Ahmed et al. Iragi Journal of Science, 2024, Vol. 65, No.3, pp: 1531-1540
DOI: 10.24996/ijs.2024.65.3.29

I ragi

ISSN: 0067-2904

Single Stage Shrinkage Estimation Methods for Reliability Function of
Generalized Exponential Distribution Using Simulation

Isaam Kamel Ahmed'", Taha Anwar Taha?, Abbas Najim Salman?®

'Department of Mathematics, College of Sciences, University of Anbar, Anbar, Iraq

’Directorate-General For Education of Anbar, Ministry of Education, Anbar, Iraq

3Department of Mathematics, College of Education for Pure Science, University of
Bagdad, Bagdad, Iraq

Received: 3/4/2022  Accepted: 11/4/2023 Published: 30/3/2024

Abstract

The reliability in stress—strength model (s—s) is estimated in this article when the
system has parallel and series components subject to one of the stresses and it follows
generalized exponential distribution by taking via different estimation methods,
namely the maximum likelihood estimation, unbiased estimation, moment estimation
and shrinkage estimation. Also, the Mont Carlo method is used to compare these
methods under mean squared error.

Keywords: Generalized exponential distribution (GED), Maximum likelihood,
Unbiased estimation, Moment estimation, Shrinkage estimation.

BlSlaal) aladinaly alad) o) 2 gill 485 gal) AlNA Baaly Al pas Qalill) S (30

3obalu aad ubis , 2ab gl ab , Tlasa) JalS alas
Ghall ¢ L) L) dasla , asladl S, Sl o’
Ghal ¢ DLV Al 35, L) A Ay
Ghall sty sk Anals Al aslall 4l AIS, )l pud’

dadal)

Lllgiey dpjlgie lipSe allaill 5K Lerie Cndl 30 (A SlgaYlsedl) zasal (4 Adgisall s o
eV KRV Ayl ¢ dalide pai (3l 34T Gl e lall ) asil adisg cilalgal) (ganY aunds
s3a A3kal ghS Cuige Al aladiad p Woad, Galiill s agiall a8 L jeie pe i o il
coral adl) dacigia cons 3Ll

1- Introduction

The term stress—strength (s—s) refers to a component that has a random strength X subject to
a random stress Y to evaluate reliability, A failure occurs in the simplest form of the stress—
strength model when the unit's strengths drop below the stress. Then, we will study two models
as follows;
1- The series system reliability Rs for (s—s) model[1],[2] and [3];
Rs =P [Max (Ypi1,Yrs2) < min(Yy, Yo, ..., YOI,
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where Y;;(i=1,2, ... ,r) isstrength subjectto commonstressY;; (i =k + 1, k + 2).
2- The parallel system reliability Rp for (s —s) model;

Rp =p [Max (Yr+1,Yr42) < Max(Yy, Yz, ..., Yi)]

Where Y;;(i=1,2, ... ,r)isstrengthand Y; ; (i =r + 1,r + 2) are stress.

Many researchers studied the parallel and series of system reliability in the stress—strength
model. For example, in 1996, Hanagal studied the reliability consist many parallel components
and two strength that belongs to bivariate Petro[6]. In 2011, Munoli and Rolest derived the
reliability function for a parallel system of two components. In 2013, Srinivasa estimated an
(s—s) reliability system of the multi-component model when the random stress and strength
followed the generalized exponential distribution[15]. In 2013, Alaa estimated stress—strength
reliability for a parallel system using Lomax distribution. In 2018, Cheng demon started the
reliability of the system in the (s—s) model of parallel components based on the Pareto
exponential distribution[1]. On the other hand, the generalized exponential distribution denoted
by (GED) is also known as two parameters was important distribution with extensive uses in
all tests of life as it enters in the tests of population growth, and engineering. In 1967, Ahuja
and Nash reached the generalized exponential distribution (GED) as a special case of Gompertz
distribution. In 1999, Gupta and Kundu found the generalized exponential distribution as
special case of the generalized Weibull distribution[5]. In this paper, the estimation of Rs =
p [Max (Yr41,Yr42) < Min(Y,Y,,....Y )] and  Rp=p[Max (V;41,Y42) <
Max (Y;,Y,,...., Y, )] are considered.

