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Abstract:

The first step in this research is to find some of the necessary estimations in
approximation by using certain algebraic polynomials, as well as we use certain
specific points in approximation. There are many estimations that help to find the
best approximation using algebraic polynomials and geometric polynomials.
Throughout this research, we deal with some of these estimations to estimate the
best approximation error using algebraic polynomials where the basic estimations in
approximation are discussed and proven using algebraic polynomials that are
discussed and proven using algebraic polynomials that are specified by the
following pointsX;, Xand X' if j < > aswell asif j = .

For the second step of the work, the estimations in the first step are used to find and
estimate the error for the best approximation of the weighted function F € Ly, , ().
This is done through the use of an algebraic polynomial P, € [], , whose degree at
most is 0 < n < k— 1 where the sign of the algebraic polynomial is positive.

Further, the error is also found and estimated for the best approximation of the
restricted function F €Ly, NAJ,) using the restricted algebraic
polynomialP, € [T, N A°(J,), which is copositive with the function F € Lyp(D N
A°(J,) in the quasi weighted normed space.

In addition, we deal with the created estimations to estimate the error of the best
approximation of the function F € Ly, ,(I) N A°(J.) by using pieces of algebraic
polynomials that are of the highest degree0 < n < k — 1 .These pieces of algebraic
polynomials are connected to each other, so they have formed a spline of the highest
degree 0 < n < k — 1 whose knots are considered the contact areas of the algebraic
polynomials.

Keywords: Modulus of Smoothness, Spline, Approximation, Algebraic polynomial,
quasi normed space.
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1. Introduction and Main Results
Recall that the weighted quasi normed linear spaceLy, ,(I) suchthat 0 <p <1 is the set

of all functionsF on an interval I ¢ R,1 = [—b,b] that is defined as follows [1]:
1

LllJ,p(I) = {F|F:I cR-R: (fi)b |F(x)

P(x)
and
1
F(x)

_ Py
IFlly 0 = (/i [5e3] dx)” x € [=b,b].
Also, the kth symmetric difference is given by

[ x
KY - 1 k-i kh
1
Aﬁ(F,x,l)q,=A‘g(F,x)¢=!;(i)( ) lIJ(X+k2—h) ©oxt—€]
0 , 0.W

Which is non-negative for a given k € N for all x € I .Let AK be the set of functions F for
which the kth difference is non-negative on the interval I = [—b,b] . Let [],, 0<n<k-1
be the set of algebraic polynomials of degree that is not exceeding n. The polynomials and
splines that are used in this work are different in form and according to the degree of what we
want to achieve in the proof.

The error positive approximation by algebraic polynomial [2] is defined by

Ep (F)yp = infl|F = Pyl Py € [T
The Ditzian-Totik modulus of smoothness of F € Ly, ,(I) , 0< p <1 which is defined as
follows:

b &
dX)p<00,0<p<1,

F(x—kz—h+ ih)
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WeEn )y, = sup||A§(P(,)(F,.)||LW(D ,0<h<8,I=[-b,b]

where ¢ be a function of x €1, [2]. We show that the error positive approximation by
algebraic polynomial P, € [T,,0 <n <k —1whenF € Ly, (D).

Theorem 1.1 If FELy,(1),0<p<1,k>1m=2andF(x) =0,x €I, then
Ep (F)yp < cm @WE(En ), ,0<n<k-1,
where ¢; = c(p,k,m,b)and ¢, =k—2m—1 +% >0.

In the next theorem, we show that if F € Ly, ,(I) N A°(JJ,) , change sign in(=b,b) , then we
get the error of best copositive approximation by algebraic polynomial P, € [T, N A°(]J.) , and
splines, €S,,0<n<k-1.

Theorem 1.2 If F € Ly, ,(D nA°(J,),0 <p < 1,k>1,where ], = {js, ..., 1.} , then
Ep (F,J)yp < cWE(EN D)y, ,0Sn<k-—1.
—1 m
Where ¢ = A(p,k,b,m) and A = (1|+X|TI—r1||) c(pk)m=2,r=0,..s.
2. Definitions and Notations

In this paper, we use the following notations [1] , [3]

Ap= Vi + % ,X € I and Chebyshev notation

n
ijacos%,OS i <n and let X}zacos(%—;—n),lg i<n

X! = acos(=— =) when i< ,wealsouse X{ = acos(Z -2y when >
n  4n 2 1 n  4n

II = [XI+1’XI] and hI = |II| = XI —Xj+1 , 0< ] <n.

Let t;(x) = (X — on)_zcosZZn arc cosx + (X — X})_ZsinZZn arc cos x

be the algebraic polynomial of degree which is not exceeding 4n — 2 [4], [5].

