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Abstract
Let R be any ring with identity, and let M be a unitary left R-module. A

submodule K of M is called generalized coessential submodule of N in M, if% c
Rad(%). A module M is called generalized hollow-lifting module, if every
submodule N of M With% is a hollow module, has a generalized coessential

submodule of N in M that is a direct summand of M. In this paper, we study some
properties of this type of modules.
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1. Introduction:

Throughout this paper R is a ring with identity, and every R-module is a unitary left R-module,
NEM denotes N is a submodule of M.

Let M be an R-module, and let NEM, N is called a small submodule of M (denoted by N&M), if
for every KEM, M= N+K implies K = M, [1]. A nonzero module M is called hollow, if every proper
submodule of M is small, [1]. A submodule K of M is called coessential submodule of N in M

.N M
(denoted by K&..M), if X < 2

Let M be a module and N, KEM. N is a supplement of K in M, if M = N+K and NNK«N, [1].
And N is called a generalized supplement of K in M, if M = N+K and NNK<c Rad(N), where Rad(N)
is the Jacobson radical of N, [2]. N is called strong supplement of K in M, if N is a supplement of K in
M and NNK is a direct summand of K, [3].

An R-module M is called lifting or satisfies (D,), if for every submodule N of M, there exists a
direct summand K of M, such that K is coessential of N in M, [1]. M is called hollow-lifting, if for

oM . . . .
every submodule N of M with Vs hollow has a coessential submodule in M that is a direct summand

of M, [4]. Clearly every lifting module is hollow-lifting, while the converse does not hold in general,
see [4].
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In section two of this paper, we introduce generalized coessential submodule of M. A submodule K

N M
of M is called a generalized coessential of N in M, if X - Rad(;). We also introduce generalized

hollow-lifting module as a generalization of hollow-lifting module, [1]. An R-module M is called a
generalized-hollow lifting module (for short, G-hollow lifting module), if for every submodule N of

M
M, with I is a hollow module, N has a generalized coessential submodule of M that is a direct

summand of M. We prove some properties of  G-hollow lifting modules. In fact, we prove for an
indecomposable module M, M is a G-hollow lifting module if and only if M is hollow or else M has
no hollow factor module. We also prove that for NEM, N has a generalized strong supplement in M if
and only if N has a generalized coessential submodule that is a direct summand of M, therefore M is a

M
G-hollow-lifting module if and only if for every submodule N of M, with ~ is hollow has a

generalized strong supplement in M.
In section three, we prove that for fully invariant submodule N of M, if M is a G-hollow lifting

M
module, then m is a G-hollow lifting module. In fact, we give sufficient condition for direct sum of

two G-hollow lifting module to be G-hollow lifting. We prove if M = M;@®M, is a duo module, then
M is a G-hollow lifting module, if and only if M; and M, are G-hollow lifting modules.
2. Some properties of G-hollow lifting modules

In this section, we introduce G-hollow lifting module as a generalization of hollow lifting module,
and study some properties of this type of modules.

Recall that an R-module M is called lifting or satisfies (D,), if for every submodule N of M, there
exists a direct summand K of M such that K is coessential of N in M, [5].

As a generalization of coessential submodule, we introduce the following.

Definition 2.1: A submodule K of M is called generalized coessential submodule of N in M denoted

N M
by KSgceN, If; - Rad(;).

It is clear that, if K is coessential submodule of N in M, then K is generalized coessential
submodule of N in M. However the converse in general is not true, for example 0S gc. in Q as Z-
module, but 0 is not coessential of Q.

Definition 2.2: An R-module M is called generalized lifting or satisfies (GD,), if for every submodule
N of M, there exists a direct summand K of M, such that KEgcN in M.
It is clear that every lifting module is a generalized lifting module.

M
An R-module M is called hollow lifting, if every submodule N of M such thatﬁ is hollow has a

coessential submodule that is a direct summand of M, [6].

It is clear that every lifting module is a hollow lifting module.

As a generalization of hollow lifting module, we introduce the following.

Definition 2.3: An R-module M is called generalized-hollow lifting module (for short G-hollow

M
lifting), if for every submodule N of M with m is hollow N has a generalized coessential submodule in

M that is a direct summand in M.

Proposition 2.4: Let M; and M, be hollow modules, if M = M;@®M, then the following are equivalent:
1. M is G-hollow lifting.

