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Abstract 

        The main objective of the research is to study the first natural triangular 

representation of the symmetric groups over a field K of characteristic p≠ 2 which 

deals with the partition λ = (n − 4,3,1) of the positive integer n. Furthermore, this 

work has proven that the S(n − 4,3,1) is a submodule of F1. The  F1 =
KSn(x2x4x6x7

2 − x2x3x6x7
2 − x2x4x5x7

2 + x2x3x5x7
2) can be only split whenp|(n −

5). 

 

Keywords: Exact sequence, Group algebra KSn, KSn −module, Symmetric group, 

Spechet module. 
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                                                                                                                                                         الخلاصة: 

ة الاولى للزمر التناظرية ضمن الحقل  يتحليلية لمقاسات التمثيلات الطبيع الهدف من هذا البحث هو دراسة         
K    ذو المميز≠ 2   p  والتي تتعامل مع التجزئة  λ = (n − كما تم   .  nللعدد الصحيح الموجب     (4,3,1

 اثبات بان المقاس الجزئي 
 F1 = KSn(x2x4x6x7

2 − x2x3x6x7
2 − x2x4x5x7

2 + x2x3x5x7
للتجزئة    M(n-4,3,1)  من(2 قابل 

p|(n  عندما −  .F1هو مقاس جزئي من    S(n-4,3,1)بالاضافة الى  ان  (5
 

1. Preliminaries 

Definition 1: Let Sn be the set of all permutations τ on the set {x1, x2, … . , xn} and 

K[x1, x2, … , xn] be the ring of polynomials in x1, x2, … , xn with coefficients in K. Then each 

permutation τ ∈ Sn can be regarded as a bijective function from 

K[x1, x2, … , xn] onto K[x1, x2, … , xn] defined by(f(x1, x2, … , xn)) = f(τ(x1), τ(x2), … , τ(xn)) 

for all  f(x1, x2, … , xn) ∈ K[x1, x2, … , xn]. Then KSn forms a group algebra with respect to 

addition of functions, product of functions by scalars and composition of functions which is 

called the group algebra of the symmetric group Sn [1]. 
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Definition 2: Let n be a positive integer then the sequence λ = (n1, n2, … , nl)  is called a 

partition of n if n1 ≥ n2 ≥ ⋯ ≥ nl > 0 and  n1 + n2 + ⋯ + nl = n. Then the set Dλ =
{(i, j)|i = 1,2, … , l; 1 ≤ j ≤ nI} is called  λ −diagram. In addition, any bijective function 

t: Dλ → {x1, x2, … , xn} is called a λ–tableau. A λ–tableau may be thought as an array consisting 

of l row and  n1 columns  of distinct variables t((i, j)) where the variables occur in the first ni 

positions of the ith row and each variable t((i, j)) occurs in the ith row  and the jth column ((i, j)-
position) of the array. t((i, j)) will be denoted by t(i, j) for each (i, j) ∈ Dλ. The set of all λ-

tableaux will be denoted by Tλ. i.e. Tλ = {t|t is a λ − tableau}. Then the function g: Tλ →

K[x1, x2, … , xn] which is defined by g(t) = ∏ ∏ (t(i, j))
i−1ni

j=1
l
i=1 , ∀ t ∈ Tλ  is called the row 

position monomial function of Tλ, and for each λ–tableau t,  g(t) is called  the row position 

monomial of  t. So M(λ) is the cyclic KSn −module generated by g(t) over KSn [2]. 

     

2. Introduction 

     It is well known that the purpose of representation theory is to discuss groups of 

endomorphism G of a vector space V and the relation between the building of abstract group G 

and the vector space. The concept of Specht polynomial was first initiated by Specht that proved 

how a given polynomial can be written as a linear combination of other polynomials which was 

the results of Specht study on representation theory of symmetric group. After that, he faced 

the problem when the symmetric group acts, in natural way, as a tableau. However, the result 

of permutation a standard tableau can be a nonstandard tableau and this nonstandard tableau 

can be written as a linear combination of Specht polynomials [3]. Al-Butahi [4] has been studied 

the third natural representation M(n-3,3) of the symmetric groups and proved that it is a split if 

and only if p∤  
n(n−1)(n−2)

6
. In this work, the authors have been shown the first natural triangular 

representation of the symmetric groups over a field K of characteristic p≠ 2 and the variables 

defined over K are commuting linearly independent. 

  

3. The First Natural Triangular Representation of 𝐒𝐧 

  In this section, some notations will be defined as follows: 

1. Let σ1(n) = ∑ xi
m
j=1  

2. Let  σ2(n) =∑𝑚
1≤i<j≤n xixj.  

3. Let  σ3(n) =∑m
1≤i<j<k≤n xixjxk.    

4. Let  σ4(n) =∑ ∑ xixjxk
2n

k=1
k≠i,j

1≤ i <j≤ n . 

5. Let σ5(n) =∑ ∑ xixjxkxl
2n

l=1
l≠i,j,k

1≤i<j≤n . 

6. Let cl(n) = xl  (σ2(n) − ∑ xl xjxl1≤i<j≤n
i,j≠l

) ; l = 1,2, … , n. Then  ∑ ci
n
i=1 = σ5(n). 

7.Let  Uij(n) = ci(n) − cj(n);  i, j = 1,2, … , n.  

 

     We denote W to be the KSn-modules generated by c1(n) over KSn and W0 to be the KSn-

submodule of W generated by U12(n) over KSn. The set B = {ci (n )| i = 1,2, … , n} is a K-basis 

for W = KSnc1(n)  and dimKW = n. 

 

Definition 3.1: The KSn −module M(n − (r + 3), r + 2,1) defined by M(n − (r + 3), r +
2,1) = KSnx1x2 … xr+2xr+3

2 , is called the rth –natural triangular representation of Snover K, 

where r ≥ 0 and n ≥ 2r + 6. 
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Lemma 3.2 [4]: The set B(n − 4,3,1) = {xixjxkxl
2: 1 ≤ i < j < k ≤ n, 1 ≤ l ≤ n, l ≠ i, j, k}is 

a K-basis of M(n − 4,3,1) and dimKM(n − 4,3,1) = (n
3
)(n − 3); n ≥ 7. 

 

Theorem 3.3: The set B0(n − 4,3,1) = { xixjxkxl
2 − x1x2x3x4

2| 1 ≤ i < j < k ≤ n, 1 ≤ l ≤

n, l ≠ i, j, k,(i, j, k, l) ≠ (1,2,3,4)} is a K-basis of M0(n − 4,3,1), and dimKM0(n − 4,3,1) =

(n
3
)(n − 3) − 1;  n ≥ 7. 