Let F € Ly, ,(I) such that F changes its sign infinitely many times say s = 1 in 1 at the
points i. € J,,0 < s+ 1, and we will write F € A°(J,).In this paper, we approximate F by
algebraic polynomial

P, €I1,,,0 <n < K, ,in one time and in a second time by a spline on the knots {Xi}inzo'

[SH B=}

Jo = {i1, wrds | = b =10 <i < <js <iss1 = b} for Jowe set
R t "
X = 2r=1(X—iy) and ZEX),JIS) =Yr-1(X —i)" we denote ¥ xj) = Xx) -

b d
Let [Ti(a,d,m) = 2, (v = Xie1) (X —y) ' 0 dy
Finally we put T; , Q;and Qi are algebraic polynomials which define by

X ym d i —
Ti(x) = M , note that T;(x) = {0 X = ~b oo that
o ' M dy 1 ;x=b
TOZwZx) 20, xEl
S X418 D ) dy {0 ;X =—b
(x) = note that Q;(x) = ’
QI( ) fljb(y—xj+1)t}“(y)2(y)dy QI( ) 1 ;x=b
And
= I K=y Sy dy — 0 ;x=-b
() =3 ' note that Q;(x) = { ’
QI f_bb(xi_Y)tim(Y)Z(y)dy QI 1 y X = b

The denominators of their polynomials are never zeroes and

‘P~=—i, and y:(x ={
T =X [+h (%) =4 X=X
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In fact forall r = 1, ..., s and x € LIn this work, we take X; < X, , hence X;,1 < f;.
Since x € 1 ,therefore the inequality |x — X;44| < |x —j;| holds.

3. Estimates by algebraic polynomials

There are many estimations that we can list in the research. However, we will limit
ourselves to some conjectures that will be used to prove some of the facts that we discussed in
the introduction. Therefore, in this section, we introduce the following inequalities which
satisfy:
a) Hi(aJ d, m) ~ hj2a+2d—2m+11
b) [Ti(x)| < c¥?™,
¢) |Q)| < W™ him,

d) |61(x)| < ch,Zm—lhzm

e) |xx) — T(x)| qﬂm 1(x)h if Xi(x) =0 and
XG0 — )| < it 0 =1.
f) |XI(X) QuX| < ‘PZ"‘ 2(X)h2m+1 if  x=0 and [;x)-Q®| <1+

— 2h12m+11{;2m 2(x) if xi(x) =1.

9) Q) — x| <
——hI" PP (k) i () =1,

2m21

if  x&®=0 and |Qj(x) — Xj(x)| <1+

4. Proof the Estimates for Algebraic Polynomial
a) To proof the estimation [[;(a,d,m) ~ h?a*2d-2m+1,
Write [T;(a, d, m) as follows

madam = "+ [" N f =% 0 =0 Y. ay

11+12+13

I —J ]H(y Xir1) (y)z (X, —y)“dy
L] < j IH(XM y) t"‘(Y)Z (y — y) @D (X, — y) dy

]+1
< Z J (K = Y)'O) G — @O (X —y) dy
r=1" "~

1+1 —
Z f Kirr =)’ G — @O —y) Max{(y - x) ™", (y - %) "}y
Since XIO > X; ,then
Xjr1
i< [0 -3) 00 - ) 0 (% - )y

By using the inequalities in [6]

hl < Z(XI - Xll) < 4(XIO - X]) y fOI’hi = XI - Xj+1 ) hI = XIO - Xj+1 y hence
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Xi+1 d d —
L= | =0 =) 0 - 9) (06 -3)

X,
=f +1 4d(X]0 _y)2a+2d—2m dy
) 44 2a+2d-2m+1
= X% —X
B 2m—2a—2d—1(1 i+1)
Since (X! — Xj41) < 4hi‘1 , we get

42111 2a—-d-1

h: 2a+2d-2m+1
- Zm 2a—2d—1""

1 = f =) 05" roay

1+1
By using the relationship h;(x) < 10h{* , we get
S
X d a
< Z f 10°™h 2" (X1 —y) (v = Xj41) (7 — i) dy

r=1 Xj+1

2d+2a

Xi

|1, | s] 103™hy 2™(X; —y)
Xit+1

103Mh 2™

= i _ Y. 2a+2d+1 L. — Y. _ Y.
= oo &~ Xje) , by = X; —Xj41 . Hence,

3m
2a+2d-2m+1

2= arzar 1t
Iy = f =) 059" oy

And by the same method in I1 we found I3 with only dlfference that instead of (y — XIO) by
(y—X{)

. b
I3 < Z ] (y - Xi+1)a (y - X])d(y _ I-r)a+d Max{(y _ X?)—Zm' (y _ Xll)_zm} dy

=1 "%i
s

b d d -
=) [ 6% -0 -6 - %)
r=1"%i o
S] 4a(y—le)2a+2d_2m dy
X;

since (y —X!)™" < 4h7", then

I < 43 (X X1)23+2d_2m+1
a *T2m—-2a-2d-1
g42m—-a-2d-1 pat2d—2mt1
s S g T Therefore,
42m—2a-d-1 103m g42m—a-2d-1 st 2de2mt1
. < '
H](a, d,m) < (zm—za—zd—l 2a+2d+1 2m—2a—2d—1) 1 . Hence,
i) [li(ad,m) < cy(admh2a+2d-2m+t
where
4_2m—2a—d—1 103m 4_2m—a—2d—1

dm) = + +
adm = a1 T Zar2dr 1 2m—2a_2d_1

Now by finding the estimates on the other side.
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il Xit+1 - -
I, > Z f i (Xirr = ¥)" Gr — (X —y) min (G-x)"" (y-x) """} ay
r=1 5 Xi+1 a 1 d a+d 1 —2m
I > Z f X —y) (Xi-y) X-y) (Xi-y) " dy
r=1""%

Xj+1 _
> J‘ 42 (X11 _ y)231+201 Zmdy

With (X} — Xj41) > by

42m—23—d—1

2a+2d-2m+1
h:

>
Il_Z/m—Za—Zd—l !

