have been introduced: Riemann-Liouville, Hadamard, 

Grunwald-Letnikov, Riesz and Caputo fractional derivatives [8, 9]. 

         

     Caputo–Katugampola fractional derivative with two orders (α,ρ) is a generalization of the 

Caputo fractional derivative which means if we consider ρ=1,then we obtain the Caputo 

fractional derivative. 

        

     Katugampola [10,11] introduced a new approach to a generalized fractional integral 

proposed by Riemann-Liouville and Hadamard. In [11], the author presented a new approach 

to generalized fractional derivatives which generalizes the Riemann-Liouville and the 

Hadamard fractional derivatives. 

 

     In [12], Ricardo Almeida et al. solved the fractional differential equations with dependence 

on the Caputo–Katugampola derivatives. 

       

      Authors in [13] have obtained approximate results that entitled solution of some types for 

composition FODE corresponding to OCPs by Qasim Hasan, S., and  Abbas Holel, M. This 

work was later developed for the same authors but using the Caputo–Katugampola derivative.   

        

      Numerical solutions of fractional optimal control with Caputo–Katugampola derivative 

are presented in N.H.Sweilam et al. [14]. 

 

       The main object of this work is to find a new relation (integration by parts) between 

Riemann–Katugampola and Caputo–Katugampola fractional derivatives of order 𝛼, 𝛽 ∈ (0,1) 
and 𝜌 > 0. The generalized fractional integrals and derivatives are defined in[10,11].The 

nonlinear fractional differential equation in [12] have been developed to propose a new class 

of sum two Caputo–Katugampola FOCPs, which is as follows: 

        𝜑1 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡) = 𝐺(𝑡, 𝑥(𝑡), 𝑢(𝑡)), with(𝜑1, 𝜑2) ≠ (0,0).    

In order to obtain the necessary conditions mentioned in [13] with fractional Caputo 

derivatives, it is replaced by fractional Caputo-Katugampola derivatives, the numerical results 

are approximated for both cases the previous in [14] and the proposed for the sum of two 

Caputo–Katugampola fractional derivatives in a class of FOCPs.  

 

      This paper contains six sections: In section 2, some basic preliminaries, namely   

definitions and some important properties of Riemann–Katugampola and Caputo–

Katugampola fractional derivatives. In section 3, the first study presented necessary 

optimality conditions for a class of sum two Caputo–Katugampola FOCPs. The second study 

presented an approximation of the left Caputo–Katugampola fractional derivatives using 

Chebyshev polynomials and writing an efficient algorithm in section 4.We give an illustrative 
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example to describe the method proposed accurately in section 5. Lastly, conclusions are 

shown in section 6. 

2. Preliminaries  

        In this section, we present definitions and properties of fractional derivatives and 

integrals. We give some important theorems that are needed throughout this work: 

 

Definition 1 [11, 12]. Let 0 < 𝑎 < 𝑏 < ∞,   𝑓:  [𝑎, 𝑏] → R be an integrable function and 

𝛼 ∈ (0,1), 𝜌 > 0 . The left and right Riemann–Katugampola fractional integral are defined by 

            𝐷𝑎
 𝑅𝐾

𝑡
−𝛼,𝜌

𝑓(𝑡) =
1

Г(𝛼)
∫ (

𝑡𝜌−𝜏𝜌

𝜌
)
𝛼−1

 𝑓(𝜏)
𝑑𝜏

𝜏1−𝜌
,          

𝑡

𝑎
                                          … (1) 

 

             𝐷𝑡
𝑅𝐾

𝑏
−𝛼,𝜌

𝑓(𝑡) =
1

Г(𝛼)
∫ (

𝜏𝜌−𝑡𝜌

𝜌
)
𝛼−1

 𝑓(𝜏)
𝑑𝜏

𝜏1−𝜌
.          

𝑏

𝑡
                                   … (2) 

 

       Respectively, where Г(𝛼) is the Gamma function defined by  Г(𝛼) = ∫ 𝑒−𝑡
∞

0
𝑡𝛼−1𝑑𝑡, 

𝜃 ∈ ℂ , (𝑅𝑒(𝛼) > 0) . Some basic properties of   Gamma function are given as follows [16]    

Г(𝛼 + 1) = 𝛼Г(𝛼)                                               (𝑅𝑒(𝛼) > 0),                                   … (3) 

 

𝐵(𝛼, 𝛽) = ∫ 𝑡𝛼−1
1

0
(1 − 𝑡)𝛽−1𝑑𝑡 =

Г(𝛼)Г(𝛽)

Г(𝛼+𝛽)
         (𝑅𝑒(𝛼), 𝑅𝑒(𝛽) > 0).                … (4) 

 

Definition 2 [11, 12]. Let 0 < 𝑎 < 𝑏 < ∞,   𝑓:  [𝑎, 𝑏] → R be an integrable function and 

𝛼 ∈ (0,1), 𝜌 > 0 . The left and right Riemann–Katugampola fractional derivatives are defined 

by 

 

            𝐷𝑎
𝑅𝐾

𝑡
𝛼,𝜌
𝑓(𝑡) =

𝜌𝛼

Г(1−𝛼)
(𝑡1−𝜌

𝑑

𝑑𝑡
) ∫

𝜏𝜌−1

(𝑡𝜌−𝜏𝜌)𝛼
 𝑓(𝜏)𝑑𝜏,          

𝑡

𝑎
                                … (5) 

             𝐷𝑡
𝑅𝐾

𝑏
𝛼,𝜌
𝑓(𝑡) =

−𝜌𝛼

Г(1−𝛼)
(𝑡1−𝜌

𝑑

𝑑𝑡
)∫

𝜏𝜌−1

(𝜏𝜌−𝑡𝜌)𝛼
 𝑓(𝜏)𝑑𝜏.          

𝑏

𝑡
                              … (6) 

Respectively. 

 

Definition 3 [11, 12]. Let 0 < 𝑎 < 𝑏 < ∞,   𝑓:  [𝑎, 𝑏] → R is an integrable function and 

𝛼 ∈ (0,1), 𝜌 > 0 . The left and right Caputo–Katugampola  fractional derivatives are defined 

by 

 

            𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
𝑓(𝑡) = 𝐷𝑎

𝑅𝐾
𝑡
𝛼,𝜌[𝑓(𝑡) − 𝑓(𝑎)] 

                                    =
𝜌𝛼

Г(1−𝛼)
(𝑡1−𝜌

𝑑

𝑑𝑡
) ∫

𝜏𝜌−1

(𝑡𝜌−𝜏𝜌)𝛼
 [𝑓(𝜏) − 𝑓(𝑎)]𝑑𝜏,          

𝑡

𝑎
               … (7) 

             𝐷𝑡
𝐶𝐾

𝑏
𝛼,𝜌
𝑓(𝑡) = 𝐷𝑡

𝑅𝐾
𝑏
𝛼,𝜌[𝑓(𝑡) − 𝑓(𝑏)] 

                                     =
−𝜌𝛼

Г(1−𝛼)
(𝑡1−𝜌

𝑑

𝑑𝑡
) ∫

𝜏𝜌−1

(𝜏𝜌−𝑡𝜌)𝛼
 [𝑓(𝜏) − 𝑓(𝑏)]𝑑𝜏.          

𝑏

𝑡
             … (8) 

Respectively. 