 

Proof: Since the KSn-module  M0(n − 3,2,1) consists of all polynomials of the form  

∑ ∑ kijkl xixjxkxl
2n

l=1
l≠i,j,k

1≤i<j<k≤n  with ∑ ∑ kijkl1≤i<j<k≤n
n

l=1
l≠i,j,k

= 0 and  kijkl ∈ K . i. e. 

M0(n − 3,2,1) ={∑ ∑ kijkl xixjxkxl
2n

l=1
l≠i,j,k

1≤i<j<k≤n | ∑ ∑ kijkl
n

l=1
l≠i,j,k

1≤i<j<k≤n = 0,  kijkl ∈ K}.It 

is clear that B0(n − 4,3,1) ⊆ M0(n − 4,3,1). To prove that B0(n − 4,3,1) generates M0(n −
4,3,1) over K. Let x ∈ M0(n − 4,3,1). 

⟹ x = ∑ ∑ kijkl xixjxkxl
2n

l=1
l≠i,j,k

1≤i<j<k≤n ; ∑ ∑ kijkl
n

l=1
l≠i,j,k

1≤i<j<k≤n = 0 implies x =

∑ ∑ kijkl (xixjxkxl
2 − x1x2x3x4

2) n
l=1

l≠i,j,k
1≤i<j<k≤n with the term 1, 2, 3, and 4 excluded from the 

double summation since k1234 (x1x2x3x4
2 − x1x2x3x4

2 ) = 0. Thus, B0(n − 4,3,1) generates 

M0(n − 4,3,1) over K. B0(n − 4,3,1) is linearly independent since if 

∑ ∑ kijkl (xixjxkxl
2 − x1x2x3x4

2)n
l=1

l≠i,j,k
(i,j,k,l)≠(1,2,3,4)

1≤i<j<k≤n =0 ⟹

∑ ∑ kijkl xi xjxkxl
2n

l=1
l≠i,j,k

1≤i<j<k≤n = 0, where  k1234 = − ∑ ∑ kijkl
n

l=1
l≠i,j,k

1≤i<j<k≤n   with 

∑ ∑ kijkl
n

l=1
l≠i,j,k

(I,j,k,l)≠(1,2,3,4)

1≤i<j<k≤n = 0. Hence, kijkl = 0, ∀ i, j, k, l;  1 ≤ i < j < k ≤ n, 1 ≤ l ≤

n, l ≠ i, j, k. Thus, B0(n − 4,3,1) is a K -basis of M0(n − 4,3,1), and 

dimKM0(n − 4,3,1) = (n
3
)(n − 3) − 1 =

n(n−1)(n−2)(n−3)

6
− 1 =

n4−6n3+11n2−6n−6

6
.  

 

Theorem 3.4: W = KSnc1(n) and M(n − 1,1) are isomorphic over KSn. 

 

Proof: Let φ: M(n − 1,1) → W be defined as follows: φ(xi) = ci(n); i = 1,2, … , n. 
Then if τ = (xixj) ∈ Sn we get that φ(τxi) = φ(xj) = cj(n) and since τci(n) = cj(n), then 

φ(τxi) = τφ(xi). Therefore, φ is a KSn homomorphism. For any y ∈ W we have y =
∑ kici(n)n

i=1 . Thus there exists w = ∑ kixi
n
i=1 ∈ M(n − 1,1), such that: φ(w) = φ(∑ kixI 

n
i=1 ) 

= ∑ φ(kixi)
n
i=1 = ∑ kiφ(xi)

n
i=1 = ∑ kici(n)n

i=1 = w. Hence,  φ is an epimorphism. 

⟹ dimK kerφ = dimKM(n − 1,1) − dimKW = 0 ⟹  ker φ = 0.  

Hence, φ is monomorphism. Thus, φ is a KSn–isomorphism. Therefore, M(n − 1,1) and W are 

isomorphic over KSn.  

 

Theorem 3.5: W0 = KSnu12(n) is irreducible submodule when p does not divide n. 

 

Proof: From Theorem (3.4), we have a KSn–homomorphism φ: M(n − 1,1) → W, such that 

φ(xi) = ci(n);  i = 1,2, … , n. Since M0(n − 1,1) = KSn(x2 − x1) ⊂ M(n − 1,1),  thus φ(xi −
x1) = φ(xi) − φ(x1) = ci(n) − c1(n) = ui1(n) ∈ W0. 

Let ψ = φ|M0(n−1,1). Then ψ: M0(n − 1,1) → W0, such that ψ(xi − x1) = ui1(n);  i =

1,2, … , n  is a KSn −homomorphism. Also, for all  uij ∈  W0, there exists  xi − xj ∈ M0(n −
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1,1), such thatψ(xi − xj) = ψ(xi − x1 + x1 − xj) = ψ(xi − x1) − ψ(xj − x1) = ui1(n) −

uj1(n) = ci(n) − c1(n) − cj(n) + c1(n) = ci(n) − cj(n) = uij(n). 

Since ψ is an epimorphism, dimKM0(n − 1,1) = n − 1 and dimKW0 = n − 1. Then we get 

dimK ker ψ = dimKM0(n − 1,1) − dimKW0 = 0 i.e. ker ψ = 0. Hence, ψ is monomorphism, 

which implies that  ψ is a KSn −isomorphism. Thus M0(n − 1,1) and W0 are isomorphic 

overKSn. By [Peel:1979][5] we have M0(n − 1,1) is irreducible submodule when p ∤ n. 

Hence, W0 = KSnu12(n) is irreducible submodule when p ∤ n. 

 

Proposition 3.6: The submodule W0 = KSnu12(n) has the following composition series when 

p divides n. 

0 ⊂ Kσ5 ⊂ W0 

Proof: Since W= KSnc1(n) and σ5(n)=∑ ci
n
i=1 (n), then the sum of the coefficient is equal to 

n and σ5(n) ∈ W which implies that Kσ5 ⊂ W. Then Kσ5(n) ⊂ W0and 
W0

Kσ5
 is an irreducible 

module over KSn when p divides n. Therefore, W0 has the following composition series0 ⊂
Kσ5 ⊂ W0. 

 

Proposition 3.7:  If p ∤ n, then W(n) = W0(n)⨁Kσ5(n). 

 

Proof: By implementing Theorem (3.5) we have W0 ≅ M0(n − 1,1), and irreducible 

submodule over  KSn when  p ∤ n and σ5(n) ∉ W0(n) when p ∤ n since the sum of the 

coefficients of the ci(n) in σ5(n) is n. Since Kσ5(n)   is irreducible submodule over 

KSn. Hence,W0(n) ∩ Kσ5(n) = 0, Kσ5(n) ⊂ W(n) and W0(n) ⊂ W(n). But, dimKW0(n) +
dimKKσ5(n) = n − 1 + 1 = n = dimKW(n). Hence W(n) = W0(n)⨁Kσ5(n) when p ∤ n.  
 