When (Y, ,Y;,...., Y, ) are strengths subject to one of the stresses (Y;,1, Yr4+2 ) . Assuming
thatY; ,Y,,...., Y., Y1, Y, follow the generalized exponential distribution, we also derived
the maximum likelihood estimation, unbiased estimation, moment estimation and shrinkage
estimation of unknown parameters ( , 4, ..., %,,, X4 1 , %45 ) and for the system reliability of
parallel and series components in (s —s ) model.

2- System Reliability

We take a multi-component system with r identical components. Let (Y;,Y;,...., Y, ) be
the strengths of components subject to one of the stresses subject to one of the stresses
(Yyy1,Yri2). Also, let (V;,Y,,....Y,, Y1,Y2) be independent and it follows the
generalized exponential distribution with shape parameters a; (i =1,2,..,7r,r+1,r+2)
and the common scale parameter . The p.d.f. and c.d.f. of Y; are respectively given below [9]
and [10]

i) =aire™™(1— e™)u

Fy)=(1—-e™%, y>0,0; >0, >0 ,i=1,2,..,r,r+1,r+2

So, the distribution function of w = max( Y, , Y42 ) given as below
r+2

Hw) =pW <w) = | [ pti<w)
i=r+1
— ( 1-— e—‘L'W)O(T+1. ( 1— e—TW)o(T+2
= ( 1-— e_TW)‘xr+1+°<r+2

Also, distribution function of v = max (¥;,Y; ..., Y,) ) is given below
G,(v) =p(V <v) = [I;=1(Y; <v)
=plY;<v)p Y, <v)..p Y. <v)
— _ TV 5, TV\Xy 5, TU\Xy
(I—e™(1—e™™%2 . (1—¢e7%)
— ( 1— e—‘cv)o<1+oc2+~-~+o<r

In a parallel system, the system reliability will be
Rp = p[max(Yr41,Yr42) < max(¥y, Y, Y)]
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=p[W<V]=fp[w<v] dGv (v)
0

— fooo( 1— e—rv)Zf:fHoci S 1“1 Te ™ (1- —Tv)zir_loci—l dv
‘I"
+1
alf(l — e‘“’)zr T.e” " dv
i=1
(1%
f+f°<
So, we have
T
;
=1
Rp Zr+2 «;

In the series system, the system reliability is given as below
Rs = p[max(yr+1 § r+2) < min(yl 4 YZ [ YT)]

_f l—[ 1(1 _ ( 1— e—TW)O(l) Zr+r2+1 «; (1 _ e—TW)erff_,_loci—l T.e”™ dw

r+2
i= r+1 0
Let =(1- e‘TW) then w =202 gnq dw = -~
. T ' T(1-2)
Thus, (= (11— e™™)) = [T, (1 — z*%)
s '
—1- )yt Y R
m=1 il#!i2$!'"!¢i7‘=1
Therefore,
T+2 r d
Rs = i Tf(l - Z( Hmt z Ay (1 - 7) 2Bt
. 7(1—-2)
i= 7"+1 ll$ lz¢ o Flr=1
r+2 r
Z xi. j(l— ( ™t Z 5= | gL dy
i=r+1 l1== I, mFlr=1
r+2
Z x<i. jzzl %=1 gy
i=r+1
r+2 1
Tr+2 i
Z Z( Hmt Z J gzt
i=r+1 ll#!i2¢!"-!¢i7‘=1 0
So, we have

_ T+2 m—1 1 T o+ 2 a2 =1
RS - 1 - i=r+1 ocl Z 1( 1) le¢ lz¢ ;tir:l f() Z j=1t T dZ

3- The Maximum Likelihood Estimators (MLE)

