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Abstract 

     The nuclear size radii, density distributions and elastic electron scattering charge 

form factors for Fluorine isotopes (
17,19,20,24,26

F) were studied using the radial wave 

functions (WF) of harmonic-oscillator (HO) potential and free mean field described 

by spherical Hankel functions (SHF) for the core and the valence parts, respectively 

for all aforementioned isotopes. The parameters for HO potential (size parameter 𝑏) 

and SHF were chosen to regenerate the available experimental size radii. It was 

found that using spherical Hankel functions in our work improved the calculated 

results quantities in comparison with empirical data.    
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بذب التوافقي ذتللم باستخدام الدوال الموجية 17,19,20,24,26Fلنظائر الفلور خصائص الحاله الارضية
 ودوال هانكل الكروية

 
اركان رفعه رضا ، *سيف علي جعفر خلف  

العراق، بغداد ،بغدادجامعه ، كليه العلوم، قسم الفيزياء  
 

 الخلاصة
 التشكل الشحنية للاستطارة الألكترونيةوتوزيعات الكثافة وعوامل أنصاف الأقطار النووية دراسة  تم       
المستخدمة   ذبذب التوافقيتللم الدوال الموجية الشعاعيةباستخدام   (17,19,20,2426F)    ظائر الفلورلن المرنة
معلمات  كروية.ال هانكل جزاء القلب بينما اجزاء التكافؤ لنفس النظائر تمت دراستها باستخدام دوال ا لدراسة

  انصاف الاقطار العمليةالدوال الموجيه للمتذبذب التوافقي و دوال هانكل الكروية ثبتت واختيرت بحيث تولد 
ال الموجية لهانكل الكروية ادت الى دو الوجدنا في عملنا الحالي ان ادخال  لجميع نظائر الفلور قيد الدراسة.

 .تحسين النتائج للكميات المحسوبة مقارنة مع الداتا العملية
 

1. Introduction 

      Tanihita's discovery of an exotic nucleus four decades ago sparked tremendous 

experimental and theoretical studies. The unusual ratio of protons to neutrons or vice versa 

leads to exoticism in the ground and excited state structures of these nuclei [1]. One of the 
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unusual structures of such nuclei is the long tail in density distribution and extraordinary size 

radii. Such phenomenon is called the halo [2]. Besides, the energy of the last proton or 

neutron in the final orbit is less than 1 MeV and prefers to be in orbits with angular 

momentum 𝑙 = 0 𝑜𝑟 𝑙 = 1 [3]. In contrast to stable nuclei, one should imply theoretical 

changes in the nuclear models to study the properties of exotic nuclei [4]. In theoretical 

calculations, the wave function is the key tool for studying the bulk properties of nuclei. The 

HO WFs can be used but with limitations; their asymptotic behavior at large r is described by 

Gaussian fall behavior [5,6]. As a result, changes must be made; HO WFs with two HO size 

parameters have been used with acceptable results for some exotic nuclei [7,8]. The 

transformed HO basis obtained by Local Scale Transformation (LST) is a promising method 

for regenerating the long tail behavior in the density distribution [9,10]. The single-particle 

wave functions of the HO and Woods-Saxon (WS) potential are employed to investigate the 

stable core and unstable halo parts [11,12]. 

  

      An advantage of our present study is the use of Spherical Hankel Functions (SHF) to 

investigate the tail part of stable and exotic isotopes of Fluorine (
17,19,20,24,26

F). The size radii, 

density distributions, charge form factors were also studied. The SHF are used to describe the 

valence orbits, whereas the HO WFs are used to describe the core. 

 

2. Theoretical Bases 

for free mean field, 𝑈(𝑟) = 0 and 𝐸𝑙,𝑡𝑧
= −𝜀𝑙,𝑡𝑧

 (where 𝐸𝑛𝑙𝑗,𝑡𝑧
 stands for the binding energy 

of the last nucleons(s)), the radial part of Schrodinger equation can be written as[13]: 

 

[
𝑑2

𝑑2𝑟
+

2

𝑟

𝑑

𝑑𝑟
−

2𝜇

ℏ2
(𝜀𝑙,𝑡𝑧

+
𝑙(𝑙 + 1)