Proposition 3.8: If p does not divide n, then W has the following two composition series 

0 ⊂ W0(n) ⊂ W(n) and 0 ⊂ Kσ5(n) ⊂ W(n). 

 

Proof: Since p ∤ n, then by means of Proposition (3.7) we have 

W=W0(n)⨁Kσ5, and by using Theorem (3.5) we have W0(n) ≅ M0(n − 1,1) and W0(n) is 

irreducible submodule when p ∤ n. Hence  
W

Kσ5(n)
=

W0(n)⊕Kσ5(n)

Kσ5(n)
 ≅ W0(n). Thus  

W

Kσ5(n)
 is 

irreducible module when p ∤ n. Moreover  
W

W0(n)
=

W0(n)⊕Kσ5(n)

W0(n)
≅ Kσ5(n). Hence   

W

W0(n)
  is 

irreducible module over KSn. So we get the following two composite series 0 ⊂ W0(n) ⊂ W 

and 0 ⊂ Kσ5(n) ⊂ W.    

 

Theorem 3.9: The following sequence of KSn −modules is exact 

                                 0 → Ker d 
i

→ M(n − 4,3,1)
d
→ M(n − 3,3) → 0                                        (1) 

over a field K with p ≠ 2. 

 

Proof Let d: M (n − 4, 3, 1) → M (n − 3, 3) be a map defined in terms of the partial operators 

by d (xixjxkxl
2) = ∑

∂2

∂xq
2   ( xixjxkxl

2)n
q=1 . It is clear that the map d is KSn–homomorphism. 

Moreover, it is onto map since ∀ ∑ kijk xixjxk1≤i<j<k≤n ∈ M(n −

3,3), ∃ 
1

2
 (∑ kijk1≤i<j<k≤n xixjxkxl

2) ∈ M(n − 4,3,1)  for some l (l ≠ I, j, k) such that   

d(
1

2
 (∑ kijk1≤i<j≤n xixjxkxl

2)) = ∑ kijk xixjxk1≤i<j≤n .  

Since the inclusion map i is 1-1 and  Im i = ker d. Hence, the sequence (1) is exact.  
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Theorem 3.10: If p ≠ 2, then sequence (1) is split if and only if p ∤ (n − 3). 

 

Proof: Assume p does not divide (n-3). We can define a function 

φ: M(n − 3,3) → M(n − 4,3,1)  by φ(xixjxk) =
1

2(n−3)
∑ xixjxkxl

2n
l=1

l≠i,j,k

 which is a KSn-

homomorphism. Since for any τ ∈ Sn then φ (τ(xixjxk)) = φ (τ(xi)τ(xj)τ(xk)) =
1

2(n−3)
∑ τ(xi)τ(xj)τ(xk)xl1

2n
l=1

l≠i,j,k

 where τ(xi) = xi1
, τ(xj) = xj1

, τ(xk) = xk1
. 

⟹ φ( τ( xixjxk)) =
1

2(n−3)
τ(xixjxkxl

2) = τ (
1

2(n−3)
∑ xixjxkxl

2 ) = τ φ (xixjxk)n
l=1

l≠i,j,k

, and d 

φ (xixjxk) = d(
1

2(n−3)
∑ xixjxkxl

2n
l=1

l≠i,j,k

)=
1

2(n−3)
∑ d(xixjxkxl

2 ) =
1

2(n−3)
 (2(n −n

l=1
l≠i,j,k

3)xixjxk)  = xixjxk. Then dφ = I on M(n − 3,3). Hence, the sequence (1) is split. Thus, 

M(n − 4,3,1) = L ⊕ ker d, where L = φ(M(n − 3,3)). 

Now assume that the sequence (1) is split. Then there exist a  KSn-homomorphism  

ψ: M(n − 3,3) ⟶ M(n − 4,3,1) such that d ψ = I on M(n − 3,3), i.e. d ψ(xixjxk) = xixjxk . 

Then  ψ has the form ψ(xi1
xj1

xk1
) = ∑ ∑ kijklxixjxkxl

2, 1 ≤ i1 < j1 < k1 ≤ n.n
l=1

l≠i,j,k
1≤i<j<k≤n  

 

Therefore, we get dψ(xi1
xj1

xk1
) = d (∑ ∑ kijklxixjxkxl

2 n
l=1

l≠i,j,k
1≤i<j<k≤n ) =

∑ (2 ∑  kijkl)xi xjxk = xi1
xj1

xk1

n
l=1

l≠i,j,k
1≤i<j<k≤n  

which implies that  2 (∑ kijkl
n

l=1
l≠i,j,k

) = {
0, if (i, j, k) ≠ (i1, j1, k1)

1, if ( i, j, k) = (i1, j1, k1)
  .   