LetY;,,Y,,.., Y, (i = 1,2, ...,n) bearandom sample on strengths of (n) systems following
the generalized exponential distribution with shape parameters o¢; (i = 1,2, ...,r) and scale
parameters t. Let Y,,1, Y42 (i = 1,2,...,n) be a random sample on stresses of (n) systems
which are following the generalized exponential distribution with shape parameter
«; (i=r+1,r+2) and common scale parameter z. The likelihood function of y;;;i=

1,2,..,nandj=12,...,rrr+1,r+2
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r+2 n r+2
i=1 j=1 i=

The log — likelihood functlon will be

LnL(ec;, 7/y;) = nXiZfIn o+ n(r+ 2)Int — 7 X7 X727 yi; + (o=

DY}, X2 In(1 - Ty”)

Differentiating log — Ilkelihood function with respect to o; (i = 1,2,...,r, v+ 1,7 + 2) and
equating it to zero, we get

n n
— 4 E In(1—e ™) =0
o —

]=

~ -n
o =
tmle ” (In(1 — e ™)
Hence, the estimates of Rp and Rs are respectlvely glven by
ﬁ _ Zl 1 ocLmle
pmle — or+2 &
7[=1 Ximie
And
r+2
ﬁsmle =1- Z Ximie Z( 1)m 1 Z f ZZJ 1°(Umle+zl 1 ®imie—1 dz
i=r+1 i1 #Fip##ip=1

4- Unbiased Estimation (UBE)
The bias of an estimator is the difference between the expected value of the estimator and
the true value of the parameter being estimated.
IFY;jj~GED (t,x;)forj=12,.,n:i=12,..,r,vr+1,r+2

When 7 is known, then In(1 — e ™u) 1~ exp (%)
But I, In(1 — e~™4)~" ~ Gamma (n,—)

n

While T im0 ~ inverted Gamma (n,x; n) for i = 1,2,..,r ,r+1,r+2
That means &;,,;. ~Gamma (n, %; n) since E(Kjme) = ﬁ ;
Thus, Rup= = Rimie = —— = = i
PobT gy imle T g 9 in(1-e ) T -3, In(i-e” l)
It becomes unbiased estimator of «; for i =1,2,..,r,r + 1,7 + 2 with
var (X;,) = (o))"
iub (n )
Hence, the estimates of Rp and Rs are respectively glven by
R\ _ Zl 1 oclub
b — or+z &~
P ::12 Xiub
And
r+2
i=r+1 I Fip#F - #Fip=1

5- Moment Estimation (MOM)
Let Y1, Y, ..., Y, ;i =12,..,n bearandom sample of strength of (n) system following
the generalized exponential destitution with shape parameters «; ; (i = 1,2, ..., k),
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And scale parameter . Let Yigy1, Yike2 (i =1,2,..,n)be a random sample on stresses
having (n) system which are following generalized exponential distribution with shape
parameters «; (i =r+1,r 4+ 2) and common scale parameter t. The population mean of
random variables y; which follows the generalized exponential distribution is given below

1
E () =— (¥t 1) - ¥ (D)
equaling the sample mean with the corresponding population mean, we obtain

_ =1V .
Vi szE(Yi); i=12,.,k,k+1,k+2

1
i = —[¥ (e 1) = P (D]

1 ]T‘(oci+1)_qjl
© T |T(ec+ 1) )
_Affeat
A ETCD) L

The moment estimator for the unknown shape parameters oc; (i = 1,2,..,r,r + 1,7 + 2)
will be

% _ I'(o¢o+ 1)
M T (o) [ + P (D]
Now, «;, can be found below.

