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Abstract

Let n be a positive integer and p,(n) denotes the number of overpartition triples.
In this note, we prove two identities modulo 16 and 32 for p,(n). We provide a new
method to reprove a result of Lin Wang for completely determining and p,(n)
modulo 16. Also, we find and prove an infinite family of congruences modulo 32 for
p,(n). The new method relies on expanding the fourth power of the overpartition
infinite product together with the help of Gauss' identity.

Keywords: Partitions, Overpartitions, Overpartition triples, Congruences, Sum of
divisors.
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1. Introduction
1.1 Partitions and Overpartitions. In 1964, Leibniz wrote to Bernoulli asking for the
possible ways to deconstruct a positive integer into a sum of numbers (integers), later called
parts [1]. We arrange these parts in a non-increasing order to specify such integer sums
differently. Since that time, the history of integer partitions has begun. Euler investigated the
number of ways to sum an integer n into m parts. Using the contemporary mathematical
notation D (n, m) which was introduced afterward to denote the number of partitioning n into
m parts, Euler established the generating formula for such partitions and by taking m to
infinity, the algebraic generating formula of the number of unrestricted partitions, known as
p(n), is identified by
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The introduction of generating functions by Euler was without a doubt the most
significant contribution in the historical record of partitions [1]. Several questions regarding
p(n) can be asked. In particular, about its mathematical properties. In 1920, Ramanujan [2]
discovered remarkable arithmetic patterns for the partition function p(n)

p(ln+t) =0 (mod ),

where (I,t) = (5,4),(7,5),(11,6). Following Ramanujan's discovery of these beautiful
identities, the study of partitions has progressed far beyond p(n). Identities of the form
f(ln + t) modulo powers of primes have become the focus of such research for a partition
function, say f(n), and for the celebration of Ramanujan's identities such equivalences are
referred to as Ramanujan-type congruences. Later, an extension of partitions, overpartitions
were introduced. " An overpartition of a positive number is a partition in which the first
occurrence of a part can be overlined" [3]. The function p(n) denotes the number of
overpartitions of n and its generating function is noted by

— 1+q"

P(q) = :

(@) 1_[ 1—q™
n=1

After p(n), the function p(n) has become a prominent focus, and numerous number
theorists have investigated its arithmetic properties and discovered a decent number of
Ramanujan-type congruences. The works of Hirschhorn and Sellers [4,5], Kim [6,7], Lovejoy
[8], Mahlburg [9] and Treneer [10] provide a wealth of information. In general, the proofs are
approached using a variety of methods and techniques that include elementary number theory
to modular forms. Many theorems and procedures for regular partitions have overpartition
counterparts, which ought to come naturally. Several other generalizations, such as plane
partitions and plane overpartitions have been introduced and investigated. For example, see
[11],[22], [13] and [14].

1.2 Overpartition Triples. Taking a higher power of the overpartition function and obtaining
a wider class of overpartitions as tuples is a natural generalization to overpartitions, which
makes sense to examine for a bigger class of arithmetic properties linked to overpartitions. An
overpartition triple of a positive integer n is a 3-tuple of overpartitions

(A1, A2, A3) such that [A;| + [A;] + [A3] = n [15]. The function p,(n) counts all overpartition
triples of n and we define p,(0) := 1. For example, there are 24 overpartition triples of n = 2
given by

(ZL(I)’ (I))' (2' qi’ q))l (q_)ﬁ EP q))! (q)! 2I d))l (q)l_d)l 2); ((I), (I)_,Z), o
(1,1,¢), (1,1, ﬂ)) (1,1,¢), (1_ 1, d)_) (d)_,l,l), (b,1,1), (d)_,l, 1),(d,1,1),
(1,¢,1), (1,4,1), (1, d)_,l), (Ld,1),(1+1,¢,9), (1_+ Lo, ),
(0, 1+1,), (b, 1+1,), (b, b, 1+1),(d,d,1+1).