 

Theorem 1. Let 𝛼 ∈ (0,1) and 𝜌 > 0, then left and right Caputo–Katugampola fractional 

derivatives of a function 𝑓 ∈ C
1 [𝑎, 𝑏] is given by                                    

                  𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
𝑓(𝑡) =

𝜌𝛼

Г(1−𝛼)
∫ (𝑡𝜌 − 𝜏𝜌)−𝛼
𝑡

𝑎
𝑓 (𝜏)𝑑𝜏.                                      … (9) 

                  𝐷𝑡
𝐶𝐾

𝑏
𝛼,𝜌
𝑓(𝑡) =

−𝜌𝛼

Г(1−𝛼)
∫ (𝜏𝜌 − 𝑡𝜌)−𝛼
𝑏

𝑡
𝑓 (𝜏)𝑑𝜏.                                        … (10)                          

Proof  

      We prove the left Caputo–Katugampola fractional derivatives by using Definition 3 from 

Eq. (7), let  
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                   𝑢 = 𝑓(𝜏) − 𝑓(𝑎)        𝑑𝑣 =
𝜏𝜌−1

(𝑡𝜌−𝜏𝜌)𝛼
𝑑𝜏       

                 𝑑𝑢 = 𝑓 (𝜏)𝑑𝜏                 𝑣 = ∫ 𝜏𝜌−1
𝑡

𝑎
(𝑡𝜌 − 𝜏𝜌)−𝛼𝑑𝜏 = (

−1

𝜌(1−𝛼)
(𝑡𝜌 − 𝜏𝜌)1−𝛼) 

                         𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
𝑓(𝑡) =

𝜌𝛼

Г(1−𝛼)
(𝑡1−𝜌

𝑑

𝑑𝑡
) ∫ 𝑢 𝑑𝑣,          

𝑡

𝑎
                                       … (11) 

               

Now, we integrate Eq.(11), we obtain 

∫ 𝑢𝑑𝑣
𝑡

𝑎
= [𝑢𝑣]𝑎

𝑡 − ∫ 𝑣𝑑𝑢
𝑡

𝑎
  

             = [𝑓(𝜏) − 𝑓(𝑎)] (
−1

𝜌(1−𝛼)
(𝑡𝜌 − 𝜏𝜌)1−𝛼) 

𝜏=𝑎

𝜏=𝑡

− ∫
−1

𝜌(1−𝛼)
(𝑡𝜌 − 𝜏𝜌)1−𝛼

𝑡

𝑎
𝑓 (𝜏)𝑑𝜏  

             = [𝑓(𝑡) − 𝑓(𝑎)] (
−1

𝜌(1−𝛼)
(𝑡𝜌 − 𝑡𝜌)1−𝛼) − [𝑓(𝑎) − 𝑓(𝑎)] (

−1

𝜌(1−𝛼)
(𝑡𝜌 − 𝑎𝜌)1−𝛼)

⏟                                                
=0

  

                                     +∫
1

𝜌(1−𝛼)
(𝑡𝜌 − 𝜏𝜌)1−𝛼

𝑡

𝑎
𝑓 (𝜏)𝑑𝜏  

 

= ∫
1

𝜌(1−𝛼)
(𝑡𝜌 − 𝜏𝜌)1−𝛼

𝑡

𝑎
𝑓 (𝜏)𝑑𝜏.                                                                              … (12) 

 

We substitute the result of Eq. (12) into Eq. (11), we obtain  

=
𝜌𝛼

Г(1−𝛼)
(𝑡1−𝜌

𝑑

𝑑𝑡
) [∫

1

𝜌(1−𝛼)
(𝑡𝜌 − 𝜏𝜌)1−𝛼

𝑡

𝑎
𝑓 (𝜏)𝑑𝜏]  

=
𝜌𝛼

Г(1−𝛼)
. 𝑡1−𝜌

𝑑

𝑑𝑡
[∫

1

𝜌(1−𝛼)
(𝑡𝜌 − 𝜏𝜌)1−𝛼

𝑡

𝑎
𝑓 (𝜏)𝑑𝜏]       

=
𝜌𝛼

Г(1−𝛼)
. 𝑡1−𝜌 [(1 − 𝛼)(𝜌𝑡𝜌−1) ∫

1

𝜌(1−𝛼)
(𝑡𝜌 − 𝜏𝜌)−𝛼

𝑡

𝑎
𝑓 (𝜏)𝑑𝜏],        

            𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
𝑓(𝑡) =

𝜌𝛼

Г(1−𝛼)
∫ (𝑡𝜌 − 𝜏𝜌)−𝛼
𝑡

𝑎
𝑓 (𝜏)𝑑𝜏.                                          

Where 𝛼 ∈ (0,1), 𝜌 > 0  are two fixed real and 𝑓 ∈ 𝐿1([𝑎, 𝑏]).  
 

Theorem 2. If the Riemann-Katugampola fractional integral of order(1 − 𝛼, 𝜌), then 

 

     𝐷𝑎
 𝑅𝐾

𝑡
𝛼,𝜌
𝑓(𝑡) = (𝑡1−𝜌

𝑑

𝑑𝑡
) 𝐷𝑎
𝑅𝐾

𝑡
−(1−𝛼,𝜌)

 𝑓(𝑡),                                    … (13)                                     

𝐷𝑡
𝑅𝐾

𝑏
𝛼,𝜌
𝑓(𝑡) = (−𝑡1−𝜌

𝑑

𝑑𝑡
) 𝐷𝑡
𝑅𝐾

𝑏
−(1−𝛼,𝜌)

𝑓(𝑡),                                  … (14)                              

      𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
𝑓(𝑡) = 𝐷𝑎

𝑅𝐾
𝑡
−(1−𝛼,𝜌)

(𝑡1−𝜌
𝑑

𝑑𝑡
𝑓) (𝑡),                                    … (15)                          

      𝐷𝑡
𝐶𝐾

𝑏
𝛼,𝜌
𝑓(𝑡) = 𝐷𝑡

𝑅𝐾
𝑏
−(1−𝛼,𝜌)

(−𝑡1−𝜌
𝑑

𝑑𝑡
𝑓) (𝑡).                                 … (16) 

 

Proof: 

In order to prove Eq. (13), we use Eq. (1), then we get the following: 

(𝑡1−𝜌
𝑑

𝑑𝑡
) 𝐷𝑎
𝑅𝐾

𝑡
−(1−𝛼,𝜌)

 𝑓(𝑡) = (𝑡1−𝜌
𝑑

𝑑𝑡
) [

1

Г(1−𝛼)
∫ (

𝑡𝜌−𝜏𝜌

𝜌
)
−𝛼

 𝑓(𝜏)
𝑑𝜏

𝜏1−𝜌

𝑡

𝑎
],  

                                             = [
𝜌𝛼

Г(1−𝛼)
(𝑡1−𝜌

𝑑

𝑑𝑡
)∫

𝜏𝜌−1

(𝑡𝜌−𝜏𝜌)𝛼
 𝑓(𝜏)𝑑𝜏

𝑡

𝑎
]

⏟                      
,  

                                             = 𝐷𝑎
𝑅𝐾

𝑡
𝛼,𝜌
𝑓(𝑡).  