L X _ _
b2 [ 5= %) (6 =) 0 - 0 min (= X)) (- X) oy
=1 " Xi+1
Xi—y>ir—y
ke ac d . ya+d 1\~2m
I, sz (y = Xi+1) G =@y -i)*(y—-X{) " dy
r=1 " Xi+1

And jr —y = Xj1 —y
S

X -2m
b2 ) [ X (=) =509 - X ay

r=1 X1'5+1
Xi +d -2
I 2 Z _j- (v - Xi+1)a = i)™y - x}) " dy
r=1 X]'+1
We have y — Xiy1 >y —ir
s
X —-2m
L2 [ @ - x) T dy
r=1 Xj+1
y— jr >y— le
Iz > 2§=1(y _ Xil)23+2d—2/m dy .Hence,

[ > 2 h'Za+2d—2m+1
2= (2a+ 2d — 2m + 1)42a+2d-2m+1 71

)

b
2 [ -%0) -x) g = 0 min{(- %)= %) ay

r=1 1

b d d -
52 [ =X =% =X - x) " dy
X

b

ZJ 4d(y_xj1)2a+2d—2m dy
X

Since X; — X{" > h; , then

42/m—Za—d—1
13 > h'Za+2d—2m+1

2m—2a—2d—1""!

So we get
i) [I(ad,m) = cy(a d m)h2r2d72m+t
where
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42m—a—2d—1 + 42m—Za—d—1 N 2
2m —2a—2d—1 (2a + 2d — 2m + 1)42a+2d-2m+1

CZ (a) d) m) =
From (i) and (ii) we get
cz(a, d, m)h?+242 1 < [T(a,d, m) < ¢;(a, d, m)h?** 297"+ Hence, we get the first
estimation

H(a d m) ~ h23+2d—2m+1
AN R =~
b) To proof the estimation |T;(x)| < c¥?™ .
b T DTy _ g S Y0 Say-indy

We have Ti(x) = dx B .
f Y (y)dy I §' ) Xi=1 (v=ir) dy

Take the numerator

| T2 0=y - | Ol =io+ -+ =iy

So that we get
. . : _ d;
LW Tioa (v — i) dy = Zio(x — i) , since coh! T < T

Hence, the numerator is
S
X
[ g o-iay =) e
-b = 2

b s b <&
[ goY =i ay <10z [ S-indy
-b r=1 -bi5
. b
= Z f (y —irdy
r=1""b

=—-bY:i_,ir hence Ti(x) <

Take the place

Ly G &)
_b Z?‘:l ir

DO
.00 < ¢ §E> "G, forallr=1,.
X—fe] _ X~ <4<Ix—xi+1| +hj)
0—ijl |Xj - Xj+1| B hi
. —Xiyq| +h
|T,0| < 4C5<|X I}:ll ‘) t"(x)
1

By using the inequality in [3]
t(x) = Max{(x —X9) ", (x - le)_zm} ,forall x € .. Hence,

. —Xiiq| + h - -
|Ti(x)| < c(b,m,s) <|X ]h+]1| I) Max{(x — Xio) Zm, (x — Xll) Zm}

1-2m
_X. h. . .
<c (%) = @™ 1. Hence, we get the second estimation
1
IT)| < C‘szm_l ,m>0,c=c(bm,s).
C) To proof the estimate |Q;(x)| < cW™ 'h?™
dxf—b(y X1+1)t (Y)Z(y) y

, by take the numerator
f_b(y X1+1)tl (Y)Z(y)dy

We have QI x) =
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d * d (¥ i
= f (V= X)) O Emdy = 5 f z (v = Xir)E Oy — indy
X _b X _b r=1
Perforating integration and abbreviations, we get
d X
&f—b(y - Xj+1)t}n(}’)2(y)d}’ = Z(x)(x - Xj+1)t}n(x)
Take the place

b - -
Jo, (7 = X)) 5 ()X dy , by the inequality
t;(x) < 10°h;%,x €1

5 b s b
2 f (= Xun) ¥ ~ i) dy < ) f (¥ = Xje1) (v =) 120%™ *"dy
r=1 b r=1 —b

S
2
— -2
- Do )
r=1

= (b, m)h; 2"
. (x = X)) ()T
Qi0) < m)h 2"
Q)| < cf(x = Xjpr) [|x = j) IDF™ £ (%)
Since |x — Xj11| < Ix —jcl,r =1, ..., 5 Hence,
|(x = Xpu1) = )| < Ix— il

|X_XI+1|+hI
S4< : )

i
0 - X; h
|Q;)| < 4C5hj2m (%) <|X I}Jlrll + 1)

i

< Chjzm (M) Max{(x — Xio)_zm, (X —

h;
X"
< ch/™ (%)kzm. Hence, we get the third
estimation

|Q®)| < ch?™ P! ;m >0
d) To proof the estimate |éj(x)| < @ thim

S5 K=y L) dy
ff‘b(X] -y )tm(Y)Z(y) dy

ax f Z(X y) v — it ()dy = Z f (X; —y)y — iDg"(y)dy

And perforating mtegratlon and abbreviations, we get
5] G=9gesgy —Z(x — 30— I
= (X - X)t (X)Z(X)