2𝜇𝑟2
)] 𝑘𝑙,𝑡𝑧

(𝑟) = 0                                         (1) 

      Where: 𝑘𝑙,𝑡𝑧
(𝑟) stands for the solution to Eq. (1), 𝑛, 𝑙, 𝑗 and 𝑡𝑧 are the principle quantum 

number, the orbital quantum number, total spin quantum number of a single particle and the 

projection of isospin quantum number of a single particle (𝑡𝑧 =
1

2
 for proton and 𝑡𝑧 = −

1

2
 for 

neutron), respectively. It is clear that Eq. (1) describes the modified Bessel differential 

equation which has two solutions; the modified Bessel functions of the first and second ranks. 

The impotent solution is of the second rank at the region 𝑟 > 𝑅𝑐 (𝑅𝑐 is the point where the 

wave function of the core and the MBF intersect) is given in terms of spherical Hankel 

functions (SHF) of the first kind [14,15] 

              

𝑘𝑙,𝑡𝑧
(𝑟) = −𝑖𝑙ℎ𝑙,𝑡𝑧

(1) (𝑖𝑟)                                                                                                (2) 

since, 

ℎ𝑙,𝑡𝑧

(1) (𝑟) = (−𝑖)𝑙+1
𝑒𝑖𝜒𝑙,𝑡𝑧𝑟

𝜒𝑙,𝑡𝑧
𝑟

∑
(𝑙 + 𝑚) (𝑖)𝑚

𝑚! (𝑙 − 𝑚)! (2𝑟)𝑚

𝑙

𝑚=0

                                                (3) 

       The 𝜒𝑙,𝑡𝑧
 (𝜒𝑙,𝑡𝑧

= √
2𝜇𝜀𝑙,𝑡𝑧

ℏ
) and 𝜇 denote the attenuation parameter and the reduced mass 

among the core-valence system), respectively. Eq. (3) can be written in terms of Whittaker’s 

functions [14]: 

𝑘𝑙,𝑡𝑧
(𝑟) =

𝑤
0,𝑙+

1
2

(2𝜒𝑙,𝑡𝑧
𝑟)

𝜒𝑙,𝑡𝑧
𝑟

                                                                                           (4) 

where 
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𝑤
0,𝑙+

1
2

(2𝜒𝑙,𝑡𝑧
𝑟) = 𝑒−𝑖𝜒𝑙,𝑡𝑧 ∑

(𝑙 + 𝑘)!

2𝑘𝑘! (𝑙 − 𝑘)! (𝜒𝑙,𝑡𝑧
𝑟)

𝑘

𝑙

𝑘=0

                                             (5) 

For HO potential, 𝑈(𝑟) = −𝑉0 +
1

2
𝑚𝑡𝑧

𝜔2𝑟2, Eq. (1) has the solution [16]: 

𝑅𝑛𝑙(𝑟, 𝑏𝑡𝑧
) =

1

(2𝑙+1)‼
[

2𝑙−𝑛+3(2𝑛+2𝑙−1)‼

√𝜋𝑏𝑡𝑧
3 (𝑛−1)!

]

1

2
(

𝑟

𝑏𝑡𝑧

)
𝑙

𝑒
−

𝑟2

2𝑏𝑡𝑧
2

∑ (−1)𝑘 (𝑛−1)!2𝑘(2𝑙+1)‼

(𝑛−𝑘−1)!𝑘!(2𝑙+2𝑘+1)
(

𝑟

𝑏𝑡𝑧

)
2𝑘

𝑛−1
𝑘=0                       (6)  

In Eq. (6), 𝑏𝑡𝑧
 represents the HO size parameter for neutrons or protons.  

The proton and neutron density distributions for stable 
19

F nuclide is calculated from: 

 

𝜌𝑡𝑧
(𝑟) =

1

4𝜋
∑ 𝑛𝑎,𝑡𝑧

|𝑅𝑛𝑎𝑙𝑎
(𝑟, 𝑏𝑡𝑧

)|
2

𝑎∈𝑐𝑜𝑟𝑒

+
𝐴𝑙,𝑡𝑧

4𝜋
𝑛𝑙,𝑡𝑧

|𝑘𝑙(𝜒𝑡𝑧
𝑟)|

2
                            (7) 

      Where 𝐴𝑙,𝑡𝑧
 represents the amplitude of the valence part (determined from normalization 

the of neutron and proton numbers). 