Moreover, if τ = (xrxs) ∈ Sn; 1 ≤ r < s ≤ n  such that τ (xi1
xj1

xk1
) = xi1

xj1
xk1

.Then 

ψ(τ (xi1
xj1

xk1
)) = ψ (xi1

xj1
xk1

) = τ ψ (xi1
xj1

xk1
) ⟹ ψ (xi1

xj1
xk1

) − τ ψ (xi1
xj1

xk1
) = 0 

⟹ ∑ ∑ kijklxixjxkxl
2n

l=1
l≠i,j,k

1≤i<j<k≤n − τ ( ∑ ∑ kijkl
n

l=1
l≠i,j,k

1≤i<j<k≤n xixjxkxl
2) = 0  

⟹ ∑ ∑ (kijklxi xjxkxl
2 − kijkl τ(xixjxkxl

2)n
l=1

l≠i,j,k
1≤i<j<k≤n ) = 0 ⟹

∑ ∑ (krjkl −n
l=1

l≠r,s,j,k
r<j<k≤n

j≠s

ksjkl)xrxjxk xl
2 + ∑ ∑ (ksjkl−krjkl

n
l=1

l≠r,s,j,k
s<j<k≤n )xsxjxk xl

2 +

∑ ∑ (kirkl
n

l=1
l≠i,r,s,k

1≤i<r<k≤n
k≠s

− kiskl)xixrxk xl
2 + ∑ ∑ (kiskl −n

l=1
l≠i,r,s,k

1≤i<s<k≤n
i≠r

kirkl)xixsxk xl
2 +

∑ ∑ (kijrl
n

l=1
l≠i,j,r,s

1≤i<j<r − kijsl)xixjxr xl
2 + ∑ ∑  (kijsl

n
l=1

l≠i,j,r,s
1≤i<j<s

i,j≠r

− kijrl)xixjxs xl
2 +

∑ (kijkr − kijks)xil≤i<j<k≤n
i,j,k≠r,s

xj xkxr
2 + ∑ (kijksl≤i<j<k≤n

i,j,k≠r,s

− kijkr)xixj xkxs
2 +

∑ ∑ (krskl
n

l=1
l≠r,s,k

n
k=s+1 − ksrkl)xrxsxk xl

2 + ∑ ∑ (krjsl
n

l=1
l≠r,j,s

s−1
j=r+1 − ksjrl)xrxjxs xl

2 +

∑ (ksjkrs<j<k≤n − krjks)xsxj xkxr
2 + ∑ (krjksr<j<k≤n

j,k≠s

− ksjkr)xrxj xkxs
2 + ∑ ∑ (kirsl

n
l=1

l≠i,r,s

r−1
i=1 −

kisrl)xixrxs xl
2 + ∑ ∑ (kirks

n
k=r+1

k≠s

r−1
i=1 − kiskr)xixrxk xs

2 + ∑ (kijrs − kijsr)1≤i<j<r xixj xrxs
2 +

∑ ∑ (kiskr
n
k=s+1

s−1
i=1 − kirks)xixsxk xr

2 + ∑ (kijsr − kijrs)1≤i,j<s
i,j≠r

xixj xsxr
2 =0. 

⟹  ∑ ∑ (krjkl
n

l=1
l≠r,s,j,k

n
r<j<k≤n

j≠s

− ksjkl)(xrxjxk xl
2 − xsxjxk xl

2) + ∑ ∑  (kirkl
n

l=1
l≠i,r,s,k

1≤i<r<k≤n
k≠s

−

kiskl)(xixrxk xl
2 − xixsxk xl

2) + ∑ ∑ (kijrl
n

l=1
l≠i,j,r,s

1≤i<j<r − kijsl)(xixjxr xl
2-xixjxs xl

2) +
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∑ (kijkr1≤i<j<k≤n
i,j,k≠r,s

− kijks)(xixj xkxr
2 − xixj xkxs

2) +  ∑ ∑ (krskl
n

l=1
l≠r,s,k

n
k=s+1 − ksrkl)xrxsxk xl

2 +

∑ ∑ (krjsl
n

l=1
l≠r,j,s

s−1
i=r+1 − ksjrl)xrxjxs xl

2 + ∑ (krjks − ksjkr)(xrxj xkxs
2 − xsxj xkxr

2)r<j<k≤n
j,k≠s

+

∑ ∑ (kirks
n
k=r+1

k≠s

r−1
i=1 − kiskr)(xixrxk xs

2 − xixsxk xr
2) + ∑ ∑ (kirsl − kisrl)xixrxs xl

2n
l=1

l≠i,r,s

r−1
i=1 +

∑ (kijrs − kijsr)(xixj xrxs
2 − xixj xsxr

2)1≤i<j<r = 0. 

Then by equalling the coefficient of the above equation we get for any  r, s; 1 ≤ r < s ≤ n that 

krjkl = kiskl = ksjkl = kirkl = kijrl = kijsl = krskl = ksrkl = krjsl = ksjrl = krjks = ksjkr =

kirks = kiskr = kirsl = kijsr = k for any i, j, k, l. But, we have   

∑ kijkl
n

l=1
l≠i,j,k

= 0 if (i, j, k) ≠ (i1, j1, k1), thus ∑ kn
l=1

l≠i,j,k

= 0 which implies that (n-3) k=0   ⟹

p|(n − 3) or  k = 0. 
From other side, we get for any r, s; 1 ≤ r < s ≤ n that kijkr = kijks = k1. But we have 

∑ kijkl
n

l=1
l≠i,j,k

= 1when (i, j, k) = (i1, j1, k1) which implies that ∑ kijkl
n

l=1
l≠i,j,k

= ∑ k1
n

l=1
l≠i,j,k

= 1. i.e.  

(n − 3)k1 = 1 ⟹ p ∤ (n − 3) and k1 ≠ 0. Hence, we get that p ∤ (n − 3), k1 ≠ 0  and k = 0 . 
i.e. if the sequence (1) is split, then  p ∤ (n − 3).  

 

Proposition 3.11: S(n − 4,3,1) is a proper submodule of ker d. 

 

Proof: Since S(n − 4,3,1) = KSn∆(x1, x2, x3)∆(x4, x5)∆(x6, x7).  

Let y = ∆(x1, x2, x3)∆(x4, x5)∆(x6, x7) = (x3 − x1)(x3 − x2)(x2 − x1)(x5 − x4)(x7 − x6). 

Then y ∈ kerd. But the dimension of kerd over K of the KSnhomomorphism d: M ( n −

4, 3, 1 )  → M ( n − 3, 3 ) is 
n(n−1)(n−2)(n−4)

6
 and dimKS(n − 4,3,1) =

n(n−1)(n−3)(n−6)

8
<

n(n−1)(n−2)(n−4)

6
.  

Hence S(n − 4,3,1) is a proper submodule of ker d.  

 

Corollary 3.12: The following sequence of KSn-modules 

                                  0 → Ker d 
i

→ M0(n − 4,3,1)
d̅
→ M0(n − 3,3) → 0                                 (2) 

is exact over a field K with p ≠ 2. 

 

Proof: Since M0(n − 4,3,1) ⊂ M(n − 4,3,1) and the K-basis of M0(n − 4,3,1) is { xixjxkxl
2 −

x1x2x3x4
2| 1 ≤ i < j < k ≤ n, 1 ≤ l ≤ n, l ≠ i, j, k,(i, j, k, l) ≠ (1,2,3,4)}, thus d(xixjxkxl

2 −

x1x2x3x4
2) = 2xixjxk − 2x1x2x3 ∈ M0(n − 3,3). Hence, d|M0(n − 4,3,1): M0(n − 4,3,1) →

M0(n − 3,3). Let d̅ = d|M0(n − 4,3,1), then d̅: M0(n − 4,3,1) → M0(n − 3,3) such that 

d̅(xixjxkxl
2 − x1x2x3x4

2) = 2xixjxk − 2x1x2x3. Then d̅ is onto map since ∀ α(xixjxk −

x1x2x3) ∈ M0(n − 3,3), ∃
α

2
(xixjxkxl

2 − x1x2x3x4
2) ∈ M0(n − 4,3,1) such 

thatd̅(
α

2
(xixjxkxl

2 − x1x2x3x4
2)) = α(xixjxk − x1x2x3);  α ∈ K. Thus the following sequence 

0 → Ker d̅  
i

→ M0(n − 4,3,1)
d̅
→ M0(n − 3,3) → 0 

is exact sequence since the inclusion map is one-to-one and Ker d̅ = Imi. Since d̅ =
d|M0(n − 4,3,1), then Ker d̅ ⊂ Ker d. But dimKKer d̅ = dimKM0(n − 4,3,1) − dimKM0(n −
3,3) = dimKM(n − 4,3,1) − dimKM(n − 3,3) = dimKKer d which implies that Ker d̅ =
Ker d. Thus, we get the following sequence 

0 → Ker d 
i

→ M0(n − 4,3,1)
d̅
→ M0(n − 3,3) → 0 is exact.   
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Corollary 3.13: The sequence (2) is split if and only if p ∤ (n-3) over a field K with p ≠ 2. 