Thus, p,(2) = 24. The generating function for overpartition triples is given by

o)

P3(q) = i p,(M)q" = H (1 J_r Z:)3 (D)
n=0

n=1

Recall Gauss' identity [16],
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Thus, we get
1
1+zzq4n +14Z qg@=Y* (mod 16) .. (2)
P(q)
and
1 (o] (o]
=142 Z g*™* + 30 Z q@ D% (mod 32)  ...(3)
P(q)

n=1 n=1

1.3 The Sum of Divisors. The sum of divisors function, it is often known as o(n), is a widely
used mathematical function that has been linked to a number of well-known functions and
notable identities such as the Riemann zeta function and the Dirichlet series. Robin's criterion
for the Riemann hypothesis involving o(n) drew a lot of attention to this function. For a

positive integer n,
o =) d

din
these numbers are generated by the g-series

o

(00 nqn
Dot =)
n=1

n=1

To explore the function o(n) and its relation to p(n), one may look at the surprising nearly

equivalent recursions for these functions which satisfy
fM=fn-D+fn-2)-f(n-5)—-f(n-7)+f(n—-12) + -,

in which the difference only occurs when n = 0 where p(0) is replaced by 1 and ¢(0) by n.

Furthermore, p(n) and o(n) have a combination relationship stated by
m

mp(m) = ) o(mp(m = n).
n=0
See [17] for more details about these relations.

Throughout the main proofs, we will frequently refer to a well-known fact that o(n) =
1(mod 2) if and only if n = m? or n = 2m? for some integer m.

2. Main Results and Proofs

The goal of this paper is to provide two theorems for the overpartition triple function
p,(n) modulo 16 and 32. The first result fully characterizes p,(n) modulo 16 and the second
result provides an infinite family of congruences modulo 32. We define the following
function throughout the proofs of the main theorems,

q
A =—
(@) =1 .
Also for all integer k such that k > 1, we recall that the standard notation for the k"

power of the overpartition generating function is defined by

P(@)*=Pe(q).
In particular, we prove the following identity modulo 16 for P,(q).
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Theorem 2.1

P =1+ 8Z(q"2 + q2n2) (mod 16).
n=1

Proof.

[0e]

P.(q) = 1—[ (1 +21 ) 1_[(1 +4A(g") + 44%(gM)’

n=1
oo

=| [ +8a@m +8a2qm)  @mod 16)

=1+8 Z A(q™) + A2(q™) (mod 16).

Extending each of the terms in the preceding series in terms of g-series,

A@ +42(@) = T o Zq +q? quml

Z q + mqm+1 Z mq
Replacing q by q" and taking sum over aII integersn 2 1, we obtain

> A=Y =S s

n=1m=1

—q+(1+2)q +(1+3)q +(1+2+4)q +(1+5)q°+-

Zqu Zc(n)q .

n=1d|n
Recall that o(n) = 1 (mod 2) forn =m? orn = 2m m > 1. Thus, we conclude that

1+ 82 AlQM) +A%(qM) =1+ SZ(q + g2 ) (mod 16),
as it is desired. O

For the fourth power of the overpartition generating function, the next result establishes an
equivalence modulo 32.

Theorem 2.2

P =1+ 82 o(n)q" + 162:@2“2 + q4"2) (mod 32)
n=1 n=1

Proof.

P,(q) = 1—[(1 + 8A(q™) + 244%(q™) + 3243(q™) + 164*(q™))

n=1
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=1+ Z(8A(q”) + 244%(q™) + 16A*(q™)) (mod 32)

n=1
=1+ Z(8A(q") +842(q™) + 16A4%(q™) + 16A4*(q™)) (mod 32)
no=01
=1+ Z(Sc(n)q” + 160(n)q?") (mod 32). (4)
n=1
Note that
16 Y o(m)g®* =16 y (¢* +q*"") (mod 32). (5)
2, Z
Thus, by plugging (5) in (4), we obtain
P =1+ Z(80(n)q” +16¢% +16q*™") (mod 32). O
n=1

The following result was proved by Wang [15], however, we give a different proof which
involves recalling Theorem 2.1.

Theorem 2.3 (Wang, [15]). For all positive integers n, we have

10 if nis twice a square,

— 8 if nisan odd square,
= d16
p3(n) 6 if nisaneven square, (mo )
0 otherwise.

Proof. By the help of Theorem 2.1 and equation (2), we get

_ P@* _1+8%7.(q™ +¢*)
P(q) P(q)

(1+8Z(qnz+q2” ><1+22q‘m +14zq(2” Dz)
_1+zzq4n +14Zq(2” 1?2 +82q +8Zq2n (mod 16).