The population median of Random variable y which follows generalized exponential
distribution will be

Ju=y

F(y' OCL"T) = E

1
— pTTN\Xi0 — —
(1-e™™)% ==
1 1 o%
Yimed = _;ln(l - (5) i0)
Equating (Y; meq )With sample median (y; meq ), We get

(Yi med) = (Yi med) L

1 170
Yimed = _;ln 1- [E]

1
1 — e_TYimed = (E)‘X_LO

In> =
o= 1n(1—e‘n—"72yimed) fori = (: 1,2,..,rr+1,r+ 2) Where Yimed = —%ln [1 - (0.5)“1'0]
Hence, the estimates of Rp and Rs are respectively given by

AN

) _ &i=1 Ximom

Rpmom = Gz =3
i=1 mom

And
r+2 r r 1
m s 2 o
%) = - -4 +lim 1% -1
Rsmom =1 — E Ximom E —nm+t J ZZj=1%imom* Li=r+1&imom=1
i=r+1 m=1 iy #ip#tip=1""

6- Shrinkage Estimation
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Thompson in 1968 suggested the problem of shrink a usual estimator & of the parameter «
to prior in formation o, using shrinkage weigh factor ¢ (& ), such that 0 < (&) < 1. The
shrinkage estimator of oc; denoted by &;,;, which is defined as below

Risn = p(&) &+ (1 — ¢ (&) &,
We apply the unbiased estimator &,,,;, as a usual estimator and &;,,,,,,, as a prior estimator of
«; , the form of shrinkage estimator of the shape parameter of o; of the generalized exponential
distribution is given by
XKion= o1(X;) Kipp+ (1 — @1(K;) Kippom ) for i=12,..,r,r+1,r+2

6.1 The shrinkage weight function ( SH1)

The shrinkage weight factor as a function of size (n) will be considered and taking the form
p(&X) = (sin/n) . Therefore, the shrinkage estimator using the above weight function of «; is
given by
&X; sn1= (sin/n) &; ,p,+ (1 —sinn/n) K mom fori=12,..,rr+1,r+2
Hence, the estimates of Rp and Rs are respectively glven by

I? _ Zl 1 Oclshl
pshl = vwr+2 &
i=1 “tishl
And
r+2
Rssn1 =1 — Z Xish1 Z( 1™ 1 Z f ZZ] 1Rish1+ DI e 1Rish1—1 dz
i=r+1 i1 Fiy##Fip=1

6.2 constant shrinkage weight function ( SH2)

We suggest constant shrinkage weight factor ¢,(&;) = 0.1. Therefore, the shrinkage
estimator using a specific constant weight factor will be as follows
Kisno= (0.1) X; yp+ (1 —0.1) X pom  for i=12,..,r,r+1,r+2.
Hence, the shrinkage estimation of Rp and Rs using the above constant shrinkage weight factor
are respectively given by

Z?:l 6\CiShZ

RPShZ NI &.
i=1 “tish2
And
r+2
55h2 =1- Z Xish2 E ( 1)m ! Z f ZZJ 1Risha tEI27 1 Risna— 1dz
i=r+1 llilzi #—'lr_l

6.3 Modified Thompson type shrinkage weight function ( TH )
The modification of the shrinkage weight factor is given by
~ (&iub_&imom)
£(X;) = —= — — *0.001
' (ociub_ocimom) + vor (ociub)

. Therefore, the shrinkage estimation of «; fori=1,2,..,r,r +

2
Where var(&;,;) = ((:i)z)
1,7 + 2 using the modified shrinkage weight factor which is given by &;r,= £(&;) &; ,p+
(1-£(&;)) Xjmom for i=12,...,r,r+1,r+2
Then the shrinkage estimation of Rp and Rs based on the modified Thompson type shrinkage
wright function are respectively given by
roos
-~ (= oc'Th
R h — =1 Al
P 27 Kirn

And
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r+2 r r 1
~ = +2
Rgrp =1 - E KT § (—Hm1 E f 72 &irnt L &irn=1 g,
i=r+1 m=1 i1 2l % #ir=1 0

7- Simulation Study
The Monte Carlo simulation technique is used to make a comparison among the proposed
estimation methods of reliability system of parallel (Rp) and series (Rs) in stress — strength
models for the generalized exponential distribution with unknown shape parameters
(X1 ,%5 , ., Xy, Xy 1, %Xy0) When the scale parameter (1) is known. The Monte Carlo
simulation involves generating different sample sizers () .