To prove Eq.(14), we use Eq. (2), then we get the following:  

(−𝑡1−𝜌
𝑑

𝑑𝑡
) 𝐷𝑡
𝑅𝐾

𝑏
−(1−𝛼,𝜌)

𝑓(𝑡) = (−𝑡1−𝜌
𝑑

𝑑𝑡
) [

1

Г(1−𝛼)
∫ (

𝜏𝜌−𝑡𝜌

𝜌
)
−𝛼

 𝑓(𝜏)
𝑑𝜏

𝜏1−𝜌

𝑏

𝑡
],  

                                             = [
−𝜌𝛼

Г(1−𝛼)
(𝑡1−𝜌

𝑑

𝑑𝑡
)∫

𝜏𝜌−1

(𝜏𝜌−𝑡𝜌)𝛼
 𝑓(𝜏)𝑑𝜏

𝑏

𝑡
] ,

⏟                        
  

                                             = 𝐷𝑎
𝑅𝐾

𝑡
𝛼,𝜌
𝑓(𝑡).  
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Now, for proving Eq. (15), we also use Eq. (1), then  

𝐷𝑎
𝑅𝐾

𝑡
−(1−𝛼,𝜌)

(𝑡1−𝜌
𝑑

𝑑𝑡
𝑓) (𝑡) =

1

Г(1−𝛼)
∫ (

𝑡𝜌−𝜏𝜌

𝜌
)
−𝛼

 (𝜏1−𝜌
𝑑

𝑑𝑡
𝑓) (𝜏)

𝑑𝜏

𝜏1−𝜌
,

𝑡

𝑎
  

                                                =
𝜌𝛼

Г(1−𝛼)
∫ (𝑡𝜌 − 𝜏𝜌)−𝛼  (

𝑑

𝑑𝜏
𝑓) (𝜏)𝑑𝜏

𝑡

𝑎
,   

                                                =
𝜌𝛼

Г(1−𝛼)
∫ (𝑡𝜌 − 𝜏𝜌)−𝛼 𝑓 (𝜏)(𝜏)𝑑𝜏
𝑡

𝑎
,

⏟                    
 

                                                = 𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
𝑓(𝑡).  

 

Finally, by using Eq. (2), we can prove Eq.(16) as follows:  

𝐷𝑡
𝑅𝐾

𝑏
−(1−𝛼,𝜌)

(−𝑡1−𝜌
𝑑

𝑑𝑡
𝑓) (𝑡) =

1

Г(1−𝛼)
∫ (

𝜏𝜌−𝑡𝜌

𝜌
)
−𝛼

 (−𝜏1−𝜌
𝑑

𝑑𝜏
𝑓) (𝜏)

𝑑𝜏

𝜏1−𝜌

𝑏

𝑡
,  

                                                =
−𝜌𝛼

Г(1−𝛼)
∫ (𝜏𝜌 − 𝑡𝜌)−𝛼  (

𝑑

𝑑𝜏
𝑓) (𝜏)𝑑𝜏

𝑏

𝑡
,  

                                                =
−𝜌𝛼

Г(1−𝛼)
∫ (𝜏𝜌 − 𝑡𝜌)−𝛼 𝑓 (𝜏)𝑑𝜏
𝑏

𝑡⏟                  
, 

                                                = 𝐷𝑡
𝐶𝐾

𝑏
𝛼,𝜌
𝑓(𝑡).  

 

3. Studying the necessary optimality conditions for a class of sum two Caputo–

Katugampola FOCPs:  

     We first prove a very important relation between Riemann–Katugampola and Caputo–

Katugampola fractional derivatives to derive the necessary optimality conditions, this is given 

in the next theorem as follows: 

 

Theorem 3. Let 𝑓(𝑡) ∈ C[𝑎, 𝑏] and 𝑔(𝑡) ∈ C1[𝑎, 𝑏] be two functions and α ∈ (0, 1) and 

 ρ > 0. Then,  

∫𝑓(𝑡) · 𝐷𝑡
𝛼,𝜌

𝑎
 𝐶𝐾 𝑔(𝑡)𝑑𝑡 =

𝑏

𝑎

 

∫(𝑔(𝑡)𝑡𝜌−1) 𝐷𝑏
𝛼,𝜌

𝑡
𝑅𝐾 (𝑡1−𝜌𝑓(𝑡))𝑑𝑡 +

𝑏

𝑎

[𝑔(𝑡) 𝐷𝑏
−(1−𝛼,𝜌)

𝑡
𝑅𝐾 (𝑡1−𝜌𝑓(𝑡))]

𝑡=𝑎

𝑡=𝑏

. 

Proof: 

By using the definition of the left Caputo–Katugampola fractional derivatives of 𝑓(𝑡) of 

order (𝛼, 𝜌)  and Theorem 1, we have:                                                                  

 

∫ 𝑓(𝑡) · 𝐷𝑡
𝛼,𝜌

𝑎
 𝐶𝐾 𝑔(𝑡)𝑑𝑡

𝑏

𝑎
= ∫ 𝑓(𝑡) [

𝜌𝛼

Г(1−𝛼)
∫ (𝑡𝜌−𝜏𝜌)−𝛼
𝑡

𝑎

𝑑

𝑑𝜏
𝑔(𝜏)𝑑𝜏] 𝑑𝑡

𝑏

𝑎
,                  … (17) 

By using the Dirichlet’s formula for Eq. (17), we get 

= ∫
𝑑

𝑑𝑡
𝑔(𝑡) [

𝜌𝛼

Г(1−𝛼)
∫ (𝜏𝜌 − 𝑡𝜌)−𝛼
𝑏

𝑡
𝑓(𝜏)𝑑𝜏]

⏟                  
𝑑𝑡

𝑏

𝑎
,                                                   

= ∫
𝑑

𝑑𝑡
𝑔(𝑡) [

𝜌𝛼

Г(1−𝛼)
∫ (𝜏𝜌 − 𝑡𝜌)−𝛼
𝑏

𝑡

𝜏1−𝜌𝑓(𝜏)

𝜏1−𝜌
𝑑𝜏]

⏟                    
𝑑𝑡

𝑏

𝑎
,                                                    … (18) 

By using the definition of the right Riemann–Katugampola fractional integral of (𝑡1−𝜌𝑓(𝑡) ) 
of order (1 − 𝛼, 𝜌 ) in Eq. (18), we have: 

= ∫
𝑑

𝑑𝑡
𝑔(𝑡) 𝐷𝑏

−(1−𝛼,𝜌)
𝑡

𝑅𝐾 (𝑡1−𝜌𝑓(𝑡))𝑑𝑡
𝑏

𝑎
,                                                                               

Let   ℎ(𝑡) = 𝐷𝑏
−(1−𝛼,𝜌)

𝑡
𝑅𝐾 (𝑡1−𝜌𝑓(𝑡)), we obtain:    

= ∫
𝑑

𝑑𝑡
𝑔(𝑡)ℎ(𝑡)𝑑𝑡

𝑏

𝑎
                                                                                                      … (19) 
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Now, we integrate the Eq. (19) by parts, let  𝑢 = ℎ(𝑡) and 𝑑𝑢 =
𝑑

