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Abstract
The definition of orthogonal generalized higher k-derivation is examined in this
paper and we introduced some of its related results.
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Introduction

The definition of I'-ring was introduced for the first time in [4] and it was circulated in
[2]. The definition of prime I'-ring and semi-prime I"-ring was introduced in [6].The definition
of 2-torsion free ring was introduced in [2]. In 1966 Kandamar introduced k-derivation and
Jordan k-derivation on I'-ring in [3]. The definition of higher k-derivations and Jordan higher
k-derivations on I'-rings presented in [5]. In [1], Ashraf and Jamal defined orthogonal
derivations in I'-ring . Orthogonal higher K-derivation on semiprime I'-rings introduced in [7].
One of must important result in our study is the following : Let M be 2-torsion free
semiprime T'-ring ,D = (D,,);ey and G = (G,);en generalized higher K-derivation, where
K = (K;);ey family of additive mappings on I" with associated higher K-derivation d =
(d)ieny and g = (gi)ien, respectively, if
Dy () Kn (DMK, (T) Dy (¥) = G (0 Kn (MK, () Gy (x) then (D, — Gp) and (Dy, +
G,) are orthogonal

1. Orthogonal Generalized K-Derivations on Semi-prime I'-Rings
In this paper we need the following lemma
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Lemma 1.1 :[8]

Let M be a 2-torsion free semi-prime I'-ring and a, b € M , then the following conditions are
equivalent.

(1) aI'xI'b =0, for all x € M.

(2) bI'xI'a =0, for all x € M.

(3) aI'xI'b + bI'xI'a = 0, for all x € M.

If one of the above conditions is fulfilled , then al'b = bI'a = 0.

Definition 1.2

Two generalized higher K-derivation D = (D;);ey and G = (G;);ey defined on I'-ring M,
where K = (K;);ey family of additive mappings on I" , are called orthogonal if for every
ne N and Xy EM D, (x)K,(DMK,(I)G,(y) = 0 = G, (¥)Kn(T)MK,, (T) Dy, (x),
where D, () K, (DMK, (DG, () = Tty D () K(TDMK; (D) G; ().

Example 1.3

Let D=(D;);en and G=(G;);eny be two generalized higher K-derivations on I'- ring M
associated with K-derivations d=(d;);ey and g=(g;)iey On M . Let S=MxM , we define
D, = (D)ien » Gn = (G)ien are generalized higher K-derivations on S as D, (x,y) =
(Dy (), 0)
Gn(x,y) = (0,Gn(¥))

Dy, (2, ) Kn(D) (2, WK (1) G (m, v) = (Dn(x), 0)Kn(D(z, w)K,(T)(0, G, (v)) = (0,0)
Gy, (m, V) Ky (T) (2, W) Ky (D) Dy (x, ) = (0, G () Kn (1) (2, W) K (1) (D (), 0) = (0,0).
Therefore D,, and G,, are orthogonal.

Theorem 1.4

Let D=(D;);eny and G = (G;);en be two generalized higher k-derivations with associated
higher K-derivations d=(d;);ex and g=(g;)ien, respectively where D, andG,, are commutative
, If D, and G,, are orthogonal then the following hold:

1) Dy () ken (D) G () = 0 = Gy (y)Kn (T Dy (X) hence
Dy (x) K (1) Gr (y) + G (y) Ky (D) D (x) = 0,

2) d, and G,are orthogonal higher K — derivation and d,(x)K,(I)G,(y) =
Gn()’)Kn(F)dn(x) =05