We have @(x) = , by taking the numerator

Take the place
ffb(xj —y)§' @) (y — irdy , by the inequality t;(x) < 10%h;%,x €1
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b b
f_ b(Xi - YF' O —indy < f_b(Xj —y)(y — ) 103™h; 2™ dy

= —(210%™h; 2" (bj,X; + 5 b?) ,
hence
(X — )" DT
(2)1o3mh—2m (~birX; — 5b3)
|| - Irl
|b X; + %bz
2 0 -2m 1 -2m
< C|X—]r|hijaX{(X—Xj) ,(X—Xi) }

1-2m

X —Xip1| + by
< 4cs <| 1;:' 1) h{™
= ch™W?™~1. Hence, we get the third estimates

|éj(x)| < c(m,b, s)hzmll’zm_1 m>0

e) To proof the estimate |x;(x) — T;(x)| < —— ¥y

QU <

|QU| th(OhZ"

We have |x;(x) — T®)| = |T®)|,ifx(x) =0

X
) - Tx)| = ij(y)dy
< [2,|T(|dy . from estimate (b),
we have
. ch.2m
|Ti(X)| = 1 2
(Jx = Xjea| +0)™"
2m
<cf* |—M_tdy ify > X then
f_b (Iy=Xis1|+h))* yRy=2a

C hjZm
_ (y = Xjs1 + hi)zm
- cj h2" (y —Xipq +h)
Performing integration and abbreviztions, we get
|x — X;| + 1 = h ¥ (%) . So we get
() - T < hy WP (%)

1 I 1
If y <X then by the same way in the above, We get the same result.

Now, if x;(x) = 1and y = X;, then

|Xj(x) - Ti(X)l < CJ

b
G0 — T = |1 fﬂ@@‘
<1+ f T(y) dy
" Cth
S1+cf —dy
(Iy = Xjua| +1y)*
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<1+ Chisz (y - Xj+1 + hj)_z

X
Performing integration and abbreviations, we get

2m
) - Tix)| <1+ CT— <|X X[+ hj) h ¥ (%)

=1 t5— h ‘sz ). Ify< X; , then by the same way in the above, we get the same

result
) ) In order to prove this estimation, we use the same method as for the proof of estimate (e) ,
in the case of x(x)=0, we take y=X; andy <X; then we get the result

— th‘““‘t"zm‘Z(x) by using estimate (c), and in the case x;(x) =1, we take y >X;

andy < X; then we get the result 1 +_— hzm“‘P.Zm‘Z(x).
g))In order to prove this estimation, we use the same method as for the prove of estimate (f)
by taking estimation (d), we get the result we take y = X; andy < X; then we get the result

— th"‘”llizm ?(x), in casey;(x) = 0.Incase x;(x) =1 we get 1 +— hzm”lllzm‘z(x).

5. Auxiliary Results
To prove the main results in this paper, we need the following lemmas.

Lemma 5.1. For every n€N,j=0,..,n andm = 2, there exists a polynomial T;(x) of
degree <n ,0<n<k-—1, such that for x e I = [-b,b] , the following inequalities
satisfy:

1) () - T <

2) [ -T®| <
Where

lllzm 1(x), forx > X; and x < X;
— (WA (x), for x = X and x < X;

w={ Iy €li=0
X;i\X) = . , X = U, ..., 1n
i 1 ;x2X

By the section (3), we get the above result.

Lemma5.2. If F€Ly,(DN A°(].),0<p <1 1 and k € N, then we have

p
EW“’(F, h;, If )ﬁj_p < c(p, WL (F,n Dy,

Where [; € I = [Xj_, j+1] :
Proof: If r=0andX;_; +r+2kéd <Xj;; for1<j<n.
Let0<8<% k > 1 then

k  foP
@(Oh )

+r f(x) |P
SUPo<hss fx' 7 |Aeon yo Y

Where c= c(k, p) , by using the identity

S +X;
]

dxdt (1

fx) _ wk ke F(x+ihe) k F(x)
A(p(x)h v | Ai= 1( )( D I{A'“Pt @M y(x+ihe) Amh+@m}’

we have

4976



Zuhair Iragi Journal of Science, 2022, Vol. 63, No. 11, pp: 4967-4986

)
h_,_r((Ptl:(Ph) Y(x)

. r <x + i(kh(p + r(pt — cph)))

I_\/ﬁw

k —rak
r) (1)K A

k r y . K
; (k" ;(i)(—l)k . X+i(kh(p+r(k(pt—cph)>

K K x+ihcp+ri((pt_(ph)>
= > (o () e d

k
i=0 r=0 (X +ihoe+ W—_(m))
F(x + ihg) |

k
f(x) |P
’A(P(X)h P(x ) C(p,k)Z( 1(‘Pt eh) e 1 hen) lIJ(X+

Kk F(x)
oh +i(<ptl;<ph) WX)
By integratmg to t € [0, 6] and d|V|d|ng by &, we get
fx) |° c(p, k) F(x + ihg) |° 8
@e(x)h )| ~ 8 Z{L . 1(<pt o) T 7o LN U(x +1 dt +]O
X € [xl_l,xl_1 +r1|,h € [0,8]
Now, by integrating on x € [X;_1,X;_; + |, and forh € [0,8] , we get

p
o )
F(x)