Proof: Assume p ∤ (n-3). By utilizing Theorem (3.10) we have a KSn-homomorphism 

φ: M(n − 3,3) → M(n − 4,3,1)  such that φ(xixjxk) =
1

2(n−3)
∑ xixjxkxl

2n
l=l

l≠i,j,k

. Then 

φ(xixjxk − x1x2x3) = φ(xixjxk) − φ(x1x2x3) = 
1

2(n−3)
 ∑ xixjxkxl

2n
l=l

l≠i,j,k

-
1

2(n−3)
 

∑ x1x2x3
n

l=1
l≠1,2,3

xl
2= 

1

2(n−3)
(∑ xixjxkxl

2n
l=l

l≠i,j,k

-∑ x1x2x3xl
2n

l=l
l≠1,2,3

) ∈ M0(n − 4,3,1). Let φ̅ =

φ|M0(n − 4,3,1), then φ̅: M0(n − 3,3) → M0(n − 4,3,1) which is a KSn-homomorphism such 

that d̅φ̅(xixjxk − x1x2x3) = d̅ (
1

2(n−3)
(∑ xixjxkxl

2n
l=l

l≠i,j,k

− ∑ x1x2x3xl
2n

l=l
l≠1,2,3

))= 

1

2(n−3)
(d̅(∑ xixjxkxl

2n
l=l

l≠I,j,k

− ∑ x1x2x3xl
2))n

l=l
l≠1,2,3

= 
1

2(n−3)
(2(n − 3)xixjxk − 2(n −

3)x1x2x3) = xixjxk − x1x2x3. Hence,  d̅φ̅ = I on M0(n − 3,3). Thus, the sequence (2) is split 

andM0(n − 4,3,1) ≅ Ker d⨁L0; L0 ≅ M0(n − 3,3). Now, assume the sequence (2) is split. 

Then there exists a KSn-homomorphism ψ̅ = ψ|M0(n − 3,3) where ψ as it is define in 

Theorem (3.9) such that d̅ψ̅ = I. Thus xixjxk − x1x2x3 = d̅ψ̅(xixjxk − x1x2x3) =

dψ(xixjxk − x1x2x3) = dψ(xixjxk) − dψ(x1x2x3) = d(∑ xixjxkxl
2n

l=l
l≠I,j,k

) −

d(∑ x1x2x3xl
2n

l=l
l≠1,2,3

) = 2(n − 3)kxixjxk − 2(n − 3)k1x1x2x3. By equaling the coefficients 

we get that 2(n − 3)k = 1 and 2(n − 3)k1 = 1 which implies that p ∤ (n-3).   

 

Theorem 3.14: The following sequence      

                                    0 → M0(n − 4,3,1)  
i

→ M(n − 4,3,1)
f

→ K → 0                                  (3) 

is split if and only if p∤ 
n(n−1)(n−2)(n−3)

6
 . 

 

Proof: It is clear that the inclusion map is one-to-one and for any k ∈ K we have 

f (∑ ∑ kijklxixjxkxl
2n

l=l
l≠i,j,k

1≤i<j<k≤n ) = ∑ ∑ kijkl
n

l=1
l≠i,j,k

1≤i<j<k≤ n = k is onto map. 

Moreover,ker f = Imi, thus the sequence (3) is exact. 

If p∤
n(n−1)(n−2)(n−3)

6
 we can define a function h: K → M(n − 4,3,1) by h(k) =

6kσ5(n)

n(n−1)(n−2)(n−3)
, where  h is a KSn-homomorphism since    

∑ rτ h(k)τ∈Sn
 = ∑ rτ (

6kσ5(n)

n(n−1)(n−2)(n−3)
)τ∈Sn
= ∑

6rτkσ5(n)

n(n−1)(n−2)(n−3)τ∈Sn
 - 

∑
6rkσ5(n)

n(n−1)(n−2)(n−3)τ∈Sn
 = ∑ r h(k)τ∈Sn

 = h(∑ r kτ∈Sn
)=h(∑ rτ( k)),τ∈Sn

  τ( k) = k and 

τσ5(n) = σ5(n), then h(τk) = τh(k). Moreover,  h(k) = f (
6kσ5(n)

n(n−1)(n−2)(n−3)
) =

6kf(σ5(n))

n(n−1)(n−2)(n−3)
=

6k

n(n−1)(n−2)(n−3)
 
n(n−1)(n−2)(n−3)

6
= k. Hence, fh = I on K, thus the sequence 

(3) is split. 

Now assume the sequence (3) is split. Then there exist a KSn-homomorphism g: K → M(n −
4,3,1) such that fg = I on K. 

Let g(1) = ∑ ∑ kijklxixjxkxl
2n

l=1
l≠i,j,k

1≤i<j<k≤n , then g(1) = g(τ(1)) = τg(1);  τ = (xrxs), 1 ≤

r < s ≤ n, thus g(1) − τg(1) = 0. i. e. ∑ ∑ (krjkl
n

l=1
l≠r,s,j,k

s<j<k≤n − ksjkl)xrxjxk xl
2  +
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∑ ∑ (kirkl
n

l=1
l≠i,r,s,k

1≤i<r<k≤n
k≠s

− kiskl)xixrxk xl
2 + ∑ ∑ (kijrl

n
l=1

l≠i,j,r,s
1≤i<j<r − kijsl)xixjxr xl

2 +

∑ (kijkr − kijks)xi1≤i<j<k≤n
i,j,k≠r,s

xj xkxr
2 + ∑ ∑ (krskl − ksrkl)

n
l=1

l≠r,s,k

n
k=s+1 xrxsxk xl

2 +

∑ ∑ (krjsl
n

l=1
l≠r,j,s

s−1
j=r+1 − ksjrl)xrxjxs xl

2 + ∑ (krjks − ksjkr)r<j<k≤n
j,k≠s

xrxj xkxs
2 +

∑ ∑ (kirsl − kisrl)
n

l=1
l≠i,r,s

r−1
i=1 xixrxs xl

2 + ∑ ∑ (kirks − kiskr)xixrxk xs
2n

k=r+1
k≠s

r−1
i=1 +

∑ (kijrs − kijsr)1≤i<j<r xixj xrxs
2 = 0. 