𝑑𝑡
ℎ(𝑡)𝑑𝑡, then we get 

𝑑𝑣 =
𝑑

𝑑𝑡
𝑔(𝑡)𝑑𝑡 and  𝑣 = 𝑔(𝑡). Therefore,  

∫
𝑑

𝑑𝑡
𝑔(𝑡)ℎ(𝑡)𝑑𝑡

𝑏

𝑎
= ∫ 𝑢𝑑𝑣 =

𝑏

𝑎
[𝑢𝑣]𝑎

𝑏 − ∫ 𝑣𝑑𝑢.
𝑏

𝑎
  

= [ℎ(𝑡)𝑔(𝑡)]𝑡=𝑎
𝑡=𝑏 − ∫ 𝑔(𝑡)

𝑑

𝑑𝑡
ℎ(𝑡)𝑑𝑡,

𝑏

𝑎
  

 

= [𝑔(𝑡) 𝐷𝑏
−(1−𝛼,𝜌)

𝑡
𝑅𝐾 (𝑡1−𝜌𝑓(𝑡))]

𝑡=𝑎

𝑡=𝑏

  

−∫ 𝑔(𝑡)
𝑡1−𝜌

𝑡1−𝜌
𝑑

𝑑𝑡
[

𝜌𝛼

Г(1−𝛼)
∫ (𝜏𝜌 − 𝑡𝜌)−𝛼
𝑏

𝑡
𝑓(𝜏)

𝜏1−𝜌𝑓(𝜏)

𝜏1−𝜌
𝑑𝜏] 𝑑𝑡,

𝑏

𝑎
    

= [𝑔(𝑡) 𝐷𝑏
−(1−𝛼,𝜌)

𝑡
𝑅𝐾 (𝑡1−𝜌𝑓(𝑡))]

𝑡=𝑎

𝑡=𝑏

  

−∫ 𝑔(𝑡)
1

𝑡1−𝜌
(𝑡1−𝜌

𝑑

𝑑𝑡
) [

𝜌𝛼

Г(1−𝛼)
∫ (𝜏𝜌 − 𝑡𝜌)−𝛼
𝑏

𝑡
𝑓(𝜏)

𝜏1−𝜌𝑓(𝜏)

𝜏1−𝜌
𝑑𝜏]

⏟                        
𝑑𝑡,

𝑏

𝑎
              

 

                 = [𝑔(𝑡) 𝐷𝑏
−(1−𝛼,𝜌)

𝑡
𝑅𝐾 (𝑡1−𝜌𝑓(𝑡))]

𝑡=𝑎

𝑡=𝑏

 

−∫ (𝑔(𝑡)𝑡𝜌−1)(−1) [
−𝜌𝛼

Г(1−𝛼)
(𝑡1−𝜌

𝑑

𝑑𝑡
) ∫ (𝜏𝜌 − 𝑡𝜌)−𝛼

𝑏

𝑡
𝑓(𝜏)

𝜏1−𝜌𝑓(𝜏)

𝜏1−𝜌
𝑑𝜏]

⏟                              
𝑑𝑡,

𝑏

𝑎
                … (20) 

By using the definition of the right Riemann–Katugampola fractional derivative of 

(𝑡1−𝜌𝑓(𝑡)) of order  (1 − 𝛼, 𝜌 ) in Eq. (20), we have: 

= ∫ (𝑔(𝑡)𝑡𝜌−1) 𝐷𝑏
𝛼,𝜌

𝑡
𝑅𝐾 (𝑡1−𝜌𝑓(𝑡))𝑑𝑡 +

𝑏

𝑎
[𝑔(𝑡) 𝐷𝑏

−(1−𝛼,𝜌)
𝑡

𝑅𝐾 (𝑡1−𝜌𝑓(𝑡))]
𝑡=𝑎

𝑡=𝑏

,             

Thus,  

                                                   ∫ 𝑓(𝑡) · 𝐷𝑡
𝛼,𝜌

𝑎
 𝐶𝐾 𝑔(𝑡)𝑑𝑡 =

𝑏

𝑎
  

               ∫ (𝑔(𝑡)𝑡𝜌−1) 𝐷𝑏
𝛼,𝜌

𝑡
𝑅𝐾 (𝑡1−𝜌𝑓(𝑡))𝑑𝑡 +

𝑏

𝑎
[𝑔(𝑡) 𝐷𝑏

−(1−𝛼,𝜌)
𝑡

𝑅𝐾 (𝑡1−𝜌𝑓(𝑡))]
𝑡=𝑎

𝑡=𝑏

.  

 

Now, we study and derive the necessary optimality conditions for a class of sum two Caputo–

Katugampola FOCPs, as follows:  

            Minimize J(𝑥, 𝑢, 𝑡𝑓) = ∫ 𝐹(𝑡, 𝑥(𝑡), 𝑢(𝑡))𝑑𝑡
𝑡𝑓
𝑎

,                                                … (21) 

          subject to sum of two (C-K) fractional dynamical system  

          𝜑1 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡) = 𝐺(𝑡, 𝑥(𝑡), 𝑢(𝑡)),                                       … (22) 

            and the boundary conditions      

            𝑥(𝑎) = 𝑥𝑎,                     𝑥(𝑡𝑓) = 𝑥𝑓 .                                                                … (23) 

 

Let 𝐹, 𝐺: [𝑎,∞[ × R2 → R be two differentiable functions, where 𝑥(𝑡) is the state variable and 

 𝑢(𝑡) is the control variable with (𝜑1, 𝜑2) ≠ (0,0) 𝑎𝑛𝑑  𝑡𝑓 , 𝑥𝑎, 𝑥𝑓 are fixed real numbers. 

J*(𝑥, 𝑢, 𝑡𝑓 , 𝜆) = ∫ [𝐹(𝑡, 𝑥(𝑡), 𝑢(𝑡)) + 𝜆(𝑡) [
𝐺(𝑡, 𝑥(𝑡), 𝑢(𝑡))

−{𝜑1 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡)}

]]
𝑡𝑓
𝑎

𝑑𝑡 

                   = ∫ [
𝐹(𝑡, 𝑥(𝑡), 𝑢(𝑡)) + 𝜆(𝑡)𝐺(𝑡, 𝑥(𝑡), 𝑢(𝑡))

−𝜆(𝑡){𝜑1 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡)}

]
𝑡𝑓
𝑎

𝑑𝑡                             … (24) 

Now, we define the Hamiltonian function 𝐻(𝑡, 𝑥, 𝑢, 𝜆)  by: 

𝐻(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡)) = 𝐹(𝑡, 𝑥(𝑡), 𝑢(𝑡)) + 𝜆(𝑡)𝐺(𝑡, 𝑥(𝑡), 𝑢(𝑡)),                         … (25) 

Substitution Eq. (25) into Eq. (24), we get: 
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  J*(𝑥, 𝑢, 𝑡𝑓 , 𝜆) = ∫ [
𝐻(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡))

−𝜆(𝑡){𝜑1 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡)}

]
𝑡𝑓
𝑎

𝑑𝑡,                      … (26)                                                                             

where 𝜆(𝑡) is a Lagrange multiplier. 

 

     Let U be the admissible control region, there are small variation 𝛿𝑢 ∈ U such that 𝑢 +
𝛿𝑢 ∈ U, so the variations are as follows:              𝑥 + 𝛿𝑥,       𝑢 + 𝛿𝑢,         𝜆 + 𝛿𝜆 

with 𝛿𝑥(𝑎) = 𝛿𝑥(𝑡𝑓) = 0, by the assumed boundary conditions in Eq. (23). 