3) D, and g,are orthogonal higher K — derivations and In (K, (T)D,(y) =

JDn(Y)Kn(F)gn(x) =0
4) d,, and g, are orthogonal higher K — derivations ,
5d,G, =G,d, =0 and  g,D, = Dng, =0,
(6) D,,G,,= G,,D,=0.
1)D,, and G,, are orthogonal then D,(x)K,(I')MK,(I')G,(y) =0 =
Gn () Kn (D) MK, (T) Dy, ().
By lemma 1.1
D (X)k, (D) G (y) = 0 = G, (¥)Kn (T Dy (x) .
Hence Dy, (x) K, ()G, () + Gn(¥)Kn(D)Dy(x) = 0
Proof 2
By (1) Dp(x)Kn(D)Gr(y) = 0 = Gp(¥)Kn (D) Dy (x)
w1 Di()K;(0)Gi(y) =0
Replace x by mpx
=1 Di(mPBXK;(a)G;(y) =0
i=1 DiM)K;(B)d; () K;(@)Gi(y) =0
Replace D;(m) by d;(x)K;(«)G;(y)
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Yie1 di()K (@) G (v )K(B)di(0)K; ()G (y) = 0
Replace K;(8) by K;(B)mK;(B)

i=1 di()K; (@) G;(y) K;(B)mK;(B)d; (x)K;(a)G;(y) = 0
Since M is semiprime Y1, d;(x)K;(@)G;(y) =0
dn(x)Kn(a)Gn(y) =0
G, is commuting G,,( )K,(INd,(x) = 0.
Proof (3)
By (1) Dn(x)kn(F)Gn(y) =0= Gn(y)Kn(F)Dn(x)
Gn(Y)Kn(F)Dn(x) =0
Yiz1 Gi(OK(@)D;(y) =0
Replace x by mpx
Yiz1 Gi(mPx)K;(a)D;i(y) =0
Yi=1 Gi(M)K;(B)gi(x)K;(a)Di(y) = 0
Replace G;(m) by g;(x)K;(a)D;(y)
2iz1 910K (@)D (v )Ki(B) g:(x)Ki(a)Di(y) = 0
Replace K;(8) by K;(B)mK;(B)
Yi=1 9i()Ki(@)D;(y) Ki(B)ymK;(8)gi(x)K;(a)D;(y) =0
Since M is semiprime Yi~; g;(x)K;(a)D;(y) = 0
In()Kn(a)Dy(y) = 0
D,, is commuting D,,(y)K,,(I) g, (x) = 0.
Proof (4)
By (1) Dr(x)K,(IG,(y) =0 = Gn(¥) Kn(T) Dy ()
Yiz1 Di(0)K;(a)G;(y) =0
Replace x by mpx and y by wfy
Yiz1 Di(mPBx)K(a)G;(wBy) = 0
Yie1 Dim)Ki(B)di(x)Ki () G;(W)K;(B)g:(y) = 0

iz1 di()K;(B)D;(m)K;(@)G;(w)K(B)g:(y) =0
Replace D;(m) by g;(y) and G;(w) by d;(x)

=1 diK (B gi WK (a)d; (x)K;(B)gi(y) =0
Replace K;(a) by K;(a)mK;(a)

=1 diK;(B) g: WK (@)mK;(a)d; (x)K;(B)gi(y) =0
Since M semiprime

iz1 i()K(B)gi(y) =0
dn (K, (M) gn(y) =0
By lemma 1.1

dn(X)Kn (DMK, (D gn(y) =0 and g,(¥)K, (DMK, (D)d,(x) =0

Hence d,, and g, are orthogonal
Proof (5)
By (2) dn(x)Kn(F)Gn(y) =0

=1 di(0)K;(@)G;(y) = 0
Yi=1Gi(d;(O)K;(@)G;(y)) =0
Y Gi(di(0)Ki(@)gi(G;()) =0
Yt Gi(di(0))Ki ()G (g:(»)) = 0
Replace g;(y) by d;(x)
Y1 Gi(di(0))Ki(a)Gi(di(x)) = 0
Replace K;(a) by K;(a)mK;(a)
Y Gi(di () K (@)mK;(a)G;(di(x)) =0
Since M is semiprime Y., Gi(d;(x)) =0
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G,d, =0
By (2) Gn(y)Kn(F)dn(x) =0
Yie1 G (0K (a)d;(y) = 0
Yic1di(Gi(0)Ki(a@)d;(y)) =0
it di(Gi(x))Ki(a)di(di(y)) =0
Replace d;(y) by G;(x)
Yic1 di(Gi(x))Ki(a)di(Gi(X)) =0
Replace K;(a) by K;(a)mK;(a)
Z?=1di(Gi(x))Ki(a)mKi(a)di(Gi(x)) =0
Since M is semiprime
it di(Gi(x)) =0
d,G, =0
By (3) gn(x)K,(IND,(y) =0
Yie19i()K;(a)D;(y) = 0

