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Abstract

In this paper, we introduce the notation of the soft bornological group to solve
the problem of boundedness for the soft group. We combine soft set theory with
bornology space to produce a new structure which is called  soft bornological
group. So that both the product and inverse maps are soft bounded. As well as, we
study the actions of the soft bornological group on the soft bornological sets. The
aim soft bornological set is to partition into orbital classes by acting soft
bornological group on the soft bornological set. In addition, we explain the
centralizer, normalizer, and stabilizer in details. The main important results are to
prove that the product of soft bornological groups is soft bornological group and the
action for different elements are the same actions.

Keywords: Soft set, Bounded map, Soft bornological group, Soft bornological set,
Soft bounded set.
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1.Introduction

In 1977 H. Hogbe-Nlend [1] introduced the concept of bornology. It is a type of space in
functional analysis and is extremely helpful in resolving the boundedness problem for a set of
elements and functions. Pombo and Bambozzi studied the fundamental construction and
category theory for bornological groups, respectively. Anwar N. Imran also started to solve
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many existent problems in algebraic bornology [2] [3] [4]. In 1999 Molodtsov [5] pioneered
the notion of soft sets as a new mathematical tool for dealing with engineering uncertainty
modelling problems in physics, economics, computer science, social sciences, and medical
sciences. Many researchers have contributed to developing soft set theory’s algebraic
structure to the best. For more details see [6] [7] [8] [9] [10]. To tackle the problems of
boundedness for a soft set, one can merge the soft set with bornology to develop a new
structure called the soft bornological set [11]. On a soft set X, the soft bornology g is a set of
soft subsets of X that covers X as well as is stable under hereditary and finite soft union see
[9]. In this study, we combine the soft set theory with bornology to construct a new structure
that is called a soft bornological group, denoted by (G,[S) to solve the problems of
boundedness for the soft groups in such a way that the product map and the inverse map are
soft bounded maps. We also go over the definition, examples, and some of the results in
detail. In addition, we study the actions of soft bornological groups on soft bornological sets.
Furthermore, the letters G and X stand for the soft bornological group (G,f3) and soft
bornological set (X, ), respectively. The main goal of this research is to look at the actions of
soft bornological groups. The process of the soft bornological group action on a soft
bornological set is known as soft bornological group action (SBGA) or soft (bounded) action,
and the result is that the soft bornological set is partitioned into orbital classes. We prove that
the product of soft bornological groups is a soft bornological group. We also prove that the
centralizer, normalizer, and stabilizer are soft bornological subgroups of a soft bornological

group.

2. Preliminaries:
In this section, we give some definitions and results that are related to the soft set theory
and will be used throughout the study. For more details, we suggest the reader to [5] [6] [7]

[8] [9] [10].

Definition 2.1 [5] [6] [9]: Let U be a universal set and E be the set of parameters. A soft set
over U is a pair (¢, A) consisting of a subset A of E and a mapping é: A — P(U).

That means€ = {(e,£(e)), e € 4,&(e) € P(U)}. Note that S(U) will refer to the set of all soft
sets underU.

Propositions 2.2 [5] [6] [9]:

1. If A = @, then &(e) = @, this symbol (@, @) is referred to an empty soft set, denoted by @.

2. If A=E, then &(e) = U, this symbol (U, E) is referred to a universal soft set, denoted by
U.

3. IfLc A and &(e) € &'(e), this symbol (§,L) € (&', A) is referred to a soft subset of a
soft set.

4. If L=A, &(e) € &'(e) and &'(e) < &(e), this symbol (&,L) = (&', A) is referred to soft
set equal to another soft set.

5. The soft union and the soft intersection of & and &'are defined by the soft sets, respectively.
E(e)ué’(e),e e LU A, wewrite(§,L) U (¢, 4).

E(e)né'(e),e e LN A, wewrite(é,L) 0 (¢, 4).

6. The soft complement of (¢, A) is defined by (&, A)¢ = {é(e): e € E}, where

§(e)° = U\S(e).
Example 2.3 [5] [6] [9]: Assume that there are five cars in U = {cy, ¢y, C3,C4, C5} uUNder

consideration, and let E be set of parametersk = {e4, e,, €3, €4, €5, €¢, €7, €g}-
Thee; for1 <i < 8 stand for the parameters such that the e; is expensive, e,is beautiful,
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e; iIsasport, e, ischeap, eg is luxury, eq is modern, e, isin good repair, and eg is in bad
repair.
Consider the function & which is given by ““car (.)’’; (.) is to be the filled in by one of the
parameterse; € E.