By equalling the coefficients, one can obtain for any r, s; 1 ≤ r < s ≤ n and any i, j, k, l that 

krjkl = kiskl = ksjkl = kirkl = kijrl = kijsl = krskl = ksrkl = krjsl = ksjrl = krjks = ksjkr =

kirks = kiskr = kirsl = kijsr = k. Then g(1) = ∑ ∑ kijklxixjxkxl
2n

l=1
l≠i,j,k

1≤i<j<k≤n = kσ5(n). 

Since fg = I, then we have 

1 = fg(1) = f(kσ5(n)) = kf (∑ ∑ xixjxkxl
2n

l=1
l≠i,j,k

1≤i<j<k≤n )=k 
n(n−1)(n−2)(n−3)

6
  which implies 

that p∤ 
n(n−1)(n−2)(n−3)

6
.  

 

Corollary 3.15: M0(n − 4,3,1) is not a direct summand of M(n − 4,3,1) when p divides  
n(n−1)(n−2)(n−3)

6
. 

 

Proof: Assume M0(n − 4,3,1) is a direct summand of M(n − 4,3,1) when p divides 
n(n−1)(n−2)(n−3)

6
. Then there exists a KSn-submodule F of the KSn-module M(n − 4,3,1) s.t. 

M(n − 4,3,1) = M0(n − 4,3,1)⨁F, which implies that the sequence (2) is split and this is 

contradiction. Hence,  M0(n − 4,3,1) is not a direct summand of M(n − 4,3,1) when p divides 
n(n−1)(n−2)(n−3)

6
. 

 

Theorem 3.16: If p ≠ 2,3 and p|(n − 1), then we have a series of submodules of M(n-4,3,1) 

as in figure (1) in the appendix. 

 

Proof: If p ≠ 2,3 and  p|(n − 1), then p ∤ (n − 3). Thus, by Corollary (3.12) one can reach to 

obtain M0(n − 4,3,1) ≅ Ker d⨁L0;  L0 ≅ M0(n − 3,3). Since W = KSnc1(n); c1(n) =

∑ xixjxkx1
2

1≤i<j<k≤n , then the sum of coefficients is 
(n−1)(n−2)(n−3)

6
 which implies that c1(n) ∈

M0(n − 4,3,1) since p|(n − 1). Moreover, d̅(c1(n)) = 2 ∑ xixjxk1≤i<j<k≤n ≠ 0. 

Hence,c1(n) ∉ ker d̅ . i. e. W ∩ ker d̅ = 0 thus W ⊂ L0. Also since p|(n − 1), then p ∤ n and 

by Proposition (3.8) W has the following two composition series 

1) 0 ⊂ W0(n) ⊂ W(n). 

2) 0 ⊂ Kσ5(n) ⊂ W(n). 
Moreover, we have S(n − 4,3,1) ⊂ ker d̅, then S(n − 4,3,1)⨁L0 ⊂ ker d̅⨁L0 = M0(n −
4,3,1). Therefore, we get the proof. 

 

Theorem 3.17: If p ≠ 2,3 and p|(n − 3), then we have a series of submodules of M(n-4,3,1) 

as in Figure (2) in the appendix. 
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Proof: Since W = KSnc1(n); c1(n) = ∑ xixjxkx1
2

1≤i<j<k≤n , then the sum of coefficients   
n(n−1)(n−2)(n−3)

6
= 0 (mod p) which implies that W ⊂ M0(n − 4,3,1). But we have S(n −

4,3,1) ⊂ kerd ̅ ⊂ M0(n − 4,3,1) and d̅(c1(n)) = 2 ∑ xixjxk1≤i<j<k≤n ≠ 0. 

Hence  W ∩ ker d̅ = 0. Moreover, since p ≠ 2,3 and p|(n − 3), then p ∤ n. Thus, we obtain 

the proof. 

 

Corollary 3.18: If p ≠ 2,3 and p|(n − 1) then one can achieve a series of submodules of M(n-

4,3,1), where F2 = KSn(xr1
xs1

xt1
xn

2 − xr1
xs2

xt1
xn

2 − xr1
xs1

xt1
xm

2 + xr1
xs2

xt1
xm

2 ) and F3 =

KSn(xrxsxtxn
2 − xrxsxtxm

2 ) , where n ≠ m. As shown in figure (3) in the appendix. 

 

Proof: Using definition of F2 and F3, we obtain thatF2, F3 ⊂ M0(n − 4,3,1). Moreover, F2,
F3  ⊂ kerd̅. Sincexr1

xs1
xt1

xn
2 − xr1

xs2
xt1

xn
2 − xr1

xs1
xt1

xm
2 + xr1

xs2
xt1

xm
2 = (xr1

xs1
xt1

xn
2 −

xr1
xs1

xt1
xm

2 ) − (xr1
xs2

xt1
xn

2 − xr1
xs2

xt1
xm

2 ) ∈ F3, then F2 ⊂ F3. Thus if p ≠ 2,3 and p|(n −

1), by using Theorem (3.17) one can get a series of submodules of M(n-4,3,1) as shown in 

Figure (3) in the appendix. 

 

Corollary 3.19: If p ≠ 2,3 and p|(n − 1), then one can obtain a series of submodules of M(n-

4,3,1), where K2 = KSn(xr1
xs1

xt1
xn

2 − xr1
xs2

xt1
xn

2 + xr2
xs1

xt2
xn

2 − xr2
xs2

xt2
xn

2), K3 =

KSn(xr1
xs1

xt1
xn

2 − xr1
xs2

xt1
xn

2 + xr2
xs2

xt1
xn

2 − xr2
xs1

xt1
xn

2 + xr2
xs1

xt2
xn

2 − xr2
xs2

xt2
xn

2 +

xr1
xs2

xt2
xn

2 − xr1
xs1

xt2
xn

2) and K4 = KSn(xr1
xs1

xt1
xn

2 − xr1
xs2

xt1
xn

2 + xr2
xs1

xt2
xn

2 −

xr2
xs2

xt2
xn

2 + xr2
xs1

xt1
xm

2 − xr2
xs2

xt1
xm

2 + xr3
xs1

xt2
xm

2 − xr3
xs2

xt2
xm

2 ). As it is displayed in 

Figure (4) in the appendix. 

