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Abstract: 

     The first step in this research is to find some of the necessary estimations in 

approximation by using certain algebraic polynomials, as well as we use certain 

specific points in approximation. There are many estimations that help to find the 

best approximation using algebraic polynomials and geometric polynomials. 

Throughout this research, we deal with some of these estimations to estimate the 

best approximation error using algebraic polynomials where the basic estimations in 

approximation are discussed and proven using algebraic polynomials that are 

discussed and proven using algebraic polynomials that are specified by the 

following pointsX𝔧 , X𝔧
0and X𝔧

1 if 𝔧 <
n

2
  as well as if  𝔧 ≥

n

2
 . 

  For the second step of the work, the estimations in the first step are used to find and 

estimate the error for the best approximation of the weighted function Ϝ ∈ Lψ,p(I). 

This is done through the use of an algebraic polynomial Pn ∈ ∏n , whose degree at 

most is 0 ≤ n ≤ k − 1  where the sign of the algebraic polynomial is positive. 

   Further, the error is also found and estimated for the best approximation of the 

restricted function  Ϝ ∈ Lψ,p(I) ∩ Δ
0(𝕁𝔰)  using the restricted algebraic 

polynomialPn ∈ ∏n ∩ Δ
0(𝕁𝔰), which is copositive with the function Ϝ ∈ Lψ,p(I) ∩

Δ0(𝕁𝔰)  in the quasi weighted normed space. 

    In addition, we deal with the created estimations to estimate the error of the best 

approximation of the function Ϝ ∈ Lψ,p(I) ∩ Δ
0(𝕁𝔰)  by using pieces of algebraic 

polynomials that are of the highest degree0 ≤ n ≤ k − 1 .These pieces of algebraic 

polynomials are connected to each other, so they have formed a spline of the highest 

degree 0 ≤ n ≤ k − 1 whose knots are considered the contact areas of the algebraic 

polynomials. 

 

Keywords: Modulus of Smoothness, Spline, Approximation, Algebraic polynomial, 

quasi normed space. 
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باستخدام متعددات الحدود الجبرية المذكورة في المقدمة وباستخدام بعض  من النقاط المحددة. كما هو معروف 
في نظرية  التقريب ، هنالك العديد من التخمينات التي تساعد في إيجادالخطأ لأفضل تقدير تقريبي باستخدام 

ملنا في هذا البحث مع بعض من هذه متعددات الحدود الجبرية ومتعددات الحدود الهندسية ، لذلك تعا
التخميناتلحاجتنا اليها  لتقدير أفضل خطأ تقريبي باستخدام متعددات الحدود الجبرية ، حيث تمت مناقشة 
التخمينات الأساسية في التقريب وإثباتها باستخدام متعددات الحدود الجبرية من خلال تحديد ما يلي  من النقاط 

X𝔧 , X𝔧
X𝔧والنقطة 0

𝔧ا كانتاذ 1 <
n

2
𝔧واذا كانت  ≥
n

2
. 

المرحلة الثانية من العمل في هذا البحث ، تطرقنا فيه إلى كيفية استخدام هذه التخمينات وإضافتها لإيجاد 
Ϝالخطأ لأفضل تقدير تقريبي للدالة الترجيحية الموزونة ∈ Lψ,p(I) حيث تم ذلك من خلال استخدام متعددات,

Pnالحدود الجبرية ∈ ∏n 0تها على الأكثر هي ، والتي تكون درج ≤ n ≤ k − حيث تكون متعددات  1
 الحدود الجبرية موجبة.

Ϝأيضًا ، تم ايجاد الخطأ لأفضل تقدير تقريبيللدالة  المقيدة     ∈ Lψ,p(I)⋂Δ
0(𝕁𝔰)  باستخدام متعددات ،

Pnالحدود الجبرية المقيدة  ∈ ∏n ∩ Δ
0(𝕁𝔰), 

0التي درجتها على الاكثر هي  ≤ n ≤ k − والتي تكون محافظة على الاشارة مع الدالة المقيدة  1
Ϝ ∈ Lψ,p(I)⋂Δ

0(𝕁𝔰) .في الفضاء شبه المعياري الموزون 
كما تطرقنا في هذا البحث الى استخدام وتوظيف التخمينات التي اوجدناها لإيجاد الخطأ لأفضل تقدير تقريبي 

Ϝللدالة المقيدة  ∈ Lψ,p(I)⋂Δ
0(𝕁𝔰)ت الحدود الجبرية المقيدة وذلك  باستخدام قطع من متعدداPn ∈

∏n ∩ Δ
0(𝕁𝔰)   0التي درجتها على الاكثر ≤ n ≤ k − والتي تكون متصلة مع بعضها البعض لذلك  1

0كونت شريحة درجتها على الاكثر ≤ n ≤ k − والتي اعتبرت عقدها هي مناطق اتصال متعددات الحدود  1
 الجبرية .

 

1. Introduction and Main Results 

    Recall that the weighted quasi normed linear spaceLψ,p(I)  such that  0 < p < 1  is the set 

of all functionsϜ on an interval I ⊂ R , I = [−b, b]   that is defined as follows [1]: 

Lψ,p(I) = {Ϝ|Ϝ: I ⊂ R → R: (∫ |
Ϝ(x)

ψ(x)
|
p

dx
b

−b
)

1

p
< ∞ , 0 < p < 1}, 

and  

‖Ϝ‖Lψ,p(I) = (∫I |
Ϝ(x)

ψ(x)
|
p

dx)

1

p
 , x ∈ [−b, b] . 

Also, the kth symmetric difference is given by  

Δh
k(Ϝ, x, I)ψ = Δh

k(Ϝ, x)ψ =

{
 
 

 
 
∑(

k
i
) (−1)k−i

Ϝ(x −
kh
2 + ih)

ψ(x +
kh
2 )

k

i=0

,

0 , o. w

x ±
kh

2
∈ 𝕁 

    Which is non-negative for a given k ∈ N  for all x ∈ I .Let ∆k be the set of functions Ϝ for 

which the kth difference is non-negative on the interval I = [−b, b] . Let  ∏n,   0 ≤ n ≤ k − 1  

be the set of algebraic polynomials of degree that is not exceeding n. The polynomials and 

splines that are used in this work are different in form and according to the degree of what we 

want to achieve in the proof. 

   The error positive approximation by algebraic polynomial [2] is defined by  

𝔼n
0)
(Ϝ)ψ,p = inf‖Ϝ − Pn‖, Ρn ∈ ∏n. 

 The Ditzian-Totik modulus of smoothness of  Ϝ ∈ Lψ,p(I) , 10  p  which is defined as 

follows: 
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𝒲k
φ
(Ϝ, n−1)ψ,p = sup‖∆hφ(.)

k (Ϝ, . )‖
Lψ,p(I)

 , 0 < h ≤ δ , I = [−b, b] 

 

where   be a function of  x ∈ I , [2]. We show that the error positive approximation by 

algebraic polynomial    Ρn ∈ ∏n ,0 ≤ n ≤ k − 1 when Ϝ ∈ Lψ,p(I). 

 

Theorem 1.1.  If  Ϝ ∈ Lψ,p(I) , 0 < p < 1 , k > 1,𝔪 ≥ 2 and Ϝ(x) ≥ 0, x ∈ I , then  

𝔼n
0)
(Ϝ)ψ,p ≤ c1𝔪

−C2𝒲k
φ
(Ϝ, n−1)ψ,p   , 0 ≤ n ≤ k − 1, 

     where c1 = c(p, k, 𝔪, b) and  c2 = k − 2𝔪 − 1 +
1

p
≥ 0 . 

    In the next theorem, we show that if Ϝ ∈ Lψ,p(I) ∩ Δ
0(𝕁𝔰) , change sign in(−b, b) , then we 

get the error of best copositive approximation by algebraic polynomial Pn ∈ ∏n ∩ Δ
0(𝕁𝔰) , and 

spline 𝒮n ∈ 𝕊n , 0 ≤ n ≤ k − 1. 

Theorem 1.2  If  Ϝ ∈ Lψ,p(I) ∩ Δ
0(𝕁𝔰), 0 < p < 1, k > 1 , where 𝕁𝔰 = {𝔧1, … , 𝔧𝔰} , then  

𝔼n
0)
(Ϝ, 𝕁𝔰)ψ,p ≤ c 𝒲k

φ
(Ϝ, n−1)ψ,p   , 0 ≤ n ≤ k − 1. 

Where  c = A(p, k, b,𝔪) and A = (
|x−𝔧r|

1+|x−𝔧r|
)
𝔪

c(p, k),𝔪 ≥ 2 , r = 0, … s. 

2. Definitions and Notations 

    In this paper, we use the following notations [1] , [3] 
 

∆n=
√1−x2

n
+

1

n2
 , x ∈ I and Chebyshev notation  

X𝔧 = acos
𝔧π

n
 , 0 ≤  𝔧 ≤ n  and let  X𝔧

1 = acos (
𝔧π

n
−

π

2n
) , 1 ≤  𝔧 ≤ n 

X𝔧
0 = acos (

𝔧π

n
−

π

4n
)  when   𝔧 <

n

2
    , we also use  X𝔧

0 = acos (
𝔧π

n
−
3π

4n
)  when    𝔧 ≥

n

2
 

      𝔩𝔧 = [X𝔧+1, X𝔧]    and  h𝔧 = |𝔩𝔧| = X𝔧 − X𝔧+1  , 0 ≤ 𝔧 ≤ n. 

    Let  t𝔧(x) = (X − X𝔧
0)
−2
cos22n arc cosx + (X − X𝔧

1)
−2
sin22n arc cos x 

     be the  algebraic polynomial of degree which is not exceeding 4n − 2 
[4], [5]. 

    Let  Ϝ ∈ Lψ,p(I)  such that Ϝ changes its sign infinitely many times say 𝔰 ≥ 1 in I  at the 

points 𝔧r ∈ 𝕁𝔰 , 0 ≤ 𝔰 + 1, and we will write Ϝ ∈ Δ0(𝕁𝔰).In this paper, we approximate Ϝ by 

algebraic polynomial 

Pn ∈ Πn , 0 ≤ n ≤ 𝐾1 , in one time and in a second time by a spline on the knots {X𝔧}𝔧=0
n

. 

𝕁𝔰 = {𝔧1, … , 𝔧𝔰 | − b = 𝔧0 < 𝔧1 < ⋯ < 𝔧𝔰 < 𝔧𝔰+1 = b} for 𝕁𝔰we set  

∑ = ∑ (X − 𝔧r)
𝔰
r=1(X,𝕁𝔰)    and   ∑ =

(t)
(X,𝕁𝔰)

∑ (X − 𝔧r)
t𝔰

r=1  we denote ∑ = ∑(X)(X,𝕁𝔰)  . 