i1 Di(g;(0)K;(a)D;(y)) = 0
Z?=1 Di(gi(x))Ki(a)di(Di(y)) =0

i1 D (9:(x))Ki (@)D (di(y)) = 0.
Replace d;(y) by g;(x)
Z?=1 Di(gi(x))Ki(a)Di(gi(X)) =0
Replace K;(a) by K;(a)mK;(a)
Y1 Di(g:(0))K;(@)mK;(a)D;(gi(x)) = 0
Since M is semiprime

?=1Di(gi(x)) =0
Dygn =0
By (3) Dn(x)Kn(F)gn(y) =0

=1 Di (K (@) g;(y) =0
Yic1 9i(D; (K (a)gi(y)) =0
Yiz1 gi(Di(x))Ki(Of)gi(gi(Y)) =0
Replace g;(y) by D;(x)
Y1 9i(Di(0)Ki(@) gi(Di(x)) = 0
Replace K;(a) by K;(a)mK;(a)
Yiz1 gi(Di(x))Ki(a)mKi(a)gi(Di(x)) =0
Since M is semiprime
Yii9:(Di(x)) =0
InDyn =0
Proof (6)
Dn(x)Kn(F)Gn(y) =0

21 Di (K () G;(y) = 0
i1 Gi(D;()K;(a)Gi(y)) =0
Y, Gi(Di(0))Ki(a@) gi(G;() =0
Y1 Gi(Di(0)Ki(@)Gi(9:(») = 0
Replace g;(y) by D;(x)
Yie1 Gi(D; () K; () G;(D;(x)) = 0
Replace K;(a) by K;(a)mK;(a)
Yty Gi(D; () K;(@)mK;(a)Gi(Di(x)) = 0
Since M is semiprime
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i1 Gi(Di(0) = 0
By the same way we get
G,D, =0, and D,G, =0.

Theorem 1.5
Let M be a 2-torsion free semiprime I'-ring , D = (Dy,);eny @nd G = (G,);en generalized
higher K-derivations with associated higher K-derivation d = (d;)iey and g = (g:)ien
respectively then D,, and G, are orthogonal if and only if for all x,y M
(1) Dn(x)Kn(F)Gn(y) + Gn(y)Kn(F)Dn(x) = 0.
(2) dn (KR (DG () + gn () Kn (D) Dy (x) = 0.
Where D,, and G,, are commuting mappings
Proof:
Suppose Dy, (x)Kn (D) G (¥) + G (¥)Kn (D) Dp(x) = 0
Replace x by xay
Yi=1 Di(xay)Ki(a)G;(y) + G;()K(a)D;(xay) = 0
iz Di (K (a)d; (0K (a)G;(¥) + G; (V) K; (@) D; (x)K;(a)d;(y) =0
ie1 DK ()d; (0K ()G, (¥) + G;(0)K;(a)d; () K;(a)D;(x) = 0
By lemma 1.1
i=1 Di (K ()d; (0K (a)Gi(y) = 0
i=1 G(MKi(@)d;(»)Ki(a)Di(x) = 0
Hence D,, and G, are orthogonal
Conversely
Let D, and G,, are orthogonal
Dn(x)Kn(F)MKn(F)Gn(y) =0
i=1 Di()K; (@) MK; ()G (y) = 0
By lemma 1.1
Dn(x)Kn(F)Gn(y) =0 and Gn(y)Kn(F)Dn(x) =0
Hence, D, (x)K,(I') G, () + G (¥)Kn(T)Dp(x) = 0
Also D, (x)K,,(ING,(y) =0
i=1 Di()K ()G (y) = 0
Yiz1 di(D;(0)K;(a)G;(y)) =0
™ di(D;(0))Ki(@)di(Gi(y)) = 0
Y1 di(D;(0))Ki ()G (d; () =0
Replace D;(x) by x and d;(y) by y
2ie1 di()K ()G (y) =0
dn(x)Kn(F)Gn(y) =0
And
Gn(x)Kn(F)Dn(y) =0
21 G (K (a)D;(y) = 0
121 9:(G;(0)K;(@)D;(y)) = 0
™ 9i(G))Ki(@)gi(D;(») =0
~19:(G())Ki(@)D;(g:(»)) =0
Replace G;(x) by y and g;(y) by x
21 9i (WK (@)D;(x) = 0
gn(y)Kn(F)Dn(x) =0
dn(x)Kn(F)Gn(y) + gn(y)Kn(F)Dn(x) = 0.
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Theorem 1.6