=

AX AX

p
f

Ak
)

Xi_1+1 |, k f(x) |P
ijll @Oh Yz dx <
c(p k) _1+r F(x+iho) j—1tT k M p

s {ft ofx A'(‘Pt Oy (x+i hq))| dx dt+f f (ph+w P(x) dth}

.. (2
We shall estimate each term in the sum on the right side of (2).Substituting x + ih¢g = u;
g g ¢
and % = u, , we get
Xj-1+r F(x + iho) |
[ Fot o,
1 o 1(<pt h) lIJ(X+
8—— j—1tr+ihe F(u )
AKX | du,du
.]‘_l(ph J;(I 1+ihe 12 l‘IJ(uI) ! 2
w Xi—1+r+ihe p
gj J i AY, Flu,) du,du,
“liph Xi_1+ihe Y(uy)

. k Flup) k F(u; +kuy) i@ i@ L _
Since Ag, —= v =(-1) A_u2 Vo tky and 0 < ” h < . § then by substitution u; + ku, =
X , we get

j—1+r+ihe F(u j—1tr+ihe F(x — ku p
f f AEZ (uy) |7 du,du, = f f 152 M dxdu,
—I(p I 1+1h(p L|J( ) I 1+lh(p lIJ(X - kuZ)
Xj—1+r+ih@—Kku, F
f f AEZ Ol dxdu,
Xj—1+ih@—ku, LIJ( )

For ku, = i@t —iph ,iph < k& and X] 1 +r+ 2ké < X, we get

Xj—1—ite F(X) p
w<[ )]
I 1+k6 kuz

——| dxdt
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) Xi_l _lt(p
L
0 YXj-1
F()|°

et
1+r

=),

2 X h+1(q)t oh) 7 N Lb( )

The above integrals are estimate by the same way So it can be estimate (1) by
in_1+r y f(X) p C 8 rXj+1—-kte N
su < A —| dx <= f f A | dxdt
Po<h<s Xi s @(x)h L|J(X) s o Jx_ et Lp( )
By using integral moduli of smoothness for with F € Lw,p(l)ﬂAO(]] ) 0 < p < 1 we obtain

F p
ﬁ dxdt

Now, let

dxdt

@ p R K
W, (F,h;, ) . < cpnpf f A | dxdt
k 71 /¢,p 0 %y Ot 1o llJ( )
Fori=0,..,n,wehave I = [Xi_1, Xj+1] = [Xj—1, Xj+1 — kto]
Ask > 1 and & — 0, we have regular integral, hence
W& (F,h;, 1Y < cP pfn f e ak |pd dt
h, < cPn — dx
v I Y

Finally , forx € [ UIZU . UI; we get

ZW‘P(F, by I; )¢p<cpnpf f | (p(x)tqj( )| dxdt

< cPnP f 8k e, w,
0
n—l
< cPtPPWE (Fn )y o |
0

“H§,p » hence

= chﬁp(F, n
1

p
ZW‘P(F, bR ] < WP E Ry,

Where c depends on p and k :

Lemmab5.3. Letr € N and S, be a piecewise spline of the degree r,0 < r < k— 1 on knots
sequence {Xi}jn:o' then for every interval I [—b b] we have the inequality

Sr(Xj+1) S (Xj 1) ( —(k- 1) —2Kk+3— ) ®
K W (S, |1
P 9| = PN (
< cp O PWE S, 1

Proof: By using [1], there is a polynomial P, € [],, N 4°(J,), 0 <n < k — 1 such that for a
spline S, of an order < k implies

157 = Ballsy, () < ¢t YW (S |1 0<p<l1 !
By using [7] and by the following mequallty for r = 0 and an interval I

L~ (k—1)—
1Pl ) < <@

1
p”Pn”Lw‘p(II-*)' Then, we get
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1

P.(X) 1
X, PIPallLy )

Y(X)|
Let X; € I, since for every 0 < j <n , the inequality
interval Ii* does not contain more than

|Xi1=Xj—1]

-, Intervals I, , then we have
(k—1)+5 1

—(k-1)-
cIj* (k=)

1
(k=1)+3 < |Ij| = h; holds, the

Ij*

1+

*

i

Sr(Xj+) . Pn(Xi) <
VXD Y| T
X; € (=b,b) we also have

Sr(Xj_) _ Pn(Xj) —(
Y)Yy

1
—(k—l)——
p”Sr lnlle,p(Ij*)

*
cIj

k—1)—=
P||S, — Pnllelp(,;). Hence,

S (X'")  PRu(X)

B S-(X7)  Pa(Xy)
(X))l [P Y
~(k-1)—

;”Sr - Pn ”Lllw(li*)

*
cIj

Sr(Xj+) _ Sr(Xj_)
U{CADRIR']C

<

*
cIi

By inequality (3), we get
S S () [~ k=D o
A T A T "W, (S,
ph  wao| = Cl e (5
Sr(XirD)  Sr(Xi—1) Sr(X)  Sr(x)