L= {eZI €3, €4, €5, 87}
§(ez) = {cy,c3,c5},&(e3) = {cz, ¢4}, &(eq) = {c1},E(es5) = U,$(e7) = {c3, 5}

A ={ey ey, .., e/}

fl(el) = {Cg, C5}, 61(82) = {c4},f’(e3) = {CZ,C4}, S;I(eél-) = {Cl}!fl(eS) = {CZ'CS'CéL' CS}r
§'(eg) = &' (e7) = {c3}.
({; L) ﬁ ({IJ A) = (E N 6” {83' 34, 65' 67}), Where (f n 5,)(83) = {CZ' C4—}’
(& né&N(es) ={c1}, (€N EN(es) ={cp e3¢ 054 (€N EN(er) = {csl.
({; L) G ({IJ A) = (E U 6”{81' eZl LA 67}), Where (f U E,)(el) = {C3' CS}'
(EU&)(ey) ={czc3,c4,5} (EUE)(e3) = {czca}, (EUE)(ey) = {c1},
Eué(es) =U,(§U&)(es) ={c3}, (§UEN(er) = {c3, c51.
(f: L)C = (fcr {elr €, €3, €y, €q, €7, 88})J Where Ec(el) = U' EC(EZ) = {Clﬂ C4},
§(e3) = {cq,¢3,¢5},8(eq) = {ca,03,¢4,¢53,E(eg) = U,E(e7) = {c1,¢2,4},E(eg) = U.

Definition 2.4 [10]: Let G be a group and A be a nonempty subset of parametersk. For the
soft set (&¢,A4) over G, (&, A) is said to be a soft group over G if and only if é(e) < G, for
all e € A.

Example 2.5 [8]: Assume that G =A =S; ={e, (12),(13),(23),(123),(132)} and
$(e) ={e},£(12) ={e, (12)},$(13) = {e, (13)},§(23) = {e, (23)},

£(123) = &(132) = {e,(123),(132)}. Then (&, A) is a soft group overG, since é(e) is a
subgroup of G forall e € A.

Remarks: Let G be a group and (&, A) be a soft group overG. For each e € A
i. The (&, A) is referred to be the identity soft group over G if £(e) = {€}, where ¢ is the
identity element of G.
ii. The (¢, A) is referred to be an absolute soft group over G if é(e) = G,i.e. A=E.
iii.  We denote the soft group by G = (¢, 4).

Definition 2.6 [8]: Let G = (¢,A) be a soft group over G and H = (¢',B) be a soft
subgroup of a soft group G = (&, A). If &'(e) is a normal subgroup of &(e) for all e € B,
then H is said to be a normal soft subgroup of G which is written as H < G,

Definition 2.7 [11]: Let X be a soft set. A bornology on X is a family g € P(X) , if the
following conditions hold:

i. BcoversX, ie X= U B where B is a soft bounded set;
Bep
ii. fis stable under hereditary. If B € 3,3 A € B, then 4 € f3;
iii. B is stable under finite soft union.

Then £ is called soft bornology on X and the pair (X, §) is a soft bornological set.
The elements of soft bornology are called soft bounded sets. We denote a soft bornological set

by (X, ).
Example 2.8 [11]: Suppose that X is an infinite soft set and let 8 be a family of all subsets of
X which has an infinite complement, such that § = {B € X: B is infinite}.
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Then S is a soft bornology on X. To prove that 8 is a soft bornology on X. We must satisfy
three conditions:
i. Vx€X,{x}is a finite soft set belonging to 5. Also, then {x}¢ is infinite soft set. So, §
covers X;
ii. LetB € f,AC B then Ais a finite soft set (every subset of finite soft set is finite soft
set), A€ is infinite soft set. So, A € B.(Hereditary property);
iii. LetBy,B,,..,B, €[, then B, BS, ..., BS is infinite soft sets. To prove that

U B; hat means, we have to show that ( U B; is an infinite soft set.

