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Abstract

In this paper, we consider new subclasses [, ; (@, 8,4,n,2,)(i = 0,1) of
meromorphic uniformly of multivalent functionsin U* ={z € C,0< |z| < 1} =
U/{0} with fixed second coefficient, we obtain the estimation of coefficients,
distortion theorems, closure theorems and some other results.
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1. Introduction
Let Y p be the class of functions of the form:
f(z) =apz? +Xn-pamz™ (ag >0, a, 20,pEN ={12,..}), (D

which is meromorphic and multivalent in U* . For f € 3p, let
0 f(2) =f(2),
V; f(2) = 9af (2),
V; f(2) =1~ pAlf(2) + Az f'(2) (1=0),
D! F(2) = agz P + Z [1+A(p + m)]amz™,
m=p
D} f(2) =022/ @) ,

D F(2) =, (D FD),
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=apz P + Xm=pll + A(p + Mm)]"a,,z"  (m € Ny = N U{0}). 2
The linear operator 9, was introduced by Saif and Kilieman [1].

Definition 1. The function f inY,, is said to be meromorphic multivalent starlike (or
convex) function of order a if

—Re{zl{(z(;)}>oc, zeU", 0<a<p, (3)
and
—Re{1+Z]{,I(IS)}>a, ze€U*; 0<a<p, (4)

For some a = 0, asubclass of ¥, denoted by [;, (a, 5,4,n) which satisfies the following:

SRe{—(z(w—f(z))),—a+aﬁ+1)}. (5)

(1+p) (97 1@

M ta+af+1
(1+p) (27 F2)

Where 0<f <1, A>20 andn€N, .

For a given real number z, such that 0<z, <1, let [;,; , i =1,0 be the subclass of
{p (a, B, 4,n) which satisfies the condition:
p+1
Pf(z) =1 and — 2—f'(z) =1
2 f (2o an - f'(20)
Let
I;,i ((X, IB'A' n, ZO) = I{) (CZ, ﬁ'l' n, ZO) nc[p,i (l = 1'0) (6)

Meromorphic multivalent functions have been extensively studied by Aouf [2, 3,4],
Adnan Aziz Hussein and Kassim A. Jassim [5,6], Joshi and Srivastava [7], Mogra [8,9], Owa
et al. [10], Joshi and Aouf [11], Aouf and Darwish [12, 13], Raina and Srivastava [14],
Uralegaddi and Ganigi [15], Raid Habib Buti and Kassim A. Jassim [16] and Yang [17].

2. Main Results
Theorem 1 (Coefficient Estimates): Let € ¥p , then f € [;, (a,5,4,n) ifand only if

Ym=pml(1 +p)(af + 1)+ (m—D][Ap +m) + 1]"ay, < agp(p + Dap  (7)
Proof: Assume that f € [;, (a,,4,n). Then,

z(9} ()" z (9} ()"

;ta+af + 1| < Req— ;—ataf+1
1+p) (9% f@) 1+p) (9% F@)
But,
Re z (93 f(z))” —ataf+1;< 2 (i f(z))” +tataf+1
1+p) (9% f@) @ +p) (93 F2)
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II

< Re{—(M—a%—aﬁ + 1)},
(1+p) (9% £(@)

z2(9; f@)"
@ +p) (2% f2)

that is

Re ;+2(af+1), <0,

by (2), we get

> mlA+p)@B + D+ (m = DIA@ +m) + 1ap < agp(p + Dap

m=p

R —2p(1+plaBagzP~' + Ym-p2m[(m — 1) + (1 + p)(af + D][A(p + m) + 1]"a,z™ !
e{ —pag(1+p)z7P~ 1 + Y3, m(1 +p)[A(p + m) + 1]"ap,zm! }
<0

If we let z to take a real value such as z — 17, then we get

—2p(1 + plafag + Xm=p 2m[(m — 1) + (1 + p)(af + DI[A(p + m) + 1]"a,,z™*P
—pao(1+p) + X5, m( +p)[Alp + m) + 1]"a,z™+P

<0

)

that is

“2p(1 + p)aBag + Z 2m[(m—1) + (1 + p) (@B + D][A(p + m) + 1]"a,,z™*P
m=p
<0

which is equivalent to (7).
Conversely, suppose that the inequality (2.1) holds. Then, we have

203 f@)"
1+p) (9% f@)

rtataf +1| =

—2p(1+p)(a+aB+1)ag z P 143 R p m[2(m—1)+(a+aB+1D)(1+p)[A(p+m)+1]"|az™ !
—pag(1+p)z=P~1 +37_, m(1+p)[A(p+m)+1]"ayzM1