𝛿J*(𝑥, 𝑢, 𝑡𝑓 , 𝜆) = 𝛿 ∫ [𝐻(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡)) − 𝜆(𝑡){𝜑1 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡)}]

𝑡𝑓
𝑎

𝑑𝑡                                                                                 

0 = ∫ [𝛿𝐻(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡)) − 𝛿 (𝜆(𝑡){𝜑1 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡)})]

𝑡𝑓
𝑎

𝑑𝑡,  

                                                                                                                             

                    0 = ∫

[
 
 
 
 

𝛿𝐻(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡))

−𝛿𝜆(𝑡){𝜑1 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡)}

−𝜆(𝑡)𝛿{𝜑1 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡)}]

 
 
 
 

𝑡𝑓
𝑎

𝑑𝑡,  

0 = ∫ [
𝛿𝐻(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡)) − 𝛿𝜆(𝑡){𝜑1 𝐷𝑡

𝛼,𝜌
𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡)}

−{𝜑1𝜆(𝑡) 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝛿𝑥(𝑡) + 𝜑2𝜆(𝑡) 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝛿𝑥(𝑡)}

]

𝑡𝑓

𝑎

𝑑𝑡, 

(27) 

         𝛿𝐻(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡)) =
𝜕𝐻

𝜕𝑥(𝑡)
𝛿𝑥(𝑡) +

𝜕𝐻

𝜕𝑢(𝑡)
𝛿𝑢(𝑡) +

𝜕𝐻

𝜕(𝑡)
𝛿𝜆(𝑡)                … (28) 

 

By substituting Eq. (28) in Eq. (31) and using theorem (3), we get: 

0 =

∫

[
 
 
 
 
𝜕𝐻

𝜕𝑥(𝑡)
𝛿𝑥(𝑡) +

𝜕𝐻

𝜕𝑢(𝑡)
𝛿𝑢(𝑡) +

𝜕𝐻

𝜕(𝑡)
𝛿𝜆(𝑡) − 𝜑1𝛿𝜆(𝑡) 𝐷𝑡

𝛼,𝜌
𝑎
𝐶𝐾 𝑥(𝑡)

− 𝜑2𝛿𝜆(𝑡) 𝐷𝑡
𝛽,𝜌

𝑎
𝐶𝐾 𝑥(𝑡) − 𝜑1𝛿𝑥(𝑡)𝑡

𝜌−1 𝐷𝑡𝑓
𝛼,𝜌

𝑡
𝑅𝐾 (𝑡1−𝜌𝜆(𝑡))

 −𝜑2𝛿𝑥(𝑡)𝑡
𝜌−1 𝐷𝑡𝑓

𝛽,𝜌
𝑡

𝑅𝐾 (𝑡1−𝜌𝜆(𝑡)) ]
 
 
 
 

𝑡𝑓
𝑎

𝑑𝑡 −

𝜑1𝛿𝑥(𝑡𝑓) [ 𝐷𝑡𝑓
−(1−𝛼,𝜌)

𝑡
𝑅𝐾 (𝑡1−𝜌𝜆(𝑡))]

𝑡=𝑡𝑓
− 𝜑2𝛿𝑥(𝑡𝑓) [ 𝐷𝑡𝑓

−(1−𝛽,𝜌)
𝑡

𝑅𝐾 (𝑡1−𝜌𝜆(𝑡))]
𝑡=𝑡𝑓

,  

∫

[
 
 
 
 
 𝛿𝑥(𝑡) (

𝜕𝐻

𝜕𝑥(𝑡)
−𝜑1𝑡

𝜌−1 𝐷𝑡𝑓
𝛼,𝜌

𝑡
𝑅𝐾 (𝑡1−𝜌𝜆(𝑡))−𝜑2𝑡

𝜌−1 𝐷𝑡𝑓
𝛽,𝜌

𝑡
𝑅𝐾 (𝑡1−𝜌𝜆(𝑡)))

+𝛿𝑢(𝑡) (
𝜕𝐻

𝜕𝑢(𝑡)
) + 𝛿𝜆(𝑡) (

𝜕𝐻

𝜕(𝑡)
− 𝜑1 𝐷𝑡

𝛼,𝜌
𝑎
𝐶𝐾 𝑥(𝑡) − 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡))

]
 
 
 
 
 𝑡𝑓

𝑎

𝑑𝑡 

−𝛿𝑥(𝑡𝑓) [𝜑1 𝐷𝑡𝑓
−(1−𝛼,𝜌)

𝑡
𝑅𝐾 (𝑡1−𝜌𝜆(𝑡)) + 𝜑2 𝐷𝑡𝑓

−(1−𝛽,𝜌)
𝑡

𝑅𝐾 (𝑡1−𝜌𝜆(𝑡))]
𝑡=𝑡𝑓

= 0. 

     Since 𝛿𝑥(𝑡𝑓) = 0, and the variation functions were chosen arbitrarily, we deduce the 

necessary optimality conditions for a class of sum two Caputo–Katugampola  FOCPs as 

follows: 

 

i.The Hamiltonian system is given by  

{
 

 
𝜕𝐻

𝜕𝑥(𝑡)
(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡)) = 𝜑1𝑡

𝜌−1 𝐷𝑡𝑓
𝛼,𝜌

𝑡
𝑅𝐾 (𝑡1−𝜌𝜆(𝑡))+𝜑2𝑡

𝜌−1 𝐷𝑡𝑓
𝛽,𝜌

𝑡
𝑅𝐾 (𝑡1−𝜌𝜆(𝑡)),

𝜕𝐻

𝜕(𝑡)
(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡)) = 𝜑1 𝐷𝑡

𝛼,𝜌
𝑎
𝐶𝐾 𝑥(𝑡) + 𝜑2 𝐷𝑡

𝛽,𝜌
𝑎
𝐶𝐾 𝑥(𝑡).
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ii.The stationary condition is given by 

                                     
𝜕𝐻

𝜕𝑢(𝑡)
(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆(𝑡)) = 0                        for all 𝑡 ∈  [𝑎, 𝑡𝑓 ]. 

 

4. Numerical approximations 

       In the second study of this paper, an approximation of the left Caputo–Katugampola 

fractional derivative will be proven by finding the 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 𝑥(𝑡), where 𝑥(𝑡) is the power 

function using Chebyshev polynomials. 

 

4.1 The shifted Chebyshev polynomials 

      The Chebyshev polynomials are defined with degree𝑛, 𝑛 ≥ 0, as follows: [15,16]  

         𝑇𝑛(𝑡) = cos(𝑛𝜃),   cos(𝜃) = 𝑡,      𝑡 ∈ [−1,1]. 
                               𝑇0(𝑡) = 1, 
                               𝑇1(𝑡) = 𝑡,    
The recurrence relation   

                               𝑇𝑛(𝑡) = 2𝑡𝑇𝑛−1(𝑡) − 𝑇𝑛−2(𝑡),     𝑛 = 2,3… 

                               𝑇2(𝑡) = 2𝑡
2 − 1,             

                                   𝑇3(𝑡) = 4𝑡
3 − 3𝑡,           

   The Chebyshev polynomials can be expanded in power series as 

                𝑇𝑛(𝑡) =
𝑛

2
∑ (−1)𝓇

(𝑛−𝓇−1)!