Ii*

,Ij*)d,_p. Therefore,

n

Y)Y | T A0 wegh v
Xit1=Xicaly | o~ =D=5 o *|
< clp +I(k——1)l+% i "W S 5]y
I
1
* _(k_l)_l x| 7*
< c(p. k)|I; PWE (S K] Ty

Lemma 5.4 For every i, € J, = {i1, ...,1s} and m > 2, there exists a polynomial B, (j,, x) €
[T. N 4°(J.), such that 0 <n < k — 1, copositive with sgn(x —i,) in I =[—b,b] , such
that

Isgn(x — i) — Pa(ip )| < c( d ) @

|ir‘x|+lj*

Proof: The inequality (4) is proven in [3] for m = 2 with 4,,(y;) instead of &, (yy,x) , we
have the inequality (4) , 4,(,) = 4,(yx),0 <n <k —1, and §,(yx, x) = I ,also in [8] is
proved for m > 2 and the proof is similar for . = 2. The following inequalities hold for all
x,y €1,[9],[10], henceinl = [=b,b] and 0 < i < n, the following holds.

(Ln(yi))? < 44, (1x — y| + 4,(x))

1
> (e =yl + 4,(0)) < |x =yl + 4,(») < 2(Ix = y| + 4,(0))
For any x,y € I, we have

An(ir) < ZJAn(X)(hr — x|+ An(x))

lir — x|+ 4,Gr) = %(”T — x| + 4, (%))

_ Ap(x)
=4 \l lir—2x|+An(x)

For B, (i, x) , we have
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A, Giy) )2‘“

lsgn(x —i,) — P,(§,, x |S<:<, -
g ( IT n(Ir ) |Ir_x| +An(lr)

Hence
I'* m
lsgn(x —1,) — Py, x |Sc<.+*>
g T n(r ) |Ir_x|+11
m=22,r=0,..,n.

Lemma 5.5. If F€ Ly, (1)NA°(J,),0 < p < 1, then there is copositive a piecewise spline
S,—1 with F on the knots sequence {t,};—; that satisfies:
”f - Sk—l”Ll/,,p(I) < C(p, k) Wlip(l:,n_l)lp’p , if tT = Xn—r ) 0<r<n.

Proof: We will call the interval I, = [t, 4, t,_1] is defiled if ¢, <j; < t,.,q fOrj; €J,,1 <
[<s.
There is exactly one j; in each of the defiled intervals I ,1 < i < s, and there is at least one
non-defiled interval I, between [ and [/, ,;,0<i<s.
Note that, F does not change sign between [and [, .Define a linear operator [3] with a
weight ¥ (x) by

S

F(x)
1LF=Z N, , G=GE) =d'f —2g
£ Cl l Cl Cl( ) l f]rw(x) X

Where d; is an absolute constant and N;(x) = N;(x, t,, t,-1) is the B-spline. Consider that L
preserves linearity, hence by [1] , we have

Gl < d; "IIFllL,, a0
We define
it = ) (61,650
KL7ALE , [t ti) =3 ,r#ifor1<i<s

Let £, be copositive with F in an interval I, and the best approximationon I, 0 < r <
n — 1, by [1] we have
IF — {)k—1”L¢,p(1r) <c(p k) W;?(F' L L)y .. (5
Now
IF = Siealley, 17 = IF = LE 1L, 0p) < CllF = fieallyy, , 17) + CILE = Ll 1)
= CllF = Lol ) MLCE = hmn) My, () IF = Skl ) < €NF = Ermally )
< e IF = £ralliy, ,@p
Where Iy = [t;_,,t;,;) and [, c T; , by inequality (5), we get
IF = Si—illy, () < c@IOWE EITL Ty .. (6
IF — Sk—l”Lw‘p(Ir) <c|F- {)k—1||L¢,p(1r) + cll€k-1 — Sk—l”Lw'p(Ir)
Where £_, is the best L,, ,, —approximation of F on I} , hence S;_, is the best approximation
of £,_, on I for I} c I, , hence
IF = Sk-allLy,ap < cllE =€l i) + €lMk-1 = Se—alle, )
< CllF = Liealluy, ) + €lF = Ll i) + €NE = Sialley, )
By inequality (5) and (6), we get
IE = Skl a0 < c@ WY (B L] L)y p + @, )W (F 1T Ty p
For Ty c ., we get
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”F - Sk—l”Lw_p(Ir) = C(p' k)wlzp (F' |zr|f z7‘)1,[1,1) (7
That is mean S;_, copositive with F in .
There are at least two X; in each (j;, j;+1) , for all i , by the inequality (7) and lemma (4.2), we
get

n-1

IF — 5k—1||L¢,p(l) = Z IF — Sk—lllLtlz.p(IT)

r=0
< XA WE(F 1,1, T )y p- Hence, we get

IF = Sk-1llz,,,,0) < WeEN Dy
Where c dependsonp and k.

6. Positive Approximation by Algebraic Polynomial
Proof of Theorem 1.1.

We shall prove Theorem (1.1) by a piecewise function P; it follows from [9] that P;is
bounded by F .Let

n—-1
P,(F,x) = B,(—b) + Z(Pj+1 — Py x (%)
i=0

Where B, is constant function and P, is the best L., —approximation of F on I;,j =
0,..,n— 1. Therefore, it is clear that x;(x) = 0, when I; = [X;41,X;],i = 0, ..., n that means
Pl(F ,X) = PI+1(_b) on II .