Let ∏𝔧(a, d,𝔪) = ∫ (y − X𝔧+1)
a
(X𝔧 − y)

d
t𝔧
𝔪(y)

b

−b
dy 

Finally we put T𝔧  , Q𝔧and Q̅𝔧 are algebraic polynomials which define by  

T𝔧(x) =
∫ t𝔧

𝔪(y)∑(y)dy 
x
−b

∫ t𝔧
𝔪(y)∑(y)dy 

b
−b

 , note that T𝔧(x) = {
0 ; x = −b
1 ; x = b

 see that 

T́𝔧(x)∑(X)∑(X𝔧+1) ≥ 0 , x ∈ I 

Q𝔧(x) =
∫ (y−X𝔧+1)t𝔧

𝔪(y)∑(y)dy 
x
−b

∫ (y−X𝔧+1)t𝔧
𝔪(y)∑(y)dy 

b
−b

 note that Q𝔧(x) = {
0 ; x = −b
1 ; x = b

 

And  

Q̅𝔧(x) =
∫ (X𝔧−y)t𝔧

𝔪(y)∑(y)dy 
x
−b

∫ (X𝔧−y )t𝔧
𝔪(y)∑(y)dy 

b
−b

 note that Q̅𝔧(x) = {
0 ; x = −b
1 ; x = b

 

The denominators of their polynomials are never zeroes and  

Ψ𝔧 =
h𝔧

|X − X𝔧| + h𝔧
 , and  χ𝔧(x) = {

0 ;  x < X𝔧
1 ; x ≥ X𝔧
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    In fact for all r = 1,… , 𝔰 and x ∈ I.In this work, we take X𝔧 < X𝔧+1 , hence X𝔧+1 < 𝔧r. 

Since x ∈ I ,therefore the inequality |x − X𝔧+1| ≤ |x − 𝔧r|  holds. 

 

3. Estimates by algebraic polynomials  

     There are many estimations that we can list in the research. However, we will limit 

ourselves to some conjectures that will be used to prove some of the facts that we discussed in 

the introduction. Therefore, in this section, we introduce the following inequalities which 

satisfy: 

a) ∏𝔧(a, d,𝔪) ≈ h𝔧
2a+2d−2𝔪+1, 

b) |T́𝔧(x)| ≤ cΨ𝔧
2𝔪, 

c) |Q́𝔧(x)| ≤ cΨ𝔧
2𝔪−1h𝔧

2𝔪, 

d) |Q́̅𝔧(x)| ≤ cΨ𝔧
2𝔪−1h𝔧

2𝔪, 

e) |χ𝔧(x) − T𝔧(x)| ≤
c

2𝔪−1
Ψ𝔧
2𝔪−1(x)h𝔧  if χ𝔧(x) = 0  and 

|χ𝔧(x) − T𝔧(x)| ≤ 1 +
c

2𝔪−1
h𝔧Ψ𝔧

2𝓂−1(x)       if       χ𝔧(x) = 1 . 

f) |χ𝔧(x) − Q𝔧(x)| ≤
c

2𝔪−2
Ψ𝔧
2𝔪−2(x)h𝔧

2𝔪+1  if  χ𝔧(x) = 0 and |χ𝔧(x) − Q𝔧(x)| ≤ 1 +
c

2𝔪−2
h𝔧
2𝔪+1Ψ𝔧

2𝓂−2(x)      if      χ𝔧(x) = 1 . 

g) |Q̅𝔧(x) − χ𝔧(x)| ≤
c

2𝔪−2
Ψ𝔧
2𝔪−2h𝔧

2𝔪+2  if  χ𝔧(x) = 0  and  |Q̅𝔧(x) − χ𝔧(x)| ≤ 1 +
c

2𝔪−2
h𝔧
2𝔪+2Ψ𝔧

2𝓂−2(x)   if   χ𝔧(x) = 1 . 

 

4. Proof the Estimates for Algebraic Polynomial 

     a) To proof the estimation   ∏𝔧(a, d,𝔪) ≈ h𝔧
2a+2d−2𝔪+1. 

          Write ∏𝔧(a, d,𝔪) as follows 

∏𝔧(a, d,𝔪) = (∫ +∫ +
X𝔧

X𝔧+1

X𝔧+1

−b

∫ )(y − X𝔧+1)
a
(X𝔧 − y)

d
t𝔧
𝔪(y)

b

X𝔧

∑ dy
(a+d)

(y)
 

= I1 + I2 + I3 

I1 = ∫ (y − X𝔧+1)
a
t𝔧
𝔪(y)

X𝔧+1

−b

∑ (X𝔧 − y)
d
dy

(a+d)

(y)
 

|I1| ≤ ∫ (X𝔧+1 − y)
a
t𝔧
𝔪(y)

X𝔧+1

−b

∑ (y − yr)
(a+d)(X𝔧 − y)

d
dy

𝔰

r=1
 

≤∑∫ (X𝔧+1 − y)
a
t𝔧
𝔪(y)

X𝔧+1

−b

(𝔧r − y)
(a+d)(X𝔧 − y)

d
dy 

𝔰

r=1

 

  

≤∑∫ (X𝔧+1 − y)
a

X𝔧+1

−b

(𝔧r − y)
(a+d)(X𝔧 − y)

d
Max {(y − X𝔧

0)
−2𝓂

, (y − X̅𝔧)
−2𝓂

} dy

𝔰

r=1

 

Since X𝔧
0 > X̅𝔧    , then 

|I1| ≤ ∫ (X𝔧
0 − y)

a
(X𝔧

0 − y)
(a+d)

(X𝔧 − y)
d
dy 

X𝔧+1

−∞

 

By using the inequalities in [6]
 

h𝔧 < 2(X𝔧 − X𝔧
1) < 4(X𝔧

0 − X𝔧) , forh𝔧 = X𝔧 − X𝔧+1  , h𝔧 = X𝔧
0 − X𝔧+1 , hence 
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|I1| ≤ ∫ (X𝔧
0 − y)

a
(X𝔧

0 − y)
(a+d)

(X𝔧
0 − y)

d
(X𝔧

0 − y)
−2𝔪

dy 
X𝔧+1

−∞

= ∫ 4d(X𝔧
0 − y)

2a+2d−2𝓂
 dy 

X𝔧+1

−∞

 

=
4d

2𝓂 − 2a − 2d − 1
(X𝔧

0 − X𝔧+1)
2a+2d−2𝓂+1

 

Since (X𝔧
0 − X𝔧+1)

−1
< 4h𝔧

−1   , we get  

I1 ≤
42𝔪−2a−d−1

2𝓂 − 2a − 2d − 1
h𝔧
2a+2d−2𝓂+1

 

I2 = ∫ (y − X𝔧+1)
a

X𝔧

X𝔧+1

(X𝔧 − y)
d
∑ t𝔧

𝔪(y)dy
(a+d)

(y)
 

By using the relationship h𝔧(x) < 103h𝔧
−2  , we get 

≤∑∫ 103𝔪h𝔧
−2𝔪(X𝔧+1 − y)

d
X𝔧

X𝔧+1

(y − X𝔧+1)
a
(y − 𝔧r)

a+ddy 

𝔰

r=1

 

|I2| ≤ ∫ 103𝔪h𝔧
−2𝔪(X𝔧 − y)

2d+2a
X𝔧

X𝔧+1

dy 

 

=
103𝔪h𝔧

−2𝔪

2a+2d+1
(X𝔧 − X𝔧+1)

2a+2d+1  , h𝔧 = X𝔧 − X𝔧+1  . Hence, 

I2 ≤ 
103𝔪

2a + 2d + 1
h𝔧
2a+2d−2𝓂+1

 

I3 = ∫ (y − X𝔧+1)
a

b

X𝔧

(X𝔧 − y)
d
∑ t𝔧

𝔪(y)dy
(a+d)

(y)
 

And by the same method in I1 we found I3 with only difference that instead of (y − X𝔧
0) by 

(y − X𝔧
1) 

I3 ≤∑∫ (y − X𝔧+1)
a

b

X𝔧

(y − X𝔧)
d
(y − 𝔧r)

a+d Max {(y − X𝔧
0)
−2𝓂

, (y − X𝔧
1)
−2𝓂

}   dy 

𝔰

r=1

 

|I3| ≤ ∑∫ (y − X𝔧+1)
a

b

X𝔧

(y − X𝔧
1)
d
(y − X𝔧

1)
a+d

(y − X𝔧
1)
−2𝔪

dy 

𝔰

r=1

 

≤ ∫ 4a(y − X𝔧
1)
2a+2d−2𝔪

∞

X𝔧

dy 

     Since  (y − X𝔧
1)
−1
≤ 4h𝔧

−1 , then 

I3 ≤
4a

2𝓂 − 2a − 2d − 1
(X𝔧 − X𝔧

1)
2a+2d−2𝓂+1

 

I3 ≤
42𝔪−a−2d−1

2𝓂−2a−2d−1
h𝔧
2a+2d−2𝓂+1

.  Therefore,  

∏𝔧(a, d,𝔪) ≤ (
42𝔪−2a−d−1

2𝓂−2a−2d−1
+

103𝔪

2a+2d+1
+

42𝔪−a−2d−1

2𝓂−2a−2d−1
) h𝔧

2a+2d−2𝓂+1
.  Hence,  

i)      ∏𝔧(a, d,𝔪) ≤ c1(a, d,𝔪)h𝔧
2a+2d−2𝓂+1

 ,                 

where 

c1(a, d,𝔪) =
42𝔪−2a−d−1

2𝓂 − 2a − 2d − 1
+

103𝔪

2a + 2d + 1
+

42𝔪−a−2d−1

2𝓂 − 2a − 2d − 1
 

   Now by finding the estimates on the other side. 
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I1 ≥∑∫ (X𝔧+1 − y)
a

X𝔧+1

−b

(𝔧r − y)(X𝔧 − y)
d
min {(y − X𝔧

0)
−2𝓂

, (y − X𝔧
1)
−2𝓂

} dy

𝔰

r=1

 

I1 ≥∑∫ (X𝔧+1 − y)
a

X𝔧+1

−∞

(X𝔧
1 − y)

d
(X𝔧 − y)

a+d
(X𝔧

1 − y)
−2𝓂

dy

𝔰

r=1

 

≥ ∫ 4a
X𝔧+1

−∞

(X𝔧
1 − y)

2a+2d−2𝓂
dy 

          With  (X𝔧
1 − X𝔧+1) >

1

4
h𝔧 

I1 ≥
42𝔪−2a−d−1

2𝓂 − 2a − 2d − 1
h𝔧
2a+2d−2𝓂+1

 

I2 ≥∑∫ (y − X𝔧+1)
a

X𝔧

X𝔧+1

(X𝔧 − y)
d
(y − 𝔧r)

a+dmin {(y − X𝔧
0)
−2𝓂

, (y − X𝔧
1)
−2𝓂

} dy 

𝔰

r=1

 

      X𝔧 − y > 𝔧r − y 

I2 ≥∑∫ (y − X𝔧+1)
a

X𝔧

X𝔧+1

(𝔧r − y)
d(y − 𝔧r)

a+d(y − X𝔧
1)
−2𝓂

 dy 

𝔰

r=1

 

        And  𝔧r − y ≥ X𝔧+1 − y 

I2 ≥∑∫ (y − X𝔧+1)
a

X𝔧

X𝔧+1

(X𝔧+1 − y)
d
(y − 𝔧r)

a+d(y − X𝔧
1)
−2𝓂

 dy 

𝔰

r=1

 

I2 ≥∑∫ (y − X𝔧+1)
a+d

X𝔧

X𝔧+1

(y − 𝔧r)
a+d(y − X𝔧

1)
−2𝓂

 dy 

𝔰

r=1

 