< —-2p(1+p)(a+aB+1)ag —XR=p m2(m-1)-(a-aBf-1)(1+p)[A(p+m)+1]"|apz™*P
- —paog(1+p) +Xm—p m(1+p)[A(p+m)+1]"apyz™+P

Letting z — 1~ along the real axis, we obtain the desired inequality (7). Hence, the proof
of Theorem 1 is completed
Corollary 1: If  f € f;, (a,5,4,1n) , then

p(1 + p)aBag

S M =D T A+ p)@f + DA +my + 1 P EN =120 (®)
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Theorem 2: Let f(z) € [, (o, B,4,n). Then, f(z) €[,; (a,B,4,n,2y) ifand only if

i [m(m ~D+A+p@f+ DG +m) +1]" z’"”’] a, <1 (9)

p(p + 1)pa 0

m=p

Proof: Since f(z) € [, (a, B, 4,7, 2), then

zEf(zo) = 28 (aoz‘p + Z apn, Z{{‘)

=p

m+p_
—a0+2m =p Am Z

a=1-Ympamzy ¥ (10)

Substituting this value of a, in Theorem 1, we get the desire assertion.
Corollary 2: Let f(z) € [, (a,B8,4,1,2,). Then

p(1+p)ap
m[(m—1) + (1 + p)(af + D[A(p + m) + 1]* + p(1 + p)aBz)"*?

am <

(11D

Theorem 3: Let f(2) € [, (a,B,4,n). Then f(z) € [;,; (a,B,4,n,z) if and only if

D [m(m ~ D+ +p) @B+ DA@+m) +1]" =] 77 am <1 (12)

p(p + 1)pa pl™°

Proof : Since f(2) € [;,, (a,B,4,n,2), then we have
zP = m

L f) == ) [ ang ™ =1
p =

ap = 1+ 2;‘;’12,,[ ]amz{{”p ,ag>0,a, >0,p€EN (13)
Replace a, from (13) by (7), we get

Z m[(1+p)(af +1) + (m — D][A(p + m) + 1]"a,,,z™*P

m=p
< (1 + i [ ]angnw)p(p + Dap
m=p

that is

i[ [(1+p)(aB + 1) + (m = D][Ap +m) + 1] _p(p+1)[ ]aﬁzmp] a
m=p

<p(+ Dap,

368



Aljuboori and Jassim Iragi Journal of Science, 2023, Vol. 64, No. 1, pp: 365-372

Which is equivalent to (12).
Conversely, let us suppose that the inequality (12) holds true. Then

i mm = 1) + (A +p)@p+ DA@+m) +1]" i [m ot
re) p(p + 1)pa "

o

m
Sao—z [E]angwp <1

m=p

14
So that —%"f’(zo) =1,then f(2) € [, 1 (a,f,4,n,2)
Corollary 3: Let f(z) € [;,; (a,B,4,1,2). Then

o, < p(1+p)ap (14)

" min— 1)+ (1 +p)(ap + DA +m) + 11" —p(L +plap 7] """

3.Distortion Theorem
Theorem 4: Let f(2) € f;,o (a,B,4,1,2). Then for
0<|z| <1, wehave

m[(m—1) + (1 +p)(1 + Ba)[A(p + m) + 1]" — p(1 + p)Bar??

zZ)| = .
F @l re[m[(m—1) + (1 +p)A + B)][A(p + m) + 11" + p(1 + p)Bazy 7]
(15)
Proof. Since f(2) € [, (a, 5,4,n,2,) and by (9) we get
N p(p + pa
am < n m+p (16)
= m[(m — 1) + (1 +p)(af + D][A(p +m) + 1]" + p(p + Dpaz,
From (10) we have
aozl—ZangHp
m=p
m[(m-1)+1+p)(af+D][A(p+m)+1]"
Go = m(m—-1)+(1+p)(@B+D[A(p+m)+1]"+p(p+1)Bazl* P 17
Hence, we have
f@Izar? =17 ) ap
m=p
If(2)] = m[(m-1)+(1+p)(1+Ba)[A(p+m)+1]"—p(1+p)Bar?P (18)

rP [m[(m—1)+(1 +p)(1+Ba)][A(p+m)+1]"+p(1 +p)ﬁazgn+p]