Since
Pi.1(—b)F(x) = 0 then P;(F,x)F(x) = 0 and since F(x) = 0, hence P;(F,x) >0 ,x €1
By [11], we have
||F - F)j+1||l'1p,p(lj) = C(p)wk(l:’ |II|’II)p
ForL, c Ly,,0<p<1, hence
® -
IF=Piall,, ) < c@WEE ] yp i = 0n—1.
By Lemma (4.2), we have

n-1
IE=P®I, =T,
i=0

n—-1
< cP Z GRS
=0
< PWE(E Ty,

IE = PL(B)llL, ) < c@ W ER Dy, .. (8

F(x) = P )"

P(x)

Now, we define

PF 0 = B0+ 3 BT
i=0

JX, 0T dy
Suchthat B; = P.,; — P, , and T:(x) = =21 —="—
K i 2 i) ffbtim(y)Z(y)dy

The polynomial P,(F,x) = 0, since P,(F,x) = P,(F,x) =0 ... 09

From the inequality (8) and (9), we have
IE = P,(B)llL,,,a) < c@ W (En "y,
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By using estimate (e) when x;(x) =0
lxi(x) — T,(x)| < hWP" 1 (x) when X < X;,i = 0,...,n — 1 then

1P, = Pyl ) = ||z;;01183 R s IBIXIII

for X < X;, we get
||P2 - P1||L1,,,p(1) = ||er1=—01

sgn([B )+1

]BiTi”Lw'p(,)

n-1
<c Z B;T;
i=0

Ly, p(D)
» 1
b|n-1 p
(5
i P(x)
—b |i=0
b|n-1 P
B:(x) T:(x)
_ p A A
16 =P, < [ [ =
—p |i=0
1
Bi(x) |° P
< D i 11!(2'" Dphpd
=¢ 2m-—-1)r I *
By using the inequality [7], [12]’ [ll] , and since l[Ji = |X X|+hfor X< Xi ,i = 0, Y (R 1 y
—Xj|+hy
hence
Czp n-1 b
B D —kp+2p-1||m ||P (2m-1)p
1Pz = Pally, oy = Gz 1)pz " 1Bil,,q flpi o
i=0 -b
n—-1 b h(zm Dp
ReEn ) R L .
(zm 1)p pr(l) 2 (lX X. | + h. )(Zm p
Czp k 2m— 1+1)> p
T b, m) ||B;
Such that
—(2m-1)p+1 -(2m-1)p+1
FP(b,m) = [(Xi_b+hi) T (b )T

We note that the union of an intervals L,UIL_, gives [X;_;, Xj41] ati=0,..,n — 1, which
IS not true because it is outside the an interval I = [—b, b] .Therefore, we will take the union
of an interval I,_;UI_, , it gives [X,,X,_,] (here I_;,I_, , the empty set) , and let t =
Max,gi<nfi: by < t,ast — oo} . Hence, we get

”Pz - Plllfw’pg)

SAp(p,m)Zn:Tip(b;m)t( (e (I = Pal}

Ll,b p(ll 1UI] 2)

+ || F- +2||pr(11 10— 2))

c?P

14 =
Where A (p: m) (2m-1)P((2m-1)p-1)
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1
—-2m—1+
1P, = PAlI7, oy < AP (p,m)z:Fp(b m)t( (re-2m p)>v“F Pi?

Ly pUj-10lj-2)

i=
By using the inequality (5) and Lemma (5.2), we get

1
(—(k—Zm—1+—)>p _
1P, — P1||f¢’p(1) < AP (p,m)Fy (b, m)t PTWE (B 1)3,1?

—(k-2m-1+= >p
P, — P1||Lw,(1) <c(k, b,m)t( ( p) lep (F!n_l)l,[),p

c(p, k,b,m) = A(p, k, \)F,(b, m)
We have k +%2 2m—1,when k> 1,0 <p <1, and by lemma(4.4) , we take m > 2.
The error of the best positive approximation to F € L, (I), [13] , [14], by algebraic
polynomial P, € [1,,,0 <n <k —1 isgiven by

ES (F)yp < 1P2 = Pilliy, 0
< ot 2WE(F,n Yy,

Where ¢; = c(p, k,b,m)and ¢, = k — 2m — 1 +% > 0.

7. Copositive Approximation by Algebraic Polynomials and Spline
Proof of Theorem (1.2)
Let the result of theorem (1.2) be valid for every with F € Ly, ,,(1)N4°(J,—1) , then there

exists a polynomial q,(F) € [[, N 4°(J,-1),0<n<k-1 , we interpolate F inside
[—b, b].By using lemma (5.5), there exists a piecewise spline S € 4°(J,), with knots {Xi}in:O

copositive with F in I and satisfies

IF =Sl 0 < e WY (Fn Yy, (10

Let S(x) = TG, () + 205D ) (). Then, Sy, € Lyp(DNA°(J.—y) and it
satisfies

151 — QTL(F)”Lw‘p(I) < c(p, k)szp(Spn_l)lp,p - (11
And

1Sz = @n(P)llL, ) <P k)Wzép(Sz,n_l)w,p . (12
Let P,(F) €[, NA4°,),0 <n <k—1,which is defined by the following form

gn(x - Ir) +1 . 1- Sgn(x - Ir)

S .