We have  y − X𝔧+1 > y − 𝔧r 

I2 ≥∑∫ (y − 𝔧r)
2a+2d

X𝔧

X𝔧+1

(y − X𝔧
1)
−2𝓂

 dy 

𝔰

r=1

 

y − 𝔧r > y − X𝔧
1 

I2 ≥ ∑ (y − X𝔧
1)
2a+2d−2𝓂

 dy 𝔰
r=1 .Hence,  

I2 ≥
2

(2a + 2d − 2𝔪 + 1)42a+2d−2𝓂+1
h𝔧
2a+2d−2𝓂+1

 

I3 ≥∑∫ (y − X𝔧+1)
a

b

X𝔧

(y − X𝔧)
d
(y − 𝔧r)

a+d  min {(y − X𝔧
0)
−2𝓂

, (y − X𝔧
1)
−2𝓂

}   dy 

𝔰

r=1

 

I3 ≥ ∫ (y − X𝔧
1)
a

b

X𝔧

(y − X𝔧)
d
(y − X𝔧

1)
a+d

(y − X𝔧
1)
−2𝓂

 dy  

≥ ∫ 4d(y − X𝔧
1)
2a+2d−2𝔪

b

X𝔧

 dy 

Since X𝔧 − X𝔧
1 > h𝔧 , then 

I3 ≥
42𝓂−2a−d−1

2𝓂 − 2a − 2d − 1
h𝔧
2a+2d−2𝓂+1

 

   So we get  

        ii)    ∏𝔧(a, d, 𝔪) ≥ c2(a, d, 𝔪)h𝔧
2a+2d−2𝓂+1

   ,        

where  
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c2(a, d,𝔪) =
42𝔪−a−2d−1 + 42𝔪−2a−d−1

2𝓂 − 2a − 2d − 1
+

2

(2a + 2d − 2𝔪 + 1)42a+2d−2𝓂+1
 

From (i) and (ii) we get 

c2(a, d,𝔪)h𝔧
2a+2d−2𝓂+1 ≤ ∏𝔧(a, d,𝔪) ≤ c1(a, d, 𝔪)h𝔧

2a+2d−2𝓂+1
. Hence, we get the first 

estimation 

∏𝔧(a, d, 𝔪)  ≈ h𝔧
2a+2d−2𝓂+1

 

b) To proof the estimation   |T́𝔧(x)| ≤ cΨ𝔧
2𝔪 .       

We have   T́𝔧(x) =
d

dx
∫ t𝔧

𝔪(y)∑(y)dy 
x
−b

∫ t𝔧
𝔪(y)∑(y)dy 

b
−b

 =
d

dx
∫ t𝔧

𝔪(y)∑ (y−𝔧r)
𝔰
r=1 dy 

x
−b

∫ t𝔧
𝔪(y)∑ (y−𝔧r)

𝔰
r=1  dy 

b
−b

. 

Take the numerator 

∫ t𝔧
𝔪(y)∑(y − 𝔧r)

𝔰

r=1

dy 
x

−b

= ∫ t𝔧
𝔪(y)[(y − 𝔧1) + ⋯+ (y − 𝔧𝔰)]

x

−b

dy 

   So that we get 

∫ t𝔧
𝔪(y)∑ (y − 𝔧r)

𝔰
r=1 dy 

x

−b
= ∑ (x − 𝔧r)t𝔧

𝔪(x)𝔰
r=1  , since c0h𝔧

1−2b <
d𝔧

∏(X𝔧)
.   

 Hence, the numerator is  

∫ t𝔧
𝔪(y)∑(y − 𝔧r)

𝔰

r=1

dy 
x

−b

=∑ t𝔧
𝔪(x)

(y)
 

   Take the place  

∫ t𝔧
𝔪(y)∑(y − 𝔧r)

𝔰

r=1

 dy 
b

−b

≤ 103𝔪h𝔧
−2𝔪∫ ∑(y − 𝔧r)

𝔰

r=1

dy 
b

−b

 

=∑∫ (y − 𝔧r)dy 
b

−b

𝔰

r=1

 

                                                                          = −b∑ 𝔧r
𝔰
r=1   hence T́𝔧(x) ≤

∑ t𝔧
𝔪(x)(y)

−b∑ 𝔧r
𝔰
r=1

 

T́𝔧(x) ≤
∑(x)

∑(0)
t𝔧
𝔪(x) 

|T́𝔧(x)| ≤ c |
∑(x)

∑(0)
| t𝔧
𝔪(x)  , for all r = 1,… , 𝔰 

|
x − 𝔧r
0 − 𝔧r

| ≤
|x − 𝔧r|

|X𝔧 − X𝔧+1|
  ≤ 4 (

|x − X𝔧+1| + h𝔧

h𝔧
) 

|T́𝔧(x)| ≤ 4c𝔰 (
|x − X𝔧+1| + h𝔧

h𝔧
) t𝔧

𝔪(x) 

By using the inequality in [3]
 

t𝔧(x) = Max {(x − X𝔧
0)
−2𝓂

, (x − X𝔧
1)
−2𝓂

} , for all x ∈ I . Hence,  

|T́𝔧(x)| ≤ c(b,𝔪, 𝔰) (
|x − X𝔧+1| + h𝔧

h𝔧
)  Max {(x − X𝔧

0)
−2𝓂

, (x − X𝔧
1)
−2𝓂

} 

≤ c(
|x−X𝔧+1|+h𝔧

h𝔧
)
1−2𝓂

= cΨ𝔧
2𝔪−1. Hence, we get the second estimation  

                                           |T́𝔧(x)| ≤ cΨ𝔧
2𝔪−1  , 𝔪 > 0 , c = c(b,𝔪, 𝔰) . 

 C) To proof  the estimate  |Q́𝔧(x)| ≤ cΨ𝔧
2𝔪−1h𝔧

2𝔪 

We have Q́𝔧(x) =
d

dx
∫ (y−X𝔧+1)t𝔧

𝔪(y)∑(y)dy 
x
−b

∫ (y−X𝔧+1)t𝔧
𝔪(y)∑(y)dy 

b
−b

  , by take the numerator 
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d

dx
∫ (y − X𝔧+1)t𝔧

𝔪(y)∑(y)dy =
d

dx
∫ ∑ (y − X𝔧+1)t𝔧

𝔪(y)(y − 𝔧r)dy
𝔰

r=1

x

−b

x

−b

 

Perforating integration and abbreviations, we get  
d

dx
∫ (y − X𝔧+1)t𝔧

𝔪(y)∑(y)dy 
x

−b

= ∑(x)(x − X𝔧+1)t𝔧
𝔪(x) 

   Take the place  

∫ (y − X𝔧+1)t𝔧
𝔪(y)∑(y)dy 

b

−b
 , by the inequality  

t𝔧(x) ≤ 10
3h𝔧

−2, x ∈ I 

∑∫ (y − X𝔧+1)(y − jr)t𝔧
𝔪(y)

b

−b

dy

𝔰

r=1

≤∑∫ (y − X𝔧+1)(y − jr)
b

−b

103𝔪h𝔧
−2𝔪dy

𝔰

r=1

 

=∑103𝔪h𝔧
−2𝔪 (

2

3
b3)

𝔰

r=1

 

= c(b,𝓂)h𝔧
−2𝔪 

Q́𝔧(x) ≤
(x − X𝔧+1)t𝔧

𝔪(x)∑(x)

c(b,𝓂)h𝔧
−2𝔪  

|Q́𝔧(x)| ≤ c|(x − X𝔧+1)||(x − jr)|h𝔧
2𝔪 t𝔧

𝔪(x) 

Since |x − X𝔧+1| ≤ |x − jr| , r = 1, … , 𝔰. Hence, 

|(x − X𝔧+1)(x − jr)| ≤ |x − jr| 

≤ 4(
|x − X𝔧+1| + h𝔧

h𝔧
) 

|Q́𝔧(x)| ≤ 4c𝔰h𝔧
2𝔪 t𝔧

𝔪(x) (
|x − X𝔧+1| + h𝔧

h𝔧
) 

                                                                     ≤ ch𝔧
2𝔪 (

|x−X𝔧+1|+h𝔧

h𝔧
)Max {(x − X𝔧

0)
−2𝓂

, (x −

X𝔧
1)
−2𝓂

} 

                                                                     ≤ ch𝔧
2𝔪 (

|x−X𝔧+1|+h𝔧

h𝔧
)
1−2𝓂

. Hence, we get the third 

estimation 

|Q́𝔧(x)| ≤ ch𝔧
2𝔪Ψ𝔧

2𝔪−1  , 𝔪 > 0 

  d) To proof the estimate |Q́̅𝔧(x)| ≤ cΨ𝔧
2𝔪−1h𝔧

2𝔪 

   

We have Q́̅𝔧(x) =
∫ (X𝔧−y)t𝔧

𝔪(y)∑(y)dy 
x
−b

∫ (X𝔧−y )t𝔧
𝔪(y)∑(y)dy 

b
−b

  ,  by taking the numerator 

d

dx
∫ ∑(X𝔧 − y)

𝔰

r=1

(y − 𝔧r)t𝔧
𝔪(y)dy =∑∫ (X𝔧 − y)(y − 𝔧r)t𝔧

𝔪(y)dy
x

−b

𝔰

r=1

x

−b

 

   And perforating integration and abbreviations, we get  

d

dx
∫ (X𝔧 − y)t𝔧

𝔪(y)∑(y)dy 
x

−b

=∑(X𝔧 − x)(x − 𝔧r)t𝔧
𝔪(x)

𝔰

r=1

 

= (X𝔧 − x)t𝔧
𝔪(x)∑(x) 

Take the place  

∫ (X𝔧 − y)t𝔧
𝔪(y)(y − 𝔧r)dy 

b

−b
 , by the inequality t𝔧(x) ≤ 10

3h𝔧
−2, x ∈ I 
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∫ (X𝔧 − y)t𝔧
𝔪(y)(y − 𝔧r)dy 

b

−b

≤ ∫ (X𝔧 − y)(y − 𝔧r)10
3𝔪h𝔧

−2𝔪 dy 
b

−b

 

                                                                                      = −(2)103𝔪h𝔧
−2𝔪 (b𝔧rX𝔧 +

1

3
b3) , 

hence 

 Q́̅𝔧(x) ≤
(X𝔧 − x)t𝔧

𝔪(x)∑(x)

(2)103𝔪h𝔧
−2𝔪 (−b𝔧rX𝔧 −

1
3b

3)
 

|Q́̅𝔧(x)| ≤
|X𝔧 − x||x − 𝔧r|

|b𝔧rX𝔧 +
1
3b

2|
t𝔧
𝔪(x)h𝔧

2𝔪 

                              ≤ c|x − jr|h𝔧
2𝔪Max {(x − X𝔧

0)
−2𝓂

, (x − X𝔧
1)
−2𝓂

} 

≤ 4c𝔰 (
|x − X𝔧+1| + h𝔧

h𝔧
)

1−2𝔪

h𝔧
2𝔪 

= ch𝔧
2𝔪Ψ𝔧

2𝔪−1.   Hence, we get the third estimates 

|Q́̅𝔧(x)| ≤ c(𝓂, b, 𝔰)h𝔧
2𝔪Ψ𝔧

2𝔪−1  , 𝔪 > 0 

  e) To proof the estimate |χ𝔧(x) − T𝔧(x)| ≤
c

2𝔪−1
Ψ𝔧
2𝔪−1h𝔧 

   

    We have  |χ𝔧(x) − T𝔧(x)| = |T𝔧(x)| , if χ𝔧(x) = 0 

|χ𝔧(x) − T𝔧(x)| = |∫ T́𝔧(y)dy
x

−b

| 

                                                                                            ≤ ∫ |T́𝔧(y)|dy
x

−b
  , from estimate (b), 

we have  

|T́𝔧(x)| =
c h𝔧

2𝔪

(|x − X𝔧+1| + h𝔧)
2𝔪 

≤ c∫ |
c h𝔧

2𝔪

(|y−X𝔧+1|+h𝔧)
2𝔪| dy

x

−b
  if y ≥ X𝔧  then 

|χ𝔧(x) − T𝔧(x)| ≤ c∫ |
c h𝔧

2𝔪

(y − X𝔧+1 + h𝔧)
2𝔪| dy

∞

x

 

= c∫ h𝔧
2𝔪

∞

x

(y − X𝔧+1 + h𝔧)
−2𝔪

dy 

Performing integration and abbreviations, we get  

|x − X𝔧| + h𝔧 = h𝔧Ψ𝔧
−1(x)  . So we get 

|χ𝔧(x) − T𝔧(x)| ≤
c

2𝔪 − 1
h𝔧Ψ𝔧

2𝓂−1(x) 

If y < X𝔧 then by the same way in the above,  we get the same result. 