 

Proof: By utilizing definition of K2, K3 and K4 we get K2, K3, K4 ⊂ M0(n − 4,3,1). Moreover, 

we have K3, K4 ⊂ K2 since xr1
xs1

xt1
xn

2 − xr1
xs2

xt1
xn

2 + xr2
xs2

xt1
xn

2 − xr2
xs1

xt1
xn

2 +

xr2
xs1

xt2
xn

2 − xr2
xs2

xt2
xn

2 + xr1
xs2

xt2
xn

2 − xr1
xs1

xt2
xn

2 = (xr1
xs1

xt1
xn

2 − xr1
xs2

xt1
xn

2 +

xr2
xs1

xt2
xn

2 − xr2
xs2

xt2
xn

2) + (xr1
xs2

xt2
xn

2 − xr1
xs1

xt2
xn

2 + xr2
xs2

xt1
xn

2 − xr2
xs1

xt1
xn

2) ∈ 

K2, and  xr1
xs1

xt1
xn

2 − xr1
xs2

xt1
xn

2 + xr2
xs1

xt2
xn

2 − xr2
xs2

xt2
xn

2 + xr2
xs1

xt1
xm

2 −

xr2
xs2

xt1
xm

2 + xr3
xs1

xt2
xm

2 − xr3
xs2

xt2
xm

2 = (xr1
xs1

xt1
xn

2 − xr1
xs2

xt1
xn

2 + xr2
xs1

xt2
xn

2 −

xr2
xs2

xt2
xn

2) + (xr2
xs1

xt1
xm

2 − xr2
xs2

xt1
xm

2 + xr3
xs1

xt2
xm

2 − xr3
xs2

xt2
xm

2 ) ∈ K2. Moreover, 

d̅(xr1
xs1

xt1
xn

2 − xr1
xs2

xt1
xn

2 + xr2
xs1

xt2
xn

2 − xr2
xs2

xt2
xn

2) = 2(xr1
xs1

xt1
− xr1

xs2
xt1

+

xr2
xs1

xt2
− xr2

xs2
xt2

) ≠ 0,  thus K2 ∩ ker d̅ = 0 which implies that K2 ⊂ L0. From definition 

of the submodule K2 and the submodule W, one can obtain that K2 ∩ W = 0. Then if p ≠
2,3 and p|(n − 1) we achieve the proof. 

Corollary 3.20: If p ≠ 2 , then the following sequence of KSn-modules  

                                                 0 → Ker d̅1  
i

→ F1

d̅1
→ F → 0                                                     (4) 

is split if and only if p ∤ (n − 5), where F = KSn(x2x4x6 − x2x3x6 − x2x4x5 + x2x3x5) and  

F1 = KSn(x2x4x6x7
2 − x2x3x6x7

2 − x2x4x5x7
2 + x2x3x5x7

2). 

Proof: Using definition of F1 we get that F1 ⊂ M0(n − 4,3,1). Since d̅: M0(n − 4,3,1) →
M0(n − 3,3) is onto map and  

d̅(x2x4x6x7
2 − x2x3x6x7

2 − x2x4x5x7
2 + x2x3x5x7

2) = 2(x2x4x6 − x2x3x6 − x2x4x5 +
x2x3x5), where (x2x4x6 − x2x3x6 − x2x4x5 + x2x3x5) is a generator of F, thus d̅|F1 ∶ F1 → F 

is onto map. Let d̅1 =  d̅|F1 then d̅1 is onto map. It is clear that the inclusion map i is one-to-

one and Ker d̅1 = Imi. Hence, the sequence (4) is exact. Now, assume that  p ∤ (n − 5). Let 

ψ: F → F1 such that ψ(xrxvxt − xrxsxt − xrxvxl + xrxsxl) = 



Iraqi Journal of Science, 2023, Vol. 64, No. 5, pp: 2391-2404      Al-Butahi and Al-Bayati                                  

2400 

1

2(n−5)
∑ (xrxvxtxk

2 − xrxsxtxk
2 − xrxvxlxk

2 + xrxsxlxk
2)n

k=l
k≠r,s,v,l,t

, then for any τ ∈ Sn we get 

ψ(τ(xrxsxt − xrxvxt − xrxsxl + xrxvxl)) = ψ(τ(xr)τ(xs)τ(xt) − τ(xr)τ(xv)τ(xt) −

τ(xr)τ(xs)τ(xl) + τ(xr)τ(xv)τ(xl)) = ψ(xr1
xs1

xt1
− xr1

xv1
xt1

− xr1
xs1

xl1
+ xr1

xv1
xl1

) =
1

2(n−5)
∑ (xr1

xs1
xt1

xk1

2 − xr1
xv1

xt1
xk1

2 − xr1
xs1

xl1
xk1

2 + xr1
xv1

xl1
xk1

2 )n
k=l

k1≠r1,s1,v1,t1,l1

, where  

τ(xr) = xr1
, τ(xs) = xs1

, τ(xt) = xt1
, τ(xv) = xv1

 and τ(xl) = xl1
. Hence, ψ(xrxsxt −

xrxvxt − xrxsxl + xrxvxl) = τ ψ(xrxsxt − xrxvxt − xrxsxl + xrxvxl). Thus ψ is a KSn-

homomorphism. Moreover, we have 

d̅1 ψ(xrxsxt − xrxvxt − xrxsxl + xrxvxl) = 

d̅1(
1

2(n−5)
∑ (xrxsxtxk

2 − xrxvxtxk
2 − xrxsxlxk

2 + xrxvxlxk
2)n

k=l
k≠r,s,v,l,t

) =

1

2(n−5)
∑ 2( xrxsxt − xrxvxt − xrxsxl + xrxvxl)

n
k=l

k≠r,s,v,l,t

=
1

2(n−5)
(2(n − 5)(xrxsxt −

xrxvxt − xrxsxl + xrxvxl) = (xrxsxt − xrxvxt − xrxsxl + xrxvxl). Hence, d̅1ψ = I on F and 

the sequence (4) is split when p ∤ (n − 5) andF1 ≅ Ker d̅1 ⊕ F. 

Now if the sequence (4) is split. Then there exists a KSn-homomorphism ϕ: F →
F1 such that d1ϕ = I on F .i. e.  d1ϕ(xrxsxt − xrxvxt − xrxsxl + xrxvxl) = (xrxsxt −
xrxvxt − xrxsxl + xrxvxl). Then ϕ has the form 

ϕ(xr1
xs1

xt1
− xr1

xv1
xt1

− xr1
xs1

xl1
+

xr1
xv1

xl1
)=∑ ∑ krsvtlk(xrxsxtxk

2 − xrxvxtxk
2 − xrxsxlxk

2 +n
k=1

k≠r,s,v,l,t
1≤r<s,v<t,1≤n

xrxvxlxk
2);  1 ≤ r1 < s1, v1 < t1, l1 ≤ n. 

