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Abstract 

      In this paper, we consider new subclasses   ʆ𝑝,𝑖  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0)(𝑖 = 0,1) 

 
of 

meromorphic uniformly of multivalent functions in  𝕌∗ = {𝑧 ∈ ℂ, 0 < |𝑧| < 1} =
𝑈 {0}⁄   with fixed second coefficient, we obtain the estimation of coefficients, 

distortion theorems, closure theorems and some other results. 

 
Keywords and phrases: p-valent, Meromorphic, Distortion, Closure Theorems, 

Fixed Point. 

 

 فئات فرعية جديدة من الدوال الميمورفية المنتظمة المتعددة التكافؤ مع معاملات موجبة وثانية ثابتة
 

   ، قاسم عبد الحميد جاسم *عمر محمد عبد
 قسم الرياضيات ، كلية العلوم ، جامعة بغداد ، بغداد ، العراق

 
 الخلاصة
  ʆ𝒑,𝒊في هذا البحث ناقشنا فئات فرعية جديدة        

∗ (𝜶, 𝜷, 𝝀, 𝒏, 𝒛𝟎)(𝒊 = 𝟎, من الدوال الميمورفية   (𝟏
 كتخمين النتائج بعضمع تثبيت المعامل الثاني وقد حصلناعلى      ∗𝕌المنتظمة المتعددة التكافؤ داخل

 .لتلك الفئات النظريات المعاملات وبعض
 

1. Introduction 

     Let  ⅀𝑃 be the class of functions of the form: 

𝑓(𝑧) = 𝑎0𝑧−𝑝 + ∑ 𝑎𝑚𝑧𝑚∞
𝑚=𝑝  (𝑎0 > 0, 𝑎𝑚  ≥ 0, 𝑝 ∈ 𝑁 = {1,2, … }),                (1)       

 

which is meromorphic and multivalent in  𝕌∗  .  For 𝑓 ∈ ⅀𝑃, let 

𝔜𝜆  
0   𝑓(𝑧) = 𝑓(𝑧)  ,   

𝔜𝜆  
1   𝑓(𝑧) = 𝔜𝜆𝑓(𝑧),     

𝔜𝜆  
1   𝑓(𝑧) = [1 − 𝑝𝜆]𝑓(𝑧) + 𝜆𝑧 𝑓′(𝑧)                        (𝜆 ≥ 0),  

𝔜𝜆  
1   𝑓(𝑧) = 𝑎0𝑧−𝑝 + ∑ [1 + 𝜆(𝑝 + 𝑚)]𝑎𝑚𝑧𝑚

∞

𝑚=𝑝

, 

𝔜𝜆  
2   𝑓(𝑧) = 𝔜𝜆 (𝔜𝜆𝑓(𝑧) )  ,  

              ⋮ 
𝔜𝜆  

𝑛   𝑓(𝑧) = 𝔜𝜆 (𝔜𝜆  
𝑛−1   𝑓(𝑧) ),  
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             = 𝑎0𝑧−𝑝 + ∑ [1 + 𝜆(𝑝 + 𝑚)]𝑛𝑎𝑚𝑧𝑚∞
𝑚=𝑝      (𝑛 ∈ 𝑁0 = 𝑁 ∪ {0}).                     (2) 

The linear operator 𝔜𝜆   was introduced by Saif and Kilieman [1]. 

 

Definition 1.  The function 𝑓    𝑖𝑛 ⅀𝑃  is said to be meromorphic multivalent starlike (or 

convex) function of order α if 

−𝑅𝑒 {
𝑧 𝑓′(𝑧)

𝑓(𝑧)
} > α ,                   z ∈ 𝕌∗ ,    0 ≤ α < p   ,                                                 (3) 

and 

 

−𝑅𝑒 {1 +
𝑧 𝑓′′(𝑧)

𝑓′(𝑧)
} > α ,                    z ∈ 𝕌∗  ;     0 ≤ α < p,                                  (4) 

 

For some α ≥ 0,  a subclass of ⅀𝑃  denoted by ʆ𝑝  
∗ (𝛼, 𝛽, 𝜆, 𝑛)  which satisfies the following:  

 

|
𝑧 (𝔜𝜆  

𝑛   𝑓(𝑧))
′′

(1+𝑝) (𝔜𝜆  
𝑛   𝑓(𝑧))

′ + 𝛼 + 𝛼𝛽 + 1| ≤ 𝑅𝑒 {− (
𝑧 (𝔜𝜆  

𝑛   𝑓(𝑧))
′′

(1+𝑝) (𝔜𝜆  
𝑛   𝑓(𝑧))

′ − 𝛼 + 𝛼𝛽 + 1)}.           (5) 

  

Where   0 < 𝛽 < 1, 𝜆 ≥ 0   𝑎𝑛𝑑 𝑛 ∈ 𝑁0  . 
 