Now,  if χ𝔧(x) = 1 and  y ≥ X𝔧 , then  

|χ𝔧(x) − T𝔧(x)| = |1 − ∫ T́𝔧

b

x

(x)dy| 

≤ 1 + |∫ T́𝔧(y)
b

x

| dy 

≤ 1 + c∫
c h𝔧

2𝔪

(|y − X𝔧+1| + h𝔧)
2𝔪

∞

x

dy 
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≤ 1 + ch𝔧
2𝔪∫ (y − X𝔧+1 + h𝔧)

−2𝔪
∞

x

dy 

Performing integration and abbreviations, we get  

|χ𝔧(x) − T𝔧(x)| ≤ 1 +
c

2𝔪 − 1
(

h𝔧

|x − X𝔧| + h𝔧
)

2𝔪

h𝔧Ψ𝔧
−1(x)  

= 1 +
c

2𝔪−1
h𝔧Ψ𝔧

2𝓂−1(x) . If y < X𝔧 , then by the same way in the above,  we get the same 

result. 

f) ) In order to prove this estimation, we use the same method as for the proof of estimate (e) , 

in the case of χ𝔧(x) = 0 , we take  y ≥ X𝔧 and y < X𝔧 then we get the result  
c

2𝔪−2
h𝔧
2𝔪+1Ψ𝔧

2𝓂−2(x) by using estimate (c), and in the case χ𝔧(x) = 1, we take  y ≥ X𝔧 

and y < X𝔧 then we get the result  1 +
c

2𝔪−2
h𝔧
2𝔪+1Ψ𝔧

2𝓂−2(x). 

g) ) In order to prove this estimation,  we use the same method as for the prove of estimate (f) 

by taking estimation (d), we get the result we take  y ≥ X𝔧 and y < X𝔧 then we get the result  
c

2𝔪−2
h𝔧
2𝔪+2Ψ𝔧

2𝓂−2(x), in caseχ𝔧(x) = 0 .In case  χ𝔧(x) = 1 we get 1 +
c

2𝔪−2
h𝔧
2𝔪+2Ψ𝔧

2𝓂−2(x). 

 

5. Auxiliary Results 

     To prove the main results in this paper, we need the following lemmas. 

 

Lemma 5.1.  For every n ∈ N , 𝔧 = 0, … , n and𝓂 ≥ 2 , there exists a polynomial T𝔧(x) of 

degree ≤ 𝑛  , 0 < n ≤ k − 1 , such that for x ∈ I = [−b, b] , the following  inequalities 

satisfy: 

1) |χ𝔧(x) − T𝔧(x)| ≤
c

2𝔪−1
h𝔧Ψ𝔧

2𝓂−1(x), for x ≥ X𝔧 and x < X𝔧 

2) |χ𝔧(x) − T𝔧(x)| ≤ 1 +
c

2𝔪−1
h𝔧Ψ𝔧

2𝓂−1(x), for x ≥ X𝔧 and x < X𝔧 

Where 

χ𝔧(x) = {
0 ;  x < X𝔧
1 ; x ≥ X𝔧

    , x ∈ I , 𝔧 = 0,… , n 

By the section (3), we get the above result. 

 

Lemma 5.2. If  Ϝ ∈ Lψ,p(I) ∩ Δ
0(𝕁𝔰), 0 < p < 1 and k ∈ N , then we have  

(∑𝒲k
φ
(Ϝ, h𝔧, I𝔧

∗)ψ,p
p

n

𝔧=0

)

1
p

 ≤ c(p, k)𝒲k
φ
(Ϝ, n−1)ψ,p 

Where I𝔧 ⊂ I𝔧
∗ = [X𝔧−1, X𝔧+1] . 

Proof: If  r ≥ 0 and X𝔧−1 + r + 2kδ ≤ X𝔧+1  for 1 ≤ 𝔧 ≤ n . 

Let 0 < δ ≤
X𝔧+1−X𝔧−1

k
 , k ≥ 1 then  

                   sup0<h≤δ ∫ |∆φ(x)h
k f(x)

ψ(x)
|
p

dx ≤
c

δ
∫ ∫ |∆φ(x)h

k f(x)

ψ(x)
|
p

dxdt
X𝔧+1

X𝔧−1

δ

0

X𝔧−1+r

X𝔧−1
                … (1 

Where c= c(k, p) , by using the identity  

∆φ(x)h
k f(x)

ψ(x)
= ∑ (

k
i
) (−1)k−i {∆i(φt−φh)

k

k Ϝ(x+ihφ)

ψ(x+ihφ)
− ∆

φh+
i(φt−φh)

k

k Ϝ(x)

ψ(x)
}k

i=1  , 

 we have  
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∑(
k
r
) (−1)k−r∆

φh+
r(φt−φh)

k

k Ϝ(x)

ψ(x)

k

r=0

=∑(
k
r
) (−1)k−r∑(

k
i
) (−1)k−i

k

i=0

Ϝ (x + i (
khφ + r(φt − φh)

k
))

ψ(x + i (
khφ + r(φt − φh)

k
))

k

r=0

 

=∑(
k
i
) (−1)k−i

k

i=0

∑(
k
r
) (−1)k−r

k

r=0

Ϝ (x + ihφ +
ri(φt − φh)

k
)

ψ (x + i hφ +
ri(φt − φh)

k
)
 

|∆φ(x)h
k f(x)

ψ(x)
|
p

≤ c(p, k)∑(|∆i(φt−φh)
k

k Ϝ(x + ihφ)

ψ(x + ihφ)
|

p

+ |∆
φh+

i(φt−φh)
k

k Ϝ(x)

ψ(x)
|

p

)

k

i=1

 

By integrating to  t ∈ [0, δ] and dividing by  δ , we get 

|∆φ(x)h
k f(x)

ψ(x)
|

p

≤
c(p, k)

δ
∑{∫ |∆i(φt−φh)

k

k Ϝ(x + ihφ)

ψ(x + ihφ)
|

p

dt + ∫ |∆
φh+

i(φt−φh)
k

k Ϝ(x)

ψ(x)
|

p

dt
δ

0

δ

t=0

}

k

i=1

 

x ∈ [X𝔧−1, X𝔧−1 + r] , h ∈ [0, δ] 

Now, by integrating on   x ∈ [X𝔧−1, X𝔧−1 + r] , and  for h ∈ [0, δ] , we get  

∫ |∆φ(x)h
k f(x)

ψ(x)
|
p

dx ≤
X𝔧−1+r

X𝔧−1

c(p,k)

δ
∑ {∫ ∫ |∆i(φt−φh)

k

k Ϝ(x+ihφ)

ψ(x+ihφ)
|
p

dxdt + ∫ ∫ |∆
φh+

i(φt−φh)

k

k Ϝ(x)

ψ(x)
|
p

dxdt
X𝔧−1+r

X𝔧−1

δ

0

X𝔧−1+r

X𝔧−1

δ

t=0
}k

i=1                    

… (2 

We shall estimate each term in the sum on the right side of (2).Substituting  x + ihφ = u1  

and  
i(φt−φh)

k
= u2 , we get 

I1 = ∫ ∫ |∆i(φt−φh)
k

k Ϝ(x + ihφ)

ψ(x + ihφ)
|

p

dxdt
X𝔧−1+r

X𝔧−1

δ

t=0

 

= ∫ ∫ |∆u2
k
Ϝ(u1)

ψ(u1)
|

pX𝔧−1+r+ihφ

X𝔧−1+ihφ

du1du2

δ−
iφh
k

−iφh
k

 

≤ ∫ ∫ |∆u2
k
Ϝ(u1)

ψ(u1)
|

pX𝔧−1+r+ihφ

X𝔧−1+ihφ

du1du2

iφ(δ−h)
k

−iφh
k

 

Since ∆u2
k Ϝ(u1)

ψ(u1)
= (−1)k∆−u2

k Ϝ(u1+ku2)

ψ(u1+ku2)
  and 0 <

iφ

k
h ≤

iφ

k
δ then by substitution u1 + ku2 =

x , we get  

∫ ∫ |∆u2
k
Ϝ(u1)

ψ(u1)
|

pX𝔧−1+r+ihφ

X𝔧−1+ihφ

du1du2

0

−iφh
k

= ∫ ∫ |∆u2
k
Ϝ(x − ku2)

ψ(x − ku2)
|

pX𝔧−1+r+ihφ

X𝔧−1+ihφ

dxdu2

iφh
k

0

 

= ∫ ∫ |∆u2
k
Ϝ(x)

ψ(x)
|

pX𝔧−1+r+ihφ−ku2

X𝔧−1+ihφ−ku2

dxdu2

iφh
k

0

 

For ku2 = iφt − iφh  , iφh ≤ kδ  and X𝔧−1 + r + 2kδ ≤ X𝔧+1 we get 

I1 ≤ ∫ ∫ |∆φt
k
Ϝ(x)

ψ(x)
|

pX𝔧−1−itφ

X𝔧−1+kδ−ku2

dxdt
δ

0
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≤ ∫ ∫ |∆φt
k
Ϝ(x)

ψ(x)
|

pX𝔧−1−itφ

X𝔧−1

dxdt
δ

0

 

Now, let  

I2 = ∫ ∫ |∆
φh+

i(φt−φh)
k

k Ϝ(x)

ψ(x)
|

pX𝔧−1+r

X𝔧−1

dxdt
δ

0

 

The above integrals are estimate by the same way .So it can be estimate (1) by  

sup0<h≤δ∫ |∆φ(x)h
k f(x)

ψ(x)
|
p

dx ≤
c

δ
∫ ∫ |∆φ(x)t

k f(x)

ψ(x)
|
p

dxdt
X𝔧+1−ktφ

X𝔧−1

δ

0

X𝔧−1+r

X𝔧−1

 

By using integral moduli of smoothness for with  Ϝ ∈ Lψ,p(I)⋂Δ
0(𝕁𝔰), 0 < p < 1 we obtain  

𝒲k
φ
(Ϝ, h𝔧, I𝔧

∗)ψ,p
p

≤ cpnp∫ ∫ |∆φ(x)t
k f(x)

ψ(x)
|
p

dxdt
X𝔧+1

X𝔧−1

n−1

0

 

For 𝔧 = 0,… , n , we have  I𝔧
∗ = [X𝔧−1, X𝔧+1] ≈ [X𝔧−1, X𝔧+1 − ktφ] 

As k > 1  and  δ → 0 , we have regular integral, hence  

𝒲k
φ
(Ϝ, h𝔧, I𝔧

∗)ψ,p
p

≤ cpnp∫ ∫ |∆φ(x)t
k f(x)

ψ(x)
|
p

dxdt
X𝔧+1−ktφ

X𝔧−1

n−1

0

 

Finally , for x ∈ I1
∗⋃I2

∗⋃…⋃In
∗  we get 

∑𝒲k
φ
(Ϝ, h𝔧, I𝔧

∗)ψ,p
p

n

𝔧=0

≤ cpnp∫ ∫ |∆φ(x)t
k f(x)

ψ(x)
|
p

dxdt
b

−b

n−1

0

 

≤ cpnp∫ ‖∆φt
k (f, . )‖

Lψ,p(I)

p
dt

n−1

0

 

≤ cptpnp𝒲k
φ
(Ϝ, n−1)ψ,p

p
n−1

|
0

 

                                                        = cp𝒲k
φ
(Ϝ, n−1)ψ,p

p
  , hence  

(∑𝒲k
φ
(Ϝ, h𝔧, I𝔧

∗)ψ,p
p

n

𝔧=0

)

1
p

 ≤ c𝒲k
φ
(Ϝ, n−1)ψ,p. 