Expanding the exponents into even and odd integers in the following series

Z q Z q4n + Z q(Zn 1)2

we obtain the following congruence modulus 16,

Pg(q)—1+62q<2" n? +8Zq2” +1ozq4n

Extracting all terms of the form q(zn S , we get
p,((2n — 1)?) = 6 (mod 16).
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Similarly, extracting all terms of the forms q4"2 and qZ”Z, we find
p,(4n*) = 10 (mod 16),
p,(2n*) =8 (mod 16).
The final case of g™ is not among the forms g@m=1* g4m* ¢2m* which provides
p,(n) =0 (mod 16).
By combining all the previous cases, the proof is completed. o

The next result yields an infinite family of congruences modulo 32 for overpartition triples.

Theorem 2.4. For all integerk, n = 0, we have
p,(2°@8n+7)) =0 (mod32).

Proof. By the help of Theorem 2.2 and equation (3), thus the modulus 32,

— P(q)*
Py(q) = =
3(q) (q)

= (1 + 82 o(n)q" + 162(612”2 + q4”2)> <1 +2 z q*"* + 30 z q(Z"‘DZ)
oon=1 OOn=1 > n=1 - n=1
=1+8 z o(n)q" + 16 Z(qznz + ") + 2 z g + 30 z q@n-1?
n=
+ 162 Z o(n)g™+m + 162 z o(n)q™*@m=D* (mod 32)....(6)

n=1m= n=1ms=

We observe that

N i G(n)q"+4m + i i O.(n)qn+(2m 1)% _ z z O'(n)q”+m

n=1ms=

3
[
S
[
3
I

i
[M1s
[
Q
=I\J
+
El\)
+
[
[
Q
S
+
3
3
=]
QU
N/

Because the number of ways of representing n as a sum of two squares is even where
n= x + y =y? + x? counted as two different representations, we obtain

1622 n?+m? +16zzq2n +m?

n=1m=1 n=1ms=
[ee]

= 162 " + 16 z z 42" (mod 32) (D

n=1 n=1m=1
By plugging (7) in (6), we get

62 Z g2 M (mod 32).

n=1m=1

Note that it is easy to show that 2%(8n + 7) is not a square or twice a square. Also, by the
three-squares theorem, no number of the form 4%(8n + 7) = 22%(8n + 7) is a sum of three
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squares. Indeed, we only need to show that 22¥~1(8n + 7) is not of form 2x2 + y?2. Suppose
not, thus for some x and y, 22¥=1(8n + 7) = 2x% + y? which provides that y must be even
and so we rewrite the last equation as 22%¥~1(8n + 7) = 2x? + 4y? which implies 4*~1(8n +

7) = x2 + 2y? contradicting the three-squares theorem. Thus, the terms of the form g2"®n+7)
can be extracted only from the series

o

z o(n)q™.

n=1

Together with the multiplicative property of 6(n) and a(8n + 7) = 0 (mod 4), we obtain
53(2’<(8n + 7)) = 80(2" (8n + 7)) = 86(29)6(8n +7) = 0 (mod 32). o

By setting k = 1 in Theorem 2.4, we obtain a theorem that is proved by L. Wang [15] as
follows.

Corollary 2.5 ([15], Theorem 2.2). For any integer n > 0, we have
p,(16n + 14) = 0 (mod 32).

3. Final Remarks and Conclusions

In a recent study, the first author has studied a two-dimensional generalized concept of
overpartitions, named k-rowed plane overpartitions [12] where the number of rows is bounded
by k. In terms of overpartition triples, the 3-rowed plane overpartition generating formula is as

follows:
C — (- 9?1 - )\ =
n — n
zpl3(n)q <(1+q)2(1+q2) Zp3(n)q :
_ n=0 n=0
where pl,(n) denotes the number of 3-rowed plane overpartitions of n. The link between
these two generating functions may lead to the discovery of new congruences modulo powers

of 2 for ﬁg (n) using the same technique adopted in this study.

Although the same procedures may be extended to a greater power of 2, the results gained
in this study are limited to small powers of 2. Also, identities modulo powers of odd primes
involving the overpartition function p(n) and the sum of divisors function o(n) would be
interesting to find. There are also divisor functions that are similar to o(n), such as the sums
of odd, even, and proper divisors in which other sorts of overpartitions, such as overpartitions
with distinct parts or odd parts, may be linked to such functions. Many questions remain
unanswered to have a better understanding of the overpartition function, and its connection
related to squares and sum of squares that often appear in overpartition congruences modulo
powers of two.

The literature on overpartition congruences is highly rich, and several overpartition-type
functions have been introduced including the powers of overpartition function to achieve a
larger class and more generalized findings. Thus, this paper will be followed by a few
publications that will investigate various types of overpartition-type functions modulo small
powers of two.
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