     For a given real number 𝑧0 such that 0< 𝑧0 < 1 , let ʆ𝑝,𝑖    ,   𝑖 = 1,0 be the subclass of  

ʆ𝑝  
∗ (𝛼, 𝛽, 𝜆, 𝑛)  which satisfies the condition: 

𝑧0
𝑝𝑓(𝑧0) = 1      𝑎𝑛𝑑 −   

𝑧0
𝑝+1

𝑝
𝑓′(𝑧0) = 1    . 

 

Let 

  ʆ𝑝,𝑖  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0) = ʆ𝑝  

∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0) ∩ ʆ𝑝,𝑖 (𝑖 = 1,0)                                                          (6)
 

      Meromorphic multivalent functions have been extensively studied by Aouf [2, 3,4], 

Adnan Aziz Hussein and Kassim A. Jassim  [5,6], Joshi and Srivastava [7], Mogra [8,9], Owa 

et al. [10], Joshi and Aouf [11], Aouf and Darwish [12, 13], Raina and Srivastava [14], 

Uralegaddi and Ganigi [15], Raid Habib Buti and Kassim A. Jassim [16]  and Yang [17]. 

 

2. Main Results 

Theorem 1 (Coefficient Estimates): Let ∈ ⅀𝑃 ,  then  𝑓 ∈ ʆ𝑝  
∗ (𝛼, 𝛽, 𝜆, 𝑛)  if and only if  

∑ 𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛𝑎𝑚 ≤ 𝑎0𝑝(𝑝 + 1)𝛼𝛽∞
𝑚=𝑝     (7) 

 

Proof: Assume that  𝑓 ∈ ʆ𝑝  
∗ (𝛼, 𝛽, 𝜆, 𝑛). Then, 

|
𝑧 (𝔜𝜆  

𝑛   𝑓(𝑧))
′′

(1 + 𝑝) (𝔜𝜆  
𝑛   𝑓(𝑧))

′ + 𝛼 + 𝛼𝛽 + 1| ≤ 𝑅𝑒 {− (
𝑧 (𝔜𝜆  

𝑛   𝑓(𝑧))
′′

(1 + 𝑝) (𝔜𝜆  
𝑛   𝑓(𝑧))

′ − 𝛼 + 𝛼𝛽 + 1)}. 

 

But, 

𝑅𝑒 {
𝑧 (𝔜𝜆  

𝑛   𝑓(𝑧))
′′

(1 + 𝑝) (𝔜𝜆  
𝑛   𝑓(𝑧))

′ − 𝛼 + 𝛼𝛽 + 1} ≤ |
𝑧 (𝔜𝜆  

𝑛   𝑓(𝑧))
′′

(1 + 𝑝) (𝔜𝜆  
𝑛   𝑓(𝑧))

′ + 𝛼 + 𝛼𝛽 + 1| 
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                                                           ≤  𝑅𝑒 {− (
𝑧 (𝔜𝜆  

𝑛   𝑓(𝑧))
′′

(1+𝑝) (𝔜𝜆  
𝑛   𝑓(𝑧))

′ − 𝛼 + 𝛼𝛽 + 1)}, 

that is    

𝑅𝑒 {
𝑧 (𝔜𝜆  

𝑛   𝑓(𝑧))
′′

(1 + 𝑝) (𝔜𝜆  
𝑛   𝑓(𝑧))

′ + 2(𝛼𝛽 + 1)} ≤ 0, 

by (2), we get 

∑ 𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛𝑎𝑚 ≤ 𝑎0𝑝(𝑝 + 1)𝛼𝛽

∞

𝑚=𝑝

 

 