Where c depends on p  and  k . 

 

Lemma 5.3. Let r ∈ N  and Sr  be a piecewise spline of the degree r , 0 < r ≤ k − 1 on knots 

sequence  {X𝔧}𝔧=0
n
 ,  then for every interval I𝔧

∗ ⊂ [−b, b] we have the inequality  

|
Sr(X𝔧+1)

ψ(X𝔧+1)
−
Sr(X𝔧−1)

ψ(X𝔧−1)
| ≤ c(p, k) (|I𝔧

∗|
−(k−1)−

1
p + |I𝔧

∗|
−2k+3−

2
p)𝒲k

φ
(Sr, |I𝔧

∗|, I𝔧
∗)ψ,p 

≤ c(p, k)|I𝔧
∗|
−(k−1)−

1
p𝒲k

φ
(Sr, |I𝔧

∗|, I𝔧
∗)ψ,p 

 

Proof: By using [1], there is a polynomial 𝑃𝑛 ∈ ∏𝑛 ∩ 𝛥
0(𝕁𝔰), 0 ≤ 𝑛 ≤ 𝑘 − 1  such that for a 

spline 𝑆𝑟 of an order < 𝑘   implies  

‖𝑆𝑟 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼𝔧∗) ≤ 𝑐(𝑝, 𝑘)𝒲𝑘
𝜑
(𝑆𝑟 , |𝐼𝔧

∗|, 𝐼𝔧
∗)𝜓,𝑝 , 0 < 𝑝 < 1                                             … (3 

By using [7] and by the following inequality for 𝑟 = 0 and an interval 𝐼𝔧
∗ 

‖𝑃𝑛‖𝐿𝜓,𝑝(𝐼𝔧∗) ≤ 𝑐(p, 𝑘)|𝐼𝔧
∗|
−(𝑘−1)−

1

𝑝‖𝑃𝑛‖𝐿𝜓,𝑝(𝐼𝔧∗). Then, we get  
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|
𝑃𝑟(𝑋𝔧)

𝜓(𝑋𝔧)
| ≤ 𝑐|𝐼𝔧

∗|
−(𝑘−1)−

1
𝑝‖𝑃𝑛‖𝐿𝜓,𝑝(𝐼𝔧∗) 

Let 𝑋𝔧 ∈ 𝐼𝔧
∗ , since for every 0 ≤  𝔧 ≤ 𝑛 , the inequality |𝐼𝔧

∗|
(𝑘−1)+

1

𝑝  ≤ |𝐼𝔧| = ℎ𝔧  holds, the 

interval 𝐼𝔧
∗  does not contain more than  

1 +
|𝑋𝔧+1−𝑋𝔧−1|

|𝐼𝔧
∗|
(𝑘−1)+

1
𝑝

 , intervals 𝐼𝔧 , then we have  

|
𝑆𝑟(𝑋𝔧

+)

𝜓(𝑋𝔧
+)
−
𝑃𝑛(𝑋𝔧)

𝜓(𝑋𝔧)
| ≤ 𝑐|𝐼𝔧

∗|
−(𝑘−1)−

1
𝑝‖𝑆𝑟 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼𝔧∗) 

𝑋𝔧 ∈ (−𝑏, 𝑏)  we also have  

|
𝑆𝑟(𝑋𝔧

−)

𝜓(𝑋𝔧
−)
−
𝑃𝑛(𝑋𝔧)

𝜓(𝑋𝔧)
| ≤ 𝑐|𝐼𝔧

∗|
−(𝑘−1)−

1

𝑝‖𝑆𝑟 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼𝔧∗).    Hence,  

|
𝑆𝑟(𝑋𝔧

+)

𝜓(𝑋𝔧
+)
−
𝑆𝑟(𝑋𝔧

−)

𝜓(𝑋𝔧
−)
| ≤ |

𝑆𝑟(𝑋𝔧
+)

𝜓(𝑋𝔧
+)
−
𝑃𝑛(𝑋𝔧)

𝜓(𝑋𝔧)
| + |

𝑆𝑟(𝑋𝔧
−)

𝜓(𝑋𝔧
−)
−
𝑃𝑛(𝑋𝔧)

𝜓(𝑋𝔧)
| 

 ≤ 𝑐|𝐼𝔧
∗|
−(𝑘−1)−

1

𝑝‖𝑆𝑟 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼𝔧∗) 

    By inequality (3), we get  

|
𝑆𝑟(𝑋𝔧

+)

𝜓(𝑋𝔧
+)
−
𝑆𝑟(𝑋𝔧

−)

𝜓(𝑋𝔧
−)
| ≤ 𝑐|𝐼𝔧

∗|
−(𝑘−1)−

1

𝑝𝒲𝑘
𝜑
(𝑆𝑟, |𝐼𝔧

∗|, 𝐼𝔧
∗)𝜓,𝑝.    Therefore,  

|
𝑆𝑟(𝑋𝔧+1)

𝜓(𝑋𝔧+1)
−
𝑆𝑟(𝑋𝔧−1)

𝜓(𝑋𝔧+1)
| ≤ ∑ |

𝑆𝑟(𝑋𝔧
+)

𝜓(𝑋𝔧
+)
−
𝑆𝑟(𝑋𝔧

−)

𝜓(𝑋𝔧
−)
|𝑛

𝔧=0              

                               ≤ 𝑐(𝑝, 𝑘)(1 +
|𝑋𝔧+1−𝑋𝔧−1|

|𝐼𝔧
∗|
(𝑘−1)+

1
𝑝

)|𝐼𝔧
∗|
−(𝑘−1)−

1

𝑝𝒲𝑘
𝜑
(𝑆𝑟 , |𝐼𝔧

∗|, 𝐼𝔧
∗)𝜓,𝑝                               

                               ≤ 𝑐(𝑝, 𝑘)|𝐼𝔧
∗|
−(𝑘−1)−

1

𝑝𝒲k
𝜑
(𝑆𝑟 , |𝐼𝔧

∗|, 𝐼𝔧
∗)𝜓,𝑝 

Lemma  5.4 For every 𝔧𝑟 ∈ 𝕁𝔰 = {𝔧1, … , 𝔧𝔰} and  𝓂 ≥ 2 , there exists a polynomial 𝑃𝑛(𝔧𝑟 , 𝑥) ∈
∏𝑛 ∩ 𝛥

0(𝕁𝔰), such that  0 ≤ 𝑛 ≤ 𝑘 − 1, copositive with 𝑠𝑔𝑛(𝑥 − 𝔧𝑟) in  𝐼 = [−𝑏, 𝑏] , such 

that  

|𝑠𝑔𝑛(𝑥 − 𝔧𝑟) − 𝑃𝑛(𝔧𝑟 , 𝑥)| ≤ 𝑐 (
𝐼𝔧
∗

|𝔧𝑟−𝑥|+𝐼𝔧
∗)
𝔪

                                       … (4 

 

Proof: The inequality (4) is proven in [3] for 𝓂 = 2 with 𝛥𝑛(𝑦𝑘) instead of 𝛿𝑛(𝑦𝑘, 𝑥) , we 

have the inequality (4) , 𝛥𝑛(𝔧𝑟) = 𝛥𝑛(𝑦𝑘), 0 ≤ 𝑛 ≤ 𝑘 − 1, and 𝛿𝑛(𝑦𝑘, 𝑥) = 𝐼𝔧
∗ ,also in [8] is 

proved for  𝓂 ≥ 2 and the proof is similar for  𝓂 = 2. The following inequalities hold for all 

𝑥, 𝑦 ∈ 𝐼 , [9], [10] , hence in 𝐼 = [−b, 𝑏] and 0 ≤ 𝔧 ≤ 𝑛 , the following holds. 

(𝛥𝑛(𝑦𝑘))
2 < 4𝛥𝑛(𝑥)(|𝑥 − 𝑦| + 𝛥𝑛(𝑥)) 

1

2
(|𝑥 − 𝑦| + 𝛥𝑛(𝑥)) < |𝑥 − 𝑦| + 𝛥𝑛(𝑦) < 2(|𝑥 − 𝑦| + 𝛥𝑛(𝑥)) 

For any 𝑥, 𝑦 ∈ 𝐼, we have  

𝛥𝑛(𝔧𝑟)

|𝔧𝑟 − 𝑥| + 𝛥𝑛(𝔧𝑟)
≤
2√𝛥𝑛(𝑥)(|𝔧𝑟 − 𝑥| + 𝛥𝑛(𝑥))

1
2 (
|𝔧𝑟 − 𝑥| + 𝛥𝑛(𝑥))

 

                                                            = 4√
𝛥𝑛(𝑥)

|𝔧𝑟−𝑥|+𝛥𝑛(𝑥)
 

For 𝑃𝑛(𝔧𝑟 , 𝑥) , we have  
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|𝑠𝑔𝑛(𝑥 − 𝔧𝑟) − 𝑃𝑛(𝔧𝑟 , 𝑥)| ≤ 𝑐 (
𝛥𝑛(𝔧𝑟)

|𝔧𝑟 − 𝑥| + 𝛥𝑛(𝔧𝑟)
)

2𝔪

 

Hence  

|𝑠𝑔𝑛(𝑥 − 𝔧𝑟) − 𝑃𝑛(𝔧𝑟 , 𝑥)| ≤ 𝑐 (
𝐼𝔧
∗

|𝔧𝑟 − 𝑥| + 𝐼𝔧
∗)

𝔪

 

𝔪 ≥ 2 , 𝑟 = 0,… , 𝑛 . 

 

Lemma 5.5. If  Ϝ ∈ 𝐿𝜓,𝑝(𝐼)⋂𝛥
0(𝕁𝔰), 0 < 𝑝 < 1, then there is copositive a piecewise spline 

𝑆𝑘−1  with Ϝ on the knots sequence {𝑡𝑟}𝑟=1
𝑛   that satisfies:  

‖𝑓 − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼)  ≤ 𝑐(𝑝, 𝑘) 𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝 , if 𝑡𝑟 = 𝑋𝑛−𝑟 , 0 ≤ 𝑟 ≤ 𝑛 . 