Let M be a 2-torsion free semiprime I'-ring , D = (D,,);eny @nd G = (G,);en generalized
higher K-derivations with associated higher K-derivation d = (d;)iey and g = (gi)ien
respectively then D,, and G,, are orthogonal if and only if for all x,y eM
Dy () Kn (D) G (y) = dn () K (DG (y) = 0
Where D,, and G,, are commutative
Proof
Suppose Dn(x)Kn(F)Gn(y) =0
Replace x by xay
Yi=1 Di(xay)Ki(a)G;(y) = 0

i=1 Di () K () d; (0K (a)G;(y) = 0

Since D,, and G, are commutative Y, G;(y)K;(@)d;(¥)K;(a)D;(x) =0
Hence D, and G,, are orthogonal
Conversely
D,, and G, are orthogonal
Dp(x)Kn (DMK, ()G, (y) =0

D, (x)K,(ING,(y) = 0. By lemma 1.1
And by using the same way we have

dn(x)Kn(F)Gn(y) =0

Theorem 1.7
Let M be a 2-torsion free semiprime I-ring , D = (D,);ey and G = (G,);ey 9eneralized
higher K-derivations with associated higher K-derivation d = (d;)iey and g = (gi)ien
respectively then D,, and G,, are orthogonal if and only if for all x,y eM
Dp(x)K,(ING,(y) = 0 and d,,G,, = dpgn =0
Proof
Suppose D,, and G, are orthogonal.
Dn(x)Kn(F)MKn(F)Gn(y) =0
D,,(x)K,(ING,(y) =0 By lemma 1.1
i=1 Di (K (a)Gi(y) = 0
2i=1 di(Di(x)K;(a)G;(y)) = 0
Y, di(Di(0)Ki(a)d;i(Gi(y)) =0
Replace D;(x) by G;(y)
1 di(G;O))Ki (@) di(G;(») =0
Replace K;(a) by K;(a)mK;(a)
Y di(G()Ki()mK;(a)d;(G;(v)) =0
Since M is semiprime
Z?=1 di(Gi(Y)) =0
d,G, =0
And by theorem 3.1 [7]
dngn =0
Conversely
Dn(x)Kn(F)Gn(y) =0
i=1 Di () K; ()G (y) = 0
Replace K;(a) by K;(a)mK;(a)
i=1 Di()K;(@)mK;(a)G;(y) = 0
By lemma 1.1
™, G (0K (@)mK,(a)D;(y) = 0
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Dn(x)Kn(F)MKn(F)Gn(y) =0= Gn(y)Kn(F)MKn(F)Dn(x) = 0.
Hence D,, and G, are orthogonal

Theorem 1.8
Let M be a 2-torsion free semiprime I'-ring , D = (D;);ey @and G = (G,);eny 9generalized
higher K-derivations with associated higher K-derivation d = (d;)iey and g = (gi)ien
respectively if D, () K, (DMK, (T) D (y) = G (¥) Kn (DMK, (T) G (x)
then (D,, — G,,) and (D,, + G,) are orthogonal
Proof
(Dn + Gn)Kn(F)MKn(F)(Dn - Gn)(x) + (Dn - Gn)Kn(F)MKn(F)(Dn + Gn)(x)