𝑅𝑒 {
−2𝑝(1 + 𝑝)𝛼𝛽𝑎0𝑧−𝑝−1 + ∑ 2𝑚[(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)][𝜆(𝑝 + 𝑚) + 1]𝑛𝑎𝑚𝑧𝑚−1∞

𝑚=𝑝

−𝑝𝑎0(1 + 𝑝) 𝑧−𝑝−1 + ∑ 𝑚(1 + 𝑝)[𝜆(𝑝 + 𝑚) + 1]𝑛𝑎𝑚𝑧𝑚−1∞
𝑚=𝑝

} 

≤ 0 
 

If we let   𝑧 to take a real value such as 𝑧 → 1−, then we get 

 

−2𝑝(1 + 𝑝)𝛼𝛽𝑎0 + ∑ 2𝑚[(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)][𝜆(𝑝 + 𝑚) + 1]𝑛𝑎𝑚𝑧𝑚+𝑝∞
𝑚=𝑝

−𝑝𝑎0(1 + 𝑝)  + ∑ 𝑚(1 + 𝑝)[𝜆(𝑝 + 𝑚) + 1]𝑛𝑎𝑚𝑧𝑚+𝑝∞
𝑚=𝑝

 

         ≤ 0, 
 

that is 

−2𝑝(1 + 𝑝)𝛼𝛽𝑎0 + ∑ 2𝑚[(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)][𝜆(𝑝 + 𝑚) + 1]𝑛𝑎𝑚𝑧𝑚+𝑝

∞

𝑚=𝑝

 

≤ 0 
 

which is equivalent to (7). 

Conversely, suppose that the inequality (2.1) holds. Then, we have 

 

|
𝑧 (𝔜𝜆  

𝑛   𝑓(𝑧))
′′

(1 + 𝑝) (𝔜𝜆  
𝑛   𝑓(𝑧))

′ + 𝛼 + 𝛼𝛽 + 1| = 

 

|
−2𝑝(1+𝑝)(𝛼+𝛼𝛽+1)𝑎0 𝑧

−𝑝−1+∑ 𝑚[2(𝑚−1)+(𝛼+𝛼𝛽+1)(1+𝑝)[𝜆(𝑝+𝑚)+1]𝑛]𝑎𝑚𝑧𝑚−1∞
𝑚=𝑝

−𝑝𝑎0(1+𝑝)𝑧−𝑝−1 +∑ 𝑚(1+𝑝)[𝜆(𝑝+𝑚)+1]𝑛𝑎𝑚𝑧𝑚−1∞
𝑚=𝑝

|  

 

 

≤
−2𝑝(1+𝑝)(𝛼+𝛼𝛽+1)𝑎0 −∑ 𝑚[2(𝑚−1)−(𝛼−𝛼𝛽−1)(1+𝑝)[𝜆(𝑝+𝑚)+1]𝑛]𝑎𝑚𝑧𝑚+𝑝∞

𝑚=𝑝

−𝑝𝑎0(1+𝑝) +∑ 𝑚(1+𝑝)[𝜆(𝑝+𝑚)+1]𝑛𝑎𝑚𝑧𝑚+𝑝∞
𝑚=𝑝

  

 

       Letting 𝑧 → 1− along the real axis, we obtain the desired inequality (7). Hence, the proof 

of Theorem 1 is completed 

Corollary 1: If    𝑓 ∈ ʆ𝑝  
∗ (𝛼, 𝛽, 𝜆, 𝑛) , then    

 

𝑎𝑚 ≤
𝑝(1 + 𝑝)𝛼𝛽𝑎0 

𝑚[(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)[𝜆(𝑝 + 𝑚) + 1]𝑛
 (𝑚 = 𝑝 ∈ 𝑁 = {1,2, … }).         (8)  
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Theorem 2:  Let 𝑓(𝑧) ∈ ʆ𝑝  
∗ (𝛼, 𝛽, 𝜆, 𝑛).  Then,  𝑓(𝑧) ∈ ʆ𝑝,𝑖  

∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0)  if and only if 

 

∑ [
𝑚(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)[𝜆(𝑝 + 𝑚) + 1]𝑛

𝑝(𝑝 + 1)𝛽𝛼
+ 𝑧0

𝑚+𝑝]

∞

𝑚=𝑝

𝑎𝑚 ≤ 1                             (9) 