 

Proof: We will call the interval 𝐼𝑟 = [𝑡𝑟+1, 𝑡𝑟−1] is defiled if 𝑡𝑟 < 𝔧𝑖 ≤ 𝑡𝑟+1 for 𝔧𝑖 ∈ 𝕁𝔰 , 1 ≤
𝑖 ≤ 𝔰 . 
There is exactly one 𝔧𝑖 in each of the defiled intervals 𝐼𝑖

∗ , 1 ≤ 𝑖 ≤ 𝔰 , and there is at least one 

non-defiled interval  𝐼𝑟  between  𝐼i
∗ and 𝐼𝑖+1

∗  ,0 ≤ 𝑖 ≤ 𝔰 . 
Note that,  Ϝ does not change sign between 𝐼𝑖

∗and  𝐼𝑖+1
∗  .Define a linear operator [3] with a 

weight 𝜓(𝑥) by  

𝕃Ϝ =∑∁𝑖ℕ𝑖    ,   ∁𝑖= ∁𝑖(Ϝ) = 𝕕𝑖
−1∫

𝐼𝑟

Ϝ(𝑥)

𝜓(𝑥)
𝑑𝑥

𝔰

𝑖=1

 

Where 𝕕𝑖 is an absolute constant and ℕ𝑖(𝑥) = ℕ𝑖(𝑥, 𝑡𝑟 , 𝑡𝑟+1) is the B-spline. Consider that  𝕃 

preserves linearity, hence by [1] , we have 

|∁𝑖| ≤ 𝕕𝑖
−
1
𝑝‖Ϝ‖𝐿𝜓,𝑝(𝐼𝑟) 

We define  

𝑆𝑘−1 = {
0 [𝑡𝑖−1

∗  , 𝑡𝑖+1
∗ )

𝕃Ϝ ,   [𝑡𝑟−1
∗  , 𝑡𝑟+1

∗ ) = 𝔗𝑟
∗   , 𝑟 ≠ 𝑖 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝔰 

 

 

     Let ℓ𝑘−1 be copositive with Ϝ in an interval 𝐼𝑟 and the best approximation on 𝐼𝑟 , 0 ≤ 𝑟 ≤
𝑛 − 1 , by [1] we have  

                                                  ‖Ϝ − ℓ𝑘−1‖𝐿𝜓,𝑝(𝐼𝑟) ≤ 𝑐(𝑝, 𝑘) 𝒲𝑘
𝜑
(Ϝ, |𝐼𝑟|, 𝐼𝑟)𝜓,𝑝          … (5 

Now 

 ‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖
∗) = ‖Ϝ − 𝕃Ϝ ‖𝐿𝜓,𝑝(𝐼𝑖

∗)            ≤ 𝑐‖Ϝ − ℓ𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖
∗) + 𝑐‖𝕃Ϝ − ℓ𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖

∗)    

= 𝑐‖Ϝ − ℓ𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖
∗) + 𝑐‖𝕃(Ϝ − ℓ𝑘−1)  ‖𝐿𝜓,𝑝(𝐼𝑖

∗)‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖
∗) ≤ 𝑐‖Ϝ − ℓ𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖

∗) 

                                                         ≤ 𝑐(𝑝, 𝑘)‖Ϝ − ℓ𝑘−1‖𝐿𝜓,𝑝(𝔗𝑟∗) 

Where 𝔗𝑟
∗ = [𝑡𝑟−1

∗  , 𝑡𝑟+1
∗ )   and 𝐼𝑟 ⊂ 𝔗𝑟

∗   , by inequality (5), we get  

                                         ‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖
∗) ≤ 𝑐(𝑝, 𝑘)𝒲𝑘

𝜑
(Ϝ, |𝔗𝑟

∗ |, 𝔗𝑟
∗)𝜓,𝑝                     … (6 

‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼𝑟) ≤ 𝑐‖Ϝ − ℓ𝑘−1‖𝐿𝜓,𝑝(𝐼𝑟) + 𝑐‖ℓ𝑘−1 − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼𝑟) 

Where ℓ𝑘−1 is the best 𝐿𝜓,𝑝 −approximation of Ϝ on 𝐼𝑖
∗ , hence 𝑆𝑘−1 is the best approximation 

of ℓ𝑘−1 on 𝐼𝑖
∗ for 𝐼𝑖

∗ ⊂ 𝐼𝑟 , hence  

‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼𝑟) ≤ 𝑐‖Ϝ − ℓ𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖
∗) + 𝑐‖ℓ𝑘−1 − S𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖

∗) 

≤ 𝑐‖Ϝ − ℓ𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖
∗) + 𝑐‖Ϝ − ℓ𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖

∗) + 𝑐‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼𝑖
∗) 

By inequality (5) and (6), we get  

‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼𝑟) ≤ 𝑐(𝑝, 𝑘)𝒲𝑘
𝜑
(Ϝ, |𝐼𝑟|, 𝐼𝑟)𝜓,𝑝 + 𝑐(𝑝, 𝑘)𝒲𝑘

𝜑
(Ϝ, |𝔗𝑟

∗ |, 𝔗𝑟
∗)𝜓,𝑝 

For 𝔗𝑟
∗ ⊂ 𝔗𝑟, we get  
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                                           ‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼𝑟) ≤ 𝑐(𝑝, 𝑘)𝒲𝑘
𝜑
(Ϝ, |𝔗𝑟|, 𝔗𝑟)𝜓,𝑝                     … (7 

That is mean  𝑆𝑘−1 copositive with Ϝ in 𝔗𝑟. 

There are at least two 𝑋𝔧 in each (𝔧𝑖, 𝔧𝑖+1) , for all 𝑖 , by the inequality (7) and lemma (4.2), we 

get  

‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼) = ∑‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼𝑟)

𝑛−1

𝑟=0

 

≤ 𝑐 ∑ 𝒲𝑘
𝜑
(Ϝ, |𝔗𝑟|, 𝔗𝑟)𝜓,𝑝

𝑛−1
𝑟=0 . Hence, we get  

 
‖Ϝ − 𝑆𝑘−1‖𝐿𝜓,𝑝(𝐼) ≤ 𝒲𝑘

𝜑
(Ϝ, 𝑛−1)𝜓,𝑝 

Where 𝑐 depends on 𝑝 and  𝑘 . 

 

6. Positive Approximation by Algebraic Polynomial  

Proof of Theorem 1.1. 

    We shall prove Theorem (1.1) by a piecewise function 𝑃1 it follows from [9] that  𝑃1is 

bounded by Ϝ .Let  

𝑃1(Ϝ , 𝑥) = 𝑃𝑛(−𝑏) +∑(𝑃𝔧+1 − 𝑃𝔧+2)𝜒𝔧(𝑥)

𝑛−1

𝔧=0

 

    Where 𝑃𝑛 is constant function and 𝑃𝔧+1 is the best 𝐿𝜓,𝑝 −approximation of Ϝ on 𝐼𝔧 , 𝔧 =

0, … , 𝑛 − 1 . Therefore, it is clear that 𝜒𝔧(𝑥) = 0 , when 𝐼𝔧 = [𝑋𝔧+1, X𝔧], 𝔧 = 0,… , 𝑛 that  means 

𝑃1(Ϝ , 𝑥) = 𝑃𝔧+1(−𝑏) on 𝐼𝔧 . 

Since  

𝑃𝔧+1(−𝑏)Ϝ(𝑥) ≥ 0 then 𝑃1(Ϝ , 𝑥)Ϝ(𝑥) ≥ 0 and since Ϝ(𝑥) ≥ 0 , hence 𝑃1(Ϝ , 𝑥) ≥ 0  , 𝑥 ∈ 𝐼 
.By [11], we have  

‖Ϝ − 𝑃𝔧+1‖𝐿𝜓,𝑝(𝐼𝔧)
≤ 𝑐(𝑝)𝒲𝑘(Ϝ, |𝐼𝔧|, 𝐼𝔧)𝑝 

For 𝐿𝑝 ⊂ 𝐿𝜓,𝑝 , 0 < 𝑝 < 1  , hence  

‖Ϝ − 𝑃𝔧+1‖𝐿𝜓,𝑝(𝐼𝔧)
≤ 𝑐(𝑝)𝒲𝑘

𝜑
(Ϝ, |𝐼𝔧|, 𝐼𝔧)𝜓,𝑝  , 𝔧 = 0,… , 𝑛 − 1. 

By Lemma (4.2), we have  

‖Ϝ − 𝑃1(Ϝ)‖𝐿𝜓,𝑝(𝐼𝔧)
𝑝

= ∑∫
𝐼𝔧
|
Ϝ(𝑥) − 𝑃𝔧+1(𝑥)

𝜓(𝑥)
|

𝑝

𝑑𝑥

𝑛−1

𝔧=0

 

≤ 𝑐𝑝∑𝒲𝑘
𝜑
(Ϝ, |𝐼𝔧|, 𝐼𝔧)𝜓,𝑝

𝑝

𝑛−1

𝔧=0

 

≤ 𝑐𝑝𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝

𝑝
 

                                                          ‖Ϝ − 𝑃1(Ϝ)‖𝐿𝜓,𝑝(𝐼)  ≤ 𝑐(𝑝, 𝑘)𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝          … (8 

Now, we define 

𝑃2(Ϝ , 𝑥) = 𝑃𝑛(−𝑏) +∑𝔹𝔧
𝑠𝑔𝑛(𝔹𝔧) + 1

2
𝑇𝔧(𝑥)

𝑛−1

𝔧=0

 

Such that 𝔹𝔧 = 𝑃𝔧+1 − 𝑃𝔧+2 , and 𝑇𝔧(𝑥) =
∫ 𝑡𝔧

𝔪(𝑦)∑(𝑦)𝑑𝑦 
𝑥
−𝑏

∫ 𝑡𝔧
𝔪(𝑦)∑(𝑦)𝑑𝑦 

𝑏
−𝑏

 

The polynomial 𝑃2(Ϝ , 𝑥) ≥ 0 , since 𝑃2(Ϝ , 𝑥) ≥ 𝑃1(Ϝ , 𝑥) ≥ 0                                        … (9 

From the inequality (8) and (9), we have  

‖Ϝ − 𝑃2(Ϝ)‖𝐿𝜓,𝑝(𝐼)  ≤ 𝑐(𝑝, 𝑘)𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝 
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By using estimate (e) when 𝜒𝔧(𝑥) = 0 

|𝜒𝔧(𝑥) − 𝑇𝔧(𝑥)| ≤
𝑐

2𝔪−1
ℎ𝔧𝛹𝔧

2𝓂−1(𝑥) when 𝑋 < 𝑋𝔧 , 𝔧 = 0,… , 𝑛 − 1 then 

‖𝑃2 − 𝑃1‖𝐿𝜓,𝑝(𝐼) = ‖∑ 𝔹𝔧
𝑠𝑔𝑛(𝔹𝔧)+1

2
𝑇𝔧 − ∑ 𝔹𝔧𝜒𝔧

𝑛−1
𝔧=0

𝑛−1
𝔧=0 ‖

𝐿𝜓,𝑝(𝐼)
  , 

for  𝑋 < 𝑋𝔧 , we get 

‖P2 − 𝑃1‖𝐿𝜓,𝑝(𝐼) = ‖∑ 𝔹𝔧𝑇𝔧
𝑛−1
𝔧=0 ‖

𝐿𝜓,𝑝(𝐼)
  , 

≤ 𝑐 ‖∑𝔹𝔧𝑇𝔧

𝑛−1

𝔧=0

‖

𝐿𝜓,𝑝(𝐼)