 

      The proton and neutron density distributions for neutron rich isotopes can be written, 

respectively as: 

𝜌𝑡𝑧=𝑝(𝑟) =
1

4𝜋
∑ 𝑛𝑎,𝑡𝑧=𝑝|𝑅𝑛𝑎𝑙𝑎

(𝑟, 𝑏𝑡𝑧=𝑝)|
2

𝑎∈𝑐𝑜𝑟𝑒

                                                         (8) 

𝜌𝑡𝑧=𝑛(𝑟) =
1

4𝜋
∑ 𝑛𝑎,𝑡𝑧=𝑛|𝑅𝑛𝑎𝑙𝑎

(𝑟, 𝑏𝑡𝑧=𝑛)|
2

𝑎∈𝑐𝑜𝑟𝑒

+
𝐴𝑙,𝑡𝑧=𝑛

4𝜋
𝑛𝑙|𝑘𝑙(𝜒𝑙,𝑡𝑧=𝑛𝑟)|

2
         (9) 

       

        Where 𝑛𝑎,𝑡𝑧
 represents the number of protons(neutrons) in the shell 𝑎 within the core  (𝑎 

denotes the quantum numbers, 𝑛 and 𝑙). The 𝑛𝑙 stands for the number of neutron(s) in the 

valence part. 

From Eqs. (7), (8) and (9), the charge density distribution (CDD) is computed as [10]: 

 

𝜌𝑐ℎ(𝑟) = 𝜌𝑐ℎ,𝑡𝑧=𝑝(𝑟) + 𝜌𝑐ℎ,𝑡𝑧=𝑛(𝑟)                                                                              (10) 

where    

𝜌𝑐ℎ,𝑡𝑧=𝑝(𝑟) = ∫ 𝜌𝑡𝑧=𝑝(𝑟)𝜌𝑝𝑟(𝒓 − 𝒓′)𝑑𝒓′                                                                   (11) 

  and  

𝜌𝑐ℎ,𝑡𝑧=𝑛(𝑟) = ∫ 𝜌𝐽=0,𝑡𝑧=𝑛(𝑟)𝜌𝑛𝑒𝑢(𝒓 − 𝒓′)𝑑𝒓′                                                           (12) 

𝜌𝑝𝑟(𝑟) and 𝜌𝑛𝑒𝑢(𝑟) in Eq.(11 ) and Eq.(12) represent the CDDs of the single proton and 

neutron, as defined by Elton [17] and Chandra and Sauer[18]. 

The root mean square  (𝑟𝑚𝑠) of proton, neutron, charge and matter radii are calculated from 

the following equation [18]: 

〈𝑟2〉𝑥
1/2

= √
4𝜋

𝑥
∫ 𝜌𝑥(𝑟)𝑟4𝑑𝑟

∞

0

                                                                                         (13) 

  𝑥 stands for the proton, neutron, charge and matter. 

Finally, the electron scattering Coulomb form factors in the plane-wave Born approximation 

for 𝐽 multipole can be written as: 

𝐹𝑐ℎ
𝐽 (𝑞) =

4𝜋

𝑍
∫ 𝑗𝐽(𝑞𝑟)𝜌𝑐ℎ

𝐽 (𝑟)𝑟2𝑑𝑟
∞

0
                                                                                  (14)  
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3. Results and discussion 

       The nuclear shell model with HO WFs and SHFs was used to determine the 𝑟𝑚𝑠 radii, 

density distributions, and charge form factors for the isotopes 
17,20,24,26

F. The core parts for all 

isotopes under study were investigated using HO WFs, whereas SHF were used for valence 

parts. Such treatment, denoted by HO+SHF, were represented in the computations, knowing 

that 
19

F is stable isotope while 
17,20,24,26

F are exotic ones. 

In Table 1, the total spin and parity (𝐽𝜋),  the total isospin (𝑇), the half–life time (t1/2), the HO 

size parameters (𝑏𝑐) for protons and neutrons in the core, the 𝜒𝑙,𝑡𝑧
 and single –nucleon 

separation energies for the last proton (𝜀𝑝) and neutron (𝜀𝑛) are shown for  
17,19,20,24,26

F.  