 

 Proof: Since 𝑓(𝑧) ∈ ʆ𝑝,0  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0), then 

𝑧0
𝑝𝑓(𝑧0) = 𝑧0

𝑝 (𝑎0𝑧−𝑝 + ∑ 𝑎𝑚

∞

𝑚=𝑝

𝑧0
𝑚) 

                                                        = 𝑎0 + ∑ 𝑎𝑚
∞
𝑚=𝑝 𝑧0

𝑚+𝑝 = 1 

 

 

                                                𝑎0 = 1 − ∑ 𝑎𝑚
∞
𝑚=𝑝 𝑧0

𝑚+𝑝
                                      (10) 

 

Substituting this value of 𝑎0  in Theorem 1, we get the desire assertion. 
Corollary 2: Let  𝑓(𝑧) ∈ ʆ𝑝,0  

∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0). Then 

 

𝑎𝑚 ≤
𝑝(1 + 𝑝)𝛼𝛽

𝑚[(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)[𝜆(𝑝 + 𝑚) + 1]𝑛 + 𝑝(1 + 𝑝)𝛼𝛽𝑧0
𝑚+𝑝               (11) 

 

Theorem 3: Let 𝑓(𝑧) ∈ ʆ𝑝  
∗ (𝛼, 𝛽, 𝜆, 𝑛).  Then  𝑓(𝑧) ∈ ʆ𝑝,1  

∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0) if and only if 

 

∑ [
𝑚(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)[𝜆(𝑝 + 𝑚) + 1]𝑛

𝑝(𝑝 + 1)𝛽𝛼
− [

𝑚

𝑝
] 𝑧0

𝑚+𝑝]

∞

𝑚=𝑝

𝑎𝑚 ≤ 1                (12) 

                     

Proof :  Since 𝑓(𝑧) ∈ ʆ𝑝,1  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0), then we have 

 

−
𝑧0

𝑝

𝑝
𝑓′(𝑧0) = 𝑎0 − ∑ [

𝑚

𝑝
] 𝑎𝑚𝑧0

𝑚+𝑝 = 1

∞

𝑚=𝑝

 

 

              𝑎0 = 1+  ∑ [
𝑚

𝑝
] 𝑎𝑚𝑧0

𝑚+𝑝     , 𝑎0 > 0, 𝑎𝑚 ≥ 0, 𝑝 ∈ 𝑁∞
𝑚=𝑝                         (13)  

Replace 𝑎0 from (13) by (7), we get 

∑ 𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛𝑎𝑚𝑧𝑚+𝑝

∞

𝑚=𝑝

≤ (1 + ∑ [
𝑚

𝑝
]

∞

𝑚=𝑝

𝑎𝑚𝑧0
𝑚+𝑝) 𝑝(𝑝 + 1)𝛼𝛽 

that is  

 

∑ [𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛 − 𝑝(𝑝 + 1) [
𝑚

𝑝
] 𝛼𝛽𝑧0

𝑚+𝑝] 𝑎𝑚

∞

𝑚=𝑝

≤ 𝑝(𝑝 + 1)𝛼𝛽, 



Aljuboori and Jassim                                   Iraqi Journal of Science, 2023, Vol. 64, No. 1, pp: 365-372 
 

369 

Which is equivalent to (12). 

Conversely, let us suppose that the inequality (12) holds true. Then 

 

∑
𝑚(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)[𝜆(𝑝 + 𝑚) + 1]𝑛

𝑝(𝑝 + 1)𝛽𝛼
𝑎𝑚

∞

𝑚=𝑝

− ∑ [
𝑚

𝑝
] 𝑎𝑚𝑧0

𝑚+𝑝

∞

𝑚=𝑝

≤ 𝑎0 − ∑ [
𝑚

𝑝
] 𝑎𝑚𝑧0

𝑚+𝑝

∞

𝑚=𝑝

 ≤ 1 

So that  −
𝑧0

𝑝

𝑝
𝑓′(𝑧0) = 1, then 𝑓(𝑧) ∈ ʆ𝑝,1  

∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0) 

 

Corollary 3: Let 𝑓(𝑧) ∈ ʆ𝑝,1  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0). Then 

 

𝑎𝑚 ≤
𝑝(1 + 𝑝)𝛼𝛽

𝑚[(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)[𝜆(𝑝 + 𝑚) + 1]𝑛 − 𝑝(1 + 𝑝)𝛼𝛽 [
𝑚
𝑝 ] 𝑧0

𝑚+𝑝
     (14) 

.  