1<isn 1<isn

Ueﬁé is an finite soft set (The finite union of the finite soft set is a finite soft set).

1<isn

Since ( U B)° = ﬂ Bf infinite soft set.
1<isn 1<isn
(The finite union of the infinite soft set is infinite soft set).(By De Morgan: The complement
of the union of sets is equal to the intersection of their complements).

So, ( U B))¢ infinite soft. Thus, # stable under finite soft union, (X, ) is soft bornological
1<isn

set.

3.Soft bornological group
To solve the problem of soft groups we construct a new structure that is called a soft
bornological group.

Definition 3.1: Let G be a soft group. We say that (G, ) is a soft bornological group if S is
a soft bornology on G, and the following conditions hold:

1. The product mapping (G, 8) x (G, ) — (G, ) is soft bounded;

2. The inverse mapping (G, ) — (G, B) is soft bounded.

Example 3.2: Assume that G is absolute soft group over G, where G = (Z3,+3),E =
(Z3,+3). We can define a soft finite bornology /8 in this group. Which is the collection of all
finite soft subsets of G. To prove G with soft finite bornology £ is a soft bornological group
(G, ). We have to prove that the product map and inverse map are soft bounded.

Now, let y: (G, 8) x (G,B) - (G,f) and B,, B, be two soft bounded sets so that we have
to prove that (B, x B,) is a soft bounded, where

(B, x B,) ={x¥y € B,¥B, € B, : x € B,,y € B,}.

Since G is absolute soft group. Thus, the image for every two soft bounded sets B,, E’y
under 1 is soft bounded set;
Let the inverse map ¥~ ':(G,f) - (G,B) and B, € §,B, ={x: x € B,}. So that B,-1 =
{x"h:x"t € (G F)}. Thus, Y1 is soft bounded. Therefore, (G,B) is a soft bornological
group.

Definition 3.3: Let (G4, 8;) and (G,, ,) be two soft bornological groups. A homomorphism
of soft bornological groups is a group homomorphism that is also soft bounded.
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Remark 3.4: If (G, ) is a soft bornological group, then B € 8 if and only if B~ € f.

Theorem 3.5: Let (G, ) be a soft bornological group if and only if for each g;, g, € G and
each soft bounded sets B;, B, containing g, g, respectively, there is a soft bounded set B
contains g, * g, in G such that B, » B, = & B.

Proof: Since (G, ) is a soft bornological group with respect to soft bounded set, that means
(g1, 9>) is to be a point in G X G, let B;, B, both soft bounded sets containing g, g,,
respectively. Then there exist a soft bounded set B containing ¥(g;,92) = g1 * g, in G,
such that B, = B, = & B. From Remark 3.4, B, is a soft bounded set containing g,~*, and
B, x B, is soft bounded set containing (g4, g). So, ¥(B; x B,) & B. This means that the
product map is a soft bounded map.

To show the inverse map ¢ is a soft bounded map, let g € G and let B be a soft bounded set
containing g such that ¢(g) = g~*. Thus, by Remark 3.4 , B~ is soft bounded set containing
g~ ! satisfies ¢(§) = B~ which means that ¢ is a soft bounded map at g, soon G is a soft
bornological group. The converse is clear from the concept of the soft bornological group.

Proposition 3.6: If g is an arbitrary element of a soft group G, then

. Y.(9):G->G;, x+— gx (respectively Yr(9):G - G;x — xg) is a soft

bornological isomorphism.

ii. $(9):G - G,x — gxg~!is asoft bornological isomorphism.
Proof: It is known that the left translation is bijective so it has an inverse. It is enough to
show that the left is a soft bounded set. For any x,y € G and a soft bounded sets B, and Ey
containing x,y respectively such that B, - Ey € B by definition of soft bornological group,
there exist a soft bounded set B contains xy. Hence, we have ¢, (x)(B,) =x- B, € B, -
B, EB.

Proposition 3.7: Let H € G be a subgroup. H is a soft bounded set if and only if there exist
h € H and a soft bounded B contains h such that H & B.
Proof: From the hereditary property, the proof can be get.

Definition 3.8: Let (G, 3) be a soft bornological group, if H € G, then (H, By) is called a
soft bornological subgroup of G if the following conditions hold:

i. (H,*) is a soft subgroup of a soft group (G,*).

ii. (H, By) is a soft bornological subspace of (G, ).