(Dn(ﬁ)C) + Gp () Ky (DMK, (D) (D (X) = Gn () +(Dn(x) — Gn(x))Kn (DMK, (1) (D (x) +
G (x
= (Dn(x)Kn(F)MKn(F)Dn(x)) - (Dn(x)Kn(F)MKn(F)Gn(x))

+ (Gn () Ky (DMK, (1) Dy, (x))
—(Gn () Kn (DMK, (1) G (x)) + (Dn () Kn (DMK, (1) Dy ()

+ (D () Kn (MK, (T) G (x))
—O(Gn(X)Kn(F)M Ky (D) D (%)) = (Gr () Kn (DMK, (1) G (X))
By lemma 1.1
(Dy + G K, (INMK,(T)(Dy, — Gp)(x) =0
And (D, — Gp)Kp (DMK, (I (Dy, + Go)(x) = 0.
Hence (D, — G,) and (D, + G,) are orthogonal.

Theorem 1.9
Let M be a 2-torsion free semiprime I'-ring , D = (D,,);eny and G = (G,);en generalized
higher K-derivations with associated higher K-derivation d = (d;)iey and g = (gi)ien
respectively if D, () K, (DMK, (1) Dn (y) = gn(¥)Kn (DMK (1) gn (%)
then (D,, — g,,) and (D, + g,,) are orthogonal.
Proof
(Dn + gn)Kn(F)MKn(F) (Dn - gn)(x) + (Dn - gn)Kn(F)MKn(F)(Dn + gn)(x)
=(Dn(x) + 90 () Kn (DMK, () (D (x) = gn(x))
+(Dn(x) = gn (X)) Kn (DMK, (T) (D (%) + gn(x)
= (Dn () Ky (DMK, () Dy () — (Dy () Kn (T MK, (1) g ()
+ (Gn () Ky (DMK, (1) Dy, (x))
—(Ggn () K (DMK, (1) gn (X)) + (Dn () Kn (DMK, () Dy (x))
+ (Dn () Kn (DMK (T) gn(x))
_(gn(x)Kn(F)MKn(F)Dn(x)) - (gn(x)Kn(F)MKn(F)gn(x)):O
By lemma 1.1
(Dn + gn)Kn(F)MKn(F) (Dn - gn)(x) =0
And (Dn - gn)Kn(F)MKn(F)(Dn + gn)(x) = 0.
Hence (D, — g,) and (D, + g,) are orthogonal.

Theorem 1.10

Let M be a 2-torsion free semiprime I'-ring , D = (D,)iey and G = (G,);ey generalized
higher K-derivations with associated higher K-derivation d = (d;)iey and g = (g)ien
respectively if d, (x) K, (DMK, (D d, (y) = G, (¥)Kn (DMK, (D) G (x)
then (d,, — G,,) and (d,, + G,) are orthogonal.

Proof
(dn + Gn)Kn(F)MKn(F) (dn - Gn) (x) + (dn - Gn)Kn(F)MKn(F) (dn + Gn)(x)
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(d?(Q)C) + G () K (DMK, (I (dn (%) — Gp(x)) +(dpn(x) — G (x))Kn (DMK, (D) (dy (x) +
Gn(x)=
= (dn(x)Kn(F)MKn(F)dn(x)) - (dn(x)Kn(F)MKn(F)Gn(x))
+ (Gr () Kr (MK, (I dy (x))
—(Gr () Kn (DMK, (1) G (x)) + (dy () Kn (DMK, (D) dy (x))
+ (dn () K (MK, (1) G ()
—(Gr () Kn (DMK, (T dp (%)) — (Gr(x) Kn () MK, (T) Gy (x))=0
By lemma 1.1
(dn + GK, (DMK, (T (d, — Gp)(x) =0
And (d,, — Gn)Kn(F)MKn(F)(dn + Gn)(x) =0
Hence (d, — G,) and (d,, + G,) are orthogonal,
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