3.Distortion Theorem 

Theorem 4:  Let 𝑓(𝑧) ∈ ʆ𝑝,0  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0). Then for  

 0 < |𝑧| < 1 , we have  

 

|𝑓(𝑧)| ≥
𝑚[(𝑚 − 1) + (1 + 𝑝)(1 + 𝛽𝛼)[𝜆(𝑝 + 𝑚) + 1]𝑛 − 𝑝(1 + 𝑝)𝛽𝛼𝑟2𝑝

𝑟𝑝[𝑚[(𝑚 − 1) + (1 + 𝑝)(1 + 𝛽𝛼)][𝜆(𝑝 + 𝑚) + 1]𝑛 + 𝑝(1 + 𝑝)𝛽𝛼𝑧0
𝑚+𝑝

]
. 

                                                                                                                                                (15) 

Proof. Since 𝑓(𝑧) ∈ ʆ𝑝,0  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0) and by (9) we get 

∑ 𝑎𝑚

∞

𝑚=𝑝

≤
𝑝(𝑝 + 1)𝛽𝛼

𝑚[(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)][𝜆(𝑝 + 𝑚) + 1]𝑛 + 𝑝(𝑝 + 1)𝛽𝛼𝑧0
𝑚+𝑝            (16)  

 

From (10) we have 

𝑎0 = 1 − ∑ 𝑎𝑚

∞

𝑚=𝑝

𝑧0
𝑚+𝑝

 

 

𝑎0 ≥
𝑚[(𝑚−1)+(1+𝑝)(𝛼𝛽+1)][𝜆(𝑝+𝑚)+1]𝑛

𝑚(𝑚−1)+(1+𝑝)(𝛼𝛽+1)[𝜆(𝑝+𝑚)+1]𝑛+𝑝(𝑝+1)𝛽𝛼𝑧0
𝑚+𝑝  .                                                   (17)  

Hence, we have 

|𝑓(𝑧)| ≥ 𝑎0𝑟−𝑝 − 𝑟𝑝 ∑ 𝑎𝑚

∞

𝑚=𝑝

 

 

|𝑓(𝑧)| ≥
𝑚[(𝑚−1)+(1+𝑝)(1+𝛽𝛼)[𝜆(𝑝+𝑚)+1]𝑛−𝑝(1+𝑝)𝛽𝛼𝑟2𝑝

𝑟𝑝[𝑚[(𝑚−1)+(1+𝑝)(1+𝛽𝛼)][𝜆(𝑝+𝑚)+1]𝑛+𝑝(1+𝑝)𝛽𝛼𝑧0
𝑚+𝑝

]
                                       (18) 

By using (16) and (17). Further, the result is sharp for the function 𝑓(𝑧)   which is given by 

 

𝑓(𝑧) =
𝑚[(𝑚 − 1) + (1 + 𝑝)(1 + 𝛽𝛼)[𝜆(𝑝 + 𝑚) + 1]𝑛 − 𝑝(1 + 𝑝)𝛽𝛼𝑧2𝑝

𝑧𝑝[𝑚[(𝑚 − 1) + (1 + 𝑝)(1 + 𝛽𝛼)][𝜆(𝑝 + 𝑚) + 1]𝑛 + 𝑝(1 + 𝑝)𝛽𝛼𝑧0
𝑚+𝑝

]
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Theorem 5: Let  𝑓(𝑧) ∈ ʆ𝑝,1  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0). Then 

 

|𝑓(𝑧)| ≤
𝑚[(𝑚−1)+(1+𝑝)(1+𝛽𝛼)][𝜆(𝑝+𝑚)+1]𝑛+𝑝(1+𝑝)𝛽𝛼𝑟2𝑝

𝑟𝑝[𝑚[(𝑚−1)+(1+𝑝)(1+𝛽𝛼)][𝜆(𝑝+𝑚)+1]𝑛−𝑝(1+𝑝)𝛽𝛼[
𝑚

𝑝
]𝑧0

𝑚+𝑝
]
.                              (19) 