(𝓇)!(𝑛−2𝓇)!
(2𝑡)𝑛−2𝓇

⌊𝑛/2⌋
𝓇=0 ,                                

where ⌊𝑛/2⌋ denotes the biggest integral that is less than or equal to  𝑛/2.   
with orthogonally condition: 

  ∫
𝑇𝓇(𝑡)𝑇𝓈(𝑡)

√1−𝑡2

1

−1
𝑑𝑡 = {  

  0      if            𝓇 ≠ 𝓈,           
𝜋

2
     if            𝓇 = 𝓈 ≠ 0,

𝜋     if            𝓇 = 𝓈 = 0.

      𝓇, 𝓈 = 0,1,2… , 𝑤(𝑡) =
1

√1−𝑡2
.                            

and properties of Chebyshev polynomials                    |𝑇𝑛(𝑡)| ≤ 1,                  − 1 ≤ 𝑡 ≤ 1, 
                                                              𝑇𝑛(±1) = (±1)

𝑛, 
                                                                                               |𝑇𝑛

′(𝑡)| ≤ 𝑛2 ,              − 1 ≤ 𝑡 ≤ 1, 
the shifted Chebyshev polynomials on the interval[0, ℓ] are defined by:  

𝑇𝑛
∗(𝑡) = 𝑇𝑛 (

2𝑡

ℓ
− 1),     0 ≤ 𝑡 ≤ 1,           where       𝑇0

∗(𝑡) = 1,     𝑇1
∗(𝑡) =

2𝑡

ℓ
− 1.   … (29) 

 

when 𝑛 = 1,2…,  then the analytic form is given by  

𝑇𝑛
∗(𝑡) = 𝑛∑ (−1)𝑛−𝑘

22𝑘(𝑛+𝑘−1)!

(2𝑘)!(𝑛−𝑘)!ℓ𝑘
𝑡𝑘 ,𝑛

𝑘=0                         𝑛 = 1,2, …,                          … (30) 

where, 𝑇𝑛
∗(0) = (−1)𝑛, 𝑇𝑛

∗(ℓ) = 1    

The orthogonally condition of these polynomials is:  

     ∫ 𝑇𝓈
∗(𝑡)𝑇𝑘

∗(𝑡)𝑤∗(𝑡)
ℓ

0
𝑑𝑥 = {  

  0      if            𝓈 ≠ 𝑘,           
𝜋

2
     if            𝓈 = 𝑘 ≠ 0,

𝜋     if            𝓈 = 𝑘 = 0.

                         

 

    and the weight function is  𝑤∗(𝑡) = 1/√ℓ𝑡 − 𝑡2. 
 

 A function 𝑥(𝑡) ∈ 𝐿2([0, ℓ]) can be defined in terms of shifted Chebyshev polynomials as 

follows: 

     𝑥(𝑡) = ∑ 𝑐𝑗𝑇𝑗
∗(𝑡)∞

𝑗=0 ,    with   𝑐𝑗 =
2

𝜋δ𝑗
 ∫ 𝑥(𝑡)𝑇𝑗

∗(𝑡)𝑤∗(𝑡)
ℓ

0
𝑑𝑡,    𝑛 = 0,1, …            … (31) 

                    δ0 = 2    and   δ𝓇 = 1    for all 𝓇 ≥  1.                                 

The Chebyshev–Gauss–Lobatto (CGL) interpolation of 𝑥(𝑡) on [0, ℓ] is given by  
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      𝑥𝑁(𝑡) = ∑ 𝑎𝑛 𝑇𝑛
∗(𝑡),𝑁      ′′

𝑛=0            𝑎𝑛 =
2

𝑁
∑ 𝑥(𝑡𝓂)𝑇𝑛

∗(𝑡𝓂)
𝑁      ′′
𝑟=0 .                              … (32) 

       and the (CGL) points are given  as follows: 

        𝑡𝓂 =
ℓ

2
−
ℓ

2
cos(

𝜋𝓂

𝑁
), 𝑟 = 0, 1, …  𝑁.                                                            … (33) 

 

      where the (′′) on the summation means that the first and the last terms are taken with a 

factor (1/2). 
Let  𝑓 ∶  [−1, 1] → 𝑅  be a given continuous function. The integral approximation is called 

Clenshaw-Curtis formula is defined as follows [17], [18] and [19]  

  

                                  ∫ 𝑓(𝑡)
1

−1
𝑑𝑡 ≅ ∑ 𝑤𝑗𝑓(𝑡𝑗),

𝑁
𝑗=0                                                            … (34) 

 

     where 𝑡𝑗 , 𝑗 =  0, 1, … ,𝑁  are the roots of (1 − 𝑡2)
𝑑

𝑑𝑡
 𝑇𝑁(𝑡), and  𝑤𝑗 , 𝑗 =  0, 1, … ,𝑁  are 

the weights.  

If 𝑁  is even, then the weights are 

    𝑤0 = 𝑤𝑁 =
1

𝑁2−1
,          𝑤𝑠 = 𝑤𝑁−𝑠 =

4

𝑁
∑   

1

1−4𝑗2
cos (

2𝜋𝑗𝑠

𝑁
)

𝑁

2
 ′′

𝑗=0
,       𝑠 = 1,… ,

𝑁

2
. 

If 𝑁  is odd, then the weights are     

    𝑤0 = 𝑤𝑁 =
1

𝑁2
         𝑎𝑛𝑑      𝑤𝑠 = 𝑤𝑁−𝑠 =

4

𝑁
∑   

1

1−4𝑗2
cos (

2𝜋𝑗𝑠

𝑁
)

𝑁−1

2
 ′′

𝑗=0
,    𝑠 = 1,… ,

𝑁−1

2
. 

4.2 The approximation of the left Caputo–Katugampola fractional derivative  of order 

(𝛼, 𝜌) 
  

      We study the approximation of the left Caputo–Katugampola fractional derivative in the 

following theorem, and depending on finding 𝐷𝑡
𝛼,𝜌

𝑎
𝐶𝐾 of power function using Chebyshev 

polynomial.  

 

Theorem 4. The left Caputo–Katugampola fractional derivative of order (𝛼, 𝜌) of the 

function 𝑥𝑁(𝑡) is given by 

          𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
 𝑥𝑁(𝑡) = ∑ ′  𝑛𝑎𝑛 ∑ (−1)𝑛−𝑘

22𝑘(𝑛+𝑘−1)!

(2𝑘)!(𝑛−𝑘)!ℓ𝑘

𝜌𝛼Г(
𝑘

𝜌
+1)

Г(
𝑘

𝜌
+1−𝛼)

𝑡𝑘−𝛼𝜌𝑛
𝑘=1 ,𝑁 

𝑛=1          … (35) 

where, the (′) on the summation means that the last term is (1/2).  
 

Proof:  

By using the approximation formula of the function 𝑥(𝑡) in Eq. (32) and Eq. (30), we obtain  

                     𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
 𝑥𝑁(𝑡) = ∑ 𝑎𝑛 𝐷𝑎

𝐶𝐾
𝑡
𝛼,𝜌
𝑇𝑛
∗(𝑡),𝑁      ′′

𝑛=0   

                                            = ∑ 𝑛𝑎𝑛 
𝑁      ′
𝑛=1 ∑ (−1)𝑛−𝑘

22𝑘(𝑛+𝑘−1)!