 

Table 1: the 𝐽𝜋 𝑇, the (t1/2), the and single-nucleon binding energies for Fluorine isotope 

𝑿𝑵 𝒁
𝑨 (𝑱𝝅𝑻) 

[19] 
𝒕𝟏/𝟐(s) [19] 

𝒃𝒄,𝒏 and 𝒃𝒄,𝒑 

(fm) 

𝝌𝒏 and 
𝝌𝒑 

(fm
-1

) 

Exp. 𝜺𝒏 (MeV)[20] 
Exp. 𝜺𝒑 

(MeV)[20] 

𝐅𝟖𝟗
𝟏𝟕 (

𝟓

𝟐

+ 𝟏

𝟐

−

) 64.37 ± 0.027𝑠 

 bc,n =1.652

bc,p = 1.7 

 

𝜒0,𝑝 = 0.165 
16.7947986
± 0.0053699 

𝟎. 𝟔𝟎𝟎𝟐𝟔𝟕𝟔
± 𝟎. 𝟎𝟎𝟎𝟐𝟒𝟕𝟗 

𝐅𝟏𝟎𝟗
𝟏𝟗 (

𝟓

𝟐

+ 𝟏

𝟐

+

) 𝑠𝑡𝑎𝑏𝑙𝑒 

bc,n =1.8 

bc,p =1.77 

 

𝜒0,𝑝 = 0.488 

𝜒0,𝑛 = 0.970 

 

10.4318757
± 0.0004633 

𝟕. 𝟗𝟗𝟑𝟓𝟗𝟗𝟖
± 𝟎. 𝟎𝟎𝟎𝟎𝟎𝟏 

𝐅𝟏𝟏𝟗
𝟐𝟎 (𝟎+𝟐+) 11 ± 0.008 𝑠 

bc,n =1.8 

   bc,p =1.67 

 

𝜒1,𝑛 = 0.550 

 

6.6013362
± 0.0000297 

𝟏𝟎. 𝟔𝟑𝟗𝟐𝟗𝟐𝟏
± 𝟎. 𝟎𝟎𝟐𝟔𝟑𝟕𝟏 

𝐅𝟏𝟓𝟗
𝟐𝟒 (𝟎+𝟑+) 

384
± 0.016 𝑚𝑠 

bc,n =1.7    

   bc,p =1.58 

𝜒0,𝑛 = 0.419 

 

3.8120656
± 0.1031976 

𝟏𝟒. 𝟑𝟔𝟓𝟖𝟐𝟓𝟖
± 𝟎. 𝟏𝟓𝟔𝟎𝟓𝟓𝟑 

𝐅𝟏𝟕𝟗
𝟐𝟔 (𝟏+𝟒+) 

8.2
± 0.0009 𝑚𝑠 

bc,n = 2   

  bc,p =1.9 

 

𝜒1,𝑛 = 0.184 

 

0.7308299
± 0.1448941 

𝟏𝟓. 𝟗𝟒𝟑𝟑𝟒𝟔𝟐
± 𝟎. 𝟏𝟗𝟔𝟕𝟒𝟐𝟔 

 

       In Table 2, the computed size radii for 
17,19,20,24,26

F are tabulated and compared with the 

experimental values. The parameters presented in Table 1 were chosen to gain as high a 

match as possible for the calculated size radii in comparison with the experimental data for 

Fluorine isotopes.  

Table 2: Calculated and experimental charge, rms proton, neutron, matter radii for   

17,19,20,24,26F     

 

𝑿𝑵𝒁
𝑨  

Calculated

〈𝒓𝟐〉
𝒄𝒉
𝟏/𝟐

 

 

Exp. 