For    0 < |𝑧| < 1, we have 

 
 Proof: Since 𝑓(𝑧) ∈ ʆ𝑝,1  

∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0) and by (11) we get 

 

∑ 𝑎𝑚
∞
𝑚=𝑝 ≤

𝑝(𝑝+1)𝛽𝛼

𝑚[(𝑚−1)+(1+𝑝)(𝛼𝛽+1)][𝜆(𝑝+𝑚)+1]𝑛−𝑝(𝑝+1)𝛽𝛼[
𝑚

𝑝
]𝑧0

𝑚+𝑝                               (20) 

From (12) and (20) we have  

𝑎0 = 1 + ∑ [
𝑚

𝑝
] 𝑎𝑚𝑧0

𝑚+𝑝

∞

𝑚=𝑝

 

≤ 1 +
𝑝(𝑝+1)𝛽𝛼

𝑚[(𝑚−1)+(1+𝑝)(𝛼𝛽+1)][𝜆(𝑝+𝑚)+1]𝑛−𝑝(𝑝+1)𝛽𝛼[
𝑚

𝑝
]𝑧0

𝑚+𝑝 ∙ [
𝑚

𝑝
] 𝑧0

𝑚+𝑝
 

Or 

 

𝑎0 ≤
𝑚[(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)][𝜆(𝑝 + 𝑚) + 1]𝑛

𝑚[(𝑚 − 1) + (1 + 𝑝)(𝛼𝛽 + 1)][𝜆(𝑝 + 𝑚) + 1]𝑛 − 𝑝(𝑝 + 1)𝛽𝛼 [
𝑚
𝑝 ] 𝑧0

𝑚+𝑝
 .    (21) 

Hence, we have  

|𝑓(𝑧)| ≥ 𝑎0𝑟−𝑝 + 𝑟𝑝 ∑ 𝑎𝑚

∞

𝑚=𝑝

 

 

|𝑓(𝑧)| ≥
𝑚[(𝑚−1)+(1+𝑝)(1+𝛽𝛼)[𝜆(𝑝+𝑚)+1]𝑛+𝑝(1+𝑝)𝛽𝛼𝑟2𝑝

𝑟𝑝[𝑚[(𝑚−1)+(1+𝑝)(1+𝛽𝛼)][𝜆(𝑝+𝑚)+1]𝑛−𝑝(1+𝑝)𝛽𝛼[
𝑚

𝑝
]𝑧0

𝑚+𝑝
]
                    (𝑚 ≥ 𝑝)     

 

from (20) and (21). Further, the result is sharp for the function 𝑓(𝑧) which is given by 

 

𝑓(𝑧) =
𝑚[(𝑚−1)+(1+𝑝)(1+𝛽𝛼)[𝜆(𝑝+𝑚)+1]𝑛+𝑝(1+𝑝)𝛽𝛼𝑧2𝑝

𝑧𝑝[𝑚[(𝑚−1)+(1+𝑝)(1+𝛽𝛼)][𝜆(𝑝+𝑚)+1]𝑛−𝑝(1+𝑝)𝛽𝛼[
𝑚

𝑝
]𝑧0

𝑚+𝑝
]
                                  (22) 

 

4. Closure Theorems: 

      In this section, we obtain closure theorems associate with the classes that are introduced 

in section 1. 

 

Let 𝑓𝑗(𝑧) ,  𝑗 = 1,2, … , 𝑞,  be defined as follows:  

𝑓𝑗(𝑧) = 𝑎0,𝑗𝑧−𝑝 + ∑ 𝑎𝑚,𝑗𝑧𝑚        (𝑎0,𝑗 > 0, 𝑎𝑚,𝑗 ≥ 0, 𝑝 ∈ 𝑁 = {1,2, … }).                         (23

∞

𝑚=𝑝

) 

 Theorem 6:  Let 𝑓𝑗(𝑧) defined by )23(  that belong to the class ʆ𝑝,0  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0) for 

𝑗 = 1,2, … , 𝑞. Then, the function ℎ(𝑧)  which is defined by 

 

               ℎ(𝑧) = 𝑎0,𝑗𝑧−𝑝 + ∑ 𝑐𝑚𝑧𝑚    ∞
𝑚=𝑝                                                              (24) 

is also in the class ʆ𝑝,0  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0), where 