(2𝑘)!(𝑛−𝑘)!ℓ𝑘
𝐷𝑎

𝐶𝐾
𝑡
𝛼,𝜌
𝑡𝑘𝑛

𝑘=0 ,          … (36) 

 

      Using Theorem 1 to apply the definition of left Caputo–Katugampola fractional derivative 

on𝑓(𝑡) = 𝑡𝑘,then we obtain 

                                  𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
𝑡𝑘 =

𝜌𝛼

Г(1−𝛼)
∫ (𝑡𝜌 − 𝜏𝜌)−𝛼
𝑏

𝑡

𝑑

𝑑𝜏
(𝜏𝑘)𝑑𝜏 

                                                  =
𝑘𝜌𝛼

Г(1−𝛼)
∫ (𝑡𝜌 − 𝜏𝜌)−𝛼𝜏𝑘−1
𝑡

𝑎
𝑑𝜏 

                                                  =
𝑘𝜌𝛼

Г(1−𝛼)
∫ 𝑡−𝛼𝜌 (1 −

𝜏𝜌

𝑡𝜌
)
−𝛼

𝜏𝑘−1
𝑡

𝑎
𝑑𝜏  

                           Let                𝓎 =
𝜏𝜌

𝑡𝜌
    , 𝜏 = 𝓎

1

𝜌𝑡         𝑑𝜏 =
𝑡𝜌

𝜌𝜏𝜌−1
𝑑𝓎  
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                                                  =
𝑘𝜌𝛼−1

Г(1−𝛼)
𝑡𝑘−𝛼𝜌 ∫ 𝓎

𝑘

𝜌
−1
(1 − 𝓎)−𝛼

1

0
𝑑𝓎  

If we compare with the beta function by using Eq. (4), we get  

         𝑎 − 1 = −𝛼 so that     𝑎 = 1 − 𝛼      and    𝑏 − 1 =
𝑘

𝜌
− 1      , this gives b =

𝑘

𝜌
    

              =
𝑘𝜌𝛼−1

Г(1−𝛼)
𝑡𝑘−𝛼𝜌𝐵 (1 − 𝛼,

𝑘

𝜌
) =

𝑘𝜌𝛼−1

Г(1−𝛼)
𝑡𝑘−𝛼𝜌

Г(1−𝛼)Г(
𝑘

𝜌
)

Г(
𝑘

𝜌
+1−𝛼)

                 

              =
𝑘𝜌𝛼−1Г(

𝑘

𝜌
)

Г(
𝑘

𝜌
+1−𝛼)

𝑡𝑘−𝛼𝜌 =

𝑘

𝜌
Г(
𝑘

𝜌
)𝜌𝛼

Г(
𝑘

𝜌
+1−𝛼)

𝑡𝑘−𝛼𝜌 =
Г(
𝑘

𝜌
+1)𝜌𝛼

Г(
𝑘

𝜌
+1−𝛼)

𝑡𝑘−𝛼𝜌        (Using Eq. (3))    … (37)                

Substituting Eq. (37) in Eq. (36), we get  

               𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
 𝑥𝑁(𝑡) = ∑ 𝑛𝑎𝑛 

𝑁      ′
𝑛=1 ∑ (−1)𝑛−𝑘

22𝑘(𝑛+𝑘−1)!

(2𝑘)!(𝑛−𝑘)!ℓ𝑘

𝜌𝛼Г(
𝑘

𝜌
+1)

Г(
𝑘

𝜌
+1−𝛼)

𝑡𝑘−𝛼𝜌.𝑛
𝑘=0 ∎  

Remark 1. Let 𝛼, 𝛽, 𝜌 ∈ R, 𝛼, 𝜌 > 0, (𝛾 − 𝛼𝜌) > 0 and 𝑥(𝑡) = 𝑡𝛾 .  
 

Taking the limit 𝑎 → 0, we get  

                        𝐷𝑡
𝛼,𝜌

0
𝐶𝐾 𝑡𝛾 =

Г(
𝛾

𝜌
+1)

Г(
𝛾

𝜌
−𝛼+1)

𝜌𝛼𝑡𝛾−𝛼𝜌,           𝛼 > 0,         (𝛼 −
𝛾

𝜌
) ∉ N                    

                        𝐷𝑡
𝛼,𝜌

0
𝐶𝐾 𝑡𝛾 = 0,                                         𝛼 > 0,         (𝛼 −

𝛾

𝜌
) ∈ N  

Particularly, if 𝑓(𝑡) = 𝑐, where 𝑐 is constant, then we get  𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
𝑓(𝑡) = 𝐷𝑡

𝐶𝐾
𝑏
𝛼,𝜌
𝑓(𝑡) = 0. 

For example, 𝑓(𝑡) = 5,→ 𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌(5) = 𝐷𝑡

𝐶𝐾
𝑏
𝛼,𝜌(5) = 0. 

                        𝐷𝑎
𝐶𝐾

𝑡
𝛼,𝜌
𝑓(𝑡) = 𝐷𝑎

𝑅𝐾
𝑡
−(1−𝛼,𝜌)

(𝑡1−𝜌
𝑑

𝑑𝑡
[5]) (𝑡) = 𝐷𝑎

𝑅𝐾
𝑡
−(1−𝛼,𝜌)[5](𝑡) = 0. 

 

The approximation of the error bound of the Caputo–Katugampola fractional derivative is 

given in the following theorem and Lemma 1.  

  

Lemma 1 [14]. Let 𝑥(𝑡), 𝑥(1)(𝑡), … , 𝑥(𝑛)(𝑡) ∈ 𝐴𝐶[0,1] and    |𝑥(𝑛+1)(𝑡)| ≤ 𝑊𝑛 < ∞, 

for all 𝑡 ∈ [0,1], for some n ≥ 0, then for each 𝑚 ≥ 𝑛 + 1,    |𝑎𝑚| ≤
𝑊𝑛

2𝑛𝑚(𝑚−1)…(𝑚−𝑛)
.   

Theorem 5 [14].  If  𝑥(𝑡) satisfies the conditions of Lemma 1   𝑛 > 2, then for 𝑁 ≥ 𝑛 + 1,  
 

          | 𝐷𝑡
𝛼,𝜌

0
𝐶 𝑥(𝑡) − 𝐷𝑡

𝛼,𝜌
0
𝐶 𝑥𝑁(𝑡)| ≤

𝑊𝑛(𝑁+1)Г(
1

𝜌
+1)𝜌𝛼𝑡1−𝛼𝜌

Г(
1

𝜌
+1−𝛼)2𝑛−2𝑁(𝑛−2)(𝑁−2)(𝑁−3)…(𝑁−𝑛+1)

.  

Remark 2.  The error bound in Theorem 4 converges to zero as 𝑁 →  ∞ for all 𝑡 >  0. 