〈𝒓𝟐〉
𝒄𝒉
𝟏/𝟐

 

 

Calculated

〈𝒓𝟐〉𝒑
𝟏/𝟐

 

 

Exp. 〈𝒓𝟐〉𝒑

𝟏

𝟐  
Calculated

〈𝒓𝟐〉𝒏
𝟏/𝟐

 

 

Exp. 〈𝒓𝟐〉𝒏
𝟏/𝟐

 Calculated

〈𝒓𝟐〉𝒎
𝟏/𝟐

 

 

Exp. 〈𝒓𝟐〉𝒎
𝟏/𝟐

 

17
F 2.985 - 2.913 2.90 ±

0.015[21

] 

2.437 2.478 ±
0.18[21] 

2.70 2.71 ±
0.18[21] 

 
19

F 2.90 - 2.810 - 2.698 2.55 ±
 0.15[23] 

2.752 2.75 ±
0.07[22] 

 
20

F 2.674 - 2.580 - 2.912 2.90 ±
 0.06[23] 

2.768 2.79 ±
0.03[22] 

 
24

F 2.531 - 2.441 - 

 

3.308 3.29 ±
 0.09[23] 

3.012 3.03 ±
 0.06[22] 

26
F

 
3.006 - 2.936 - 3.477 3.53 ±

 0.17[23] 

3.300 3.23 ±
 0.13[22] 
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      In Figure1(a) the calculated CDD and in (b) the charge form factors for C0 are portrayed 

for 
19

F. In Figure 1(a), the computed CDD agrees very good with the experimental data [25]. 

In Figuren1 (b), the determined charge form factor agreed well in comparison with empirical 

data of Brown et al. [24].  

 

 
Figure 1: The computed CDD and charge form factor for 

19
F. Solid curves represent 

theoretical results. The experimental data for CDD in (a) are denoted by dotted line [25]. The 

dotted and rhombic lines in (b) represent the experimental charge form factor taken Brown et 

al. [24]. 

 

      In Figure (2): (a), (b), (c), and (d) the computed MDDs for 
17,20,24,26

F are illustrated by 

solid curves, respectively, the experimental data are shown by shaded areas. In Figures 2 (a) 

and (d) for 
17,26

F, the computed results are in very good agreement with empirical data, where 

the long tail are well produced. For 
20

F and 
24

F, since their binding energies are very high (see 

Table 1), the tall pushed highly towards the core, as can be seen in Figure 2(b) and (c). In 

general, the results are in good agreement with the empirical data. Through the figure and 

Table 1, it was found that 
17,26

F with one-proton and one-neutron is a halo isotope, while 
20,24

F 

is a neutron isotope of the skin. 
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Figure 2: The MDDs computed for 

17
F, 

20
F, 

24
F, and 

26
F (solid curves). The shaded areas (in 

a) represent the experimental data (from. Zhang et al. [21]), the shaded areas of (b), (c) and 

(d) are from Ozawa et al. [22]. 

 

In Figure 3(a)and (b), the calculated MDDs and charge form factors for 
17,19,20,24,26

F are 

displayed together for comparison. The calculated are symbolized by solid, short-dashed, 

long-dashed, medium-dashed and dashed-dotted curves for 
17,19,20,24,26

F, respectively.
 

In 

Figure 3(a), it is clear that with increasing neutron numbers, the single-neutron binding 

energy decreases, consequently, the long tail in the calculated MDDs increases; leading to the 

upward shift due to the increase in the tunneling effect. In Figure 3(b), it is obvious that with 

increasing neutron numbers, the calculated charge form factors shifted backwards and 

downwards. 

 

 

   
Figure 3: (a) The computed MDDs (b) The charge form factors for 

17,19,20,24,26
F. 

 

4. Conclusions  

      In conclusion, the ground state properties (size radii, density distributions and charge 

structure factors) of Fluorine isotopes (
17,19,20,24,26

F) were investigated. The Spherical Hankel 

Functions (SHF) are harnessed to study the valence part of all isotopes under study. The core 
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parts are investigated using the HO WFs. The parameters of HO WFs and SHF were adjusted 

to regenerate the available experimental 𝑟𝑚𝑠 proton, neutron, charge and matter radii. For 

stable 
19

F, it was found that there was a very agreement with the experimental data for the 

computed CDD and charge form factors. For exotic 
17,26

F, a very agreement was found for the 

computed MDDs with the empirical data. While, for exotic 
20,24

F, an underestimation in the 

calculated MDDs in comparison with the empirical data was found due to the high binding 

energies for the last neutron in valence parts leading to pushing the tail part of the MDDs 

inwards. Besides, it is worth noting that with the decrease of the binding energy of the valence 

neutron, the tail in the computed MDDs shifted upwards; this is attributed to the increased 

tunneling effect. 
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