                                  𝑐𝑚 =
1

𝑞
∑ 𝑎𝑚,𝑗     𝑞

𝑗=1                                                                 (25)                                                                                                        
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Proof:  Since 𝑓𝑗(𝑧) ∈ ʆ𝑝,0  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0)(𝑗 = 1,2, … , 𝑞)  and by Theorem 2, we obtain 

∑ [𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛 + 𝑧0
𝑚+𝑝𝑝(𝑝 + 1)𝛼𝛽]𝑎𝑚,𝑗

∞

𝑚=𝑝

≤ 𝑝(𝑝 + 1)𝛼𝛽                                                                                                                                      (26)  
    Hence, 

∑ [𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛 + 𝑧0
𝑚+𝑝𝑝(𝑝 + 1)𝛼𝛽]𝑐𝑚    

∞

𝑚=𝑝

 

= ∑ [𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛

∞

𝑚=𝑝

+ 𝑧0
𝑚+𝑝𝑝(𝑝 + 1)𝛼𝛽] (

1

𝑞
∑ 𝑎𝑚,𝑗  

𝑞

𝑗=1

) 

=
1

𝑞
∑  

𝑞

𝑗=1

∑ [𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛 + 𝑧0
𝑚+𝑝𝑝(𝑝 + 1)𝛼𝛽]𝑎𝑚,𝑗    

∞

𝑚=𝑝

≤ 𝑝(𝑝 + 1)𝛼𝛽 . 
Therefore, ℎ(𝑧) ∈ ʆ𝑝,0  

∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0). 

 

Theorem 7: Let 𝑓𝑗(𝑧) defined by )23( that belong to the class ʆ𝑝,1  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0) for 𝑗 =

1,2, … , 𝑞. Then the function ℎ(𝑧) defined by (24) is also in the class ʆ𝑝,1  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0) for 

𝑗 = 1,2, … , 𝑞, where   𝑐𝑚  defined by (25). 

 

 Proof:  Since 𝑓𝑗(𝑧) ∈ ʆ𝑝,1  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0)(𝑗 = 1,2, … , 𝑞)  and by Theorem 3, we obtain 

 

∑ [𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛 − 𝑝(𝑝 + 1)𝛼𝛽 [
𝑚

𝑝
] 𝑧0

𝑚+𝑝] 𝑎𝑚,𝑗

∞

𝑚=𝑝

≤ 𝑝(𝑝 + 1)𝛼𝛽.                                                                                                     (27)      
Hence,  

∑ [𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛 − 𝑝(𝑝 + 1)𝛼𝛽 [
𝑚

𝑝
] 𝑧0

𝑚+𝑝] 𝑐𝑚   

∞

𝑚=𝑝

 

= ∑ [𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛

∞

𝑚=𝑝

− 𝑝(𝑝 + 1)𝛼𝛽 [
𝑚

𝑝
] 𝑧0

𝑚+𝑝] (
1

𝑞
∑ 𝑎𝑚,𝑗   

𝑞

𝑗=1

)   

=
1

𝑞
∑   

𝑞

𝑗=1

∑ [𝑚[(1 + 𝑝)(𝛼𝛽 + 1) + (𝑚 − 1)][𝜆(𝑝 + 𝑚) + 1]𝑛

∞

𝑚=𝑝

− 𝑝(𝑝 + 1)𝛼𝛽 [
𝑚

𝑝
] 𝑧0

𝑚+𝑝] 𝑎𝑚,𝑗 ≤ 𝑝(𝑝 + 1)𝛼𝛽.                                         (28)        

Therefore,  ℎ(𝑧) ∈ ʆ𝑝,0  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0). 

 

5. Conclusions 
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      New subclasses    ʆ𝑝,𝑖  
∗ (𝛼, 𝛽, 𝜆, 𝑛, 𝑧0)(𝑖 = 0,1) 

 
of meromorphic uniformly of multivalent 

functions in  𝕌∗ = {𝑧 ∈ ℂ, 0 < |𝑧| < 1} = 𝑈 {0}⁄   with fixed second coefficient are 

considered. Many results are obtained, namely the estimation of coefficients, distortion 

theorems, closure theorems and others.    
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