2. M is G-lifting.

Proof: 1— 2) Let N & M, let 1; : M — M; and ©r; : M — M,. If y(N) # M; and m(N)# M, then

TE]_(N) << M; and TCz(N) < Mz.ThUS TEl(N) (&) TEQ(N) << M;®M,. [1]

Now letne N, thenne M =M; @ M,, hence n=m;+m,, where m; € My, mye M,

751(1’1) =T (ml + mz) =m and 7'[2(1’1) = 7'[2(m1+m2) =my, thus n= nl(n) + nz(n),this Imp|les that

N S n1(N) @ m2(N), therefore N << M. Assume that 7;(N) # M, then M= N + M,, thus
M/N=N+ M, /N=M2/N n M2 but M, is hollow, hence M, / N N M, is a hollow module this
implies that M / N is hollow, therefore 3 K © @ M such that N / K < Rad(M / K ),hence M is a
generalized lifting.

2 — 1) Clear.
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Remark 2.5: It is clear that every module has no hollow factor module is a G-hollow lifting module.
However, if M is indecomposable we have the following:

Proposition 2.6: Let M be an indecomposable module, then the following are equivalent:

1. M is a G-hollow lifting module.

2. M is hollow or else M has no hollow factor module.

M
Proof: 1—-2 Suppose that M has a hollow factor module, then 3 N € M, such that N is hollow. Since

M is a G-hollow lifting module, then 3 K €M, for KEM. But M is indecomposable, then K = 0 and
hence NcRad(M).
2—1 Clear
Let R be any ring, and M is an R-module. Let N, K be two submodules of M, K is called strong
supplement of N in M, if K is a supplement of N in M, and KNN is a direct summand of N, [3]
As a generalization of strong supplement submodule, we introduce the following:
Definition 2.7: Let N, K be submodules of M. K is called a generalized strong supplement of N (for
short G-strong supplement of N), if M = N+K with KNN&Rad(K) and KNNEgN.
Remark 2.8: In semisimple modules, every submodule is G-strong supplement.
Proposition 2.9: Let NSM, then the following are equivalent:
1. N has a G-strong supplement in M.
2. N has a G-coessential submodule that is a direct summand of M.

Proof: 1-2 Let K be a G-strong supplement of N in M, then M = N+K, NnKcRad(M) and

N (NNK)®L
NNKEgN, hence 3ILEN such that (NNK)®L = N, then M = LOK. NowzzT c

Rad(M)+L M
RadUD*L < Rad(™).
L L
, . o N M
2—1 Let K be a G-coessential of N in M, that is a direct summand of M, then " C Rad (E) and M =

N NNL)®K M
KL for LEM. Thus N = Nn(K@L) = K@(NNL) and N+L = M. — = (NOLOK Rad(;)

NNL K®L L
= oD & Rad(E2) = Rad (7). Thus NnLERad(L) SRad(M).

Corollary 2.10: Let M be any R-module, then the following are equivalent:
1. M is a G-hollow lifting module.

l

M
2. Every submodule N of M, with ~ is hollow, has a G-strong supplement in M.

Proposition 2.11: Let M be a finitely generated module over a commutative local ring. Then the
following are equivalent:

1. M is a G-hollow lifting module.

2. M is a G-lifting module.

Proof: 1-2 Clear

M M
2—1 Let NEM such that m is cyclic, since R is local, then N is local. Hence by corollary 2.10, N has a
G-strong supplement, and by prop.2.9, N has a G-coessential submodule that is a direct summand in

M
Proposition 2.12: Let M be a G-hollow lifting module, then every submodule N of M such that N is
hollow, can be written as N = K@L, where K is a direct summand of M and NNnLERad(M).

Proof: Let NEM, with%is hollow, since M is a G-hollow lifting module, then IKEM, KEN and
Ne Rad(M), let LEM with M = K@®L then N = K@ (LNN). Now v_EedoN) . _Nab
K K K K KN(NNL)
=NnNnL

ButN/K € Rad (M/K)=Rad (K&®L) /K =Rad(L/(LNK))=Rad (L)

Thus NNnL € Rad(L) € Rad(M).
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3. The direct sum of G-hollow lifting module

In this section, we prove under certain condition, an R-module M = M;@®M, is a G-hollow lifting
module if and only if M; and M, are G-hollow lifting modules.
We start by the following:
Proposition 3.1: Let My, M,,...,M, be R-modules having no hollow factor modules. Then M = M;&
M,B...M, is a G-hollow lifting module.