Pn(x) = qn(xr F) 2 Tn(]r' x) + Qn(x' F) 2 Tn(lrfx)
0<n<k-—1,x€l . Where T,(j,,x) is the algebraic polynomial in [T, n 4°(J,), r =
0, ..., s and copositive with (x — j,-).Now to find the estimate
IS — Pnlle,p(,) by using the inequality (11) and (12), we get

( _'r)+1 1- ( _'r) ( _'r)+1 :
IS = Balluy, 0 = |28, () + L 5, (x) — g (o, B) LT G x) —

anCo B =EEETG | L by adding £XREERG,(0F)  and
Y,p

qn(x, F) , then we get

+1= Sgn(x ir)

(r=in)+1 1-sgn(x—ir)
IS — Pnlle,p(z) < —Sgn =1 | IIS; — inlep(z) +c |—SgT;x IS, — nllLy,o +
C|2(1 - T)”lqn”Lll,,p(I) ) fOT x=i,r=0,.
We get

IS = Pullz,,, < cllS1 = qnlle,,a + c12(1 = DlllgnllL, o)
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By using lemma (5.4)for x > i,., we get

|x - ]rl "
IS = Pullz,,i < cllS1 = anlle, o) + ¢ <m lanllL,,m

< clISy = Gulliy, @ + A (I = Slly 0y + ISl 0))
—i ) \m
WhereAk=c(M) m=2,x24.,r=0,..,%

1+|x—jrl
IS = Pullz,,, < cllS1 = anllz,,m + AX(llF — qnllz, a0 + IIF =S, 0 + ||S||L¢’p(1))
By using the inequality (10),(11) and (5) then we get
IS = Pally ) < W (Sun ™ Dyp + AW (En Yy, +AlISIL, a0
For x > i, we get from definition of S(x) that S(x) = S;(x) and S;(j;) = 0, hence S(j,) = 0
then
S(0) = SG )|

oo | -

ISIZ, o =1,

1 NS
< cP(p, k) f Ix—isl_(k_l)_5+Ix—isl_2k+3_5> we (S, n b,

< P (p,k) f =17 W,

= CP(P k)(2b)P WY (S,n™ )i

= cP(p, k, LYW (S,n™1)}, .. Hence,
ISl < @k, YW (S, 7y, .. (13
Then
“S - Pn”Lll,’p(I) < C(p; k)W,;p(Sl, n_l)l/ﬁp + AWIEP(F' n_l)lli,p + C(p, k’ b)AWI;p(SIn_l)ll),p
From lemma (5.5), we have W7 (S,n™ )y, < W/ (F,n Dy
IS = Pl < c(p, RWE (S, n™ ) yp + ¢,k AW (F,n 1)y,

For F € Ly, ,(1)NA°(J,) and S € A°(J,;) which is copositive with Fin 1.
Now we need to show that W (S, n™)y, < W (S, Yy

Since S; does not change sign on [j,_4, b] and S(x) = S;(x) , also
IS = [S1(x)|, then

1

(S1,x) P P
Al‘f’h—(¢,x)| dx>

ERETI 1}

1

k Sl(x———i-ih)p
=/, Z (—1)k dx
i= 1/1( +_)

S

P
Sl(x —% + ih)

P(x +7)

dx

=f1

> ()

i=0
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1
K kh . P p
k Sl(x—7+lh)
3c(p);|(i)| J, ll}(x+k2—h) dx

= c@SIlL,,w
Then

supoanss |45 (s, DIl < supoanss (@ RSy ,00)

W,E” (51;71_1)1/),10 <c(p, k)”S”Lw,p(I)

By using the inequality (13), we get

W,ip(Sl,n_l)w,p < c(p,k, b)W,ip(S,n_l)w,p
< c(p, k, bYWy (F,n™ 1)y, ». Hence,

”S - Pn”L‘tp,p(l) < C(p) kl b)wlip(l:)n_l)ll),p + BW]ZJ(F’ n_l)ll),p

Where B = c(p, k, b)A. Therefore,

IS = Pullzy,,) < B,k b, )W (F,n 1)y,
The error of the best copositive approximation by algebraic polynomial and spline for
F € Ly, (DNA°(J,) is given by

EX (F,Jo)yp < IIS = Pallu, @ Hence,

[Ego)(F, J)wp < B(p,k b, m)Wf(F,n‘l)w, where B depends on p,k,b andA k>
1,m > 2, b positive integer.

Conclusions

In this paper, we firstly find some of the necessary estimations in approximation by using
certain algebraic polynomials. Certain specific points in approximation are used. algebraic
polynomials and geometric polynomials are used in many estimations that help to find the
best approximation. We also deal with these estimations to estimate the best approximation
error using algebraic polynomials. In addition, the basic estimations in approximation have
been discussed and shown. Secondly, the best approximation of the weighted function F €
Ly,p(I) has been found and estimated. Furthermore, the best approximation of the restricted

function F € Ly, ,(I) N A°(J,;) has been found and estimated. In addition, the error of the best
approximation of the function F € Ly, ,(I) N A°(J;) by using pieces of algebraic polynomials

that are of the highest degree0 <n <k—1 has been estimated by using the created
estimations. Finally, some other results and outcomes are given.
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