 

= 𝑐 ( ∫ |∑
𝔹𝔧(𝑥) 𝑇𝔧(𝑥)

𝜓(𝑥)

𝑛−1

𝔧=0

|

𝑝

𝑑𝑥

𝑏

−𝑏

)

1
𝑝

 

‖𝑃2 − 𝑃1‖𝐿𝜓,𝑝(𝐼)
𝑝  ≤ 𝑐𝑝 ∫ |∑

𝔹𝔧(𝑥) 𝑇𝔧(𝑥)

𝜓(𝑥)

𝑛−1

𝔧=0

|

𝑝

𝑑𝑥

𝑏

−𝑏

 

≤ 𝑐𝑝 ∫∑ |
𝔹𝔧(𝑥) 

𝜓(𝑥)
|

𝑝𝑛−1

𝔧=0

𝑐𝑝

(2𝔪 − 1)𝑝
𝛹𝔧
(2𝔪−1)𝑝ℎ𝔧

𝑝𝑑𝑥

𝑏

−𝑏

 

By using the inequality [7], [12], [11] , and since  Ψ𝔧 =
ℎ𝔧

|𝑋−𝑋𝔧|+ℎ𝔧
for 𝑋 < 𝑋𝔧 , 𝔧 = 0,… , 𝑛 − 1 , 

hence  

‖𝑃2 − 𝑃1‖𝐿𝜓,𝑝(𝐼)
𝑝  ≤

𝑐2𝑝

(2𝔪 − 1)𝑝
∑ℎ𝔧

−𝑘𝑝+2𝑝−1‖𝔹𝔧‖𝐿𝜓,𝑝(𝐼𝔧)
𝑝

𝑛−1

𝔧=0

∫𝛹𝔧
(2𝔪−1)𝑝𝑑𝑥

𝑏

−𝑏

 

=
𝑐2𝑝

(2𝔪 − 1)𝑝
∑ℎ𝔧

−𝑘𝑝+2𝑝−1‖𝔹𝔧‖𝐿𝜓,𝑝(𝐼𝔧)
𝑝

𝑛−1

𝔧=0

∫
ℎ𝔧
(2𝔪−1)𝑝

(|𝑋 − 𝑋𝔧| + ℎ𝔧)
(2𝔪−1)𝑝

𝑑𝑥

𝑏

−𝑏

 

=
𝑐2𝑝

(2𝔪 − 1)𝑝((2𝓂 − 1)𝑝 − 1)
∑ℎ

𝔧

(−(𝑘−2𝓂−1+
1
𝑝
))𝑝

ℱ𝔧
𝑝(𝑏,𝔪) ‖𝔹𝔧‖𝐿𝜓,𝑝(𝐼𝔧)

𝑝
𝑛−1

𝔧=0

 

Such that 

ℱ𝔧
𝑝(𝑏, 𝔪) = [(𝑋𝔧 − 𝑏 + ℎ𝔧)

−(2𝔪−1)𝑝+1
− (𝑋𝔧 + 𝑏 + ℎ𝔧)

−(2𝔪−1)𝑝+1
] 

       

      We note that the union of an intervals 𝐼𝔧⋃𝐼𝔧−1 gives [𝑋𝔧−1, 𝑋𝔧+1] at 𝔧 = 0,… , 𝑛 − 1, which 

is not true because it is outside the an interval 𝐼 = [−𝑏, 𝑏] .Therefore, we will take the union 

of an interval 𝐼𝔧−1⋃𝐼𝔧−2 , it gives [𝑋𝑛, 𝑋𝑛−2] (here 𝐼−1, 𝐼−2 , the empty set) , and let 𝔱 =

𝑀𝑎𝑥0≤𝔧≤𝑛{𝔧: ℎ𝔧 < 𝑡 , 𝑎𝑠 𝔱 → ∞} . Hence, we get  

‖𝑃2 − 𝑃1‖𝐿𝜓,𝑝(𝐼)
𝑝  

≤ 𝐴𝑝(𝑝, 𝔪)∑ℱ𝔧
𝑝(𝑏,𝔪)𝔱

(−(𝑘−2𝓂−1+
1
𝑝
))𝑝

(‖ Ϝ − 𝑃𝔧+1‖𝐿𝜓,𝑝(𝐼𝔧−1⋃𝐼𝔧−2)
𝑝

𝑛

𝔧=0

+ ‖ Ϝ − 𝑃𝔧+2‖𝐿𝜓,𝑝(𝐼𝔧−1⋃𝐼𝔧−2)
𝑝

) 

Where 𝐴𝑝(𝑝,𝔪) =
𝑐2𝑝

(2𝔪−1)𝑝((2𝓂−1)𝑝−1)
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‖𝑃2 − 𝑃1‖𝐿𝜓,𝑝(𝐼)
𝑝  ≤ 𝐴𝑝(𝑝,𝔪)∑ℱ𝔧

𝑝(𝑏, 𝔪)𝔱
(−(𝑘−2𝓂−1+

1
𝑝
))𝑝
‖ Ϝ − 𝑃𝔧+1‖𝐿𝜓,𝑝(𝐼𝔧−1⋃𝐼𝔧−2)

𝑝
𝑛

𝔧=0

 

By using the inequality (5) and Lemma (5.2), we get  

‖𝑃2 − 𝑃1‖𝐿𝜓,𝑝(𝐼)
𝑝  ≤ 𝐴𝑝(𝑝,𝔪)ℱ𝑛

𝑝(𝑏,𝔪)𝔱
(−(𝑘−2𝓂−1+

1
𝑝
))𝑝
𝒲𝑘

𝜑
(Ϝ, 𝑛−1)𝜓,𝑝

𝑝
 

‖𝑃2 − 𝑃1‖𝐿𝜓,𝑝(𝐼)  ≤ 𝑐(𝑝, 𝑘, 𝑏,𝔪)𝔱
(−(𝑘−2𝓂−1+

1
𝑝
))𝑝
𝒲𝑘

𝜑
(Ϝ, 𝑛−1)𝜓,𝑝 

𝑐(𝑝, 𝑘, 𝑏,𝔪) = 𝐴(𝑝, 𝑘, 𝔪)ℱ𝑛(𝑏,𝔪) 

We have  𝑘 +
1

𝑝
≥ 2𝔪 − 1 , when  𝑘 > 1 , 0 < 𝑝 < 1, and by lemma(4.4) , we take 𝓂 ≥ 2. 

The error of the best positive approximation to Ϝ ∈ 𝐿𝜓,𝑝(𝐼), [13] , [14],  by algebraic 

polynomial 𝑃𝑛 ∈ ∏𝑛 , 0 ≤ 𝑛 ≤ 𝑘 − 1  is given by 

𝔼𝑛
(0)
(Ϝ)𝜓,𝑝 ≤ ‖𝑃2 − 𝑃1‖𝐿𝜓,𝑝(𝐼) 

                                                                     ≤ 𝑐1𝔱
−𝑐2𝒲𝑘

𝜑
(Ϝ, 𝑛−1)𝜓,𝑝. 

 Where 𝑐1 = 𝑐(𝑝, 𝑘, 𝑏, 𝔪) and 𝑐2 = 𝑘 − 2𝓂 − 1 +
1

𝑝
≥ 0. 

 

7. Copositive Approximation by Algebraic Polynomials and Spline  

   Proof of Theorem (1.2) 

    Let the result of theorem (1.2) be valid for every with  Ϝ ∈ 𝐿𝜓,𝑝(𝐼)⋂𝛥
0(𝕁𝔰−1) , then there 

exists a polynomial 𝑞𝑛(Ϝ) ∈ ∏𝑛 ∩ 𝛥
0(𝕁𝔰−1), 0 ≤ 𝑛 ≤ 𝑘 − 1 , we interpolate Ϝ inside 

[−𝑏, 𝑏].By using lemma (5.5), there exists a piecewise spline 𝑆 ∈ 𝛥0(𝕁𝔰), with knots {𝑋𝔧}𝔧=0
𝑛

  

copositive with Ϝ in 𝐼 and satisfies 

                                                      ‖Ϝ − 𝑆‖𝐿𝜓,𝑝(𝐼)  ≤ 𝑐(𝑝, 𝑘)𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝                  … (10 

Let    𝑆(𝑥) =
𝑠𝑔𝑛(𝑥−𝔧𝑟)+1

2
𝑆1(𝑥) +

1−𝑠𝑔𝑛(𝑥−𝔧𝑟)

2
𝑆2(𝑥). Then, 𝑆1 , 𝑆2  ∈ 𝐿𝜓,𝑝(𝐼)⋂𝛥

0(𝕁𝔰−1) and it 

satisfies  

                                            ‖𝑆1 − 𝑞𝑛(Ϝ)‖𝐿𝜓,𝑝(𝐼)  ≤ 𝑐(𝑝, 𝑘)𝒲𝑘
𝜑
(𝑆1, 𝑛

−1)𝜓,𝑝                   … (11 

And  

                                            ‖𝑆2 − 𝑞𝑛(Ϝ)‖𝐿𝜓,𝑝(𝐼)  ≤ 𝑐(𝑝, 𝑘)𝒲𝑘
𝜑
(𝑆2, 𝑛

−1)𝜓,𝑝                    … (12 

Let    𝑃𝑛(Ϝ) ∈ ∏𝑛 ∩ 𝛥
0(𝕁𝔰), 0 ≤ 𝑛 ≤ 𝑘 − 1 , which is defined by the following form  

𝑃𝑛(𝑥) = 𝑞𝑛(𝑥, Ϝ)
𝑠𝑔𝑛(𝑥 − 𝔧𝑟) + 1

2
𝑇𝑛(𝔧𝑟 , 𝑥) + 𝑞𝑛(𝑥, Ϝ)

1 − 𝑠𝑔𝑛(𝑥 − 𝔧𝑟)

2
𝑇𝑛(𝔧𝑟 , 𝑥) 

0 ≤ 𝑛 ≤ 𝑘 − 1 , 𝑥 ∈ 𝐼 . Where 𝑇𝑛(𝔧𝑟 , 𝑥)  is the algebraic polynomial in ∏𝑛 ∩ 𝛥
0(𝕁𝔰), 𝑟 =

0, … , 𝔰 and copositive with  (𝑥 − 𝔧𝑟).Now to find the estimate  

‖𝑆 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼)  by using the inequality (11) and (12), we get  

‖𝑆 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼) = ‖
𝑠𝑔𝑛(𝑥−𝔧𝑟)+1

2
𝑆1(𝑥) +

1−𝑠𝑔𝑛(𝑥−𝔧𝑟)

2
𝑆2(𝑥) − 𝑞𝑛(𝑥, Ϝ)

𝑠𝑔𝑛(𝑥−𝔧𝑟)+1

2
𝑇𝑛(𝔧𝑟 , 𝑥) −

𝑞𝑛(𝑥, Ϝ)
1−𝑠𝑔𝑛(𝑥−𝔧𝑟)

2
𝑇𝑛(𝔧𝑟 , 𝑥)‖

𝐿𝜓,𝑝(𝐼)
 , by adding  ±

𝑠𝑔𝑛(𝑥−𝔧𝑟)+1

2
𝑞𝑛(𝑥, Ϝ) and 

±
1−𝑠𝑔𝑛(𝑥−𝔧𝑟)

2
𝑞n(𝑥, Ϝ) , then we get  

‖𝑆 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼) ≤ 𝑐 |
𝑠𝑔𝑛(𝑥−𝔧𝑟)+1

2
| ‖𝑆1 − 𝑞𝑛‖𝐿𝜓,𝑝(𝐼) + 𝑐 |

1−𝑠𝑔𝑛(𝑥−𝔧𝑟)

2
| ‖𝑆2 − 𝑞𝑛‖𝐿𝜓,𝑝(𝐼) +

𝑐|2(1 − 𝑇)|‖𝑞𝑛‖𝐿𝜓,𝑝(𝐼)  , for 𝑥 ≥ 𝔧𝑟 , 𝑟 = 0,… , 𝔰. 