Theorem 3.9: If (G, B) is a soft bornological group, and H is a normal soft subgroup of G,
then G/]H] is a soft bornological group.

Proof:Let G be a soft bornological group and H be a normal soft subgroup of G then G/lHI
has a quotient group structure and the function y: G - G/H, g — gH defines a soft quotient
bornology on &/p.

As well as, the quotient function v is soft bounded, if A is soft bounded in G, then
¥(A) = AH.Therefore y (4) is soft bounded in G/p.
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If u and ' are the multiplication in G and (G/[HI' and v, v'are the inversion in G and G/lHI'
respectively. Then, u’ andv’ are uniquely defined by the following commutative diagrams:

G
Y xy Y
G/IHI G/IHI

'G/]HI

To demonstrate that u’, v’ are soft bounded function. By using the following diagram:

(G/]H]

Y o v is soft bounded and v is soft quotient function, so by the universal property of y, there
exists a unique soft bounded function ¢: G/]HI - G/]HI making @ ey =P ov.

But v’ satisfies this condition v/ o =y o v, s0 v' = ¢. So, v’ is soft bounded.
By using the following diagram:

GxG— G/ x G/

Pou

G/]H[

Since Y X 1 is soft bounded and onto function, hence ¥ X i is soft quotient function since
Y o u is soft bounded, so by universal property of ¥ X iy there exists a unique soft bounded
function ¢’ o (Y X)) = o u. But u’ satisfies the condition p' o (¥ X ) = o u. Then,
u' = ¢',and so u' is soft bounded.

Definition 3.10: The soft bornological group G/]H] is called the soft quotient bornological
group.

Theorem 3.11: The product of soft bornological groups is a soft bornological group.

Proof: Let {G;};¢; be a family of soft bornological groups, their product G = [];¢; G; has a
naturally occurring group structure (product of groups). And a delicate natural bornology
(product of soft bornologies). By utilizing the commutative diagram below:

828



Abdal et al. Iragi Journal of Science, 2023, Vol. 64, No. 2, pp: 823-833

GXG > @
pri X prj pri
(Gli X (Gli 4 (G]i

Then y; o (pr; X pry) is soft bounded. Since u; and pr; X pr; are soft bounded. Therefore
pr; o u = w; o (pr; X pry) is soft bounded.
Now, by using the following commutative diagram:

G G
pr; 30 pr;
=

G; ¥ G

Vi

v; o pr; is soft bounded since v; and pr; are soft bounded. Hence, pr; o v = v; o pr; is soft
bounded. Therefore v is soft bounded. So, G = [];¢; G; is a soft bornological group.

Definition 3.12: The soft bornological group G = [[;¢; G; is called the product soft
bornological group.

4. Soft bornological group action

In this section, we show that the soft bornological set is partitioned into orbital classes by
acting soft bornological group on the soft bornological set, In addition, we explain the
centralizer, the normalizer, and the stabilizer in details.

Definition 4.1: A soft bornological group action is a triple (G,X,8,) where (G,f) a soft
bornological group and (X, 8") a soft bornological set and 6,: G x X — X is soft bounded if
the following properties are satisfied:

i. 0.(¢,x) =x, forall x € X, & € G, where ¢ is the identity soft element of G.

ii. Qe(g, 6,(h, x)) =0.(gh,x), forall g,h € G,x € X.

We say that the soft bornological group G acts on a soft bornological set. X is called G-
soft bornological set. Further, the notation g - x ( or gx) will be used for 6,(g, x), so that (i)
and (i) in Definition 4.1, become g; - (g, - x) = (g192) - x and e -x = x. If B is soft
bounded of soft bornological group G and 4 is a soft bounded subset of soft bornological set
X, we put

B-Ad={g-x:geBxed}EX

Definition 4.2: If a soft bornological set (X, 8") is a soft bornological set, then (G, 8’) is said
to be a soft bornological transformation group on (X, 8").

Example 4.3: If G is soft bornological group and X = @, then define the mapping
0.: G X G — @G, such that
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o 6.(s,9) =¢-g=g,Vg € Gand ¢ identity element of G.

o 0.(9.0.(91.92)) = 6:(9.9:192) = 9 - (9:192) = (9g1) - 92

= 0.(991,92),V 9,91, 92 € G.
We say that 6, is soft bounded action. Thus, each soft bornological group G acts on itself by

translation.