The experiment simulation was repeated 1000 times, ( M. S. E. ) is employed to compare
the estimation methods; the maximum likelihood estimation, unbiased estimation, moment
estimation and shrinkage estimation. The results we obtained in Tables (1-12) using programs

that are written in Matlab version 2013b

Table 1: Estimation methods of reliability system of R,

k=4m=10,n =15,

u= 3,a1 = 3,a2 = 3-1,613 =3_2,a4 =33

Us (423 Rp Rpmle Rpub Rpmom ﬁpshl ﬁpshZ kah
3.5 4 0.6268 0.6413 0.6289 0.6350 0.6356 0.6335 0.6350
4.5 5 0.5701 0.5783 0.5696 0.5834 0.5839 0.5776 0.5834
55 6 0.5228 0.5333 0.5244 0.5367 0.5371 0.5312 0.5366
6.5 7 0.4827 0.4919 0.4830 0.4966 0.4971 0.4902 0.4965
Table 2: MSEs for estimates of R,
k=4m=10,n=15u=3,a; =3,a, =3.1,a;3 =3.2,a, = 3.3
Usg Ug ’Rpmle ﬁpub ﬁpmom ﬁpshl Rpshz RpTh Best
3.5 4 0.0028 0.0026 0.0022 0.0023 0.0004 0.0021 ﬁpshZ
4.5 5 0.0039 0.0038 0.0026 0.0028 0.0006 0.0026 ﬁpshZ
5.5 6 0.00411 0.00402 0.00273 0.00286 0.00062 0.00266 ﬁpshZ
6.5 7 0.00388 0.00379 0.00259 0.00276 0.00059 0.00252 ﬁpshZ
Table 3: MLEs for estimates of R,
k=4m=10n=15,u=3,a; =3,a, =3.1,a3 =3.2,a, = 3.3
as 283 R, Romie Roup Rsmom Rosn Rosny Rorn
3.5 4 0.0470 0.0507 0.0455 0.0482 0.0475 0.0494 0.0483
4.5 5 0.0281 0.0300 0.0277 0.0307 0.0302 0.0299 0.0307
55 6 0.0179 0.0200 0.0183 0.0199 0.0196 0.0193 0.0199
6.5 7 0.0119 0.0132 0.0120 0.0133 0.0131 0.0128 0.0133
Table 4: MSEs for estimates of R
k=4m=10n=15u=3,a; =3,a, =3.1,a3 =3.2,a, = 3.3
Qs e Romie Rsup Rsmom Rssna Rssha Rern Best
Bi5 4 0.0004 0.0003 0.0003 0.0003 0.00008 0.00034 Rysnz
4.5 5 0.0002 0.0002 0.00019 0.00020 0.00004 0.00019 Rina
5.5 6 0.00015 0.00013 0.00009 0.00009 0.00002 0.00008 Rina
6.5 7 0.00006 0.00005 0.00004 0.00004 0.000009 0.00004 Rinz
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Table 5: MLEs for estimates of R,
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k=3,m=10,n =15,