M
Proof: Suppose that M has a submodule N such that; is hollow. Since
Mp+N _ M ) )
N = v then 3 i€{1,...,n} such that is hollow. Hence M;
has a hollow factor, a contradiction. Then by Remark 1.5, M is a G-hollow lifting module.
Remark 3.2: From prop.2.6, it is clear that every indecomposable module M which has no factor
module is a G-hollow lifting module, but it is not lifting.
Proposition 3.3: If M = N@®K, where N is indecomposable having no hollow factor module, K is
semisimple. Then M is a G-hollow lifting module.

M
Proof: Let LEM, such thatz is hollow. Then M = N+L or M = K+L. Since N has no hollow factor

N+L N
modules, andT = NAL' thus K+L = M. But K is semisimple, then 3 K€K, such that K = K;

@(KNL). Hence M = K®L, therefore M is a G-hollow lifting, but not lifting.
Remark 3.4: The direct sum of two G-hollow lifting modules need not be a G-hollow lifting as the
following example show:

M;+N = My+N

+ +...+

M;+N M;+N

M .
= m which is hollow, so

Z Z
Example: Let P be any prime integer, and let M = Pz @ p3_z as Z-module, it is not G-hollow lifting

module .While both of Z/PZ and Z / P*Z are G- hollow lifting modules.

. M _ M;+N
Lemma 3.5 [3]: Let M be any R-module, if M = M@ M,, then rinii &)

My+N
N for every

fully invariant submodule N of M.

M
Proposition 3.6: Let M be any R-module, if M is a G-hollow lifting module, then ~ is a G-hollow
lifting module, for every fully invariant submodule N of M.

M ]
X is hollow. Since

~

K _M
Proof: Let N be a fully invariant submodule of M, and let N c N such that

z|x[z| =

K M
M is G-hollow lifting, then 3 L EgM, such that L € K, T € Rad (T) and M =K, @L forK; < M,
L+N K . M M .
clearly N+Lc K, then TR c N Define f: T O NaL by f( m+ L) = m+(L+N), v meM. It is clear that
f is an epimorphism, f—) CRad (—), then K+(L+N) CRad (—), hence —— Coce ——. Now —
is an epimorphism, (L) CRa (N+L), en K+( ) €Ra (N+L), ence TN SoC TN ow N
Ki®L K{+N _L+N M M o
= = ,henceL+N/Nc @ — , thus —is a G-hollow lifting module.
N N N N N

M
Remark 3.7: If N is not fully invariant and M is a G-hollow lifting module, then I need not be a G-

hollow lifting module.

VA VA 2Z
Example: Consider the Z-module M :E@ S—Z, let N :E @ <0>, clearly that M is G-hollow

VA Z Z
lifting module, since it is lifting but “is not, since = 2o 82 ~ 3Z @y L ppo M o Z o
ITIINg moaule, since It IS 11N ut —Isnot sinCe — — 57— = 57 —_—. en—=—=—
g g N N 22 2Z N gz N~ 2z

E@<0> 1z

VA
Py which is not G-hollow lifting.

Recall that an R-module M is called duo module, if every submodule of M is fully invariant, [1].
Corollary 3.8: Let M = M;® M;be a duo module. If M is a G-hollow lifting module, then M; and M,
are G-hollow lifting module.
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Corollary 3.9: Let M = Mi@® M, ®...0M, be a duo module, if M is a G-hollow lifting module, then
M; is G- hollow lifting module, vV i=1,...,n.

Proposition 3.10: Let M b a duo module such that M = M@ M,, if M; and M, are G-hollow lifting
modules, then M is a G-hollow lifting module.

Proof: Let NEM with = is hollow, then N = (NAM;)@(NAM,). Hence = = — 19 Mz
roof: Let NEM wi N is hollow, then N = ( 1)B( »). Hence N T (NoMDSNAM,) -
M
M M ~ M M

L D 2 , thus ,{,,V = 2_is hollow, and similarly L_is hollow. Since M, and M,

NNM; NNM, 1 NNM, NNM;

NNMq
NNM,

M
are G-hollow lifting module, then 3 K;EgM; with K;S NNM; and CRad (K—l), M; = Ki®L,,
1

Ky

NNM M
2 cRad (K—Z), M, = Ky®Ly, L, SM,. Thus Ki+K,
2

K>
N
c (Nan)‘l' (Nan) =N and Ki+K.® L1+ Ko= M@ M, = M. Thus Kb K2§®M. Now, =

L €M, and 3 KZQGBMZ with K,S NNM, and

Ki+K,
(NNM)®(NNM,) NnM; . NnM, M, M, M
~ C —) + —) C . +K, €
K, ©K; Ky © K, SRad (K1) Rad(Kz) < Rad (K1+K2) Then Ki+K; SeeeN,
and hence M is G-hollow lifting module.
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