Since d1ϕ = I. Hence, d1ϕ(xr1
xs1

xt1
− xr1

xv1
xt1

− xr1
xs1

xl1
+ xr1

xv1
xl1

) = 

d1(∑ ∑ krsvtlk(xrxsxtxk
2 − xrxvxtxk

2 − xrxsxlxk
2 +n

k=1
k≠r,s,v,l,t

l≤r<s,v<t,l≤n

xrxvxlxk
2) )=∑ (2 ∑ krsvtlk n

k=1
k≠r,s,v,l,t

) (xrxsxt − xrxvxt − xrxsxl + xrxvxl) =1≤r<s,v<t,1≤n

(xr1
xs1

xt1
− xr1

xv1
xt1

− xr1
xs1

xl1
+ xr1

xv1
xl1

). 
Thus, we obtain 

2 ∑ krsvtlk = {
1,      if  (r, s, v, t, l) = (r1, s1, v1, t1, l1)

0,      if  (r, s, v, t, l) ≠ (r1, s1, v1, t1, l1)
n

k=1
k≠r,s,v,l,t

  

For τ = (xixj) ∈ Sn, 1 ≤ i < j ≤ n such that τ(xr1
xs1

xt1
− xr1

xv1
xt1

− xr1
xs1

xl1
+

xr1
xv1

xl1
) = (xr1

xs1
xt1

− xr1
xv1

xt1
− xr1

xs1
xl1

+ xr1
xv1

xl1
) which implies that 

ϕ(xr1
xs1

xt1
− xr1

xv1
xt1

− xr1
xs1

xl1
+ xr1

xv1
xl1

) = ϕ (τ(xr1
xs1

xt1
− xr1

xv1
xt1

−

xr1
xs1

xl1
+ xr1

xv1
xl1

)). By equalling the coefficients of the above equation and for any τ =

(xixj) ∈ Sn, 1 ≤ i < j ≤ n we obtain 

kisvtlk = kjsvtlk = krivtlk = krjvtlk = krsitlk = krsjtlk = krsvilk = krsvjlk = krsvtik =

krsvtjk = kisvtlj = kjsvtli = krivtlj = krjvtli = krsitlj = krsjtli = krsvilj = krsvjli = krsvtij =

krsvtji = kijvtlk = kjivtlk = kisjtlk = kjsitlk = kisvjlk = kjsvilk = kisvtjk = kjsvtik = krijtlk =

krjitlk = krivjlk = krjvilk = krivtjk = krjvtik = krsijlk = krsjilk = krsitjk = krsjtik =

b for any r, s, v, t, l, k. But we have   
∑ krsvtlk

n
k=1

k≠r,s,v,l,t

= 0 when (r, s, v, t, l) ≠ (r1, s1, v1, t1, l1). Hence, 

∑ krsvtlk =n
k=1

k≠r,s,v,l,t

∑ b =n
k=1

k≠r,s,v,l,t

0 which implies that  b(n − 5) = 0 ⟹ b = 0 or p |(n − 5). 

From other side, we get for any i, j; 1 ≤ i < j ≤ n that krsvtli = krsvtlj = b1. But we have 
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∑ krsvtlk
n

k=1
k≠r,s,v,l,t

= 1 when  (r, s, v, t, l) = (r1, s1, v1, t1, l1) ⟹ ∑ krsvtlk
n

k=1
k≠r,s,v,l,t

=

∑ b1
n

k=1
k≠r,s,v,l,t

= 1 ⟹ (n − 5)b1 = 1 ⟹ b1 ≠ 0 and p ∤ (n − 5). Hence, we obtain that b =

0, b1 ≠ 0 and p ∤ (n − 5). Thus, if the sequence (4) is split then p ∤ (n − 5). 

 

Proposition 3.21: S(n − 4,3,1)  is a KSn-submodule of F1. 

Proof: Since S(n − 4,3,1) = KSn∆(x1, x2, x3)∆(x4, x5)∆(x6, x7).  

Let y = ∆(x1, x2, x3)∆(x4, x5)∆(x6, x7) = (x3 − x1)(x3 − x2)(x2 − x1)(x5 − x4)(x7 − x6) =
x2x5x7x3

2 − x2x4x7x3
2 + x1x4x7x3

2 − x1x5x7x3
2 + x1x5x7x2

2 − x1x4x7x2
2 + x3x4x7x2

2 −
x3x5x7x2

2 + x3x5x7x1
2 − x2x5x7x1

2 + x2x4x7x1
2 − x3x4x7x1

2 − x2x5x6x3
2 + x2x4x6x3

2 −
x1x4x6x3

2 + x1x5x6x3
2 − x1x5x6x2

2 + x1x4x6x2
2 − x3x4x6x2

2 + x3x5x6x2
2 + x2x5x6x1

2 −
x3x5x6x1

2 + x3x4x6x1
2 − x2x4x6x1

2 = (x2x5x7x3
2 − x2x4x7x3

2 − x2x5x6x3
2 + x2x4x6x3

2) +
(x1x4x7x3

2 − x1x5x7x3
2 − x1x4x6x3

2 + x1x5x6x3
2) + (x1x5x7x2

2 −  x1x4x7x2
2 – x1x5x6x2

2 +
x1x4x6x2

2) + (x3x4x7x2
2 − x2x5x7x2

2 – x3x4x6x2
2 + x2x5x6x2

2) + (x3x5x7x1
2 − x3x4x7x1

2 −
x3x5x6x1

2 + x3x4x6x1
2) + (x2x4x7x1

2 − x2x5x7x1
2 − x2x4x6x1

2 + x2x5x6x1
2) ∈ F1.  

Hence, S(n − 4,3,1) ⊂ F1. 

 

 

7. Conclusions and discussion 
 

     This work presents the definition of the rth–natural triangular representation of SnoverK, 

where r ≥ 0 and n ≥ 2r + 6 that deals with when r = 1. The authors have been proved the 

following: 

1. Each M(n − 4,3,1) and M0(n − 4,3,1) are split when p∤ (n − 3). 

2. M0(n − 4,3,1) is not a direct summand of M(n − 4,3,1) when p∤  
n(n−1)(n−2)

6
. 

3. F1 = KSn(x2x4x6x7
2 − x2x3x6x7

2 − x2x4x5x7
2 + x2x3x5x7

2) is split when p∤ (n − 3) and p≠
2. 

4. S(n − 4,3,1) is a KSn-submodule of F1. 

Based on the good results that are achieved in the present work, it has encouraged the 

forthcoming work to focus on developing and starting to work on the second triangular 

representation M(n, ,6,3,2,1) on symmetric group. This will be a key issue in our subsequent 

works. 
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Figure 1: Schematic diagram of submodules of M(n-4,3,1) when p|(n − 1) of theorem (3.16) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2- Schematic diagram of submodules of M(n-4,3,1) when p|(n − 3) of theorem (3.17) 
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Figure 3: Schematic diagram of submodules of M(n-4,3,1) when p|(n − 1) of corollary (3.18) 
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Figure 4:  Schematic diagram of submodules of M(n-4,3,1) when p|(n − 1) of corollary (3.19) 
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