 

5. Illustrative Example 

Consider the following sum of two Caputo–Katugampola FOCPs: 

           Minimize J(𝑥, 𝑢) = ∫ (𝑢(𝑡) − 𝑥(𝑡))
2
𝑑𝑡

1

0
,                                                             … (38) 

𝐷𝑡
𝛼,𝜌

0
𝐶𝐾 𝑥(𝑡) + 𝐷𝑡

𝛽,𝜌
0

𝐶𝐾 𝑥(𝑡) = 𝑢(𝑡) − 𝑥(𝑡) +
6Г(𝛼+𝛽+

2

𝜌
+1)

Г(𝛼𝜌+𝛽𝜌+3)
(
𝜌𝛼𝑡𝛽𝜌+2

Г(𝛽+
2

𝜌
+1)

+
𝜌𝛽𝑡𝛼𝜌+2

Г(𝛼+
2

𝜌
+1)
),         … (39) 

          𝑥(0) = 0,              𝑥(1) =
6

(𝛼𝜌+𝛽𝜌+3)
.                                                                   … (40) 

The exact solution for 𝛼 = 𝛽 = 𝜌 = 1 is given by: 

          𝑥(𝑡) = 𝑢(𝑡) =
6𝑡𝛼𝜌+𝛽𝜌+2

(𝛼𝜌+𝛽𝜌+3)
.                                                                                      
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       The steps of the efficient algorithm are written to solve a class of two Caputo–

Katugampola FOCPs. These steps are only applied to the second study through illustrative 

examples as follows: 

 

Step 1: Rewriting the object functional to find the control variable 𝑢(𝑡) from Eq. (39) and 

substitute it into Eq. (38). 

 

Step 2: Approximate the sum of two Caputo–Katugampola fractional derivatives  

𝐷𝑡
𝛼,𝜌

0
𝐶𝐾 𝑥(𝑡) + 𝐷𝑡

𝛽,𝜌
0

𝐶𝐾 𝑥(𝑡) using Eq. (35). 

 

Step 3: Using 𝑡 =
1

2
(𝜂 + 1) in step 2, since the integration is on the interval [–1, 1]. 

 

Step4: let ℊ(𝜂) =

(

 
 

 𝐷𝑡
𝛼,𝜌

0
𝐶𝐾 𝑥𝑁(𝜂𝑟) + 𝐷𝑡

𝛽,𝜌
0

𝐶𝐾 𝑥𝑁(𝜂𝑟)

−
6Г(𝛼+𝛽+

2

𝜌
+1)

Г(𝛼𝜌+𝛽𝜌+3)
(
𝜌𝛼(

1

2
(𝜂+1))

𝛽𝜌+2

Г(𝛽+
2

𝜌
+1)

+
𝜌𝛽(

1

2
(𝜂+1))

𝛼𝜌+2

Г(𝛼+
2

𝜌
+1)

)

)

 
 

2

 and apply the 

Clenshaw and Curtis formula in Eq. (34), to get  

Minimize J (𝑥, 𝑢) =
1

𝑚
∑ ∑

Φ𝑠

2𝑖+1

𝑚
𝑖=0

𝑚
𝑠=0

(

 
 

 𝐷𝑡
𝛼,𝜌

0
𝐶𝐾 𝑥𝑁(𝜂𝑟) + 𝐷𝑡

𝛽,𝜌
0

𝐶𝐾 𝑥𝑁(𝜂𝑟)

−
6Г(𝛼+𝛽+

2

𝜌
+1)

Г(𝛼𝜌+𝛽𝜌+3)
(
𝜌𝛼(

1

2
(𝜂+1))

𝛽𝜌+2

Г(𝛽+
2

𝜌
+1)

+
𝜌𝛽(

1

2
(𝜂+1))

𝛼𝜌+2

Г(𝛼+
2

𝜌
+1)

)

)

 
 

2

 

                                                                                . [𝑇𝑠
∗(𝜂2𝑖) − 𝑇𝑠

∗(𝜂2𝑖+2)] 
 

      where   Φ0 = Φ𝑚 =
1

2
,   Φ𝑠 = 1 for all 𝑠 = 1,2, … ,𝑚 − 1,    𝜂𝑖 = cos [

(𝜋𝑖)

𝑚
] for all  𝑖 < 𝑚  

and   𝜂𝑖 = −1 for all 𝑖 > 𝑚 ,      
 

Step 5: Determine the critical points of the objective functional in Eq. (38) using the 

Rayleigh–Ritz method as follows:         
𝜕𝐽

𝜕𝑥(𝑡𝑖)
= 0,     𝑖 = 1,…… ,𝑁 − 1. 

Step 6: Solve the system of nonlinear algebraic equations from step 5 by the Newton’s 

method to obtain 𝑥(𝑡1), 𝑥(𝑡2), . . . , 𝑥(𝑡𝑁−1) and use the boundary conditions to 

obtain𝑥(𝑡0), 𝑥(𝑡𝑁). 
 

Step 7: Compute the state and control variables as follows: 

                                     𝑥(𝑡) =
2

𝑁
∑ ∑ 𝑥(𝑡𝑟)

𝑁 ′′
𝑟=0

𝑁 ′′
𝑛=0 𝑇𝑛

∗(𝑡𝑟)𝑇𝑛
∗(𝑡), 

       𝑢(𝑡) = 𝐷𝑡
𝛼,𝜌

0
𝐶𝐾 𝑥(𝑡) + 𝐷𝑡

𝛽,𝜌
0

𝐶𝐾 𝑥(𝑡) + 𝑥(𝑡) −
6Г(𝛼+𝛽+

2

𝜌
+1)

Г(𝛼𝜌+𝛽𝜌+3)
(
𝜌𝛼𝑡𝛽𝜌+2

Г(𝛽+
2

𝜌
+1)

+
𝜌𝛽𝑡𝛼𝜌+2

Г(𝛼+
2

𝜌
+1)
)  

 

       Now, Figures 1 and 2 show the computation of the approximate state 𝑥(𝑡) and 

approximate control 𝑢(𝑡) at  𝑁 = 2 , 𝛼 = 0.9 and  𝛽 = 0.5 with different values of  ρ > 0    
and  ρ-values are chosen in two cases to calculate the state 𝑥(𝑡) and the control𝑢(𝑡). If 

𝜌 ∈ (0,1) such that 𝜌 = 0.3,0.5 and  0.8,  and if 𝜌 ∈ (1,2) such that 𝜌 = 1.3 and1.5, we have 

observed that the approximate state 𝑥(𝑡) value and approximate control 𝑢(𝑡) value are 

converging to the exact value of 𝜌, that means  𝜌 = 1. 
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Figure 1:  This figure shows the approximate  Figure 2: This figure shows the approximate  

                  solution of state variable  𝑥(𝑡).              solution of control variable𝑢(𝑡). 
     

6. Conclusions  

       In this paper, two studies are presented for a new class that includes the sum of two 

Caputo–Katugampola derivatives for FOCPs. In the first study, the necessary optimality 

conditions have been obtained, namely the Hamiltonian system and the stationary condition. 

The second study of this paper deals with numerical results by building an algorithm that is 

characterized by accuracy and efficiency which depends on finding the control variable from 

the constraint and replacing it with the objective functional. we obtain the approximation of 

the integral from -1 to 1 and approximation of  the sum of two Caputo–Katugampola 

fractional derivatives when 𝛼, 𝛽 ∈ (0,1)   with different values for two periods of 𝜌 > 0. In 

the first case, 𝜌 ∈ (0,1) is taken and we deduced that the larger value of 𝜌 is  closer to the 

exact solution ( 𝜌 = 1). In the second case,  𝜌 ∈ (1,2) is taken and we deduced that the 

smaller value of𝜌 is the closest to the exact solution (𝜌 = 1). In both cases, we got the 

approximate results for the state variable 𝑥(𝑡) and the control variable 𝑢(𝑡). These results 

showed the accuracy of the algorithm and the method for the proposed system. 
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