Definition 4.4: If X is a G- soft bornological set and B is a soft bounded subset of X. Then a
subset B of X is called an invariant soft bornological set under the actions of soft
bornological group G if G - B = B.

Example 4.5: Suppose that (Z, Bfin) is a soft finite bornological group and X = (R, EH) isa
soft usual bornological set. Let the soft bornological group Z act on the soft bornological set
Rby 6,(zr)=z¥%r, forall z€Zr€R.

Then R is Z- soft bornological set and Q the set of all rational numbers as a subset of R is an
invariant soft bornological set such that

Z°Q={z¥q:z€Zq€Q}=AQ.

Proposition 4.6: Let (X, 3,) be a soft bornological set and (Y, 3,) be a soft bornological set.
If (X,5;) and (Y, B,) are two G- soft bornological sets, then (X xY,f; x ;) is G- soft
bornological set.

Proof: Suppose (G, ) is a soft bornological group. Consider G- soft bornological set (X, ;)
with the soft (bounded) action
0, GxX - X
and G- soft bornological set (Y, 3,) with the soft ( bounded ) action
$o:GXY > Y
Then, we are a soft (bounded) action denoted as
Pe:GX(XXY) > (XXY).
That means, (g, (x,y)) — @e(9, (%, ) = (6.(g,%), P (9. ¥)).
o 9e(91,0:(92 (%, ¥))) = 9e(g1, g2 (x,))
= g1-(92- (%, )
= g192-(x,y)
= §0e(9192: (X:J’))- V91,92 € G (x,y) EXXY.
o e (xy)=e(xy) = (xy). i o
It easy to say that ¢, is a soft (bounded) action of (G, £) on (X XY, 8, X 52).

Proposition 4.7: For the G-soft bornological set, if x € X,g € G,and y = 6,(g, x), then
x =0,(g"1,y). Moreover, if x # x’ then 8,(g,x) # 0,(g,x").
Proof: Let y = 6,(g, x) such that
0:.(97%y) = 6.(97%6.(9.%)) = 6.(g7%g,x) = 6.(g,x) = x.
Assume that x # x',s0 0,(g,x) = 6.(g, x").
When g~ is applied to both sides, it follows that
0e(97%,60.(9, %)) = 0.(97",6.(g,x"))
0.(g7'g,x) =6.,(g7"g,x")
(&, x) = 6.(¢,x")
x=x'
This contradicts by the hypothesis x # x'. Hence, 6,(g,x) # 6.(g,x").
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Definition 4.8: A soft bornological group (G, ) acts on itself by conjugation
(Bo)g(h) = ghg~1, and for all h € G, the soft centralizer of G is a set defined by

C(e) ={g € G:6.(g,h) = 0.(h,g)}.

Proposition 4.9: The soft centralizer C(e), as stated previously, is a soft bornological
subgroup ofG.

Proof: Consider

Cq:E - P(G)
It is easy to check that C(e) is a subgroup ofG. (Cg, ,[?CG) is a soft bornological subspace of
G. Then, the pair (Cg, ECG) is a soft bornological subgroup of G.

Definition 4.10: Let the soft bornological group G act on itself by conjugation and letH € G.
The soft stability subgroup is defined as follows:
N(e) ={g9g € G:6,(g,h) = h,h € H}
It is called a soft normalizer of H.
From this definition, we can get the following proposition:

Proposition 4.11: The soft normalizer N(e) that is given above is the soft bornological
subgroup of G.

Proof: We define
Ny:E - P(G)
Then, it is simple to confirm that N(e) is a subgroup of G. (NH,ENH) is a soft bornological
subspace of G. Hence, the pair (Ny, ENH) is a soft bornological subgroup of G.
Definition 4.12: A soft (bounded) action of the soft bornological group (G,J) on the soft
bornological set (X, 8") is said to be:
i. Transitive if for each pair x, y € X there exists an element g in G such that
0.(g,x) = x.
ii. Effective ( or faithful ) if for each two disjoint elements g, h € G there is an element
x € Xsuch that 6,(g, x) # 6,(h, x).
iii. Free if for given g, h € @, the existence of an element x € X with
0.(g,x) = 0,(h,x) implies g = h.