u=3a =3,a,=31,a; =3.2

Ay Us Ry Rpmie ﬁpub Rpmom ﬁpshl ﬁpshz ﬁpTh
35 4 0.5535 0.5605 0.5516 0.5620 0.5626 0.5582 0.5620
45 5 0.4946 0.5021 0.4932 0.5038 0.5039 0.4997 0.5037
5.5 6 0.4471 0.4577 0.4488 0.4590 0.4594 0.4547 0.4589
6.5 7 0.4078 0.4183 0.4097 0.4219 0.4222 0.4162 0.4218
Table 6: MSEs for estimates of Ry
k=3 m=10,n=15,u=3,a; =3,a, =3.1,a; = 3.2
ay as [ m Wesmerm Rpsni Rysnz Ryrn Best
35 4 0.00421 0.00420 0.00353 0.00368 0.00066 0.00343 Rpsha
45 5 0.00446 0.00440 0.00311 0.00332 0.00069 0.00302 Rpsha
5.5 6 0.00435 0.00422 0.00309 0.00333 0.00066 0.00300 Rpsha
6.5 7 0.00430 0.00414 0.00298 0.00321 0.00080 0.00289 Rpsha
Table 7: MLEs for estimates of R,
k=3m=10,n=15u=3,a; =3,a, =3.1,a; = 3.2
Oola | R Rome | Ruv | Rowom | R | Rum | Rem
35 4 0.0731 0.0759 0.0715 0.0762 0.0756 0.0753 0.0762
45 5 0.0480 0.0505 0.0474 0.0506 0.0501 0.0496 0.0506
5.5 6 0.0332 0.0363 0.0339 0.0358 0.0356 0.0352 0.0358
6.5 7 0.0239 0.0262 0.0244 0.0264 0.0261 0.0257 0.0264
Table 8: MSEs for estimates of R
k=3m=10,n=15u=3,a; =3,a, =3.1,a; = 3.2
2 as Bisooie R e Rosn1 Rgsna Rern Best
35 4 0.00112 0.00103 0.00083 0.00086 0.00017 0.00081 Ryshz
45 5 0.00060 0.00053 0.00043 0.00046 0.00008 0.00042 Roshz
5.5 6 0.00034 0.00029 0.00022 0.00024 0.00005 0.00022 Rishz
6.5 7 0.00020 0.00017 0.00013 0.00014 0.00003 0.00013 Roshz
Table 9: MLEs for estimates of R,
k=2m=10n=15,u=3,a; =3,a, = 3.1
a3 Ay Rp Rpmle Rpub Rpmom Rpshl ﬁpshZ ﬁpTh
35 4 0.4485 0.4540 0.4452 0.4578 0.4581 0.4531 0.4577
45 5 0.3910 0.3954 0.3869 0.4049 0.4052 0.3973 0.4048
5.5 6 0.3465 0.3558 0.3477 0.3571 0.3574 0.3528 0.3570
6.5 7 0.3112 0.3185 0.3108 0.3231 0.3232 0.3176 0.3230
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Table 10: MSEs for estimates of R,

k=2m=10n=15,u=3,a; =3,a, = 3.1

as Qy Rpmie Rpup Rpmom Rpshi Rpsnz Ry Best
3.5 4 0.00537 0.00531 0.00469 0.00501 0.00104 0.00457 ﬁpshz
4.5 5 0.00500 0.00492 0.00413 0.00448 0.00086 0.00402 ﬁpshz
55 6 0.00450 0.00433 0.00350 0.00383 0.00069 0.00341 ﬁpshz
6.5 7 0.00401 0.00386 0.00321 0.00357 0.00069 0.00312 I?pshz
Table 11: MLEs for estimates of Ry
k=2m=10n=15,u=3,a; =3,a, = 3.1
as g R, - Reup oo Rysna Rssha Rsrn
3.5 4 0.1296 0.1326 0.1268 0.1347 0.1342 0.1324 0.1347
4.5 5 0.0950 0.0972 0.0927 0.1018 0.1014 0.0983 0.1017
55 6 0.0726 0.0769 0.0731 0.0766 0.0764 0.0753 0.0766
6.5 7 0.0573 0.0606 0.0575 0.0620 0.0618 0.0599 0.0619
Table 12: MSEs for estimates of R,
k=2m=10n=15u=3,a; =3,a, = 3.1
asz Ay Romie - Rymom Rysna Rysnz Rern Best
3.5 4 0.00231 0.00217 0.00200 0.00213 0.00043 0.00194 Rinz
4.5 5 0.00147 0.00137 0.00129 0.00139 0.00026 0.00125 Rinz
5.5 6 0.00103 0.00094 0.00075 0.00082 0.00015 0.00073 Rinz
6.5 7 0.00068 0.00061 0.00054 0.00060 0.00011 0.00053 Rinz

8- Conclusion

According to simulation results which have been presented in Tables ( 1-12 ), we conclude
that the constant shrinkage weight functions (ﬁshz) is the best method than the other estimators
for Rp and Rs and the second best is the modified Thompson estimators (}?Th) for Rp ad Rs

and for all (r) and Parameters (T,Qy, @y .., @y, Aprpq, Aryz ) -
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