By using (16) and (17). Further, the result is sharp for the function f(z) which is given by

m[(m—1) + (1 +p)(1 + fa)[A(p + m) + 1]" — p(1 + p)Baz?®
zP[m[(m— 1)+ (1 +p)(1 + B)][A(p + m) + 1]" + p(1 + p)Bazy 7]

f(2) =
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Theorem 5: Let f(2) € f;,; (a,B,4,n,2). Then

m[(m—-1)+(1+p)(A+pa)][A(p+m)+1]"+p(1+p) Bar?P

: 19
f@)I = r?[ml(m-1+1+p) 1+ Bl Ap+m)+11"-p(1+p)Ba[T]zg 7| (19)
For 0<|z| <1, wehave
Proof: Since f(2) € [;,; (a,fB,4,n,2,) and by (11) we get
o < p(p+1)Ba
Zim=p tm < m(m-1D+(1+p)(@p+DIAP+m)+11"-p(p+1)Ba3 |25 P (20)
From (12) and (20) we have
a0=1+z [ ]ang’”p
m:
<1+ p(p+1)Ba [m] m+p
m[(m-1)+(1+p)(af+D][A(p+m)+1]" p(p+1)13a
Or
- m[(m—1) + (1 +p)(af + D][A(p + m) +1]" 21)
ag < T .
mi(m — 1) + (1 +p)(@B + DIAG +m) + 10"~ p(p + Da[ 7] 2"
Hence, we have
lf(2)| = agr™ + 1P Z Am
m=p
m[(m-1)+1+p)(1+Ba)[A(p+m)+1]*+p(1+p) Bar?P
>
f@l = r?[ml(m-1)+1+p) 1+ B Ap+m)+11"-p(1+p)Ba[T]zg 7| (m=p)
from (20) and (21). Further, the result is sharp for the function f(z) which is given by
f(Z) _ m[(m-1)+1+p)(1+Ba)[A(p+m)+1]*+p(1+p) Baz?P (22)

2P [m{(m-D+(1+p) 1+ )| [Ap+m)+11"-p(1+p)BalT]zg 7

4. Closure Theorems:
In this section, we obtain closure theorems associate with the classes that are introduced
in section 1.

Letfi(2), j=12,. ,q, be defined as follows:
£i(2) = agz7P + z 2™ (ag; > 0,am; = 0,p €N ={12,..}). (23)

Theorem 6: Letf](z) defined by (23) that belong to the class f;, o (a, 8, 4,n, z,) for
j=1,2,...,q. Then, the function h(z) which is defined by

h(z) = ag;jz7P + Ym=pCmz™ (24)
is also in the class fj, o (a,,B,A n, zo) where
= Z] 1 Qm,j (25)
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Proof:_Since f;(z) € ;o (@, B,4,1,2,)(j = 1,2, ...,q) and by Theorem 2, we obtain

D [l +p)@B + D) + (m = DIAG +m) + 11" + 27 p(p + Dap]a,

m=p

<p(+ Dap (26)
Hence,

D [l +p)(@B + 1) + (m = DIAG +m) + 11" + 20 p(p + Dagem

m=p

- Z [m(1+p)(@B + 1) + (m — DI[A(p +m) + 1]"

m=p
q
m+ 1
+ z, Po(p + l)aﬁ] (52 A, j >

j=1
q %)
Z Z [m[(1+p)(@B+ 1)+ (m—DIAp+m) + 11" + 25 Pp(p + DapBlam,;
j=1 m=p
<p(p+Dap.
Therefore, h(z) € f;,0 (a,B8,4,1, 2).

le—x

Theorem 7: Let f;(z) defined by (23)that belong to the class [,; (a,B,4,n,z,) for j =
1,2,...,q. Then the function h(z) defined by (24) is also in the class [, ; (@, 8,4, n,2,) for
j=1,2,..,q, where c, defined by (25).

Proof: Since f;(z) € f;,; (a,,4,1,2,)(j = 1,2,...,q) and by Theorem 3, we obtain

i [ [(A+p)(@B+1D)+(m—-D]Ap+m)+1]" —p(p + 1)043[ ] m+p] G
m=p

<p(p+ Dap. (27)
Hence,

Z[m [(1+p)(@B +1) + (m—DIAp +m) + 1] _p(pﬂ)aﬁ[ ] m+p]

= 2 |1+ p) (@B + 1) + On = DIAG +m) + 11"
m=p

st g [2]27 150

q oo
Z Z [m (1+p)(aB + 1)+ (m—DIAp +m) +1]"

j=1 m=p
=2+ Dap [ 7| | am; < p(o + D (28)
Therefore, h(z) € [, (a,B,4,n,2).

QI»—\

5. Conclusions
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New subclasses  [,; (@, 8,4,7m,2y)(i = 0,1) of meromorphic uniformly of multivalent

functions in U" ={z€C0<|z| <1} =U/{0} with fixed second coefficient are
considered. Many results are obtained, namely the estimation of coefficients, distortion
theorems, closure theorems and others.
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