Definition 4.13: Suppose (X, 3;), (Y, ;) are two soft bornological sets. Also, let (X, ;) and

(Y, 3,) are G- soft bornological sets with the soft (bounded) action 6, and .. Then, the map
Pe: XY

is defined by (pe(He(g,x)) = He’(g, <pe(x))

is said to be G- equivariant soft bounded map.

More shortly  ¢.(g.x) = g. @..
It is clear that ¢, is an equivariant map if and only if the diagram below is commutative
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e

GxX X

Pe Pe

G XY - Y
e

where p, = idg X ¢, is the product of identity mapping idg of G and the mapping ¢.. An
equivariant map ¢,.: X — Y which is also an isomorphism of soft bornological sets is called
equivalence of G- soft bornological sets.
In this case, we note that the inverse ¢, of ¢, is also equivariant.
If y = @.(x), then

01(9-9) = 97 (9- 9 (0) = 9 (9. %) = g.x = g. 92 ().

Definition 4.14: If (X, /) is G- soft bornological set. Then, each all soft subset H & X, we
define the fixed point set as follows:
Fixy(e) ={g € G:6,(g,x) = x,x € H}
In particular, for each x € X, the fixed point set x is defined by
Stabx(e) ={g € G: 6,(g,x) = x}
At this point, we can give the next result.

Proposition 4.15: The sets Fixy(e) and Stabx(e) that are defined above are soft
bornological subgroups of G.

Proof: We have the map

Fixy : E - P(G).
It is clear that Fixy(e) is a subgroup of G . Then, (FixH,,EFixH) is soft bornological
subgroup of G. We analogously consider the map

Staby: E - P(G).
Which implies that Staby(e) is a subgroup of G. Therefore, the pair (Staby, Bstan ) Is a soft
bornological subgroup of G.

Proposition 4.16: For Fixy(e) and Stabx(e) that are given above, the following equality
holds:
Fixy(e) = N,y Staby(e).

Proof: Consider g € Fixy(e). Then, 8,(g,x) = x for all x € H, which implies that g €
Stabx(e). That is, g € N,cp Staby(e) and so Fixy(e) € N,y Stabg(e) is obtained.
Conversely, if we take g € N,cy Stabx(e). Then, g € Stabx(e) for all x € H and so
0.(g,x) = x.
Thus, itis verified that g € Fixy(e) . The proof is now completed.
Definition 4.17: If (X,4") is a G- soft bornological set, and for eachx € X. Then, the soft
orbit of x under the action G is the subset

G(x) ={y € X: thereexists g € Gs.t,y = g.x}.
A generalization of this, for any soft bounded set B € X, the union of all orbits of points of B
is

G(B)={g-b:g€G,DbEeB}.
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For a soft bounded setB € X, and subgroup H of G, we put
H(B) ={h-b:h € H,b € B}.

The action 6, of G on X defines an equivalence relation as follows: For each x,y € X, xRy if
and only if there exists g € G such that

0.(9,x) =g -x=y.
The equivalence classes with respect to this equivalence relation are the orbits of the elements
of X. Let X/R denote the set of orbitsG(x), and ,: X - X/R be the natural map taking x
into its orbitG(x).
If we soft bornologize X/R by the soft quotient bornology, then the soft bornological set
X/R is said to be the orbital soft bornological set of X (with respect to G), or the soft quotient
bornological set by G and is denoted by

X/R = {G(x): x € X}.
Equivalently, the soft bornological group G acts on a soft bornological set X and Y = X/G
is the corresponding orbit set. Let Y carry the soft quotient bornological generated by the
orbital projection

T.: X = X/G.

That means a set B; € Y is a soft bounded set in Y if and only if it is the image of soft
bounded set B in X, such that B, = m,(B). The soft bornological set X/G so, obtained is
called the orbital soft bornological set or the orbit space of the G- soft bornological set X.

Conclusions:

The aim of this paper is to consider a soft bornological group such that the product and
inverse map are soft bounded. We also explained a soft bornological action. When a soft
bornological group acts on a soft bornological set, this process is called soft bounded action
such that the effect of the soft bounded action is to partition a soft bornological set into a class
of soft orbital.
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