We get  

‖𝑆 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼) ≤ 𝑐‖𝑆1 − 𝑞𝑛‖𝐿𝜓,𝑝(𝐼) + 𝑐|2(1 − 𝑇)|‖𝑞𝑛‖𝐿𝜓,𝑝(𝐼) 
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By using lemma (5.4)for 𝑥 ≥ 𝔧𝑟, we get  

 

‖𝑆 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼) ≤ 𝑐‖𝑆1 − 𝑞𝑛‖𝐿𝜓,𝑝(𝐼) + 𝑐 (
|𝑥 − 𝔧𝑟|

1 + |𝑥 − 𝔧𝑟|
)

𝔪

‖𝑞𝑛‖𝐿𝜓,𝑝(𝐼) 

≤ 𝑐‖𝑆1 − 𝑞𝑛‖𝐿𝜓,𝑝(𝐼) + 𝔸(‖𝑞𝑛 − 𝑆‖𝐿𝜓,𝑝(𝐼) + ‖𝑆‖𝐿𝜓,𝑝(𝐼)) 

Where 𝔸 = 𝑐 (
|𝑥−𝔧𝑟|

1+|𝑥−𝔧𝑟|
)
𝔪

 , 𝔪 ≥ 2 , 𝑥 ≥ 𝔧𝑟 , 𝑟 = 0,… , 𝔰. 

‖𝑆 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼) ≤ 𝑐‖𝑆1 − 𝑞𝑛‖𝐿𝜓,𝑝(𝐼) + 𝔸(‖Ϝ − 𝑞𝑛‖𝐿𝜓,𝑝(𝐼) + ‖Ϝ − 𝑆‖𝐿𝜓,𝑝(𝐼) + ‖𝑆‖𝐿𝜓,𝑝(𝐼)) 

By using the inequality (10),(11) and (5) then we get  

‖𝑆 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼) ≤ 𝑐𝒲𝑘
𝜑
(𝑆1, 𝑛

−1)𝜓,𝑝 + 𝔸𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝  + 𝔸 ‖𝑆‖𝐿𝜓,𝑝(𝐼) 

For 𝑥 ≥ 𝔧𝑟 we get from definition of 𝑆(𝑥) that 𝑆(𝑥) = 𝑆1(𝑥) and 𝑆1(𝔧𝔰) = 0, hence 𝑆(𝔧𝔰) = 0 

then  

‖𝑆‖𝐿𝜓,𝑝(𝐼)
𝑝 = ∫

𝐼
|
𝑆(𝑥) − 𝑆(𝔧𝔰)

𝜓(𝑥)
|

𝑝

𝑑𝑥 

≤ 𝑐𝑝(𝑝, 𝑘) ∫(|𝑥 − 𝔧𝔰|
−(𝑘−1)−

1
𝑝 + |𝑥 − 𝔧𝔰|

−2𝑘+3−
2
𝑝)

𝑝

𝒲𝑘
𝜑
(𝑆, 𝑛−1)𝜓,𝑝

𝑝

𝑏

−𝑏

 

≤ 𝑐𝑝(𝑝, 𝑘) ∫(|𝑥 − 𝔧𝔰|
−(𝑘−1)−

1
𝑝)

𝑝

𝒲𝑘
𝜑
(𝑆, 𝑛−1)𝜓,𝑝

𝑝

𝑏

−𝑏

 

= 𝑐𝑝(𝑝, 𝑘)(2𝑏)𝑝𝒲𝑘
𝜑
(𝑆, 𝑛−1)𝜓,𝑝

𝑝
 

= 𝑐𝑝(𝑝, 𝑘, 𝑏)𝒲𝑘
𝜑
(𝑆, 𝑛−1)𝜓,𝑝

𝑝
.  Hence,  

                                          ‖𝑆‖𝐿𝜓,𝑝(𝐼) ≤ 𝑐(𝑝, 𝑘, 𝑏)𝒲𝑘
𝜑
(𝑆, 𝑛−1)𝜓,𝑝                      … (13 

    Then  

‖𝑆 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼) ≤ 𝑐(𝑝, 𝑘)𝒲𝑘
𝜑
(𝑆1, 𝑛

−1)𝜓,𝑝 + 𝔸𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝  + 𝑐(𝑝, 𝑘, 𝑏)𝔸𝒲𝑘

𝜑
(𝑆, 𝑛−1)𝜓,𝑝 

From lemma (5.5), we have  𝒲𝑘
𝜑
(𝑆, 𝑛−1)𝜓,𝑝 ≤ 𝒲𝑘

𝜑
(Ϝ, 𝑛−1)𝜓,𝑝 

‖𝑆 − P𝑛‖𝐿𝜓,𝑝(𝐼) ≤ 𝑐(𝑝, 𝑘)𝒲𝑘
𝜑
(𝑆1, 𝑛

−1)𝜓,𝑝 + 𝑐(𝑝, 𝑘, 𝑏)𝔸𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝 

For  Ϝ ∈ 𝐿𝜓,𝑝(𝐼)⋂𝛥
0(𝕁𝔰) and 𝑆 ∈ 𝛥0(𝕁𝔰) which is copositive with Ϝ in 𝐼. 

Now we need to show that 𝒲𝑘
𝜑
(𝑆1, 𝑛

−1)𝜓,𝑝 ≤ 𝑐𝒲𝑘
𝜑
(𝑆, 𝑛−1)𝜓,𝑝 

Since 𝑆1 does not change sign on [𝔧𝔰−1, 𝑏] and  𝑆(𝑥) = 𝑆1(𝑥) , also  
|𝑆(𝑥)| = |𝑆1(𝑥)| , then  

‖𝛥𝜑ℎ
𝑘 (𝑆1, . , 𝐼)‖𝐿𝜓,𝑝(𝐼)

= (∫
𝐼
|𝛥𝜑ℎ
𝑘
(𝑆1, 𝑥)

(𝜓, 𝑥)
|
𝑝

𝑑𝑥)

1
𝑝

 

= (∫
I
|∑(

𝑘
𝑖
) (−1)𝑘−𝑖

𝑆1(𝑥 −
𝑘ℎ
2 + 𝑖ℎ)

𝜓(𝑥 +
𝑘ℎ
2 )

𝑘

𝑖=0

|

𝑝

𝑑𝑥)

1
𝑝

 

= (∫
𝐼
|∑(

𝑘
𝑖
) (−1)𝑘−𝑖

𝑘

𝑖=0

|

𝑝

|
𝑆1(𝑥 −

𝑘ℎ
2 + 𝑖ℎ)

𝜓(𝑥 +
𝑘ℎ
2 )

|

𝑝

𝑑𝑥)

1
𝑝
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≤ 𝑐(𝑝)∑|(
𝑘
𝑖
)| (∫

𝐼
|
𝑆1(𝑥 −

𝑘ℎ
2 + 𝑖ℎ)

𝜓(𝑥 +
𝑘ℎ
2 )

|

𝑝

𝑑𝑥)

1
𝑝

𝑘

𝑖=0

 

= 𝑐(𝑝)‖𝑆‖𝐿𝜓,𝑝(𝐼) 

Then  

𝑠𝑢𝑝0<ℎ≤𝛿 ‖𝛥𝜑ℎ
𝑘 (𝑆1, . , 𝐼)‖𝐿𝜓,𝑝(𝐼)

≤ 𝑠𝑢𝑝0<ℎ≤𝛿 (𝑐(𝑝, 𝑘)‖𝑆‖𝐿𝜓,𝑝(𝐼)) 

𝒲𝑘
𝜑
(𝑆1, 𝑛

−1)𝜓,𝑝  ≤ 𝑐(𝑝, 𝑘)‖𝑆‖𝐿𝜓,𝑝(𝐼) 

By using the inequality (13), we get  

𝒲𝑘
𝜑
(𝑆1, 𝑛

−1)𝜓,𝑝  ≤ 𝑐(𝑝, 𝑘, 𝑏)𝒲𝑘
𝜑
(𝑆, 𝑛−1)𝜓,𝑝 

≤ 𝑐(𝑝, 𝑘, 𝑏)𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝. Hence,  

‖𝑆 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼) ≤ 𝑐(𝑝, 𝑘, 𝑏)𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝 + ℬ𝒲𝑘

𝜑
(Ϝ, 𝑛−1)𝜓,𝑝 

Where ℬ = 𝑐(𝑝, 𝑘, 𝑏)𝔸. Therefore,  

‖𝑆 − 𝑃𝑛‖𝐿𝜓,𝑝(𝐼) ≤ ℬ(𝑝, 𝑘, 𝑏,𝔪)𝒲𝑘
𝜑
(Ϝ, 𝑛−1)𝜓,𝑝 

The error of the best copositive approximation by algebraic polynomial and spline for 

Ϝ ∈ 𝐿𝜓,𝑝(𝐼)⋂𝛥
0(𝕁𝔰) is given by  

𝔼n
(0)(Ϝ, 𝕁𝔰)ψ,p ≤ ‖S − Pn‖Lψ,p(I). Hence,  

𝔼n
(0)(Ϝ, 𝕁𝔰)ψ,p ≤ ℬ(p, k, b,𝔪)𝒲k

φ
(Ϝ, n−1)ψ,p, where ℬ depends on p, k, b and 𝔸   , k >

1 ,𝓂 ≥ 2 , b positive integer. 

 

Conclusions 

       In this paper, we firstly find some of the necessary estimations in approximation by using 

certain algebraic polynomials. Certain specific points in approximation are used. algebraic 

polynomials and geometric polynomials are used in many estimations that help to find the 

best approximation. We also deal with these estimations to estimate the best approximation 

error using algebraic polynomials. In addition, the basic estimations in approximation have 

been discussed and shown. Secondly, the best approximation of the weighted function Ϝ ∈
Lψ,p(I) has been found and estimated. Furthermore, the best approximation of the restricted 

function  Ϝ ∈ Lψ,p(I) ∩ Δ
0(𝕁𝔰)  has been found and estimated. In addition, the error of the best 

approximation of the function Ϝ ∈ Lψ,p(I) ∩ Δ
0(𝕁𝔰)  by using pieces of algebraic polynomials 

that are of the highest degree0 ≤ n ≤ k − 1 has been estimated by using the created 

estimations. Finally, some other results and outcomes are given. 
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